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A COMPETITION MODEL FOR SIZE-STRUCTURED SPECIES*

J. M. CUSHINGT¥

Abstract. The asymptotic dynamics of a system of ordinary differential equations describing the
dynamics of n size-structured species competing for a single (unstructured) resource are studied. The system
is based on a single species growth model for a size-structured species due to Diekmann, Metz, Kooijman,
and Heijmans in which physiological parameters at the level of the individual are incorporated. It is shown
that all trajectories asymptotically approach a lower-dimensional positive cone where the dynamics are
governed by an easily determined lower-dimensional competition system of a type commonly studied in
the literature for unstructured populations. It is also shown that, regardless of the asymptotic dynamics or
the outcome of the competitive interaction, the average size of individuals for every species asymptotically
equilibrates to a positive value. These results permit a study of competitive exclusion in terms of the
physiological parameters and average size of individuals of the species. Illustrative applications are made
to competing species in a chemostat and to species competing for a renewable resource. The relationship
between competitive success and species size and other physiological parameters is discussed and related
to the Size Efficiency Hypothesis (SEH) for zooplankton communities.
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1. Introduction. Body size is one of the most important physical attributes of an
organism. It is a significant factor in determining an organism’s energetic requirements
and ability to exploit resources. It has an important effect on the nature of an organism’s
interaction with the physical environment and with other biological species, including
competitors and predators. Despite these obvious and recognized facts, relatively little
mathematical theory of size-structured population interactions exists and virtually no
dynamical models of competing size-structured species can be found in the literature.
For a discussion of the importance of size-structure in population dynamics and
multispecies interactions, particularly competitive interactions, see [20].

Zooplankton communities provide one example in which size structure has been
of primary significance in the study of multispecies interactions. The observation that
species of zooplankton tend to occur in associations characterized by body size and
that large size species tend to predominate in zooplankton communities, at least in
the absence of planktivorous fish, led Brooks and Dodson [1] to propose the Size
Efficiency Hypothesis (SEH). The two basic tenets of this hypotheses are (1) that large
size zooplankton species are more efficient at exploiting resources, which provides the
potential for the competitive exclusion of smaller species, and (2) that size selective
predation by large bodied (vertebrate) predators, which falls more heavily upon the
larger zooplankton species, can allow for the survival of smaller species or even in
some cases result in the elimination of larger species. This hypothesis has been the
main theoretical framework of much zooplankton research since its formulation and
many experimental studies have attempted to test its assumptions and verify its
implications [9].

* Received by the editors March 15, 1988; accepted for publication (in revised form) September 1,
1988. This research was supported in part by National Science Foundation grant DMS-8601899.

 Department of Mathematics and Program in Applied Mathematics, University of Arizona, Building
#89, Tucson, Arizona 85721.

838



A COMPETITION MODEL FOR SIZE-STRUCTURED SPECIES 839

While the second principle that (vertebrate or invertebrate) predator mediated
competition plays an important role in shaping zooplankton community structure
seems to be widely accepted, attempts to verify the first principle that larger species
are more “‘efficient” competitors have been equivocal (e.g., see Dodson [7], Hall et al.
[9], Neill [15], DeMott and Kerfoot [6] and the references cited therein). While some
studies support this assumption, the ambiguities of other attempts at verification are
usually attributed to any number of complications inevitably present in natural popula-
tions, such as habitat segregation, temporal environmental fluctuations, subtle specializ-
ations and life history adaptations, complex interspecies interactions, etc. It appears
that available data is yet insufficient to determine the indisputable validity of this basic
tenet of SEH [9], [8].

The purpose of this paper is to derive and analyze a general exploitative competi-
tion model for the dynamics of n size-structured species competing for a single
(unstructured) resource and, by applying the results to specific models, hopefully shed
some theoretical light on the first tenet of the SEH.

The model derived here is based on a model of Diekmann et al. [5] for the growth
dynamics of simple (invertebrate) ectothermic animals whose resource uptake rate is
proportional to body surface area (e.g., filter feeding species such as Daphnia), and
is therefore particularly relevant to many competing zooplankton species. In the model
of Diekmann et al. a system of partial integrodifferential equations describes the
dynamics of the density of a size-structured (specifically length structured) population
and its dynamical resource (also see Metz and Diekmann [14]). It is built from certain
submodels at the level of the individual for birth, death, and growth processes. The
exploitative competition model considered here is constructed by coupling n such
systems together through their exploitation of the common resource.

In the derivation in § 2 two simplifying assumptions are made about the competing
species: the energy utilized for metabolic maintenance is negligible relative to the
energy used for growth and reproduction and there is no significant juvenile stage.
From these assumptions a system of ordinary differential equations (2.9) for population
level statistics (namely, total population numbers, length and area) is derived from
the partial integrodifferential system.

In § 3 this ODE model is analyzed for general resource uptake rate functionals
and fundamental properties of solutions are studied, including boundedness and
positivity. The main result of § 3 (Theorem 2) is that all trajectories of the ODE model
(3.3) asymptotically approach a lower-dimensional positive cone where dynamics are
governed by a lower-order competitive system whose general structure is that of more
" familiar unstructured exploitative competition models. This lower-order system,
however, governs the dynamics of certain weighted averages of the population level
statistics, not simply total population numbers as is usually the case in ecological
models. Known results about the asymptotic dynamics of such unstructured competition
systems for various types of resource uptake functionals and inherent resource dynamics
can be applied to this “reduced” system in order to obtain results concerning the
asymptotic dynamics of the original size-structure competition model. This is done for
the well-known chemostat model and for a two species model with a self-renewing
resource in § 6.

One important feature of the competition model considered here is that important
physiological parameters originating in the basic submodels for individual birth,
growth, and death processes appear in the derived ODE model. As a result, we can
relate these parameters at the individual level to the asymptotic dynamics at the
population level and in particular to the outcome of the competitive interaction. These
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parameters are encapsulated in the ODE model in what is termed below as the efficiency
coefficient ;. Some necessary properties of this coefficient are given in § 4.

Another main result of the paper appears in § 5 (Theorem 4), where it is shown
that regardless of the nature of the asymptotic dynamics the model implies that the
average individual size (area or length) of each competing species equilibrates
asymptotically. These equilibria depend only on the individual physiological reproduc-
tive and growth efficiencies and the size at birth and not on any other system parameters
(death or resource uptake rates or the resource dynamics) nor on the presence or
absence of competitors. An average individual size is thus defined for each species by
the model and can be related to the competitive effectiveness of the species. This is
done in § 6 for the chemostat model and for the self-renewing resource model.

The application made in § 6 to competition in a chemostat (which is often
considered as a laboratory model of a simple natural lake) relies on and extends known
model results for unstructured populations cultured in a chemostat to the case of
size-structured species. As in the simpler case of unstructured populations, it is shown
that only equilibrium asymptotic dynamics are possible. The results describe and fully
account for the extinction or survival of all species on the basis of model parameters
and they support the classical competitive exclusion principle in that at most one
species can survive.

One point that clearly emerges from this application to the chemostat is the
impossibility of relating average individual size in a simple, direct way to competitive
success. It is not always true in the chemostat model below that the surviving competitor
is the species with largest average individual size. In some extreme cases, such as when
all other factors are identical for all species, it does in fact turn out that average
individual size determines the competitive outcome (although the largest species is not
always the winner). More generally, however, another criterion emerges as the determin-
ing factor of competitive success, namely that the surviving species is the one with the
ability to exploit the resource to the lowest level while still being able to survive at
that resource level. Thus the advantage of size afforded to largest individuals due to
greater efficiency in total resource uptake can be mediated or even overcome by smaller
individuals with physiological and per unit size resource uptake properties which allow
it to survive at lower resource densities (a similar point is made by Wilson [21]). This
simple (and rather intuitive) criterion for competitive effectiveness has been noted in
the biological literature [15], [8] and, at least for the model considered here, is the
real determining factor of the competitive outcome. Perhaps, then, the results obtained
here provide some theoretical clue as to why species’ size has been found to be an
unreliable indicator of competitive success and suggest that this component of the
SEH theory for zooplankton community structure is overly simplistic.

These conclusions are further strengthened by similar results obtained in § 6 for
a competition model with a self-renewing resource, with the exception that there are
ranges of parameter values for which competitors can coexist on a single resource, not
in an equilibrium manner, but in an oscillatory limit cycle manner.

2. Model derivation. We begin with a capsule summary of the model of Diekmann
et al. [5]. A full treatment can be found in Metz and Diekmann [14, Chap. 1.3].

A basic assumption is that individual food ingestion is proportional to its size or,
more specifically, to its surface area. If s denotes length and R denotes resource or
food density then resource uptake rate is f(R)s> where the resource uptake rate (per
unit area) f(R) is dependent on resource density R. It is assumed that this rate is
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positive whenever the resource density is nonzero:
f(0)=0, f(R)>0 forR>0.
A typical such relationship is the Michaelis-Menten or Holling type II expression:

2.1 f(R)=c—X
a

, ¢>0, a>0.
+R

It is further assumed that ingested food is allocated between metabolic maintenance,
individual growth, and reproduction. Energy reserves are ignored. If metabolic mainten-
ance needs are assumed proportional to weight (or, up to a scaling factor, to volume),
if a fraction k of ingested food is utilized for individual growth and if 7 is a conversion
factor relating weight to food units then we arrive at a von Bertalanffy type growth
equation:

ds

G 8(RS) where g(R.9)=2- [ (R)~£s]..

n>0, (>0, 0<k<l1

where [x], = x for x>0 and 0 otherwise. Here { is the metabolism rate, i.e., the rate
(per unit volume) of food units needed for metabolic maintenance.

With regard to reproduction it is assumed that the remaining fraction (1 —«)f(R)
of ingested food is channeled to reproduction. If s, and s, denote the length at birth
of all individuals and the length at which reproduction starts, respectively, and if
reproduction ceases when the grow rate drops to zero (i.e., growth and maintenance
take precedence over reproduction), then the individual birth rate is given by

0, Sb§S<Sj,
m(R, s)={ (ws3) "(1—«)f(R)s>, s5;=s=s(R),
(wsp) '(f(R)s*—¢s”),  max{s,s(R)}=s=5(R).

Here o is a conversion factor relating food units to weight for reproduction, i.e., ws}
is the amount of food needed to produce one offspring, s(R) is the size at which
growth stops at food density R and §(R) is the size at which all food is needed just
for maintenance, i.e.,

s(R)=¢ 'kf(R)=¢'f(R) =5(R).

Finally it is assumed that the individual death rate d > 0 is a constant independent
of size, time, and resource density R.

The above submodels for the growth, birth, and death rates can be incorporated
into dynamical equations for population level growth dynamical equations by using
the modeling principles and techniques of Metz and Diekmann [14] (also see Sinko
and Streifer [16]). If p(¢, s) denotes population density as a function of time ¢ and
length s, so that [$! p(t, s) ds denotes the number of individuals with lengths between
s; and s,, then

(%p(r, s>+(;is (8(R )p(t,5) =—dp(1,5),  s,<s<S(R), >0,

(2.2) p(t,s)=0, s>5(R), t>0,

§

g(R, sp)p(1, Sb):J m(R, s)p(t, s) ds, t>0.
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