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A system of difference equations that arises in population dynamics is studied. Criteria
are given for the existence of equilibria lying in the positive cone and for the existence
of periodic cycles lying on the boundary of the cone. These equilibria and cycles arise
from a bifurcation that occurs as a fundamental parameter R, increases through the
value 1. Under monotone conditions on the nonlinearities and for R, near 1, we derive
criteria for the stability of the equilibria and we determine the global dynamics on the
boundary of the cone. We show that boundary orbits tend to periodic cycles (all of
which we classify into four types). A dynamic dichotomy is established between the
equilibria and the cycles, which asserts that one is stable and the other is unstable. We
also establish a dynamic dichotomy between the equilibria and the boundary of the
cone.

Keywords: hierarchical difference equations; nonlinear matrix models; equilibria;
synchronous cycles; bifurcation; stability
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1. Introduction

Systems of difference equations of the form

x1(t+ 1) = 1(x1(0), ., X ()X (1)
Xip1 (1 4+ 1) = 7@, . x(O)i(0), i=1,2,...,m—1

fort € ZT = {0,1,2, ...}, arise in age-structured population dynamics. In that context
each component x;(¢) denotes the density of individuals of age i (specifically i — 1 to i)
and the equations describe the dynamics of a semelparous life history in which
individuals of age i survive a unit of time with probability 7; > 0 until they reach
the age m at which point they reproduce (at a per capita rate of 7,, > 0 per unit time)
and die. These equations define a discrete time semi-dynamical system by means of
the map

= L)% 1
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where X = col(x;) € R’} (the positive cone in R™) and L is the projection matrix

0 0 - 0 0 7
n@ 0 - 0 0 0
0 mn® - 0 0 0
L()’Z) = . . . . . ’ (2)
Twa®) 0 0
0 0 - 0 Ta® O

This has the form of a Leslie matrix model [1,2,4,13,14].

In general, nonlinear matrix models X — P(X¥)X with non-negative, irreducible
projection matrices P(X) exhibit a fundamental bifurcation when the (extinction)
equilibrium X = 0 loses stability as the dominant eigenvalue r of P(0) increases through 1,
resulting in the bifurcation of a continuum of positive equilibria (from 0) whose stability
depends on the direction of bifurcation. The positive equilibria are stable if the direction of
bifurcation is to the right (r Z 1) and unstable if it is to the left (» S 1). The latter occurs
only if there is sufficient positive feedback, i.e. positive partial derivatives of 7; at X = 0 of
sufficiently large magnitude. Such positive derivatives are called Allee effects. If all such
derivatives are non-negative (but not all equal to zero), then the bifurcation is to the right.
This negative feedback case is the most common assumption in population models. For
details about the fundamental bifurcation theorem, see [2,4].

The fundamental bifurcation scenario described above requires that the projection
matrix be primitive (i.e. the dominant eigenvalue is strictly dominant). The semelparous
Leslie projection matrix (2) is not, however, primitive. Its eigenvalues

m 1/m
(Hm@) we, k=1,2,...,m
i=1

where u, = exp(2m(k — 1)i/m) are the mth roots of unity, all have the same magnitude.
As a result, the fundamental bifurcation theorem is inapplicable to the semelparous Leslie
matrix model. It turns out that some parts of the theorem are still valid and some are not.
The extinction equilibrium X = 0 does lose stability as

m 1/m
r= (H T,’(é))

(the spectral radius of the Jacobian L(0)) increases through 1, or equivalently as the quantity
Ry = H 7(0)
i=1

increases through 1. R, is known as the inherent net reproductive number (and equals the
expected lifetime number of offspring per individual). In fact, the semelparous Leslie
matrix model is permanent (dissipative and uniformly persistent) with respect to X = 0 for
Ro > 1 [2,10,12]. Moreover, a (global, unbounded) continuum of positive equilibria X
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bifurcates (from 0) at Ry = 1 [3]. However, it is not true that the stability of these
bifurcating positive equilibria, near the bifurcation point Ry = 1, depend on the direction of
bifurcation (as in the general exchange of stability principle for a transcritical bifurcation).
This is related to the fact that both the positive cone R and its boundary dR'} are invariant
under maps (1) and (2).

Specifically, by definition a point X € 9R"; has at least one zero component. A zero
component advances one position in one time step, ultimately returning to its original
position after m time steps. (Positive components in X behave in the same way.) Therefore,
orbits on the boundary of the cone sequentially visit coordinate hyperplanes and for this
reason they are called synchronous orbits. In the population dynamic context, they
represent population trajectories that oscillate with synchronized age cohorts and with
missing age classes at every point in time. This dynamic is of course quite different from
that of the positive equilibria, which represent stationary dynamics with all age classes
present. A synchronous (boundary) orbit can be a periodic cycle (of period m or less), in
which case it is called a synchronous cycle. Since such cycles always have the same
number of missing age classes at any point in time, they can be classified according to the
number of age classes present at any point in time. For example, an extreme case is that of
a single-class synchronous cycle in which only one age class is present at any point in time.

It is proved in [3] that in addition to a branch of positive equilibria, there also
bifurcates (from 0) a continuum of single-class m-cycles at Ry = 1.

In [3], it is shown for the m = 2 dimensional case that a dynamic dichotomy occurs
between the bifurcating positive equilibria and the single-class 2-cycles when a bifurcation
to the right occurs (also see [6,11]). Specifically, it is shown (for Ry 2 1) that either the
positive equilibrium is stable and the single-class 2-cycle unstable or vice versa. It cannot
happen that both are stable or both are unstable. Moreover, the criteria that determines
which of the two is (locally asymptotically) stable is related to a ratio c¢ of between-class to
within-class competition intensities as measured by weighted averages of the partial
derivatives

0T 0T
ajTi = ! and ()]0 i = !
ox 0Xj |25

with j # i and j = i, respectively.

A natural conjecture is that the dynamic dichotomy also holds between the bifurcating
positive equilibria and single-class m-cycles in the m-dimensional case. This turns out to
be false, however, as is shown in [5] for the m = 3 dimensional case. Under certain
monotonicity conditions (including the negative feedback assumption that Q?Ti =0), a
dynamic dichotomy does occur, however, between the bifurcating positive equilibria and
the boundary aRi of the cone. This modification of the dichotomy is necessary because, as
it turns out, the bifurcation at Ry = 1 involves invariant loops that lie on aR3+ and which
have the geometry of heteroclinic synchronous orbits that connect the phases of the single-
class 3-cycle. This includes a case in which both the positive equilibrium and the single-
class 3-cycle are simultaneously unstable. Moreover, two-class 3-cycles can also lie on the
invariant loop, in which case the boundary dynamics are more complicated.

Whether or not the dynamic dichotomy between the bifurcating positive equilibria and
the boundary R’} occurs for the semelparous Leslie models (1) and (2) in dimensions
m = 4 remains an open problem. It is clear, from the case m = 3 for example, that the
boundary dynamics play an important role with regard to this conjecture and that these
dynamics can get considerably more complicated in higher dimensions (as the possibility
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of more types of multi-class m-cycles and more elaborate invariant loops on dR"; arises).
Numerical simulations of an example with dimension m = 4 suggest that this dichotomy
in fact does not hold in general (although this has not been proved rigorously); see [7].
Thus, it appears likely that the dichotomy does not in general hold for dimensions m = 4,
although it might hold, of course, for models with special features and properties. In this
paper, we will prove that a dynamic dichotomy does hold in dimension m = 4 for a certain
class of semelparous Leslie models called ‘hierarchical of degree one ’.

This paper is organized as follows. We describe the model equations and the
hypotheses that we require in Section 2, where we also give some preliminary results. In
Section 3, we derive a thorough account of the global dynamics on the boundary aRi. In
Section 4, we establish criteria for the occurrence of a dynamic dichotomy, near the
bifurcation point Ry = 1, between the bifurcating positive equilibria and a certain type of
synchronous 4-cycle on aRi. In Section 5, we give criteria under which the dichotomy
occurs between the positive equilibria and the boundary aRi. These criteria are in terms of
the age-class competition ratio c. The details of mathematical proofs appear in appendices.

2. Preliminaries

We consider the m = 4 dimensional semelparous Leslie models (1) and (2) with matrix
entries of the form

T = (X, Xiy1), 1= 1,2,3, and 74 = 74 (x4, 7).

Biologically speaking, these entries for i = 1,2,3 describe the situation when the
probability an individual in a juvenile class survives one time unit depends, in addition to
its own age-class density, only on the density of the next older class. For this reason the
model is called ‘hierarchical of degree one’. The assumption on 74 means that adult
fecundity depends only on adult and newborn densities.

We make the following smoothness and normalization assumptions on these entries, in
which € is an open set in R * that contains the closure I_?i of the positive cone Ri.

Al: 74 = s404(x4,x1) and 7; = 5;0;(x;, xi+.1), where o; € C2(£, (0, 17), 04(0,0) = ¢7(0,0) =

land sy >0,0<s; < 1.

We also make the following monotonicity and boundedness assumptions. We assume
that the subscript notation is mod(4), so that x5 = x;.

A2: On () we have
(a) djo; = 0 for 1 =1i,j = 4 and at least one a?a-[ < 0 and one a?“a,- < 0;

(b) ai[O'i(xi,xi+1)xi] = (0 and (T,'(X,',X,’.;,_l)xi is bounded for all i = 1, 2, 3,4

Because of the normalizations on o; in Al, the real numbers s; are the inherent (low
density) juvenile survival probabilities and s, is the inherent (low density) adult fecundity.
The Leslie projection matrix takes the form

0 0 0 5404(x4,X1)
R syo(x,x2) 0 0 0
L= 0 $202(x2,x3) 0 0 )

0 0 S30’3(X3,)C4) 0
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The eigenvalues of the matrix L(0), which is the Jacobian of the map evaluated at the
origin, are

1/4
N = RO/ ur, where Ry = 51525354,

where we denote the 4th roots of unity by

k—1
wy = exp(¥i), k=1,2,3,4.

The difference equations that define the dynamics of X = col(x; x, x3 x4) are

x1(f 4 1) = 5404 0x4(2), x1(1))x4(1) (4a)
Xo(t+ 1) = 5107 (x1(1), x2(2)x1 () (4b)
x3(t + 1) = sp00(xa2 (1), x3(2)x2(F) (4c)
xq(t + 1) = s303(x3(1), x4(2))x3(1). (4d)

The prototypical nonlinearities that satisfy assumptions Al and A2 are the discrete
Leslie—Gower (or Lotka—Volterra) type rational functions

1 1
0u4(x4,x1) = v Ol Xig1) =
4(x4,x1) (X, Xiv1) I+ Biixi + Bijv1Xit1

1 + Baaxs + Barx

with non-negative competition coefficients 8; = 0.
The following theorem is a corollary of Theorems 2.1 and 3.1 in [3].

THEOREM 1. For hierarchical semelparous Leslie model (4) of order one satisfying A1 and
A2, the following fundamental bifurcation events occur at Ry = 1.

(a) For Ry <1 the extinction equilibrium X = 0 is globally asymptotically stable on
Ri. For Ry > 1 the equilibrium X = 0 is unstable and the matrix model is
dissipative and uniformly persistent (permanent) with respect to X = 0.

(b) There exists a continuum of positive equilibria and a continuum of single-class 4-
cycles that bifurcate (to the right) from X = 0atRy=1.

3. Dynamics on the boundary of the positive cone

The boundary aRi of the positive cone is held invariant by semelparous Leslie models. In
this section, we will account for the global dynamics of (4) on aRi. This includes proving
the existence and global stability properties of boundary 4-cycles of types other than the
single-class 4-cycles guaranteed by Theorem 1. The main result is Theorem 2 below.
To account for the global dynamics on the boundary dR%, we need to consider the
subsets Hy, Hy,, Hys, H3 of the punctured boundary aRi\{O} defined as follows: H is
the set of those x € aRi with one positive and three zero entries (in other words, the
coordinate axes); H,, and H, consist of those X € aRi with two zero and two positive
entries that are, respectively, adjacent and separated; and H; consists of those X € aRi
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with one zero and three positive entries. Note that
aRi\{O} = H1 U Hza U st U H3.

A point X € E)Ri\{@} necessarily contains a pair of adjacent (mod(4)) zero and
positive components. Because, as observed in Section 1, zero and positive entries advance
one position (modulo(4)) with each iteration of the map, it follows that within m = 4 steps
the orbit associated with X will have components x; = 0 and x4, > 0. Therefore, to study
the dynamics on aRi\{@} it is sufficient to consider initial conditions of the form

0
Y2
Y3
Y4

=
I

) )’4>0

and to study the orbit generated by the composite map obtained from the four applications
of the map defined by (4), which returns this initial point to an image point of the same
type. Careful consideration of equation (4) shows that this composite is defined by the
three equations

Y2t + 1) = Roga(y2(2), y3(2), ya()y2(2) (5a)
v3(t + 1) = Rog3(y3(1), ya()y3(t) (5b)
Ya(t + 1) = Roga(ya(t))ya(t) (5¢)

for y,,y3,y4, where the factors g; equal 1 when all y; = 0. Moreover, the smoothness,
monotone and boundedness assumptions on the o;in Al and A2 imply that the g; have the
following properties.

A3: g; € C?2(£;,(0,1]), gi(0, ...,0) = 1, where €); is an open set that contains Riﬁi.
A4: On (); we have

(@) djgi=0for2=i=j=4
(b) 9,[giviy ..., y4)yi] = 0 and g;(y;, ..., y4)y; is bounded for i = 2,3, 4.

Note that this system (5) of difference equations is triangular and that we are interested in
initial conditions with y4 > 0. A fixed point of (5) corresponds to a boundary 4-cycle of
(4), and if we can account for the fixed points of (5) with y4 > 0 then we can account for
the boundary 4-cycles of (4). We do this by starting with the uncoupled scalar (monotone)
map (5¢) and then by successively treating equations (5b) and (5a) as asymptotically
autonomous maps. Relevant theorems about scalar, asymptotically autonomous maps
appear in Appendix A.

By Theorem 7 in Appendix A, when Ry > 1 equation (5¢) has a positive, hyperbolic,
asymptotically stable fixed point y, > 0 that globally attracts all orbits with initial
conditions y; > 0. Clearly col(y> y3 ys) = col(0 0 ;) is a fixed point of (5). Other
fixed points with y4 > 0 of the equation (5) are also possible when Ry > 1. Specifically, it
is possible to have fixed points with y, > 0 that lie in H,,, Hy,, or H3, as shown in Table 1.

Criteria for the existence and stability of the fixed points of the composite map (5) in
Table 1 appear in the following lemma. The globally attracting assertions all mean globally
attracting with respect to initial points in the indicated sets (with y; > 0).
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Table 1. The four possible types of fixed points, with positive component y,, of the composite
equation (5). All y; are positive.

Fixed point of (5) Type 1 Type 2a Type 2s Type 3
» 0 0 Y2 Y
| = 0 Vs 0 vs
V4 Vi Vi Vi Vi

LeEMMA 1. Assume A3, A4 and Ry > 1. The following hold for the composite equation (5).

(1) There exists a fixed point of Type 1 in H, that is globally attracting in H,.
(2) Suppose Ryg3 (O,yZ) <L
(a) If Rog> (O, O,yZ) < 1, then the fixed point of Type 1 is globally attracting
on E)Ri\{(A)}.
() IfRog> (0, 0, yZ) > 1, then there exists a fixed point of Type 2s in Hy,. The
fixed points of Type 1 and Type 2s are globally attracting on Hy U H», and
H,; U Hs, respectively.
(3) Suppose Rogs (O,yZ) > 1. Then there exists a fixed point of Type 2a in H,,.

(a) If Rog> (0, 0, yZ) < 1, then the fixed points of Type 1 and Type 2a are globally
attracting on Hy U Hys and Hy, U H3, respectively.
(b) Suppose Rog>(0,0,y;) > 1.

() If Rog2(0,¥3,ys) < 1, then the fixed points of Type 1 and Type 2s are globally
attracting on Hy U H,, and H,g U Hs, respectively.

(ii) If Rog2(0,5,y}) > 1, then there is a fixed point of Type 3 in Hs. The fixed points
of Type 1, Type 2a, Type 2s and Type 3 are globally attracting on Hy, Hy,, Hag
and H;, respectively.

The proof of this Lemma appears in Appendix B.

The different types of fixed points of the composite equation (5) appearing in Table 1
and Lemma 1 give, respectively, the following types of 4-cycles (based on the location of
their zero and positive components) of the Leslie model (4):

Single-class 4-cycle

0 + 0 0
0 0 + 0

5\6] = 0 ) -%2 - 0 ) '%3 - 0 ) 24 = + (6)
+ 0 0 0

2-class 4-cycle of Type 2a

0 + + 0
0 0 + +

2] = + ’ &2 - 0 ) 5%3 - 0 3 5\C4 = +
+ + 0 0
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2-class 4-cycle of Type 2s

0 + 0 +
+ 0 + 0
X1 = 0 , X2 = + y X3 = 0 ) 52:4 - +
+ 0 + 0
3-class 4-cycle
0 + + +
A + A 0 R + . +
X1 = + y X2 = + y X3 = 0 y X4 = T
+ + + 0

The criteria given in Lemma 1 for the existence and attractivity of these various 4-
cycles are not transparently related to the original model parameters s; and o; in the
semelparous Leslie model (4). We can make these relationships clear, at least near the
bifurcation point Ry = 1, by calculating the lower order terms in the & expansions
(e =Rp— 1) of each cycle and using them to calculate the lower order terms in
expansions for the criteria quantities Rog3(0,}), Rog2(0,0,}), etc. appearing in
Lemma 1.

Consider first the single-class 4-cycle (6). For the first point x| = col (0 0 0 yZ)
in that 4-cycle, we have from (5c) that y, =g, '(Ry') and thus y,(e) = —&/
8%g4 + O(e?). In order to express the leading coefficient in terms of the original model
parameters o;, both in this and latter expansions, we need to calculate the partial
derivatives a;)gi of the factors g; in the composite equation (5) with respect to their
arguments y; and evaluate the results at y; = 0. This application of the chain rule, while
tedious, is straightforward. The results appear in Table 2. In this table

1 for j=1
o ) iZl
Pi= IIsg for j=2.3,4

g=1

4 4
c
o 0 o 0 o Cb
Cy = E pidio;, Cp = E Pi+10,,0i, €= o
=1 =1 w

where 95 = d; and ps = p;. Note that under assumptions Al and A2 we have ¢, ¢, <0
and 0 <p; = 1. Quantities c¢,, and ¢, measure the intensity of within-in class and
between-class competition, respectively. p; is the inherent probability that a newborn will
live to age j.

Table 2. The partial derivatives 9;g; of g; with respect to y; evaluated at all y; = 0.

998> =p5 ey 93¢ =p3'e 99g, =10
0%g3 =p5 e g3 =pi'e
3284 = p;lcw
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From Table 2 we have

$15253

yale) = — e+ 0(e?). (7)

w

We can calculate expansions for the other components of the single-class 4-cycle (6) by
repeatedly applying the map (4). For example, using s, = p; 'Ry we have

* * 1
Py (14 8)ou(yy(e), 0)y,(e) = — et O(e?)

for the first component of the second point in the 4-cycle. Similar calculations for the
remaining positive components in the points of the single-class 4-cycle (6) yield, for
e =Ry — 1 2 0, the expansions (recall ¢,, < 0):

Single-class 4-cycle

0 P2
0 0
A 1 2 A 1 2
Xi(e) = —— e+ 0(E7), X(e)=—— e+ 0(e7),
CW O CW 0
P1 0 )
0 0 (8)
1] P 1] 0
Xe) = —— e+ 0(e?), ue)=—— e+ 0(e?).
cw| O Cw | pa
0 0

Next, consider the first point in the Type 2a 4-cycle whose two positive entries are

vy =y3(8), ¥y = yy(e)

where the expansion of yZ(s) is (7). We can calculate the expansion of yé(s) from the
equation 1 = Ryg3 (yﬁ(s), yZ(s)), which results from (5b) after a cancellation of the factor
y5(g), by implicit differentiation with respect to & followed by an evaluation at & = 0.
The result is

1
y3(8) = <—P3 C) e+ 0(e?).

w

Expansions for the subsequent points in the 4-cycle can be calculated by repeatedly
applying the map (4) to these expansions.
2-class 4-cycle of Type 2a

0
1 0 1 0
.%1 = — — 8+0(82), .;Cz - — 8+0(82)7 (9)
cw | P31 =0) Cw 0

P4 pa(l —©)
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1—c¢

0
| ma-o i
Xy=—— e+ 0(e”).
Cw P3
0

Note that for this cycle to lie on aRi it is required that ¢ < 1.
Similar calculations yield the following expansions for the 3-class 4-cycle and the 4-

cycles of Type 2s:
2-class 4-cycle of Type 2s

0
1| P2
R=—— e+ 0(e?),
cw | O
P4
0
1| P2
By=—— e+ 0(e?),
e | O
P4
3-class 4-cycle
0
|| P =+ D
R=—— e+ 0(e?),
Cw p3(l —¢)
pa
1—c¢
1 P2
3= —— e+ 0(e?),
Cy 0
pa(c? —c+1)

1
1 0
fp=—— e+ 0(e?), (10)
Cy pP3
0
1
0
Xy =—— e+ 0(e?).
Cy P3
0
1
| 0
Xp=—— e+ 0(e?),
’ cw | pac?—c+ 1) 9
pa(l — o)
(1)
(c2—c+1)
R ) )
R=—— e+ 0O(e”).
Cw pP3
0

With these expansions (of the components yf(s)) in hand, and the derivatives
in Table 2, we are in a position to calculate the lowest order terms in the quantities in
Lemma 1 which determine the existence and global stability of the four types of boundary
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4-cycles:
Rogs(0,7;) = (1 +e)g3(0,53(e)) = 1+ [1 + 835y} (0)] & + O(e?)

=14[1 —cle + O0(&?)

Rog2(0,0,y;) = (1 +£)£2(0,0,53(e)) = 1+ [1 + 8322y (0)] € + O(e?)

=14+¢e+0(?).

Rog2(0,3,v3) = (1 + £)g2(0,¥5(2), y3(e))
=1+ [1+83g23/(0) + 832y (0)] & + O(e?)
=14 [1+c(c— Dle+ O>).

All three quantities equal 1 to lowest order. Whether or not these quantities are, for € 2 0,
greater or less than 1 depends on the sign of the first-order coefficients in their expansions.
From Lemma 1, we have the following theorem that describes the boundary dynamics of
the model (4). (Note that for € Z 0 we have Ryg» (O, 0, yZ) > 1 and consequently (2a) and
(3a) in Lemma 1 cannot occur.)

THEOREM 2. Assume Al, A2, and ¢ # 1. For Ry % 1 all boundary orbits of the hierarchical
semelparous Leslie model (4) (other than the origin) tend to one of the four boundary
4-cycles (8)—(11). Specifically, we have the following two alternatives:

If ¢ > 1 then boundary initial conditions X € H\ U Hy, or Hy; U Hj yield orbits that
tend, respectively, to the synchronous 4-cycle (8) or (10).

If ¢ < 1 then boundary initial conditions X € H, or Hy, or Hys or H3 yield orbits that
tend, respectively, to the synchronous 4-cycle (8) or (9) or (10) or (11).

4. A dynamic dichotomy

Our goal in this section is to establish a dynamic dichotomy, for Ry 2 1, between the positive
equilibria and the 4-cycles (10) of type 2s (which we show below are actually 2-cycles).

Our first goal is to determine criteria for the stability and instability of the positive
equilibria near the bifurcation point Ry = 1 that guaranteed by Theorem 1(a). For
this purpose, the lowest order terms in the Lyapunov—Schmidt parameterization X = X(g)
for e = Ry — 1 of the bifurcating branch of positive equilibria will be useful. This
calculation is standard (e.g. see [2] or, specifically for semelparous Leslie models, see [3]).
The result is

x1(e) 14
x2(&) 1 P2 ,

x(e) = %5(6) = e | ps e+ 0(g?). (12)
x4(8) D4

We can investigate the stability of the positive equilibrium (12), using the linearization
principle, by investigating the four eigenvalues of the Jacobian of the map (4) evaluated at
the equilibrium. Because the Jacobian is a function of &, its eigenvalues are also functions
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of e. When & = 0, the eigenvalues equal the fourth roots of unity and hence all have
magnitude equal to 1. As a result, the magnitude of all four eigenvalues must be
investigated (to see if they are less than or greater than 1), unlike the generic bifurcation
case in which the projection matrix is primitive and only the dominant eigenvalue needs to
be considered. For &€ Z 0 we need only to calculate the first-order terms in the expansions
for the eigenvalues. The details of this calculation appear in Appendix C, with the
following result.

THEOREM 3. Assume Al and A2 hold. For Ry = s1s25354 £ 1| the bifurcating positive
equilibria of the hierarchical semelparous Leslie model (4) guaranteed by Theorem 1(b)
are locally asymptotically stable if ¢ < 1 and are unstable if ¢ > 1.

When the projection matrix of a matrix map is primitive, then a right (or supercritical)
bifurcation at Ry = 1 always results in stable positive equilibria [2,4]. This is, in fact, a
result of the general exchange of stability principle for transcritical bifurcations in
nonlinear functional analysis [9]. From Theorem 3, we see that this principle does not hold
for the imprimitive semelparous Leslie model (4), for which a right bifurcation does not
necessarily result in stable equilibria (also see [3,5] for m dimensional models). Instead,
equilibrium stability is determined by the ratio c¢. The biological interpretation of the
stability/instability criteria in Theorem 3 is straightforward: between-class competition of
low intensity (relative to within-class competition) results in the bifurcation of stable
positive equilibria, whereas between-class competition of high intensity results in the
bifurcation of unstable positive equilibria. A natural question is, in the latter case when
both the extinction and the positive equilibria are unstable, what are the asymptotic
dynamics?

We turn our attention to the 4-cycle (10) of type 2s. Notice that the lowest order &
terms in this cycle suggest that it is actually a 2-cycle. This is in fact true. The two step,
two dimensional map

0 5404(y4)y4
Y2 0

—
0 $202(y2,0)y2
Y4 0

0 0
5107 (5481 44, 0) 548" (ya)y4 515485 (a)ys
- 0 - 0
5303 (5285 (372, 0072 ) 5285 (32, 0)y2 525385 (v2, 0)y2

leads to the fixed point problem

Y2 = S1S48(z2)(y4)y4
V4 = SzS3g§2) (2, 0)y2
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which has a branch of positive solutions, as a function of Ry, that bifurcates from the origin
at Ry = 1 [2,4]. These fixed points correspond to a branch of 2-cycles of (4). These fixed
points are, of course, also fixed points of the fourfold composite and therefore the 4-cycles
of type 2s are actually 2-cycles. This observation makes a tractable linearization stability
analysis of these 2-cycles by a calculation of the eigenvalues of the product J(%;)J(X;) of
the Jacobian J(X) evaluated at the two points X, and %; of the cycles for ¢ 2 0:

JGa(e)J(Ri(e)) = Jo + J1& + O(e?)

where
0 0 pgl 0
0 0 0 sipy!
Jo ==
D3 0 0 0
0 si'ps O 0
cwpy ! — 5305073
0 0 _ 0
—p;3 18?0’4
—Sla(l)0'4 CWS1p4_1 - 251320’4
0 0 _
1 _S%aggl —251py 18(1)0'1
Jy=—
: Cw _51P3380'1
0 0 0
—p30307
—25,p49%07 —s3p40%073
0 0
—2p4d30 —p4dio,

The eigenvalues of this product are
1 2 1 2
A1=1—§8+O(8 ); Az=—1+58+0(8)
1 1
N=1+450-0e+ 06", A=-1-3(01-ce+0@".

Since for £ Z 0 we see that 0 < A; < 1 and —1 < A, < 0, it follows from the expansions
for A3 and A4 that stability and instability by the linearization principle depends on the sign
of 1 — c. Specifically, the 2-cycle (10) is unstable if ¢ > 1 and locally asymptotically
stable if ¢ < 1.

THEOREM 4. Assume Al, A2 and ¢ # 1. For Ry Z 1 the hierarchical semelparous Leslie
model (4) of order 1 exhibits the following dynamic dichotomy:

c < 1 implies the positive equilibrium is locally asymptotically stable and the 2-cycle
(10) of type 2s is unstable;

¢ > 1 implies the positive equilibrium is unstable and the 4-cycle (10) of type 2s is
locally asymptotically stable.
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5. Attractor & repeller criteria for the boundary of the non-negative cone
Theorem 4 is analogous to the dynamic dichotomy that occurs at bifurcation in the m = 2
dimensional case between the positive equilibrium and a synchronous 2-cycle [6]. In the
m = 3 case, and indeed in the m = 2 case as well, a stronger dynamic dichotomy occurs,
namely, one between the positive equilibrium and the boundary of the positive cone. In
this section, we consider a dichotomy between the positive equilibrium and the boundary
aRi for the m = 4 hierarchical case (4). We will use the average Lyapunov function
Theorem 9 in Appendix D with function p(x) = H?:Ix,-. The method requires a
consideration of the ratio p(L(X)3)/p(®) = ROH?: 10i(X) along boundary orbits.

If X(¢r) is a boundary 4-cycle, then In (RQH?:I a’i(fc(t))) is a 4-periodic sequence.
Let Ly, Loy, Ly, and L; denote the averages of this sequence for the four possible boundary
4-cycles in Theorem 2. Near the bifurcation point, these limits are functions of & =
RO -1 i 0:

Li(e), Lae), La(e), Ls(e).

If ¢ # 1, Theorem 2 implies all boundary orbits asymptotically approach one of these 4-
cycles. Since the asymptotic average of an asymptotically periodic sequence equals the
average of the periodic limit, we have

—1 4
lim 2 In (ROH m-(fc(t))) = Li(e), Las(e), Laa(e) or Ly(e)

for all boundary orbits. Specifically, we have the following lemma.

LEMMA 2. Assume Al, A2 and ¢ # 1. For ¢ = Ry — 1 3 0 we have for any boundary orbit
(1) that

= 4
> im — (3 =
¢>1= lim - ;m (ROH U,(x(t))) Li(g) or Lay(e)

i=1

t—+400
t

—1 4
c<l= lim S (RQH a’i(fc(t))> = L(g), Lyy(g), Loa(g) or Li().

i=1

It is straightforward to calculate expansions of the averages Zilln
(ROH?:IO'i(fcj(s))) /4 with %(e) given by (8)—(11). The results are contained in the

next lemma.

LEMMA 3. Assume Al, A2 and ¢ # 1. For e = Ry — 1 2 0 we have
1 2 1 2
Li(e) = 1(3 —0e+0(e7), Ly(e)= 5(1 — e+ 0(e7)
1 5 2 1 2 2
Ly, (e) = Z(c —c+2)e+0(&”), Li(e)= Z(l —c)c”+ e+ O(e?).

We apply the average Lyapunov function Theorem 9 as follows. By assumption A2(b),
after at most one step, all orbits lie in a (compact) box B = [0,b;] X [0, b2] X [0, b3] X
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[0,b4] C Ri fort € Z*, where b; is an upper bound for o;(x;, x;1 1 )x; on Q. For Ry > 1 the
origin is a repeller and therefore there is an open neighbourhood N of the origin for which
the punctured box B\N is forward invariant and which all orbits enter in finite time. Thus,
all asymptotic dynamics and attractors occur in the compact set B\N C I_?i. Because aRi
is invariant, it follows that d(B\N) = B\N N aRi is also invariant. We apply Theorem 9
with p(X) = H?:v‘i and (X)) = p(L(})3)/p(*) and with X = B\N and S = 9(B\N).

THEOREM 5. Assume Al, A2 and ¢ # 1. For Ry 2 1

¢c>3=09(B\N)C aRi is an attractor, ¢ <1 = 9(B\N) C aRi isarepeller.

Proof.
(a) If ¢ > 3 then by Lemmas 2 and 3 all boundary orbits in X satisfy, for € 2 0,

1 t—1 4
im — (& <0.
Jim - In (ROH a,(x(z))> 0

j=0 i=

This in turn implies

—1 —1 4
g}ﬂo PG()) = ;gjljo (ROHI m(fco))) <1,

i=

which is the criterion in Theorem 9 that implies X is an attractor.
(b) If ¢ <1 then by Lemmas 2 and 3 all boundary orbits in X satisfy, for € 2 0,

| =] 4
lim = In(R .(3() | > 0.
L3 n( OHU(X( )))

i=

This in turn implies

t—1 t—1 4
. SOy — a0 | >
inf i|=0| P(x(j)) = inf i|:0| (Ro i|=|l o; (X(]))> 1,
which is the criterion in Theorem 9 that implies X is a repeller. |

Note that when ¢ > 3 the positive equilibrium is unstable (Theorem 3) and when ¢ < 1
the positive equilibrium is stable. Consequently, Theorem 5 provides a dynamic
dichotomy between the positive equilibrium and the boundary of the cone when ¢ does not
lie between 1 and 3.

6. Concluding remarks

We have investigated the dynamics of the m = 4 dimensional hierarchical Leslie model
(4) near the bifurcation point Ry = 1 under the boundedness and monotone assumptions
A1l and A2. From the general bifurcation theory for Leslie matrix models [3], there exists a
bifurcating continuum of positive equilibria and of single class 4-cycles as R, increases
through 1. We have shown that there is a dynamic dichotomy between the positive
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equilibria and a bifurcating continuum of 2-class 2-cycle (Theorem 4) (not the single-class
cycles, perhaps unexpectedly). This is reminiscent of the dichotomy for m = 2 Leslie
models, except it does not involve the bifurcating single-class cycles. Moreover, as part of
our characterization of the global dynamics on the boundary of the positive cone, we have
shown that there can be other types of bifurcating 4-cycles on the boundary (Theorem 2).
The fact that all boundary orbits asymptotically approach a boundary cycle allows us to
prove a limited dichotomy between the positive equilibria and the boundary of the positive
cone, limited in that ¢ must not lie between 1 and 3. This result is reminiscent of the
dichotomy in the m = 3 dimensional case [5]. Our results also show that the ratio ¢ of
between-class and within-class effects on survivorship is the crucial parameter in
determining the nature of these dichotomies (as in both the m = 2 and 3 cases). Even
though our results are not for the general m = 4 dimensional case, they illustrate the
complexity of the bifurcation phenomenon that can occur at R, = 1 for semelparous Leslie
matrix models as the dimension m increases. This increased complexity as n increases
arises because of the increased dimension of the boundary dynamics and because of the
possibility of more types of boundary cycles.

Many open questions remain. Is the boundary of the cone an attractor or a repeller
when 1 < ¢ < 3? When the boundary is an attractor, what are the omega limit sets of
orbits? When m = 3 orbits can approach complicated cycle-chains lying on the boundary,
consisting of heteroclinic boundary orbits that connect phases of single-class and/or
2-class 3-cycles [5]. Are there such bifurcating cycle-chains (invariant loops) in the m = 4
case considered here? What becomes of the dynamic dichotomies for m = 4 models that
are not hierarchical of order 1? Can the monotone assumptions in A2 be relaxed?
(The answer to this question is probably yes, since the investigation is carried out only near
the bifurcation point and hence the monotone assumptions are only needed locally near the
origin.) And, of course, in higher dimensions m > 4 the question remains as to whether or
not there is a dynamic dichotomy at bifurcation Ry = 1 and, if so, what is its nature? It
would also be of interest to investigate what becomes of the dynamic dichotomy when Ry
is increased far beyond 1? Given the propensity of nonlinear maps to exhibit sequences of
bifurcations, routes-to-chaos and so on, what role would the dynamic dichotomy at Ry = 1
play? For example, it is known that multiple positive attractors (i.e. with several classes
present) can exist in semelparous Leslie models when Ry, is not close to 1 [8].
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Appendix
A Asymptotically Autonomous 1D Maps

Let R} denote the positive cone in R™ and Z* = {0,1,2,3, ... }. Let Rﬁ denote the
closure of RY.

THEOREM 6. Suppose h € C'! (Rl+ XZ‘ﬂRfr) and that

(@) h = h(x,1)isnonincresing inx € Rifor eacht € Z+,
(b) limsup,—4h(0,1) = hy < 1. (13)
Then any solution of the non-autonomous difference equation
x(t 4+ 1) = h(x(@®),Hx(t), tE€ZT

with x(0) = 0 satisfies lim,—, . ox(f) = 0.

Proof. x(0) = 0 implies x(f) = 0 fort € Z*. By (a) we have 0 = x(¢ + 1) = h(0, H)x(¢) for
t € Z*. Since (1 + ho)/2 > hy we can find a T > 0 so that h(0,7) < (1 + hy)/2 = w for
t = T. It follows that 0 = x(t + 1) = w2x(¢) for t = T and by induction

0=x(t) = wX(T) for t=T.

Since w < 1, it follows that lim,—;cx(¢) = 0. U

In what follows ); denotes an open interval containing Rﬂr in its interior.

DEFINITION 1. A function h has Property M on Q, if h € C! (Ql , Ri_) and
(@) 9xh(x) <0,
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(b) d.(h(x)x) <O,
(c) h(x)x is bounded.

The limit he = lim,— 0oxh(x) exists and is positive. It follows that

lim h(x) = 0,0 = h(x)x < he for x € R}, (14)
x—4-00

THEOREM 7. Suppose h(x) has Property M. Consider the difference equation

x(t+1) = h(x@®)x(t), tEZT. (15)

(a) If h(0) > 1 then there exists a positive, hyperbolic fixed point x* > 0 that is
globally asymptotically stable on RL.
(b) If h(0) < 1 then x™ = 0 is globally asymptotically stable on Rfr.

Proof. Note by (14) that all solutions of (15) with x(0) = 0 are non-negative and bounded
by lco.

(a) For h(0) > 1 it follows from the intermediate value theorem that there exists an
x* > 0 such that 2(x™) = 1. This fixed point of (15) is unique since A(x) is strictly
decreasing. Since 0 < 9, (h(x)x)|,» = 1+ x*0,(h(x))|l,+ < 1, it follows by the
linearization principle that x* is locally asymptotically stable. The inequality
h(0) > 1 also implies the fixed point is a repeller, since 9,(h(x)x)|o = h(0). Since
(15) defines a monotone maps it follows that all orbits on R}r tend to x ™.

(b) Since 0 < d,(h(x)x)|o = h(0) < 1, it follows by the linearization principle that x*
is locally asymptotically stable. For x(0) = 0 it follows by Definition 1(a)
that 0 = x(¢ 4+ 1) = h(x(r))x(¢) = h(0)x(¢) and, by induction, that 0 =< x(r + 1) =
[2(0)]%(0). Hence lim,—, ; x(1) = 0. O

THEOREM 8. Suppose h € C'! (Ql XZT, Ri) satisfies the following properties:

(a) h(x,t) has Property M as a function of x for eacht € Z™,
(b) limy—0oh(x, 1) = heo(x) uniformly on compact subsets of RL,
(¢) he(x) satisfies Property M and he(0) > 1.
Then any bounded solution of the non-autonomous difference equation

x(t 4 1) = h(x(0), H)x(F) (16)

with x(0) > 0 satisfies lim  ox(t) = x* >0, where x* is the globally
asymptotically stable fixed point of x(t + 1) = heo(x(2))x(2).

Proof. If x(0) > 0 then the solution of (16) satisfies x(#) > 0 for t € Z". Let w denote the
forward limit set of bounded solution x(#), which is non-empty and lies in er.

Step 1: We show that w contains a positive real. For purposes of contradiction, assume
that there exists no positive limit point. Then lim,,;x(f) = 0 and for any € > 0 there
exists a T'1(g) such that t = T'| (&) implies 0 < x(f) < e. Since h(0) > 1 we can choose a
real number r such that h.(0) > r > 1. By continuity there exists an € > 0 such that
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heo(x) > r for 0 = x = . By (b) there exists a T»(e) such that
r+1
|h(x, 1) — heolx)] = 5 for t = T»(e) and for 0 = x < &.

For t = T(g) = max{T(e), T»(g)} we have 0 < x(¢) < € and

r—

1
> x(1)

x(t+ 1) = h(x(1), Hx(t) = |:hoo(X(I)) - %} x(H) = [r - %] x(t) =

This implies
F— 1\ T®
=x(1) = (T) x(T(g)) for t = T(e)

and since (r —1)/2>1 we find that x(#) grows exponentially as r— 400, which
contradicts 0 < x(t) < g for t = T(e).
Step 3. We prove that for any interval a = x = b with a > 0 and containing x* in its
interior there exists a T(a, b) such that a = h(x,f)x = b for t = T(a, b) and all x € [a, b].
Since hoo(x) is decreasing, he(0) > 1, and heo(x™) = 1, it follows that he(a) > 1 and
heo(b) < 1 and a < he(a)a < x* < hoo(b)b < b. Consequently, hoo(x)x maps [a,b] into
itself, specifically

hoo(X)x 2 [, b] = [heo(@)a, heo(D)D] C [a, b].

Define

52 min{h‘”(a)za —ab- hZ“(b)b} > 0.

Since lim,— 1 oh(x, )X = hoo(x)x uniformly on bounded x intervals, there exists a T =
T(a, b) such that

|h(x, )x — heo(x)x| = & for t = T(a,b) and for x € [a,b].

Then for t = T(a, b) and all x € [a, b] we have

Boo (X)X — h‘”(“)# = h(x,fx = b_hzﬂ T heo(X)x
heo(d)a — b — he(b)b
heo(a)a — % = h(x,t)x = % T heo(b)b
hoo(a)a +a = h(_x’ [)_x = b+ hoo(b)b
2 2
a+a

b+b
Sh(x,t)xsi.

Step 4: Next we prove x* € (). Let [; be a positive limit point (Step 2). Then there
exists a subsequence #; — 400 such that x(#;) — [;. Since

x(t; + 1) = [h(x(:), ;) — hoo(x(1))1x(2;) + hoo(x(1:))x(1:)
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and since the first term tends to O (by (b), because x(7) is bounded) it follows that
x(t; + 1) = hoo(l1)l;. Thus I, = heo(l1)l; > 0 is a limit point. Similarly from

x(t; +2) = h(x(t; + 1), t; + Dx(t; + 1)
an analogous argument shows
x(t; +2) = ho(l)lh =13 >0

and hence I3 = ho(l2)l > 0 is a limit point. Inductively we obtain x(t; 4 j) — hoo(/;); and
hence a sequence of positive limit points /; that satisfies [;;| = ho())[; > 0, i.e. [; satisfies
(16). Property M and (c) implies /; — x*. By the usual diagonalization argument used in
analysis we have that x(7; + i) — x™ and hence x* € ().

Step 5: Finally, we prove lim,—_ x(f) =x* for any positive orbit. Let & > 0 be
arbitrary. By Step 3 (usinga = x* — e and b = x* + &), there exists a T; = T(&) such that
h(x,H)x € [x* —e,x" +¢e]fort = T(e) and all x € [x" — &,x™ + &]. Since x™ € Q (Step
4) there exists a time T(g) = T (g) such that x(T(g)) € [x* — &,x" + &]. Since x(¢)
satisfies (16) it follows that x(f) € [x* — &,x" + ] for t = T(g). This is the definition of
lim, .y ox(7) = x*. O

B Proof of Lemma 1

We begin by pointing out that all non-negative orbits of the composite equation (5) are
(forward) bounded, which follows from assumption A2(b). Uniform convergence, which
is required in the applications of Theorem 8 below, follows from the continuity, and hence
boundedness, of partial derivatives on compact sets.

(1) This is a consequence of Theorem 7(a), since h(0) = Ry.
(2) Rogs (O,yZ) <1 and Theorem 8 imply y; — 0 as r— +o0 for positive initial
conditions.
(2) Rog2(0,0,y;) <1 and Theorem 8 imply y, — 0 as  — +oo for positive
initial conditions.
(b) If Rog> (07 0, yZ) > 1, then Theorem 8 implies that there exists a positive
fixed point of the limiting equation

y2(t + 1) = Roga (2(1), 0, ;) y2(t)

that attracts all positive solutions y, of the asymptotically autonomous
equation (5a).
3) Rogs (O, yZ) > 1 and Theorem 8 imply that there exists a positive fixed point of the
limit equation

ya(t + 1) = Rogs (y3(1), y3 ) y3()

that attracts all positive solutions of the asymptotically autonomous equation
(5b). Thus, for positive initial conditions, we have y; —y; and ys—y, as
t— 00,

(a) If in addition Rypg, (0, 0, yZ) < 1, then Theorem 8 implies y, — 0 as t — 4-00.
(b) Rog (O, 0, yZ) > 1 and Theorem 8 imply that there exists a fixed point of the
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limiting equation
Ya(t + 1) = Roga (y2(1), 0, Y3 )y2(0)

that attracts all positive solutions y, of the asymptotically autonomous
equation (5a). Thus, with initial condition y; = 0 and with positive initial
conditions for y, and y, we have y, —y, and ys —y, as 1 — +oo.

(i) Rog2(0,¥3,y;) <1 and Theorem 8 imply that y; — 0 as t— +oo for positive
initial conditions.
(ii) Rog2(0,y3,y4) > 1 and Theorem 8 imply that the limiting equation

Yot + 1) = Roga (y2(0), y5, y4) y2(0)

as a positive fixed point y; > 0 that attracts all positive solutions y, of the
asymptotically autonomous equation (5a). Thus, for positive initial conditions
we have y, —y,, y3—y; and ys —y, as t — +oo.

C Proof of Theorem 3

The goal is to use the Lyapunov—Schmidt expansion (12) of the positive equilibrium to
obtain expansions of the Jacobian and its eigenvalues to lowest order in e = Ry — 1. These
eigenvalues equal the fourth roots of unity at £ = 0 and the lowest order terms in their &
expansions will allow use to determine when the magnitude of each is less than or greater
than 1 when & 3 0.

For notational convenience, we define d = —(c,, + ¢,). Then, from (12), the
components of the positive equilibria are

xi(e) Z%s—{— 0(?), Ro(e)=1+s. (17

The Jacobian of the m = 4 dimensional Leslie model (1)-(3) is J/ = L + M where

0 0 0 Ropy o4 (x4,x1)
s107 (X1, X2) 0 0 0
L= 18
0 5207 (x2,X3) 0 0 (18)
0 0 5303 (X3, X4) 0
and
Ropy 10104 (xa,x1) x4 0 0 Rop; '9404 (x4,x1) x4
510107 (X1, x2)x1  §10207 (X1,X2) X; 0 0
M:
0 $202072 (X2,X3) X2 $20307 (X2,%3) X2 0
0 0 $3030%3 (X3,X4) X3 $304073 (X3,%4) X3

19)

When evaluated at the positive equilibrium (17) M = M(e), L = L(¢) and hence J = J(g)
are functions of e. The eigenvalues and the right and left eigenvectors of J(g) are also
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functions of &, which we denote by A(g), ¥(¢) and w(e), respectively. Thus, ¥(e) is the right
eigenvector associated with A(e) and w(e) is the left eigenvector associated with the
complex conjugate eigenvalue A(g). Our goal is to calculate the first-order term in the &.
expansions of each of the four eigenvalues of M(g). This will require calculating the
first-order terms in the expansions

J(e) = J(0) + J'(0)e + O(?), L(g) = L(0) + L'(0)e + O(&?)
M(g) = M(0) + M'(0)e + O(g?)
d(e) = P(0) + ¥ (0)e + O(?), (e) = W) + W (0)e + O(e?).

By definition
J(e)i(e) = Me)i(e) (20)
W(e)J(e) = A(e)W(e). (21)

A formula for A’'(0) can be obtained as follows. From (20), to zeroth and first orders in
&, we have

J(0)3(0) = A(0)¥0) (22)
J(O)Y(0) + J'(0)%(0) = A0)¥(0) + N'(0)¥(0) (23)
Similarly, from (21) we have
#(0)J(0) = W(0)A(0) (24)
W(0)J(0) + W(0)J'(0) = W (0)A(0) + X (0)i(0) (25)

Let (%, $) denote the dot product of the conjugate of X with : (%, ) = Z?:,)’ciyi. From (24)
we have

A0)(W(0), V(0)) = (W(0)A(0), ¥'(0)) = (W(0)J(0), ¥'(0)) = (w(0),J(0)¥(0))
and from (23)
AO)((0), ¥(0)) = (#(0), A(0)¥'(0)) + (#W(0), X'(0)P(0)) — ((0), /' (0)P(0))
= M0)((0), ¥(0)) + A'(0)((0), 9(0)) — (W(0), J'(0)%(0)).
Thus, 0 = A'(0)(#(0), $(0)) — (W(0), J'(0)¥(0)) and

(W(0), J'(0)(0))
N(0) = — T (26)
(W(0), 9(0))
We apply this formula to each of the four eigenvalues Ai(g), k = 1,2,3,4, of the
Jacobian J(g), whose lowest order terms A;(0) are the fourth roots of unity, namely,
1,i,—1 and — i. These eigenvalues have the form

Ai(e) = 1+ Aj(0)e + O(e?),  Aa(e) =i+ Ny (0)e + O(e?)

27
N3(e) = — 1+ A5(0)e + O(e?),  Aa(e) = —i+ Ay(0)e + O(e?).
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To apply the formula (26) for each coefficient A}(0), we need two lowest order terms
Vi(0), Wi (0) of the J(0) associated with A;(0). Since M(0) = 04x4, we have

0 0 0 p;!
ss 0 0 0

JO=LOo) = ] (28)
0 0 s3 O

By (24) and (27),

Wwi(0)J(0) = w1(0),  w2(0)J(0) = —iii(0)

. A . s (29)
w3(0)J(0) = —w3(0),  W4(0)J(0) = iw4(0).

Without the loss of generality, we take the first component of W;(0) to be 1 and write
Wk(O) = (1 Wi W3 Wk4). By (28), we have

#(0)J(0) = (slwkz SIWK3 S3 Wk D! ) (30)
Solving (29) and (30) for the wii, wia, ..., Wiy, We obtain the four left eigenvectors

1 1 1 — — — _
V’i/l(O):(l 51 sst sgszsl)=<pll [)21 p31 p41)

O = (1 Tv TRe wed)=(p el eyt opeti)
- . B B (€20)
o= (1 "% w0 Tww)=(n' ot ot et
@ = (1 5 Tar Twed)= (Pt opioopyt et
From similar calculations, we obtain the four right eigenvectors
P1 P1 P1 P1
X p| i | 2| pai
V1(0) = ; 12(0) = ; v3(0) = ; @)= _ - (32
P3 P3
D4 D4l —D4 —pa4i
Thus, (W (0), 91(0)) = 4 for k = 1,2,3,4 and, by (26) and J'(0) = L'(0) + M'(0),
! 1 ~ ! a 1 A !/ A
N (0) = 7 (Wi (0), L'(0)9:(0)) + 7 (Wi (0), M'(0)D1(0)). (33)
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It remains for us to calculate L'(0) and M’(0). From (18) and (17), we have

0 0 0 1 P4320'4+P13?U4
P4 pad
801 +p,0901
s]Pl 1 1dl72 201 0 0 0
L'0) = (34)
8oy +p30)0
$ P29, 2dl73 302 0 0
8903 +pgd) o
0 0 3 P393 3dP4 473 0

From (34), (32) and (31), it is straightforward to compute

. . 1
(W1(0), L'(0)91(0)) = 1 7 (padgos + p19Yoy + p10loy + prd3o
= +p2630’2 +p3ag0'2 +p38(3)0'3 +P4820’3)
1
=14 -(=d) =
+d( )

Similarly, calculations establish that (W (0), L'(0)9,(0)) = 0 for k = 1,2, 3,4 and hence,
by (33), that

A (0) = — (Wi (0), M'(0)01(0)). (35)

B

Now, from (19) and (17) we have

d‘lpla?oﬁ d~ p1820'4 d~ p1830'4 d~ p1840'4

d71[?28?0'1 dipzag()'] d7p28(3)0'1 d7p2(320'1

M'(0) = (36)

d_lp3800'2 d_1p3800'2 d_1p3300'2 d_lp380
d~ p4610'3 d~ p4820'3 d~ p4a30"; d~ p4a40'3

and from (34), (32) and (31) it is straightforward to compute the dot products

4 4
(1(0), M'(0)91(0)) = d ! <Zp,-+la?+lm + Zp,-a?al)
(2(0), M'(0)92(0)) = (mea,ﬂa, + zZp,a m)
4
(W3(0), M'(0)D3(0)) = <Zpi+la?+10'i - Zl?ia?m)
i=1 i
4
<sz+la,+10'z sza Ul)

i=1

(W4(0), M'(0)04(0)) =
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which, from the definitions of d, ¢,, and ¢, reduce to

(W1(0), M'(0)91(0)) = —1

(92(0), M'(0)92(0)) = d ! (cp + icw)

(3(0), M'(0)93(0)) = d (e — cw)

(04(0), M'(0)94(0)) = d ' (cp, — icy).
These formulae, together with (35), yield formulae for A}(0) and hence approximations
(27) to Ai(e) to order 1.

Stability is determined by the magnitudes of the eigenvalues Ai(e). It is
straightforward to show that

Re(iy A (0)) < 0= [\(e)| <1 for €20
Re(ixA(0)) > 0= |M\(e)| > 1 for &% 0.

Thus, the local stability of the positive equilibrium is determined by the signs of

Re(X,(0)) = %Re((wl(O) M (0)91(0))) = %

Re(iX,(0)) = %Re(—z(wz(O) M'(0)9(0))) = }L e,
Re(—X5(0)) = %Re( (3(0), M'(0)D3(0))) = — %d*l(cb )
Re(—iNy(0)) = iRe(z<w4(0) M (0)p4(0))) = %d*lcw.

Since d > 0, ¢,, < 0 and ¢;, < 0 by assumptions A2(a) we see that the first, second and
fourth real parts are negative. Thus, stability is determined by the sign of the third real part,
i.e. by the sign of ¢, — ¢,,. We conclude that the positive equilibrium is stable if ¢,, < ¢
(equivalently ¢ < 1) and unstable if ¢,, > ¢, (equivalently ¢ > 1).

D Average Lyapunov functions

See Theorems A.1 and A.2 in [12] (and relevant earlier references) for the following
theorem concerning a continuous map 7 : X — X on a metric space X.

THEOREM 9. Suppose S C X is a compact subset of a compact set X such that S and X /S
are forward invariant under a mapping T. Then S is a repeller if there exists a continuous
function P : X — R, such that

(@ pd) =0<=x€S
(b) forallx €S

t—1
SEII)H WT'R) > 1 (37)

where {p: X — R is a continuous function satisfying

p(T(®) = P(H)pR). (38)
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On the other hand, S is a attractor if

t—1

;giljo WT(R) < 1

where i : X — R is a continuous function satisfying

p(T (X)) = PX)p().

(39)

(40)



