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Abstract.

Our approach to testing nonlinear population theory is to connect rigorously

mathematical models with data by means of statistical methods for nonlinear time series.
We begin by deriving a biologically based demographic model. The mathematical analysis
identifies boundaries in parameter space where stable equilibria bifurcate to periodic 2-cy-
cles and aperiodic motion on invariant loops. The statistical analysis, based on a stochastic
version of the demographic model, provides procedures for parameter estimation, hypothesis
testing, and model evaluation. Experiments using the flour beetle Tribolium yield the time
series data. A three-dimensional map of larval, pupal, and adult numbers forecasts four
possible population behaviors: extinction, equilibria, periodicities, and aperiodic motion
including chaos. This study documents the nonlinear prediction of periodic 2-cycles in
laboratory cultures of Tribolium and represents a new interdisciplinary approach to un-

derstanding nonlinear ecological dynamics.
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INTRODUCTION

Understanding the complex fluctuations in animal
population numbers has far-reaching applications in ar-
eas ranging from food production to the conservation
of species diversity. The hypothesis that the fluctua-
tions are the result of nonlinear dynamic forces has
proved to be elusive to test due to the difficulties of
gathering adequate ecological data, of experimentally
manipulating ecological systems, and of evaluating
complex mathematical models with ecological data
(Bartlett 1990, Costantino and Desharnais 1991, Logan
and Hain 1991, Logan and Allen 1992, Hastings et al.
1993). Our approach to testing population theory is to
connect rigorously a nonlinear demographic model
with biological data by means of newly developed sta-
tistical methods for nonlinear time series.

Nonlinear demographic models were introduced
along with the more familiar linear matrix models (Les-
lie 1948). Since that time, many density-dependent
models have been studied (see Cushing 1988, Caswell
1989, and references therein). Linear models yield ex-
ponential growth whereas nonlinear models have the
potential for more complex dynamical behaviors in-
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cluding periodic and aperiodic cycles and chaos. Some
of the earliest examples of chaotic dynamics were rec-
ognized in ecological models (May 1974a). The de-
tection of these more complex dynamics is an area of
active research. Schaffer (1984, 1985) and Schaffer and
Kot (1985, 19864, b) emphasized the important role of
chaos in ecology. Alternatives to Schaffer and col-
leagues’ geometrical analyses (Takens 1980) include
response surface methodology (Turchin and Taylor
1992, Turchin 1993) and model-free methods of esti-
mating Lyapunov exponents in a time series with non-
parametric regression (Ellner et al. 1991, McCaffrey et
al. 1992).

The approach here begins with the construction of a
biologically based dynamical model. Analytical and
numerical methods are used to gain a mathematical
understanding of the dynamical behavior predicted by
the model. A key aspect of connecting model with data
is the reformulation of the model in stochastic terms,
which provides an explicit likelihood function for sta-
tistical estimation and testing. The nonlinear mathe-
matical model then becomes a vulnerable scientific hy-
pothesis that can be confronted by data.

The working hypothesis in the present study is that
the dynamics of cultures of the flour beetle Tribolium
can be explained by a mechanistic biologically based
system of nonlinear difference equations. The mathe-
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matical analysis of the model involves a study of the
equilibrium states and their stability and a bifurcation
study of nonequilibrium states. This analysis identifies
boundaries in parameter space where stable equilibria
bifurcate to 2-cycles and aperiodic motion on invariant
loops. The statistical analysis is based on a stochastic
version of the demographic model. This analysis pro-
vides procedures for parameter estimation, hypothesis
testing, and model evaluation. The biological experi-
ments yield the time series data. Statistical inference
methods are applied to these data to estimate model
parameters and evaluate model predictions. In so doing
we locate the biological population in model parameter
space and identify the type of dynamical behavior dis-
played by the population.

MATHEMATICAL MODEL
Biologically based dynamical model

The Tribolium system possesses great potential for
the experimental study of nonlinear dynamics (Cos-
tantino and Desharnais 1991). The combination of (1)
high reproductive rates, (2) short life cycle (4 wk from
egg to adult), (3) ease of culture, (4) accurate censusing
of all life stages, and (5) the complexities of metazoan
life history that include strong nonlinear life stage in-
teractions, make it a good laboratory system. In par-
ticular, some species of Tribolium are cannibalistic
(Park et al. 1965). Adults feed on eggs, larvae, pupae,
and callows (young adults) while larvae eat eggs, pu-
pae, and callows. Neither larvae nor adults eat mature
adults and larvae do not feed on larvae. Although not
biologically complete, an approximation to a particular
cannibalistic interaction can be described easily. Con-
sider a group of L, feeding larvae. Assume that a larval—
egg contact means that the egg is eaten and also that
the contacts are randomly distributed among the eggs.
The probability of an egg not being eaten is computed
using the binomial distribution as (I — ¢, )~ =
exp(—c,L,) where c, is the coefficient of larval can-
nibalism on eggs. Dynamic complexity arises from
these many nonlinear behavioral interactions.

We propose a model with three state variables cor-
responding to three functional life stages: feeding lar-
vae, denoted by L, last instar (nonfeeding) larvae, pu-
pae, and callow adults, denoted by P, and mature
adults, denoted by A,. We will refer to these state vari-
ables for convenience as ‘‘larvae,” ‘‘pupae,” and
“adults’ throughout this paper, but we will be careful
to draw distinctions where confusion might arise. Pub-
lished data on the feeding behavior of Tribolium larvae
are scarce, but the results of Park et al. (1965: Table
10) for T. castaneum suggest that 14 d is a reasonable
estimate of the feeding larva stage duration. More in-
formation is available on developmental periods; Moffa
and Costantino (1977: Table 1) estimate a time from
egg to adulthood of =27 d for the corn oil sensitive
strain of T. castaneum. The 27 d include 2-4 d in the
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egg stage, but an additional 2—4 d are spent as a callow
adult. Thus, the durations of the first two stages are
roughly identical, =14 d under standard laboratory
conditions. We exploit the coincidence of the two-stage
developmental times by taking the unit of time in the
model between censuses to be 2 wk.

We omitted an egg stage from the model. Though
eggs can be and are sometimes counted in flour beetle
studies, an inordinate amount of time is required to
separate eggs from the media. Counting just larvae,
pupae, and adults allows many more cultures to be
maintained in a given experiment. The egg stage is
fairly short in duration, =4 d (Sokoloff 1974), and so
most eggs laid within a 2-wk period become larvae by
the end of the period.

Larvae are thus the stage being recruited in the mod-
el. Recruitment of larvae at time ¢ is assumed to be
proportional to the number of adults at time t — 1. The
assumption potentially introduces some bias in the
model predictions in that a limited number of eggs laid
just prior to time ¢ — 1 can in reality be present in the
larval class at time f; adults at time ¢+ — 2 have some
limited contribution to larval recruitment at time f.
However, our hypothesis is that the effect of A,_, on
larval recruitment at time 7 is slight compared to the
effects of other factors (namely, A,_, through egg-lay-
ing and cannibalism and L,_, through cannibalism).
Whether or not our model can account for a substantial
portion of the dynamics of the system is a question we
address later with data (see Biological experiments sec-
tion below).

The model, which we term the ‘“LPA model,” is a
system of three difference equations:

LH] = bA:eXp(_CmAr - Cl’lLt)v (1)
Pt+l = L,(] - “‘I)v (2)

AI+I = P,exp(—c Ar) + Ar(] - p“a)' 3)

pa

The quantity b > 0 is the average number of larvae
recruited per adult per unit time in the absence of can-
nibalism. The fractions p, and ., are the larval and
adult probabilities, respectively, of dying from causes
other than cannibalism. The exponential nonlinearities
account for the cannibalism of eggs by both larvae and
adults and the cannibalism of pupae by adults. The
fractions exp(—c,A,) and exp(—c,L,) are the probabil-
ities that an egg laid between times ¢ and ¢t + 1 is not
eaten in the presence of A, adults and L, larvae. Can-
nibalism of larvae by adults and of pupae and callows
by larvae typically occurs at much reduced rates and
is assumed negligible in the model. The fraction
exp(—c,A,) is the survival probability of a pupa in the
presence of A, adults. The coefficients c,,, ¢, and ¢,
= 0 determine the strength of the cannibalism and are
called the ‘‘cannibalism coefficients.” It is assumed
here, based on present knowledge, that the only sig-
nificant source of pupal mortality is adult cannibalism.
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Egs. 1-3 define a (three dimensional) map of the
larval, pupal, and adult numbers from one point of time
to the next. In the remainder of this section, we try to
understand as much as possible about the dynamics
implied by these equations, that is to say, about the
sequences of triples (L,, P,, A,) generated by these equa-
tions from initial values (L,, P, A,). Any knowledge
we can obtain about these ‘‘orbits’ will tell us some-
thing about the long-term predictions of the model
equations.

To study the dynamics implied by a set of model
equations like Eqs. 1-3, a standard procedure is to lo-
cate equilibrium points and to determine their local
stability properties. It is perhaps not surprising that a
complete analytical description of equilibrium stability
in terms of the system parameters is not obtainable for
this system of nonlinear difference equations. There is
a simplified case, however, for which a complete an-
alytical description of the equilibrium stability region
(local asymptotic stability) can be given. Moreover, in
this case a description can also be given of the dynam-
ics resulting when equilibrium stability is lost by
changes in parameters across the boundary of this re-
gion. This simplified case occurs when larval canni-
balism of eggs is not present, i.e., ¢, = 0. In order to
gain some insight into the possible dynamics of the
model (Egs. 1-3), we give the analytical results for this
special case.

Mathematical analysis: larval
cannibalism of eggs is absent

Equilibria are solutions (L, P, A) of the three equa-
tions

L = bA exp(—c,A), 4)
P = L1 — ), %)
A = Pexp(—c,,A) + A(l — p,). 6)

Clearly, (L, P, A) = (0, 0, 0) is an equilibrium. The
only other non-negative equilibrium is the positive
equilibrium (L, P, A) = (L*, P*, A*) given by the
formulae

A* = (o + €)' I — w)/ ), @)
L* = bA*exp(—c,A%), (8)
pPr = L*(1 — p), )

when

b > w, /(1 = ). (10)

The local stability of an equilibrium point is deter-
mined by the eigenvalues of the Jacobian (matrix of
partial derivatives with respect to each state variable)
of the right-hand sides of Eqs. 1-3 evaluated at the
equilibrium point (Lankshmikantham and Trigiante
1988). If these eigenvalues lie inside the unit circle of
the complex plane then the equilibrium is (locally as-
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ymptotically) stable. An eigenvalue outside this unit
circle implies instability of the equilibrium.

The Jacobian at the origin is easily shown to have a
dominant real and positive eigenvalue that is >1 if and
only if Eq. 10 holds. Thus, the extinction state (0, O,
0) is unstable if and only if a positive equilibrium ex-
ists. If Eq. 10 does not hold, the extinction state is
stable and the population disappears from any initial
state.

The Jacobian at the positive equilibrium (Egs. 7-9)
is complicated to analyze. Nonetheless a complete de-
scription of the region of parameter values within
which all eigenvalues lie inside the complex unit circle
can be given as follows. For any p, in the interval [0,
1) and any ‘‘cannibalism ratio”
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In the (p,, b)-plane the functions b = b,(p,) and b =
b,*(n,) define curves on which the Jacobian has ei-
genvalues on the complex unit circle. On the curve b
= b,(p,) the Jacobian has an eigenvalue equal to —1
and on the curve defined by b = b,*(p,) the Jacobian
has a pair of complex conjugate eigenvalues lying on
the unit circle. For no parameter values is +1 an ei-
genvalue. Thus, these curves define the boundaries of
the stability region in the (w,, b)-plane. The possible
configurations of these boundaries depend on the can-
nibalism ratio r and are shown in Fig. 1.

A bifurcation (or final state) diagram allows the long-
term behavior of the LPA model to be visualized as a
function of a particular parameter. A sample of the
kinds of bifurcations that can occur are illustrated in
Fig. 2. If the boundary of the stability region in the
(1, b)-plane is crossed, then the positive equilibrium
(Egs. 7-9) loses its stability. If the boundary defined



