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ABSTRACT

Some global properties of solutions of the classical integrodifferential systems, intro-
duced by Volterra in his study of two species predator-prey populations, are studied. It is
shown for large logistic loads that the predator goes to extinction and the prey tends to its
carrying capacity. By use of a nonlinear approximation it is shown that for smaller logistic
loads a “critical point” is asymptotically stable, while for sufficiently small logistic loads
this point is unstable. These cases are demonstrated numerically for the original integro-
differential system using parameters which were computed on the basis of experimental
data of S. Utida for bean-weevil vs. braconid-wasp interactions. Moreover, numerical
solutions suggest further varied behavior of solutions of this system.

I. BASIC EQUATIONS;
CRITICAL POINTS AND LONG-TIME AVERAGES

It is well known that the classical Lotka-Volterra differential equations
for a two-species, predator-prey system without self-inhibitive growth rates,
namely

Ni=N,(a;—a,N,) (prey),

)]
N;=N,(—=by+ by N)) (predator),

with a,,a,,,b,,b,, >0, have oscillatory, in fact periodic, solutions. This was
shown by Volterra [1]; indeed, there exists a “constant of motion” which,
when interpreted in other terms, amounts to the existence of a Lyapunov
function for (1), the trajectory derivative of which is identically zero; see {2,
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3] for this constant of motion. The proof of periodicity is dependent on this
property.

The addition of “logistic” or inhibitive terms in (1) changes the system
to

Ni=N(a,—a;N,—a;;Ny),

(2)
N;=N,(=by+ by Ny — by,N,),

with a,,b,, > 0, although it is evidently customary to assume in practice
that the predator’s inherent growth does not appreciably involve a logistic
term and so b,,=0; see [4]. Regarding (2), Volterra showed that the
solutions are still oscillatory about and tend to that system’s stable equi-
librium point. This is easily seen to be the case by observing that the
so-called constant of motion for (1) again serves as a positive definite
functional for (2) which has a negative trajectory derivative if a;;>0;
without details here, this is used to show that the nontrivial equilibrium for
(2) is asymptotically stable.

The verification of the basic model leading to (1) has been the subject of
some experimental work over the years, with some investigators in agree-
ment that a sort of oscillation is observable for predator-prey situations,
although these oscillations can vary quite significantly from cycle to cycle.
Early experiments by Gause [5] and Utida [6] tended to show that oscilla-
tions were quite difficult to see in a laboratory. Later work by both authors
and others [7-10] tended to demonstrate definite, however loose, oscillatory
behavior.

In this paper we describe some properties of solutions to a predator-prey
system in which it is assumed that the rate of change of predators at time ¢,
Ni(1), depends on the exposure to prey over an interval of time [r— T,¢]
(T > 0) rather than simply at the instant ¢. With this change, the system may
be written as

N{=N,(a,—a;N,—a;;N;) (3a)

Ny= N2( by [ k(1= )N ()5 - bzzNz), (3b)
0

where & is a non-negative, continuous function and k(f)=0 for > T. This
is basically the same system originally considered by Volterra [1] except
there the integral has the form

.

!
instead of f .
0

Also, similarly to that original work, the assumption that k(¢) vanishes after
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t=T amounts to an assumption that the cumulative contribution in the
term

[ K(t—s)N(s)ds
4]

is effectively realized only on the interval [¢— T7,¢] if t> T. This is clear
from the computation:

1 T !
fk(t—s)N,(s)ds=f k(s)Nl(t—s)ds=f k(t—s)N,(s)ds, t>T.
0 0

t—T

The two derivations of the model are equivalent except that the original
work assumed knowledge of the function N, on (~— co,); the system in (3)
requires no such knowledge and, furthermore, is classically well posed with
the addition of initial values.

The main goal here is to describe some of the features of solutions of (3).
In Sec. II certain qualitative aspects of solutions to (3) are deduced
assuming a truncated Taylor series approximation for N,. This particular
approximation has been used by Cunningham [11] in an investigation of
predator-prey systems with a single time lag. As shown below, certain
results of this approximation are verified numerically, a situation which
lends additional credence to its qualitative accuracy as applied to (3).
Numerical calculations have been used previously to show the behavior of
solutions to the Volterra integrodifferential equations [2]. That work, how-
ever, assumed constant (therefore non-integrable) kernels, an assumption
which not only eliminates certain analytical techniques but is possibly
unrealistic when compared with Volterra’s original derivation in [1].

Initially, we observe that the system (3) has no nontrivial equilibrium
point. Nevertheless, it is interesting and fruitful to consider what might still
be referred to as a critical point (P, P,) given by the equations

ayPi+apPr=a
k*Py—byPr=1b,, “)

where k*= { Pk()di= [Tk(s)dr. It is not difficult to see that if
(N(2),Ny(1)) has a limit as t— + oo, then it must be (P, P,). However, it
can also be shown that there exist quite reasonable kernels of the above
type such that this critical point is always unstable in the usual (Lyapunov)
sense! (if there are no logistic terms, a,; = b,,=0), and a numerical example
below indicates that (P,,P,) can be unstable even though (N,(7),N,(1))
apparently tends to (P, P,) as t—> + c0. From the point of view of modeling
with practical application in mind, this possibly indicates that the strict
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mathematical concept of stability may not be useful in determining what
could reasonably be called “practical” stability by a population biologist.

1We would say that the (nonsolution) point (P, P,) is stable if given € >0 there exists a
8 >0 such that d[(N,(0), N,(0)),(P,, P,)] < & implies d[(N (1), N,(1)),(P,, Py)] <€ for all
t > 0. Here d[ , ] denotes some vector metric.

As will be seen below, if (P, P,) is in the first quadrant, it is apparently
possible for solutions to (3) to revolve about (P, P,) in any of three distinct
ways: spiraling in, spiraling out, or simply oscillating in some approximately
periodic manner. In any case, as the theorem immediately to follow shows,
the point (P;, P;) is the long-time average of (N,(t),N,(#)) provided both
N () and N,(¢) are bounded away from zero and are bounded above. It is,
incidentally, not difficult to show that N(¢) is always bounded above and
neither N,(¢) nor N,(¢) can vanish in a finite length of time. This theorem
strongly resembles one of Volterra [1]; it also generalizes a result for the
basic equations (3).

THEOREM 1

If there exist m,M such that 0<m < Ny(t), Ny() < M < o0 for all t >0
and if k is continuous and integrable on [0, 00}, then P, >0, P, >0 and

[Ni]=limt“f’N,.(t)dt=P,-, i=1,2, 1—>+o0,
0

where P,, P, are given by (4).

Proof. From the equations (3) we have

t"ln( Milr)

N.,(0) ) = f_lj(;l[al_anNn(s)_ a3Ny(s)]ds,

and

t—lln(]]:/[zz(t))))=t—1£ (——b2+josk(s-—u)N,(u)du—bzzNz(s))ds.

With the current assumptions, this implies that

O0=a,—a, [N\]—a;[N,]
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and
1 s
0=—b2+limt“ffk(s—u)Nl(u)duds—bn[NZ], t—+ 0.
0Y0

It will be true that [N,], [ N,] satisfy the same equations as those satisfied by
P, and P, (and hence [N, ]= P,) if we show that

umrlf'fk(s— )N, (u)duds = k*[N,)].
0v0

This is true, however, because

lz—lf'fk(s— u)N,(u)duds—k*[Nl]'
0v0

=l,~1f

'(f'k(s — )N () i — k*Nl(s))dsl
0

(=1

- ’z-lfo'(f'k(s—u)dle(u)—k*Nl(u))du

=t—'f'(k*—f’k(s—u)ds)uvl(u)uu
0 u

t t
< M:e™! (k* — | k(s— u)ds)du.
NG
Now, if the last integral is a bounded function of ¢, then
1 t
¢! (k*— k(s—u)ds)du—»O as t—+ o0,
NG
and the theorem is proved. If this integral is not bounded, then
I3 t
f (k*—f k(s— u)ds)du—>+ ©  ast—+w,
0 u
and (by I’'Hospital’s Theorem):

umz—lfo'(k*— f’k(s—u)ds)du=1im(k*— fo'k(t—u)du)=0

and the theorem is proved.
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II. AN APPROXIMATION;
PHASE-PLANE ANALYSIS FOR (3)

Our purpose in this section is to illustrate some of the variety in
qualitative behavior exhibited by solutions of the system (3). First, we show
that if k*a, > b,a,,, then all solutions (N,,N,) of (3) tend to (a,/a;,,0).
Secondly, we consider the more difficult case k*a, > b,a,;; this we do by
replacing (3) by a certain nonlinear (differential) approximation. Straight-
forward analysis of this approximation shows the possibility of stability or
instability depending upon the relationship among the parameters in (3);
this approach was previously taken in [11] for the purpose of studying a
system with discrete time lags. The important special case b,,=0 is consi-
dered in more detail; the conclusions for this case will be corroborated by
the numerical results in Sec. I11.

We assume throughout that the hereditary kernel k is as above; that is,
there exists a T<< + oo such that k(¢)=0for s> T.

LEMMA 1

Let k*= [ 3 ®k(s)ds < + o0 and suppose N (t)—N (o) as t—+co. Then
[ ok (t—s)N (s)ds—k*N (o0) as t—c0.

Proof. Notice that fort> T

k*N(oo)=f0°°k(s)N(oo)ds=fOTk(s)N(oo)ds.

Then since
1 T
fk(z—s)N(s)ds=f k(s)N(t—s)ds  fort>T,
0 0
we have for 1> T

Iftk(t—s)N(s)ds—k*N(oo)l <fOT|k(s)| IN (1= 5)— N (c0)| ds.
4]

Letting +—+ o0 and using the dominated convergence theorem we obtain
the desired result.

LEMMA 2

Let N((t) >0, Ny(1) > 0, solve (3) for t > 0. Then either (a) N (t) decreases
monotonically o a,/a,, as t—o or(b) there exists a t' >0 such that N(¢)
<a/ay forallt>r.
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Proof.

(i) Suppose N,(0)>a,/a,;. Then for as long as N,(f)>a,/a,,, we see
from (3a) that N{ < 0. Thus, either N, decreases monotonically for all 1> 0
or N (t')=a,/a,, for some first ' > 0.

Consider the first possibility. In this case N,(c0) exists and N,(c0) > a,/
a,,; we wish to rule out inequality. If N,(e0)>a,/a,,, then N ,(¢#)> N,(c0)
>a,/ay, for all ¢t >0, which implies from (3a) that N < N[a, —a;;N,(c0)]
and hence N, tends exponentially to zero, a contradiction.

In the second case we wish to show that in fact N, (¢)< a,/a,, for all
t>=t.If N(t")>a,/a, for some " >, then there would exist "' €(t',1")
for which N((¢')>a,/a,, and N{(¢"')>0, which contradicts (3a). This
proves the lemma for N,(0) > a,/a,.

(ii) Suppose N,(0)< a,/a,;. Then N(t)< a;/ay, for all > 0. This fol-
lows exactly as in the end of the proof of part (i) above.

a. k%a <ba

The main result of this subsection is that the predator N, becomes
extinct and the prey N, tends to its carrying capacity.

THEOREM 2

If k*a, < b,ay,, then all solutions N, >0, N, >0 of (3) satisfy N,—a,/a,,,
N,—0as t—>+ o0.

Proof. There are, according to Lemma 2, two possibilities for N,. Using
Lemma 1 we find for these two cases respectively

lim (—b2+ftk(t—s)N1(s)ds)= —by+k*a,/a;; <0
t—> o0 0

or
t
-b2+fk(t—s)N1(s)ds< —b,+k*a;/a, <0, t>r+T.
0

Thus, in either case, we have from (3b) that N; < IN,(— b,+ k*a,/ay,) for
all large ¢, which in turn implies N,—0.

Finally we must argue that N,—a,/a,;. First, suppose N, has no limit as
t—oo. Let I=liminf, , N,(#)>0; by Lemma 2, /<a,/a,,. Let t,>0 be
chosen so that #,—00 as n—o0, N (2,)—/, and N’(t,)=0. Then for all n

0=N’(t,)=N(t,)[a;—anuN(t,) — a;,Ny(4,)]
or

0=a,—a; N (t,) —apNy(1,).
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Letting n—00, we obtain the contradiction /=a,/4a;,, and conclude N, has
a limit N,(c0) as t— 0. To finish the proof we must show N (c0)=a,/ay;.

By Lemma 2, N(0)<a,/a,;. Suppose N (0)<a,/a,;. Then there
exists a number § >0 and a ¢ >0 such that N,(1)< —28+a,/a,, for all
t> 1. Since N,—0 as r—o0, we may assume !’ is so large that N, < 6a,,/a,,
for ¢ > . Then from (3a) we conclude that N{> 8a, N, and hence N;—+
0. This contradicts Lemma 2 and proves N,(o0)=a,/ay;.

b. k*a,>bya;

We investigate this case by replacing (3) with an approximation
obtained by substituting the truncated Taylor series N,(f)—sN,(¢) for
N,(t—s) in the integral term

f’k(t—s)Nl(s)dszjtk(s)Nl(t—s)ds,
0 4]
which then becomes, fort> T,
14
N, [k(s)ds - N;f’sk(s)ds= N k*— Nim
0 0

=N k*—mN(a,— a; N~ a;N;),
where m= [ Isk(s)ds is the first moment of k. Thus, the system (3)
becomes, for t > T,
N{=N,(a,—a N;i—a;,N,), (3a)
N3=Ny[— by+(k*—ma))N,— by, N, + may NP+ ma,N,N>J. (3'b)
It is not difficult to draw a direction field in the first quadrant for this

system of nonlinear differential equations. This is done in Fig. 1, where L
denotes the straight line @, —a;;N, —a;,N,=0, Q denotes the hyperbola

— by + (k*— ma,)N,— by, N, + ma; Nt + ma;,N\N,=0,
and P=(P,, P,) denotes their unique intersection point

*
apby+aiby, ajk*—ayb,

1= * ’ 2 * ’
apk*+ay by apk*+ ay by

which lies in the first quadrant because of the assumption k*a, > b,a;,. This
direction field falls into three cases depending on the hyperbola Q and its
relation to L; however, in all cases, the field spirals counterclockwise
around the critical point P.
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<

—
Ny N,

Fi1G. 1. Phase-plane analysis for the approximate system (3).

To investigate the nature of the spiral trajectory, at least locally near
P=(P,,P,), we linearize the system (3’) at the point P, Standard theorems
[13] insure that the local behavior of (3") is that of this linearization. The
resulting linearized system

Ni=—a,P\N,—a,P\N,,

N;=Py(k*+ ma P\)N,+ Py(ma,,P,—by)N,
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has eigenvalues i[4 = (42— B)'/?] where B= P, Py(a,,k* + a; by) >0 and
A= Py(may P —by)—ay P 4)

It is not difficult to see that the sign of the real parts of these eigenvalues is
that of 4, and consequently the local behavior (3') near P is spirally stable if
A < 0. Furthermore, arguing as in the proof of Lemma 2 [for (3’) instead of
(3)], one can show that, for all solutions of (3'), N, is ultimately bounded by
a,/ay;,. From this fact and the fact that N, cannot tend to oo as - [for
then, by (3’a), N,—0 as r—o0 and from (3'b), N,—0 as t—0, a contradic-
tion], we can see from the direction field drawn in Fig. 1 that in the event of
spiral instability (4 >0) system (3’) has, by the Poincaré-Bendixson
Theorem, at least one periodic, nonconstant limit cycle.

THEOREM 3

The direction field for the nonlinear approximation (3') to the hereditary
system (3) is counterclockwise spiral around the critical point

*
_ apbytaby, _ ak*—a; b,
| * ’ 2= * .
apk*+ay, by apk*+ay; by

All solutions are bounded, and the critical point is locally stable if A <0 and
unstable if A >0 [A given by (4)), where in the latter case a nonconstant
periodic limit cycle exists.

Although we make no rigorous attempt to prove that the original system
(3) has the properties of the approximation (3') described in the above
theorem, we point out that numerical results presented below indicate that
(3) possesses the same properties described in this theorem.

c. bypy=0

In concluding this section, we briefly consider the important case when
by, =0, which is considered numerically below. In this case the stable and
unstable cases discussed in the theorem are distinguished by the sign of
A = P(ma,P,— a,)) or, since P, >0, by the sign of

* __ *
maja k* — ay(mab,+ apk®)
a,k* )

ma,Py—ay =

Thus, treating the logistic load a,, as a free parameter and the remaining
parameters as fixed, we find that the approximate system (3') is locally
stable or unstable according as a,, is greater than or less than ¢
= (ma,a;;k*)/(ma b, + a,k*). Noting that c<k*a,/b,, we may
summarize the situation for the case b,,=0 as follows:
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(1) ay;>k*a,/b, implies giobal asymptotic stability of the point P
=(a,/ay;,0);

(2) c<a;<k*a,/b, implies local spiral stability of the point P
=(Py, Py);

(3) 0< a,, < c implies local spiral instability of the point P.

Numerical results for the original integrodifferential system (3) seem to
indicate that cases (2) and (3) are in fact global. The actual quantity c,
which separates these cases, does not appear to be particularly accurate
when compared to the numerically computed value which separates out-
ward and inward spirals in the example below.

III. NUMERICAL EXAMPLES; A SPECIFIC KERNEL

Here we consider specific examples of systems of the form (3). The
specific coefficients used were computed using a least-squares technique
applied to certain generations in bean weevil v. braconid wasp found in the
work of S. Utida [8]. The point of consideration here is to corroborate
numerically some of the qualitative features of the approximation in Sec.
111, and on the other hand, to show behavior which contrasts with that
experienced in the usual phase-plane analysis for autonomous differential
equations.

For the current purposes, the kernel k in (3) must be explicit. In view of
Volterra’s derivation,

k(t=s)=1p(1=5)f(1~5),

where, according to the “law of encounters” (Volterra [1, p. 144]), Y(z—s)
N, (s) represents the expected number of predators of offspring born in the
interval [s,s+ ds] per female parent of age at least t—s, and f(r —s)N,(r)
represents the number of (female) predators of age greater than ¢ — s alive at
time ¢. Hence, to assume that k(¢) is zero for all t> T (T< + o) is to
assume that we expect no progeny from female predators of age at least 7.
In the absence of more specific information on what the qualitative features
of k should be, we assume that a reasonable choice might be

k()= { (a+B)e® 0<t<T,
0, t>T,

where a, 8, 8 and T are parameters which we attempt to adjust to data.
With the above assumption for k, a specific application of a least-
squares determination of a,, ay,, a,;, bs, by, « and B from bean-weevil v.
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braconid-wasp data in [8] (population E, generations 1 to 38) yields

Ni=Ny(621X10"'—a; N, ~2.04x 1073N,),

N5=N2<~3.17><10*1+f'k(;_s)N,(s)ds), (%)
0
where
k(t—s)=1 [3S2XI074+ 145X 1071 (1= 5)]e ™, 0<i-s<1,
0, t—s>1.

(The actual computations imply a,, =0; however, for the present purposes
we consider this coefficient as a parameter.) The choice T=1 generation
seemed reasonable; § =10 is an arbitrary choice. This system was integrated
using an improved Euler method of the type described by Noble [14]. No
attempt to obtain great accuracy was made, inasmuch as the main goal was
to produce comparative qualitative information on solution curves. The
general shapes of computed solution curves are depicted below. Figure
2(a—c) demonstrates the three cases (1), (2) and (3) described at the end of

105102 8, < 146%°

@) (b)

(d)

l au =1.05-1074 I

Ny

F16. 2. Qualitative nature of numerical solutions to Eq. (5) for various logistic loads
ay;: Ny is the prey (bean weevil); N, is the predator (wasp); (Py, Py is the “critical point”.
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the last section. Figure 2(d) represents the boundary between cases (2) and
(3), and although the solution (N,(¢), N,(1)) is not periodic, it is apparently
asymptotically periodic in some sense. Figure 3 demonstrates the case
where a solution curve crosses itself, a situation which does not happen with
differential models; this particular example also suggests that the “critical
point” ( Py, P,) is unstable, although (N,(¢), No(1)) evidently tends to (P, P,)
as t gets large.

3,~10-1073
v @N,00 = (P, R)
Ny

Fi1G. 3. Qualitative nature of numerical solutions to Eq. (5) for various logistic loads
ay: N, is the prey (bean weevil); N, is the predator (wasp); (P, P,) is the “critical point”.

We observe that for our particular choice of k, there is a trade-off in
basic behavior between the inclusion of an integral term and a logistic term
a,;: the integral tends to cause outward spirals, while the logistic tends to
cause inward spirals.

In summary, we note that most of the experimental data [7-10] which

were intended to corroborate theoretical predator-prey models have been
compared with the system (1). Utida [8] has suggested that logistics [see (2)]
play a major role describing his data. Here we have seen that a reconsidera-
tion of a “hereditary” model (3) may play an important role in model
verification of data, simply due to the additionally varied behavior of
solutions which do not occur in the basic models (1) and (2). On the other
hand, as shown in Sec. II and verified in Sec. Ill, certain aspects of
solutions to (3) can be studied and predicted by converting (3) to an
autonomous differential equation via a certain approximation and perform-
ing the usual phase-plane analysis.
Note added in proof. 1In the proof of Theorem 1, the limits [V,] and [N,] are
assumed to exist. This is easily proved, however, by repeating the supplied
argument respectively with lim sup and lim inf, thus showing that both the
lim inf and lim sup equal P,.



54 J. M. BOWNDS AND J. M. CUSHING
REFERENCES

1 V. Volterra, Legons sur la Théorie Mathématique de la Lutte Pour la Vie, Gauthier-
Villars, Paris, 1931.

2 H. Davis, Introduction to Nonlinear Differential and Integral Equations, U.S.A.E.C.,,
Washington, 1960.

3 N. Goel, S. Maitra, and E. Montroll, On the Volterra and Other Nonlinear Models of
Interacting Populations, Academic, New York, 1971.

4 R. MacArthur, Graphical analysis of ecological systems, in Lectures on Mathematics
in the Life Sciences, Vol. 2, Am. Math. Soc., Providence, R. 1., 1970.

S G. Gause, The Struggle for Existence, Williams and Wilkins, Baltimore, 1934.

6 S. Utida, On the equilibrium state of the interacting population of an insect and its
parasite, Ecology 31, 165-175.

7 G. Gause, Experimental demonstration of Volterra’s periodic oscillation in the
number of animals, J. Exp. Biol. 12, 44-48.

8 S. Utida, Cyclic fluctuations of population density intrinsic to the host-parasite
system, Ecology 38, 442-449.

9 C. Huffaker, Experimental studies on predation: dispersion factors and predator-prey
oscillations, Hilgardia 27, 343-383.

10 D. MacLulich, Fluctuations in the number of the varying hare (Lepus americanus),
Univ. Toronto Stud., Bio.' Ser. 43.

11 W. Cunningham and P. Wangersky, Time lag in prey-predator population models,
Ecology 38 (1), 136-139.

12 R. Miller, On Volterra’s population equation, J. SIAM Appl. Math, 14 (3), 446-452.

13 W. Coppel, Stability and Asymptotic Behavior of Differential Equations, Heath, Bos-
ton, 1965.

14 B. Noble, the numerical solution of nonlinear integral equations and related topics, in
Nonlinear Integral Equations (P. M. Anselove, Ed.), Univ. of Wisconsin Press, 1964,
215-318.



