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Abstract—A local two parameter bifurcation theorem concerning the bifurcation from steady states of time
periodic solutions of a nonlinear system of partial, integro-differential equations is proved. A Hopf
bifurcation theorem is derived as a corollary. By means of independent and dependent variable changes this
theorem is applicable to the general McKendrick equations governing the growth of an age-structured
population (with the added feature here of a possible gestation period). The theorem is based on a Fredholm
theory developed in the paper for the associated linear equations. An application is given to an age-
structured population whose fecundity is density and age dependent and it is shown that for a sufficiently
narrow age-specific “reproductive and resource consumption window” steady state instabilities, ac-
companied by sustained time periodic oscillations, occur when the birth modulus surpasses a critical value.

1. INTRODUCTION

One interesting and important problem in the dynamical theory of population growth concerns
the possibility of sustained oscillations of population density in a constant environment. This
problem has been addressed by a rather large literature, both mathematical and biological, and
many mechanisms have been suggested and studied as causes of such oscillations. With regard
to single species growth, the most common explanation of these oscillations mentioned by both
biologists and mathematicians is the presence of a time delay in the birth rate and/or the death
rate response to changes in population densities. Although the earliest studies of such time
delays seem to deal with delayed death rate responses ([18], p. 47-56), more recent research
emphasizes delayed birth rate responses as caused by any one of many different biological
mechanisms, the most fundamental of which are gestation periods and maturation periods
(taken together, the ‘“generation time™), age-specific fertility rates and the nature of the
age-specific dependence of fertility on population density|[6, 11, 12, 16, 19, 20]. These particular
biological, delay causing mechanisms relate to the age structure of the population and hence the
mathematical study of these oscillations falls within the purview of the general theory of
age-structured population dynamics, which in recent years has been enjoying a rapid growth.

The general theory of age-structured population growth can be based on the McKendrick
model equations for the age-specific population density (sometimes called the von Foerster
equations) as given by (2.1)~(2.2) below (to which the provision for a gestation period has been
added). From these equations virtually all deterministic model equations used in population
dynamics and mathematical ecology can be derived by special manipulations and assumptions,
be they integral differential, integrodifferential, functional or difference equations. In this way,
the study of population stability and oscillations by means of model equations (when it is done
carefully, at least) has generally been carried out on equations of one of these types which have
been or could be derived from the McKendrick equations by focusing on specific bictogical
mechanisms and phenomena and by making various simplifying assumptions. This is done with
the idea in mind of obtaining more tractable equations for which there are available certain
mathematical theorems or techniques. As far as nonconstant periodic solutions are concerned,
bifurcation techniques such as Liapunov-Schmidt methods and Hopf bifurcation theorems are
by in large available for equations of these other “simpler” types. The simplifying assumptions
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necessary for this procedure are not always desirable, however, especially with regard to some
of the specific delay causing mechanisms mentioned above. In such cases, unrigorous analysis
of the McKendrick equations is sometimes done in order to gain insight into the dynamics[12).

The goal of this paper is to establish a fundamental bifurcation theorem for the existence of
nonconstant, time periodic solutions of the McKendrick equations per se in as general a form as
possible. The main result, a two parameter bifurcation theorem, is given in Section 4 (Theorem
3) after which, as a corollary, a Hopf-type bifurcation result is derived in Section 5 (Theorem
4). These theorems are derived from abstract Liapunov-Schmidt methods and the basic
associated linear theory developed in Section 3 (which may be of independent interest and
useful for other purposes as well). A sample application is given in Section 6 and formal proofs
are given in Section 7.

2. PRELIMINARIES

The McKendrick model{9, 10, 21] assumes that a population can be described by a function
p(t, a) giving the population density of age class a at time ¢ If it is assumed that removal from
the population is by death only and that addition to the population is by birth only, the
McKendrick equations then consist of the first order partial differential equation

dpl ot + dplda + dy(a, p)p =0 2.1

which describes the removal (or death) process in terms of a per unit, age-specific death rate
d, =0 at time ¢, and the integral equation

p(t,0)= f o g(s) f =0fr-,(a, plp(t~s,a)dads, 2.2)

which describes the birth process in terms of the per unit, age-specific fertility rate f, =0 at
time ¢. Here we have included a possible gestation period by means of the gestation function
g(s) which is assumed to be measurable and to satisfy g(s)=0, 5 g(s) ds = 1. In this paper, the
vital parameters d, and f, are functions of age class a, but are functions of time ¢t only implicitly
through a general functional dependence on the population density p. At this point I am
deliberately being vague about the properties of d, and f, in order to retain generality. The
hypotheses which will be ultimately required are those necessary to allow a reformulation of
(2.1)~(2.2) into the form of system (4.1)-(4.3) as described below.

The main interest here is with the bifurcation of time periodic solutions of (2.1)-(2.2) from
nontrivial steady state solutions. In order to more directly address this question, I will assume
the existence of a nontrivial steady state p = py(a) = 0. For some general theorems asserting the
existence of steady states, see Refs. [14, 15].

Before developing the linear theory associated with systems of the form (2.1)~(2.2) on which
the nonlinear bifurcation results will be based, it is necessary to introduce certain technical
Banach spaces. Let R denote the set of real numbers and R* the set of nonnegative reals.
Denote by B!, the space of functions g=g(r,a): RXR*—> R which are continuous and
p-periodic in 7 € R, once continuously differentiable in a > 0 and satisfy |g|,, < +=. The norm
[-1l%, is defined as follows:

el = lgll, + logl aall, + llglly2 + ¢! a2

lglly: = SUP_p2< epiz.a=ol8(r, @)l €7, llgll,2: = [{supasoligi(a)l €™}

+oo
where [[{o;}l;: =( £ |o;)" and v is a positive real constant. The g; are the Fourier coefficients
i= —00

gla):=p [ g(r,a)e ™ dr, j=0, =1, £2... where o =2n/p and i*= — 1.

Next let B}, be the space of functions g = g(r, a): R x R" >R which are continuous and
p-periodic in 7€ R, continuous in a =0 and satisfy ||g||°,: =gll, +llgll,.< +=. Finally, B,
denotes the space of functions k = h(r): R— R which are continuous and p-periodic in 7 and
satisfy [|hfl, < +e where |A]l,: = [|o+|lhll, with |All;: = i}l and [Alo: = sup_p<,<pal (7).

That the spaces BY,, B', and B, are Banach spaces is established in Section 7.
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3. THE LINEAR THEORY

This section deals with the existence of solutions in B, of certain nonhomogeneous and
homogeneous linear equations which will ultimately be associated with (2.1)~(2.2), namely

3zfda + ¢,(a)z + ¢cy(a) _r ki(a)z(r+a-a, a)de = g(1, a).
0

z(r,0) = f ky(s,a)z(r— s —a,a)da ds + h(7) (NH)
s=0/a=0
and the associated homogeneous system

aylda + ¢ (a)y + ca) f: ka)y(r+a—-a,a)da=0

y(1,0)= f;} I:o ky(s, a)y(r—s—a,a)dads H)

where (g, h) € B, x B,. The goal is to obtain a Fredholm-type alternative for (NH) upon which
to base the study of nonlinear versions of this system.

The coefficients and Kkernels appearing in these systems will be assumed to satisfy the
following conditions

and k;: R"xR"—>R is measurable where, for some constants 0<vy<c, we have

{c,-: R* >R is continuous and bounded (i =1,2), k;: R - R is measurable and bounded
Hi:
0< co= ¢,(a), SUP,=g/cx(a)] €7 < + o and [ [i-olky(s, a)| exp (— coa) da ds < +,

Define for j =0, =1, +2,. .. the complex numbers

Ap=1 +f ky(a) e e c'a“’f e“@cy(a) e da da
0 0

a=

where C(a):=[§ c¢(a)da. Note that Z,-=A_,-, j=0, there the bar “—" denotes complex
conjugation. Assume that

H2: A;#0forall j=0.

Define J to be the set of integers (positive, negative or zero) for which

Di:=1 —f ky(s, a) e et 9yN gy da ds =0 3.1

=0Ja=0
where

y(a): =e'c“”[1 - w,’f e “ey(a) el da] (3.2)
0
wil: =I ki(a) e "%~ dalA,
0

Note that w,/ = w; 7/, 7%(a) = y°;(a) and hence D; = D_; for all j=0.

It turns out (see Section 7) that (H) has nontrivial solutions in B’ , if and only if J# 0 in
which case a set of independent solutions is given by the real and imaginary parts of the
solutions y(7, a) = yX(a)e™", je J.

Finally, for (g, h) € BY, x B, define

a

xX(a): =e @ e“@gi(a) -~ wica)e™*] da
] _ 1]

a=

Wyl =I ki(a) e e'c“‘)f e““g(a)da da/a; (33)
a=0 =

a=
x x

Q,lg hl:= j ky(s, a)e ™ *Ix)(a)da ds + k;

s=0Ja=0
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for j=0,1,2,... where g;(a) and h;:=p~' [?2, h(r)e %" dr are the Fourier coefficients of g
and h respectively. Again, all entities with negative indices are the conjugates of those with the
corresponding positive indices.

The following theorem describes a type of Fredholm alternative for (NH).

THEOREM 1. Assume H1 and H2 hold

(@) The homogeneous system (H) has at most a finite number n =0 of independent solutions
in B\, (i.e. J contains n integers).

(b) If n =0 (i.e. (H) has no nontrivial solutions in B‘,_,,), then the nonhomogeneous system
(NH) has a unique solution in B, , for each (g, h) € BS,, X B,. Moreover, the operator taking (g,h)
to the unique solution of (NH) is a linear and bounded operator from B, x B, - B', ,.

(c) If n>0 then (NH) has a solution in B',, for (g, h)€ B, x B, if and only if ;g h]1=0
for all j € J. Moreover, the operator taking (g, h) to the unique solution of (NH) satisfying

pi2 . .
f z(r, a)ys'(a) e ™™ dr =0 forall j€J (3.4)
2

—p

; ; 0 1
is a linear and bounded operator from B, X B, > B’ ,.

The unique solution of (NH) guaranteed when J =@ by Theorem 1(b) is

+x

2(r,0)= 3 [l hID; 'y (@) + x'(a)] e™".

j=—=
When J# @, (NH) has infinitely many solutions given by

2(r,a) =, [y (@) + xX(a) e ™ + ZJ Qg k1D 'y (a) + xX(a)) e™"
jerJ i€

where «; are arbitrary constants satisfying «_; = &; for j € J, j = 0. These solutions are in fact
continuously differentiable in 7 (as well as in a).

The proofs of these results and of the next Theorem 2, which constitute the buik of the
technical analysis of this paper, appear in Section 7 below.

Theorem 1 concerns the nullspace and range of the operator L: B! ,— Y defined by

Ly:=(adylsa+c,y+ czf ki(@)y(r+ a-a, a)da, y(r,0)
: 0

—Iw i ky(s, a)y(r—s—a,a)dads) (3.5)
s=0Ja=0

where for convenience we denote Y:= B, x B,. The basic properties of this operator are
more fully described in the next theorem.

THEOREM 2

The linear operator L: B;_,,—» Y defined by (3.5) is bounded. The nullspace N(L) and the
range R(L) are closed and admit bounded projections. Moreover, codim R(L)=dim N(L)=n <
+a,

In the next section I will be particularly interested in the case n =2 when (H) has exactly
two independent (nontrivial) solutions in B, ,. This case occurs when (3.1) holds for j=1 and
fails for j# 1 (j = 0) in which case

y(r, @)= yX(a)e™" (3.6)
is a complex valued solution of (H). This occurrence is equivalent to the root condition

D(iw)=0 and D(ijw)#0for j#1,j=0
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where D is the “characteristic function” of the complex variable ¢ defined by

o @

D():=1- f ks, a) e ¥ e~ C@

s=0Ja=0

w©

__l_ —{o o~C(o) ¢
x[l 5 ). k@ daf

a=0

e @ey(a) e da] da ds

A):=1 +f k(a)e e‘c“”f e“@ey(a) et da da.
a=0

a=0

4. A BIFURCATION THEOREM
Consider now the nonlinear system

axlda + ¢,(a)x + c,(a) Jm ki(@)x(t+ a—a, a)da = ny(x, A) “.1)
1}
x(r,0)= r i ky(s, a)x(r—s—a, a)da ds + ny(x, A) 4.2)
§=0Ja=0

for x = x(, a) € B}, where the right hand sides depend on two real parameters A = (1, A;) €
R?* = R x R. More specifically

n = Alle + )«2L2x + g(x, A), n,= A]le + AszX + h(x, A) (4.3)
where

H3: L;: B),— B, and K;: B}, - B, are linear and bounded operators

and the terms g and h are “higher order” in the sense that

the operator N: A; X A;— BY, X B, defined by N = N(x, A): = (g(x, A), h(x, A)), where A,
and A, are open neighborhoods of x = 0, A = 0in BY,, and R? respectively, has the property

H4:{ that N(ex, \)=eM(x, A,€) where M: A, XA, X(— €, €)=>B5,XB, is a g=1 times
continuously (Fréchet) differentiable operator which satisfies M(x,0,0)= M,(x,0,0)=0,
X ELA].

Under the assumptions H1-H4 it is possible, by making use of Theorem 2, to apply a general
abstract bifurcation theorem to obtain nontrivial solutions of (4.1)~(4.3) in B!, as described in
the following theorem. The details are given in Section 7.

THEOREM 3
Assume that H1-H4 hold and that the linear, homogeneous system (H) has exactly two
independent (nontrivial) solutions in B, ,. Also assume that

8: = Im[Qy(Lyy, K,y)(Lsy, Kzy)] # 0 (4.4)
where y is given by (3.6). Then (4.1)-(4.3) has a solution of the form
x(t, a) = €y(r, a) + €z(r, a, €), A = A(e)

for all € satisfying |e| < €,(0 < €, < &) where z = z(-,-, €): (— €, €)=> B}, A: (— €, €)> R? are
q =1 times continuously differentiable in € with ||z(z, a, €)|},, = 0(l€)| = 0(|¢|) as e>0.

In the so-called “nondegeneracy condition” (4.4), Im means the “imaginary part of”. The
function x(r, a) is in fact also continuously differentiable in r and satisfies (4.1)-(4.2) every-
where.

Theorem 3 can be applied to the general McKendrick model equations (2.1)~(2.2) by setting
x(t, a) = p(t, a) — po(a), where po(a)=0 is a steady-state solution of (2.1)-(2.2), changing in-
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dependent variables from t, a to 7, a where r =1 —a and choosing two parameters w,, . in
(2.1)+(2.2) to serve as bifurcation parameters. The resulting equations are then linearized at
x=0and p; = u” where u are critical values of the parameters at which the linearization (H)
has two independent (nontrivial) solutions in B lw. The expressions n; are the higher order terms in
this linearization and the parameters A; are given by A; = u; — u’.t The nondegeneracy condition
(4.4) (a “*generic” condition in the sense that it is an inequality) then insures the existence of a local,
bifurcating branch of periodic solutions of fixed period p of the form

p(t, a) = pyla)+ ey(t —a, a) + ez(t — a, a, €) 4.5)

for parameter values
i = i+ Ae) 4.6)

as given in Theorem 3.1 An example of this procedure will be given in Section 6.

In order to carry out this procedure it is necessary to determine for what values u of the
parameters u; the homogeneous linearized system (H) has nontrivial solutions y € B, (as
given by (3.6)). Moreover, if higher order terms are desired in the Liapunov-Schmidt expan-
sions (4.5)-(4.6) then it is necessary, as usual, to be able to solve a sequence of non-
homogeneous systems of the form (NH). Formulas for solutions of (H) and NH) were given in
preceding Section 3.

The details of the proofs in Section 7 below show that the above results remain valid for the
systems (H), (NH) and (4.1)-(4.3) obtained by formally setting k,(s, a) = 8(s — a)k(a) in (4.2)
and/or k(a)= 8(a — ay) in (4.1) where 8(s) is the Dirac function at s =0. In applications to
(2.1)+2.2) this can come about, for example, by choosing the gestation function g(s) = 8(s — ay),
i.e. by assuming that there is a constant, instantaneous gestation period of fixed length o; =0
(o, = 0 corresponding to the assumption of no gestation period which is the most common one
made in the literature).

It is also possible to repeat the proofs of Section 7 verbatim for systems of equations of the
type (4.1)-(4.3) and obtain Theorem 3. For simplicity, however, I do not treat systems here.

S. ONE PARAMETER OF HOPF-TYPE BIFURCATION

In the above described application of Theorem 3 to the equations (2.1)-(2.2) the choice of
the two bifurcation parameters u; can, of course, be made in any manner from the available
parameters in the equations. On the other hand, it is also possible to choose only one parameter
wy which appears explicitly in the equations (as is done for the case of the more familiar Hopf
bifurcation phenomenon) while the second parameter u,=p is the unknown period (if the
system is autonomous) and is introduced into the equations by means of a rescaling of the
independent variables from ¢, a to #/p, a/p. Theorem 3 is then applied on the space B, of fixed
period one. In terms of the original variables one then sees a period varying (p = u,”+ Ax(€)),
Hopf-type bifurcation as the explicitly appearing parameter u, = u,° + A(€) passes through its
critical value. (This all can be done, of course, only for autonomous equations, i.e. equations for
which the operators n; satisfy H4 for all periods p. Theorem 3 can, however, apply to
nonautomous, periodic equations (4.1)-(4.3) as well. For an example, see [2].)

This procedure is straightforward and routine, the only analysis involved, as far as deriving
such a Hopf bifurcation theorem from the two parameter bifurcation results in Theorem 3 is
concerned, is that in showing that the assumptions concerning the existence of nontrivial
solutions of the linear system (H) and the nondegeneracy assumption (4.4) can be equivalently
statéd, in the familiar manner of Hopf-type bifurcation, as the transversal crossing of a pair of
roots of the characteristic equation across the imaginary axis away from the origin.

Thus one parameter Hopf-type bifurcation results can be proved from multiparameter
bifurcation theorems such as Theorem 3 and this is in fact often done for various types of

11t is possible that the resulting equations are not quite of the form (4.1)-(4.2). The only constraint required (beyond the
necessary smoothness to perform the linearization) is that the integral on the left side of equation (4.1) have a multiplicatively
separable kernel. This will be true, for example, if the functional dependence of the death rate d, on density p is by means of an
integral with such a kernel.

1The steady state p,(a) may depend on the parameters u;
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equations[3-5, 13, 17). 1 will make one such application of Theorem 3 to the McKendrick
equations (2.1)~(2.2) in Theorem 4 below.

The relationship between the two parameter bifurcation phenomenon for solutions of a fixed
period as described in Theorem 3, and the one parameter, period varying bifurcation obtained
from Theorem 3 by the procedure described above is qualitatively that discussed and graphic-
ally displayed in [3] for integrodifferential equations. In the u,, u, plane there is a “bifurcation
curve C” of critical values u,%(p), u,’(p) parameterized by the period p = /27 from which
emanates the family of paths u; = u’(p)+ Ai(e, p) along which time periodic solutions of fixed
period p bifurcate from the steady state. By holding one of the parameters p; fixed, however,
and varying only the other, one in general cuts across this family of paths transversally, hence the
period varying property of the one parameter bifurcation. As one can see, however, the
bifurcation phenomena in both cases are identical when viewed in the u,, u, plane. While one
may prefer to vary only one explicit parameter in a given system, it is frequently easier to vary
two explicit parameters in order to justify and understand the bifurcation phenomenon. For one
thing, if only one parameter, say u,, is varied there is necessarily the extra concern of being
certain that the horizontal lines p,= constant transversally cross the bifurcation curve C in
order to guarantee that bifurcation occurs. (See Fig. 1 in Section 6 below.)

As an example of a one parameter Hopf-type bifurcation result for equations of the form
(4.1)~(4.3) as derived by this procedure using Theorem 3 consider the equations

dx/da + c(a, u)x = h(x, u) (5.1)

x(7,0)= J’: k(a, w)x(r—a,a)da + g(x, n) (5.2)

where u € R. Here a single real parameter p appears in the equations and I have taken
ks, a) = 8(s)k(a, ), cx(a)=0. 1 am not trying for the greatest generality here, but have
restricted my attention to a case for which I have been able to demonstrate that the
nondegeneracy condition (4.4) is equivalent to the familiar transversality condition in Hopf
bifurcation.

Suppose the change of variables from 7 to 7/p is made in (5.1)-(5.2) and one defines
A=pn=pu’ A, =p—p® where n° p°are yet to be determined critical values of the parameter p
and the period p respectively. Then (5.1)-(5.2) takes the form (4.1)-(4.3) with

ci(@) = pc(ap®, u°), ks, a) = 8(s)p°k(ap®, n°), ki(a)=cx(a)=0
le = — pocu(apo, p,o)x, sz =- [C(apo, ﬂ-o) + poca(apos "Lo)]x

Kix= j p°k,(ap®, u)x(r - a, a) da, Kox = f (k(ap®, 1°)
0 0

+ pak, (ap®, uMx(r - a, a) da. (5.3)

Assume that under this change of variable the operators & and g become new operators h and §
for which

h, & satisfy H4 with p =1 and ¢, k: R* X R R are continuously differentiable functions
HS: 1 for which the operators, kernels and coefficients defined by (5.3) satisfy H1 and H3 with
p=1

Since ky(a)=0 implies A; =1 for all j we see that H2 holds. Hence all hypotheses Hi-H4 in
Theorem 3 are implied by H5 and as a result Theorem 3 with p = 1 can now be applied to the
resulting system. One needs only require the existence of nontrivial solutions of the lineariza-
tion and the validity of the nondegeneracy condition (4.4). These latter two requirements will
now be shown to be equivalent to the existence of purely imaginary roots of ‘the characteristic
equation with certain properties.

The characteristic equation for the linearization of (5.1)-(5.2) reduces to

D p):=1 —f k(a,uye e @ dg=0 (5.9
a=0
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a
where Cla, p): = j c(a, u)da. As pointed out above in Section 3 it is sufficient for the
0
linearization to have exactly two independent solutions in B, that (5.4) has the simple root
{ = iwy, wy=2m/p°, and no other purely imaginary root when x = u,. Assuming

H6:  Dy(iwy, o) = J’ ak(a, po) eo® e €@ 40 dg 5 0
0

one can deduce, from the implicit function theorem, the existence of a continuously differenti-
able function { = {(u), {(uo) = iwy, such that D({(x), u) = 0 for all u near w,. The two solutions
of period one of (H) with coefficients (5.3) turn out to be the real and imaginary parts of

y(r, a) =exp (—p"f c(ap®, uo) da) e2mr
0

which, together with (5.3), can be used to compute the quantity 8. A straightforward, but
lengthy calculation shows that

d ® -Cla iwga 1 ® d -C(a, -lwpa
5= Im{ﬁ L_O k(a, p) e~ C@rleivo da""""ﬂfa,oa [ak(a, po) e~ C @ 0] g ~i0 da},
On the other hand, an implicit differentiation of D({(u), 1) = 0 shows that

I'4 '(Mo) == D,,(iwo, Il-o)D;(iwo, I-l-o)/ |D;(i¢00, /J-o)Iz-

A calculation of D, and D, from (5.4) yields

; d * -C(a. —iwga
D, (iw, po) = — POE L=o k(a, p) e @» e~ dal,

and after an integration by parts

H ‘ ” d -C{a, —iwga
Dyliwo, o) = o Loaz[ak(a, o) €~ e 70 dg
provided
ak(a, p,)e " >0 as a—+x, (5.3)

a condition which holds if k(a, uo) is bounded for a = 0. These calculations lead to
Rel' (o) = ARe{i—d—j k(a, p) e C@® e v dq|,_, J 4 [ak(a, o) &€ #0] g ~i0d da}
du Jo o da

or Re {'(1o) = AS where A: = 1/wg|D;(iwg, po)l* > 0. Thus, the nondegeneracy condition §# 0 is
equivalent to Re {'(uo) # 0 and we have the following one parameter, Hopf-type bifurcation
result for (5.1)~(5.2) which now follows from Theorem 3.

THEOREM 4

Suppose HS holds and that the characteristic equation (5.4) has a complex root { = {(u) for
which ¢(g) = iwg, @ > 0, Re (o) # 0 and no other purely imaginary root for u = p,. Assume that
k(a, po) is bounded for a = 0 (or more generally that (5.5) holds). Then (5.1}~5.2) has a solution of
the form x(r, a) = y(1ip, alp) + ez(rlp, alp, €) for u = o+ A\(€) and p = p°+ Ay(€) for small |€|
where y, z € B'y,‘ and \;(¢) are as in Theorem 3.

Note that in Theorem 4 the solution x(r, a) is p(e)-periodic in . It is in fact also continuously
differentiable in 7.
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6. AN APPLICATION
In order to illustrate the use of the bifurcation results in Theorems 3 and 4 consider the
McKendrick equations (2.1)-(2.2) with d, = d = constant >0, f, = bB(a)[1 - f; w(a)p(t, a) da],
and g(s) = 8(s); that is, consider

oplot + dplda+du =0 6.1)

p(t,0)= f;o bﬂ(a)[l —I;O w{a)p(t, a) da]+p(t, a)da. 6.2)

Here b is a positive constant, 8 and w: R*—> R” are bounded and continuous with [y B(a)da =
I and fg w(a)da <+, and [v], = v if » =0 and [»], =0 if » <0. This particular model system
is frequently studied as a “first approximation” or a prototype for more complicated cases
involving more involved death and fecundity rate dependencies on age a and density
p[6,9,11,12]. It assumes that age dependence is more important in the fecundity rate than in
the death rate (indeed, the death rate is taken independent of age) and that fecundity is a
decreasing linear functional of density. There is no gestation period and the dependence of
fecundity on age is described by the normalized “maturation function” B(a). The weighting
function w(a) describes the effect that the density of age class « has on the fecundity of age
class a (which is, since w is here taken independent of g, the same for all age classes a).

The intent here is not to study (6.1)-(6.2) in depth, but only to illustrate a case of the
bifurcation of time periodic solutions. For a study of this model (including a gestation period)
and the destabilizing effects of the various biological mechanisms represented by 8, w and g,
see [6].

For simplicity, take

o

w(a) = B(a) and assume I a'B(a)da<+wfor j=1,2,3. 6.3)

0

(These finite moments guarantee the smoothness condition ¢ =1 in H4.) This means that the
effect on fecundity caused by the density of age class a is proportional to the fecundity of age
class a. This is reasonable, for example, if the age of greatest fecundity is also the age of the
maximum consumption of resources (used by all age classes), whose consumption in turn
affects fertility.

The steady state solution of (6.1)-(6.3) is then found to be

p%(a) = (bB*(d)— 1) e™*/bp*(d)’ 6.4
where *“*” denotes the Laplace transform. This steady state is positive if and only if b8*(d) > 1
(which has the biological interpretation that the net reproductive rate at low densities per
individual per lifetime exceeds unity). Let x=p—p°% A\;=d —d, and A, = b — b,. Then (6.1)-
(6.2) can be put in the form (4.1)-(4.3) with c(a)=dy, c)(a)=k(a)=0, Lix=—1x, g(x,\)=0
and

©

ks, ) = B(5)2~ BB dIB@)IBH Ao, Ky =0, Kux =~ [

w(a)x(t, a) da
0
h(x,A)=2 fio ri(A)B(a)x(t, a)da f:o B(s)x(t, s)ds

where r(A,)=0(,%) is the remainder in the Taylor series expansion 1/8*(d)=
1/8*(dy) — M1 8*'(do) B*(do)* + 1y (Ay).

If yis any constant 0 < y < d, then it is an easy matter to check that all the hypotheses
H1-H4 hold with g = 1. Thus, to apply Theorem 3 we need only find those critical values dq, b,
at which the linearization at p%a):

avlaa + dgv = 0. v(7,0) = [(2 — boB*(dy)) B*(dy)] Jm . Bla)y(r—a,a)da
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has exactly two independent solutions in B, for some period p and then verify the non-
degeneracy condition (4.4). This linearized problem has a solution y(, a) = y,(a) e™" if and only
if y,(a) is a constant multiple of exp(— dpa) and

1=[Q2 - boB*(do))| B*(dy)1B*(dy + i), w =2mlp (6.5)
which, from the real and imaginary parts, is equivalent to

S(do, p) =0, C(dy, p) #0, by=[2C(dy, p) — B*(do)}/ B*(do)C(dy, P) (6.6)

where S and C are the Fourier integrals (o = 27/p)

o @

e %°B(a) sin wa da, C(dy, p): = I e %°B(a) cos wa da.
0

a=

S(do, p): = J'

a=0

The equation (6.6a) constitutes, for a given p, an equation to be solved for do = do(p)>0,
subject to the inequality (6.6b) whose solution defined the critical value by = bo(p) by means of
(6.6c) which in turn must satisfy

boB*(do)> 1 (6.7)

in order to define a positive steady state. So that the linearized problem has no other
independent solutions in B’ , it is necessary to require that (6.6) is not satisfied by dy(p) and
bo(p) when p is replaced in (6.6) by p/2, p/3,....

Finally, a calculation of & shows that the nondegeneracy condition (4.4) reduces to

f e %% aB(a) sin wa da#0, w=2a/p. (6.8)

a=0

In summary, Theorem 3 implies the bifurcation of p-periodic solutions of (6.1)~(6.3) in the
space B.,, (for y < d,) from the positive steady state (6.4) at the critical values dy and b, of the
death and birth modula d and b which satisfy (6.6)~(6.8).

As an example, consider the frequently used normalized distributions

n+1
w(a)EB(a)=;:—!(%) anedm =123, 6.9)

where m >0 is the age of maximum fecundity. For n =1
S(dy, p) = 2wm(dym + D|[(dem + 1)* + @*m*? #0, o =27p

for all p >0, m>0, dy>0. Thus (6.6a) fails to hold and no bifurcation occurs because the
linearization at the steady state possesses no nontrivial solutions in B .

On the other hand, for the ‘‘narrower distribution” (or ‘‘maturation window™ as it is
frequently called), when n =2 one finds B*(d,) = 8/(dom + 2)* and

S(dy, p) = 8wm[3(dym +2)* — @’ m*][(dym + 2} + &*m*]
C(dy, p) = 8(dom + 2)[(dem + 2> = 30*m*|ldym +2)* + 0*m*]”, w =27lp

and hence (6.6a) and (6.6c) imply
dy=(wm -2V)ImV3, by=50’m*V3/36, w=2alp (6.10)

in which case C(dp, p)=-3V3/w’m?><0 so that (6.6b) holds. (6.7) is easily checked and
another computation shows that

J'x e % gB(a) sin wa da = —9V3[d4o*m* # 0
a=0
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so that the nondegeneracy condition (6.8) holds. Theorem 3 implies that period p bifurcation
occurs along paths P(e) in the d, b parameter plane emanating from the critical point dy, b,.
The formulas (6.10) define a bifurcation curve parameterized by the period p = 27/ w. This curve
is graphed in Fig. 1.

This same example can be used to illustrate the Hopf-type bifurcation of Theorem 4. If d is
held fixed and u = b is chosen as the bifurcation parameter, then the characteristic equation
(5.4) reduces to

(m{+ dm+n)"*"' =2(md + n)"*' — un"*'. 6.11)

For n =1 the roots { =[—(dm + = V[2(dm+1) - w)]/2 never cross the imaginary axis for
w > (dm + 1)* (which is required by (6.7) for the existence of a positive steady state). On the
other hand for n =2 (and, in fact, for n = 3), the roots of (6.11) do cross the imaginary axis.
This occurs at ¢ = iw, for

o = bo=(dm + )" 'n~"" 2+ sec™ N (#l(n + 1)], wo=(dm + n)m " tan (7/(n + 1)).
Moreover, Re!'(p) = (dm + n)m™" cos™*'(m/(n + 1)) # 0.
The nature of the surface given by the solution p(t, a) of (6.1)-(6.3) as this bifurcation

occurs is shown in the sequence of graphs in Figs. 2-5. These solution surfaces were
numerically computed for 8(a) and w(a) given by (6.9) withn=2and d=m=1.

1279

Pt}

d=constant

10, b
p=TmNG

Fig. 1. The bifurcation curve C given by (6.10), parameterized by the period 0 < p < #m/V/3, is graphed for

the system (6.1)~(6.2) with (6.9) and n = 2. Along the paths P(e) the bifurcation of time periodic solutions in

B, (v < dy(p)) occurs for fixed period p. If one moves along a horizontal line d = constant by increasing b,

then a Hopf-type bifurcation of period varying type occurs as C and the paths P(e) are transversally
crossed.

o

7 7!

=

Fig. 2. The b_ir_th modulus b =3.2 is less than the critical value 27/8 for which bg*(d)> 1 is satisfied and

hence no positive steady-state exists. The solution of (6.1)46.2) with (6.9) and n =2, m = d = 1.0 shown is
tending to zero as ¢ - +« in all age classes.
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(a)

®

Fig. 3. A positive steady state exists for b =8.0 and is shown in (a). In (b) a solution surface is shown
monotonically increasing (in a logistic-like manner) to the steady state.

7. PROOFS

In this final section proofs are given for Theorems 1-3. Before this is done, however, the
assertion that the spaces B,, B, and B, are Banach spaces is justified. That these three
spaces are linear and that their norms defined in Section 2 are really norms are both easy to
verify. It only remains to shown completeness. This will be done for B, only, the complete-
ness of the other two spaces having similar verifications.

Suppose that g, € B}, is a Cauchy sequence. This implies that g, is also Cauchy with
respect to the norm |-||,. Thus g, converges with respect to this norm to a continuous,
p-periodic function g for which |gl, <+=[1]. Let #* denote the (Hilbert) space of square
summable sequences of complex numbers. The sequence of sequences

pf2 .
0" = {supazo jlci(@ (@) €7} o0 CilgN@):=p 7 J N g7, a)e ™" dr
=P

is Cauchy in the |-, norm and consequently converges to a sequence o ={a;} € 2. It follows
that the same is true of the sequence of sequences

s"= {supazoicj(gn)(a)l e} =0

which converges to a sequence s = {s;} € #°. It is easy to show that g; = js; The conclusion is
that

{sup,=o/cj(g.X(a)| €™ }7=0—> {5;}70 € £* as n >+ 7.1
{sup,=o j'cj(gn)(a)‘ CW}}LO“’ {].S,'}T:o E S as n—>+o (7.2)

in the £ norm ||-|},.



Bifurcation of time periodic solutions 471

€

5.0

7' (b)

Fig. 4. A positive steady state exists for b = 22.0 and is shown in (a). In (b) a damped oscillatory solution
surface is shown approaching the steady state.

Next it will be shown that
SUD z=olC(g)(a)] €7 = §; | (7.3)

for all j, which will imply that the function g also belongs to the space BY,. To do this, note
first of all that (7.1) implies

lim,.SUp 20|¢;(ga)Xa)| €™ = s; (14
for each j. Secondly the inequalities
Isup a=oici(gx)(@)] €™ — supa=dc;(g)(@)] €™ = sup,=dlci(ga)Xa) —Iei(e)a) e
=< SUP 420/ €(8)(@) — ¢;(g)(a)] € < Sup 4ol ci(gn — g)Xa)l e™ <z, — gl

show that

limn—m Supazolcj(gn)(a)l e = supazOICi(g)(a), e

which together with (7.4), verifies (7.3).

At this point it has been shown that corresponding to any Cauchy sequence g, € BS, is a
function g € BY, for which g,— g in the norm |[-|,. But (7.2) shows that g, —» g in the norm
|| -Il,.2 also. It thus follows that g, — g in the norm ||-||S,, and hence that BY, is complete.

Before proving Theorem 1 it is necessary to establish the following preliminary results. Let
Z denote the complex numbers.
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5.0

Fig. 5. For & =34.0 and b = 35.0 in (a) and (b) respectively, solutions periodic in time have bifurcated from
the steady-state.

LEmMa 1

Suppose that c;: R* >R, é;: R*>Z are continuous and bounded and satisfy c\(a) = ¢,> 0,
SUP 0| Go(a)| €™ < +®, 0< y < ¢y, and that k;: R* > Z is bounded and measurable. The linear
homogeneous integrodifferential equation

y'(a)+ c(a)y(a) + éx(a) f - ki(s)y(s)ds =0 (7.5)
has a unique solution y°(a) satisfying y(0)= 1 provided
1+f Ifl(a)e‘c“"f e“@éya)da da#0. (7.6)
a=0 a=0

The general solution of (1.5) is a constant multiple of y°(a).
Proof. For any complex number w, € Z the equation
y(a)+ ci(a)y(a) + Exa)wy =0 (1.7

has a unique solution satisfying y(0) =1 given by

y%(a) = e‘c“"—e‘c‘“’f e @éya)w, da. (7.8)
a=0
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Solving (7.5) is equivalent to choosing w, such that w, = f; k,(a)y°(a) da, an equation which has
the unique solution

w=[" k@ecwddfi+[ k@e | eeda da (7.9)

Thus the unique solution of (7.5) with y(0) =1 is given by (7.8)-(7.9).
Clearly any constant multiple of y*(a) solves (7.5). Conversely, let y(a) be an arbitrary
solution of (7. 5) Then w(a): = y(0)y%a) — y(a) solves (7.5) with w(0)= 0. Hence w(a) solves

(7.7) with w, = J k,(a)w(a) da which, together with w(a)=—e “? [ e “““¢y(a)w; da, implies
that w, = 0. Thus w(a) =0 or y(a)= y(0)y’a).§§
Note that from (7.8)-(7.9) follows

SUP 4=0|y%(a)| €7 < 4. (7.10)

x'(a)+ ¢, (a)x(a)+ c'z(a)J » ki(s)x(s)ds = g(a) (7.11)

is, of course, given by ky%(a)+ x°(a) where x%(a) is any particular solution of (7.11). Consider
(7.11) with (for simplicity) the initial condition x°(0)=0, a problem which is equivalent to
solving the equations

w©

x'(a)+ c(a)x(a) + C(a)w, = gla), } 0k,(S)x(S)ds= wy, x(0)=0

a=

where w, € Z. The first and third equations imply

a=

*Xa)=e¢@ J‘a e [g(a)— wyéy(a)] da. (7.12)

The second equation and (7.12) lead to the unique value of w, given by

Wy = f:) k'z(s)e'c‘”j e““g(a)dads/ [1 +j k. (a)e'C("’f

= =0

e é(a) da da]
(7.13)

LEMMA 2

Under the same assumptions as in Lemma 1 together with sup ,.o|g(a)| €™ < +«, the general
solution of the nonhomogeneous equation (71.11) is given by x(a)= ky*(a)+x*(a) for an
arbitrary constant «, fnr y (n\ given by (7. 8)»(7.9) and xo(a\ given by (7. 12)-(7.13).

Note that from (7.12)—(7 13) follows

SUp =0l x°(a)| € < +o0.

Using these two lemmas, one can easily obtain a Fredhoim alternative for the foliowing
linear problem:

2(0)+ @@+ &a) [ R0)2(s)ds = g(a) (7.14)

2(0) = fn r_n kys, a)z(a)da ds + h (7.15)
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LeEMMA 3

In addition to the assumptions of Lemma 1 assume that h € Z that ky: R"XR > Z is
measurable and [ [T ky(s,a)e ™ dads<+w, and that g R*—>Z is continuous and
SUp.=z0/g(a)| €7 < +.

(@) If
1- f ky(s, a)y’(a) da ds#0 (7.16)
s=0Ja=0
then (7.14)~(7.15) has a unique solution given by z(a) = ky*(a) + x°(a) where

K=[Jm . Ez(s,a)x"(a)dads+h]/[1-f; :=01€2(s,a)y°(a)dads]. (7.17)

s=0Ja=0

o) If

1- f "7 ks a)ya) dads =0 (7.18)

s=0Ja=0

then (7.14)~(7.15) has a solution if and only if
[ ky(s, a)x°(a)da ds + h=0 (7.19)
s=0Ja=0

in which case z(a) = ky’(a) + x%(a) is a solution for all k.
This lemma follows by substituting the general solution of (7.14) from Lemma 2 into (7.15)
and deriving the equation

K= f e ks, a)[ky*(a) + x*(a)l dads + h (7.20)
s=0Ja=0

for the constant «.

Note that the homogeneous version of (7.14)-(7.15) (obtained by setting g(s) =0, h =0) has
no nontrivial solution if and only if (7.16) holds. If, on the other hand, (7.18) holds then this
homogeneous problem has the nontrivial solutions xy%(a), 0 # « € Z.

Proof of Theorem 1. A formal solution of (NH) can be found by substituting the Fourier
series

z2(r,a)= 2, zi(a)e™, w=2alp (7.21)
J
into (NH) and obtaining the equations
Zi(a)+ c(a)z(a) + cz(a)e‘i“'“f ki(a)e ™™ zi(a) da = gj(a) (7.22)
a=0

z(0) = j ky(s, a)e ™Yz (a)dads + (7.23)
s=0Ja=0

for the coefficients z(a). Here g(r, a)=Zgi(a)e™", h(r)=Z hje™". Equations (7.22)~(7.23)
i 1
have the form (7.14)-(7.15) with

&xa) = cfa) e, k(a)=ky(a)e ™, ks, a) = ks, a) e+ (7.24)

and thus Lemma 3 can be applied (since H1 and g € BY, imply the hypotheses of this Lemma).
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Let y’(a) and x/(a) be the solutions (7.8) and (7.12) respectively for these coefficients (see
(3.2)-(3.3)).

If the Fourier series y(r, a) =X yj(a)e™ is substituted into (H) there results the following
i

equations for the coefficients y;(a):
yia)+ c(a)y(a)+ cxfa) €™ j y ki(a)e ™ y(a)da =0 (7.25)

¥(0) = f ky(s, a) e U+ y(g) da ds. (7.26)
s=0Ja=0

(a) The homogeneous equation (H) has a nontrivial solution if and only if (7.25)-(7.26) does
for at least one j. This occurs if and only if (3.1) holds for at least one j. The number n,
0 < n <+, nontrivial solutions of (H) is identical with the number of integers in J. From (7.10),
the integrability assumption on &, in H! and the Riemann-Lebesgue Lemma ([8], p. 40) it
follows that D;—1 as |ji— +e and hence J is finite.

(b) Formally, part (b) follows from Lemma 3a since if (H) has no nontrivial solution (J = @)
each z;(a) is then uniquely defined as a solution of (7.22)~(7.23) and (7.21) becomes the unique
solution of (NH). Similarly for part (c) which follows from Lemma 3b. In this case a solution
z(a) of (7.22)-(7.23) for j&€J exists since {;{g, k] =0 implies the necessary and sufficient
condition (7.19) in Lemma 3b. For j€ J, z;(a) exists uniquely by Lemma 3a. The series (7.21)
then formally defines a solution of (NH). What remains to be shown is that (7.21) really defines
a function in B),. This is a matter of obtaining estimates on the z(a) which guarantee
sufficient convergence of the Fourier series. Since the finite number of terms corresponding to
j € J have no effect on the convergence properties, the proof that z € B), is the same for both
cases (b) and (c).

In the following bounds K >0 denotes a constant independent of the independent variables
7, a and the index j, but is not necessarily the same in every case. From (7.10), |y(a)|< K e™™
for all j. Since g€ BY,

jlgi(@) €™ < sup,=o jlgi(a)| ™*: = n;and {n;} € £~
This, together with the fact that A; -1 as |j|» +, (which can be easily seen to follow from the

Riemann-Lebesgue Lemma) and hence that |A;| = K for all j (see H2), implies for all j that
jlwo'| = Kn; where w, is given by (3.3b). Thus, from (3.3a) and H! comes the estimate

jlxNa) = f:o e "I jlgi(a)| + jlw)]cx(a)]] dex
< [n,- + K‘r]j”cz”y] fa e Cole=a) g=ve 4
a=0
=[m;+ Knjlcs,Je ™ l(co— v) = Kmye ™ (7.27)

for all j. Furthermore, since |D;| = K™ > 0 for j& J, the bound
ol< [ [ ets,aliefal da as+ jinl] &

<[[ [ liots @le da dskcn,+ {h K < Kiny+ i

follows from H1, (7.17) and (7.27) for j & J. If one defines «; = 0 for j € J then this inequality is
also valid for j € J. Finally, for z(a) = x;y(a) + x (a), the following bounds follow from those
above:

jlzfa) = K(n; + jIhDK e + Ky e ™ (7.28)

CAMWA Vol 9. No. 3—K
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and sup,.oi|z(a)| €™ < K(n;+jlk) for all j Since {n} and {jlaj}€ £, it fotlows that
{sup.=ojlzi(a) e™} € £~ Thus the fourier series (7.21) defines an absolutely continuous, p-
periodic function of r for each a=0 ({7], p. 129). It is consequently differentiable almost
everywhere and satisfies (7.22)~(7.23) almost everywhere. From this one can deduce that this
series is in fact continuously differentiable everywhere.

Next the smoothness of this series in a is established. Each coefficient z(a), as a solution of
(7.22)~(7.23), is continuously differentiable in a = 0. The bound

|z(a)| = K(nfj +[hy), j#0 (7.29)

which follows from (7.28), together with the fact that the series 2 7/j and Z|h;| converge
i=0 i

shows the uniform and absolute convergenge in a =0 and 7 of (7.21). This series thus defines a
function continuous in @ = 0. The bound (7.28), the hypothesis H1 and the equation (7.22) for
zj(a) yield immediately that

SUPg=0 }IZ;{H), ew = K(’h’ + ]lh}') (730)

and hence the series 2 zj{a) e’ also converges uniformly and absolutely in ¢ =0 and .
J

As a result the Fourier series (7.21) defines a function continuous in a and 1, p-periodic in 7
and continuously differentiable in a. '
Now from (7.28)

lz(r, @) e™ =< $ 1zi(a)] e = K({{n}l + Il AslHl)
= K(lgll,2+ il tiHo

and hence |zl|, = K(lg|%, +[hll,). Similarly from (7.30) foliows [dz/dall, = K(lgl3., +{lhl,)-
Furthermore (7.28) implies

Izl,.2 = l{sup=oilzi(@)| €™}l = K(lgllyz + il Ayl}l)
< K(glS,» +11All,)-

Similarly (7.30) yields |62/ 3a]),» = K(|g|lS,, +|All,). These bounds together imply
lzlly.o = K(lgl5.p + l1Al) <+ (7.31)
and hence the formal solution defined by the Fourier series (7.21) lies in B!, ,.

This last inequality holds for that solution for which «; =0, j € J (i.e. for which (3.4) holds)
and hence establishes the boundedness of the linear operators described in Theorem 1.

Proof of Theorem 2. Let z€ B}, and Lz =(L,z, L,2) € Y. Straightforward estimates show
that |Lizll, < K(lzl, + 921 dall,), |Lizll,o= K(lzll,2+162/3all,2) and [Lazlo=Klzll,, |Lozll:=
K||zl,2. Thus, |Lzfy = K|z[}},,. Now

N(L) = span {Rey’(a) e™", Imy’(a)e"™}, R(L)={(g, h) € Y: Q;[g, k] =0, j € J}

where without loss in generality the homogeneous solutions y/(a) have been chosen so that
o yX(a)yd(a)da = 8. If we define the closed linear spaces

® pli2 .
NYL)={z€ B‘,_,,:f . %f i 2r, )y (@) e drda =0,j € J}
a= T=—p,

RYLY={(0,h)E Y: h =Z,c,hje™", h; € Z arbitrary, h=h_}
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it follows that B!, = N(L)Y®N*(L) and Y = R(LYPR*(L). This can be seen by writing

Z(T, a) = z ijjO(a) ell"""+ [é] zj.L(a) eiiarr+ ;I z’(a) ciimf]

T

©

zt(a): = - k@) + z(a), Ky = ]

a=

2(a)yX(a) daf f " Mo da, jET
U] a=0
(g h)= [;J (gi(a), b ™"+ 3 (gi(a), by~ Dl b e |
+ 2, (0, Q;[g, h]y ™.
e

The first term in z(7, a) lies in N(L) while the last two bracketed terms lie in N*(L). The first
two terms in (g, h) lie in R(L) while the last term lies in R*(L). From these two decompositions,
the two projections P,: B}, N(L) and P,:Y — R(L) can be defined by

Piz= ZJ Ky (a) e’

j€

Pyg h) =3 (gia), k) e™ + 3 (ga), b — Qylg, k) ™.
et i€J

Lengthy, but straightforward estimates show that |P,z|}, = K|z}, and (I - P))(g, h)|y =
K(|hllo+ gl = KAl +lgl%,) = Kli(h, &)lly- Thus P, and I - P, (and hence P,) are bounded
projections.§§

Proof of Theorem 3. Theorem 3 follows immediately from a direct application of certain
abstract, multi-parameter bifurcation results of the Liapunov-Schmidt type. Specifically one
can apply Theorem 1 of [3] (also see{4]) with linear operator L given by (3.5) and nonlinear
operator T(x, A): = (n,(x, A), ny(x, A)) by means of which (4.1)-(4.2) is equivalent to the abstract
operator equation Lx = T(x, A). The necessary hypotheses Hi-H4 in [3] for this application are
implied by the hypotheses H1-H4 above, the nondegeneracy condition (4.4) and the results in
Theorem 2 above.§§

8. SUMMARY

Based on the linear theory for equations (NH) and (H) contained in Theorems 1 and 2 the
general two parameter bifurcation result in Theorem 3 for the nonlinear equations (4.1)-(4.3)
is derived from abstract Liapunov-Schmidt techniques. Hopf-type one parameter bifurcation
results can be derived as a corollary as is shown by Theorem 4 for the one parameter system
(5.1)-(5.2). These results are applicable to the general McKendrick equations (2.1)-(2.2) for the
growth in density of an age-structured population by means of variable changes as is illustrated
by the application in Section 6. In this application it is shown how instabilities in the steady
state and accompanying time periodic oscillations can occur for sufficiently large modula under
certain modeling assumptions, here including a constant (non-age or -density dependent) death
rate and an age-specific and density dependent fecundity rate with a sufficiently narrow age
class “window”. See [6] for a further study and discussion of instabilities and oscillations and
their crucial relationship and dependence on the nature of the age and density dependencies of
the fecundity rate.
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