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FORCED ASYMPTOTICALLY PERIODIC SOLUTIONS OF
PREDATOR-PREY SYSTEMS WITH OR WITHOUT
HEREDITARY EFFECTS*

J. M. CUSHINGT

Abstract. Volterra’s two-species predator-prey integro-differential model, which describes the
dynamics of predator-prey interactions when continuously accumulating lag effects are considered, is
modified by the addition of forcing or control functions (as well as by the use of Stieljes integrals in
place of Riemann integrals so as to include in the analysis models with discrete time lags). It is shown
that for appropriate choices of these control functions (viz., functions which are asymptotically
periodic with a certain determinant condition being satisfied by the periodic parts) the model possesses
infinitely many asymptotically periodic solutions for small logistic loads and hereditary (or lag) effects.
For certain special cases (in particular, the classical differential model with no lag effects) the existence
of periodic solutions is proved. The method of proof is to introduce a small constant ¢ into selected
parameters of the system and to construct, by the contraction principle, solutions which are perturba-
tions off of a given periodic solution of the classical Volterra-Lotka model (which corresponds to-
£ =0).

1. Introduction. It is well known that all solutions satisfying x; >0 (or,
equivalently, initiating in the first quadrant) of the classical two-species predator-
prey system

xi=xi(a;—c1xa), a, ¢,>0,
(1.1)

X3 =Xs(—ar+byxy), @z, by>0,
are periodic; this was proved by Volterra [12], who was one of the original
investigators of this system. With the introduction of logistic loads (or carrying
capacities)

[
x1=x1(a;—bix;—c1x3), b, =0,
I
X2 =x2(=ax+box1—2x2), =0,

the system has a globally (in the first quandrant) asymptotically stable equilibrium
for b; >0 small (b, is small in order to place the equilibrium in the first quadrant).
This follows from the fact that the constant of motion for (1.1) [12], [10] is a
Lyapunov function with negative definite trajectory derivative for this system.

Volterra [12, Chap. 4] also introduced hereditary effects into the system by
consideration of the integro-differential system

xi=xi(a; —c1xa),

X5 = x2<—a2 + Jl ko(t=s)x(s) ds),

to

where k, = 0 satisfies jf,o ko(s) ds <ooand t, = —00. This added feature significantly
complicates the behavior of the solutions and as a result not a great deal is known
in general about their long-term behavior. Volterra [12] showed that for t, = —c0
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the solutions possess a certain ‘““oscillatory” property around the equilibrium
point (o, 03) = (az/(b1+ﬁ;o k, ds), ai/cy). In [5] it is shown that for t, =0, this
critical point is unstable, at least for certain kernels k,. Even with the introduction
of logistic loads, the system may be unstable (although their long-term time
averages are still this critical point) as is shown numerically and by the use of
certain nonlinear approximations in [2]; these two approaches also show that
“limit cycles” frequently exist in these unstable cases. The mathematical question
of the existence of ““limit cycles” for these hereditary models is an interesting open
question. In this paper we consider the problem of the existence of “limit cycles”
for forced or controlled systems. It will be shown that for suitable control
functions, “many’’ solutions approach a periodic state as ¢ > +00 whose period is
independent of the initial state.
Specifically, we consider the more general system

xllle[al—cle_bIJ- xl(s)dall(t—s)—dlj xz(s)dalz(t—s)]
(1.2) i), ,
x§=x2[—a2+b2x1—cz I xz(s) daZI(t—s)+d2J xl(s) dazz(t_s):l

0 to
+£2(1),

vgohere a; c1, b,>0; d;, c;, b1 Z0; and where «;;(¢) is nondecreasing and satisfies
j'o da;(t)=1. If da;(s)= k;(t) dt, then we get continuously distributed lag (or
hereditary) effects from this term. If a;;(¢) = u.(¢), the unit step function(at >0,
then we have an instantaneous lag effect; if =0 we have no lag effect for this
term. We are interested in finding conditions under which periodic or asymptoti-
cally periodic (this term will be made precise below) solutions exist for an
appropriate choice of f;(t). We will consider this problem for small hereditary or
lag terms (i.e., for b,, ¢, and d; small) and small forcing terms f; as made explicit
below. The forcing terms f; may be thought of as describing immigration and/or
emigration, or some external (state-independent) control (e.g., harvesting and/or
seeding), or just “noise” effecting the growth of the populations as might be
unaccounted for in the other terms.

It has been suggested [1], [6] that because (1.1) is critically stable it is
ecologically undesirable and that a more reasonable model would possess an
unstable critical point together with a stable limit cycle. Recent authors [6], [7],
[11] have accomplished this by adding state-dependent perturbations to (1.1) of
an appropriate type. Out results here can be related to theirs in that we prove the
existence of “limit cycles” (for the even more general hereditary problem (1.2))
for appropriate state-independent perturbations f;.

Our main result, Theorem 1, describes a large class of functions f; for which
infinitely many asymptotically periodic solutions exist at least for small logistic
loads and hereditary effects. The only restrictions on the f; are that they be
asymptotically periodic and that their periodic parts satisfy a certain determinant
condition. This theorem does not exclude the differential, nonhereditary case
a;; = Ug; however, in this case, as well as in the hereditary case when ¢, = —00, we
can also assert the existence of periodic solutions by using only slight modifica-
tions of the proof of Theorem 1. These results are stated in Theorem 2.

t
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2. Results. We consider the following integro-differential system:

t t
x;=x1[a|—clx2—8blj X](S) dall(t—s)—ﬁdlj' xz(s)dalz(t—s)]

4 ’ 0 to
2.1) ef1(t)

x'2=x2 —a2+b2x1 —ECy J Xz(S) da21(t—s)+£d2 J

to to

t

x1(s) doyo(t— S)]
+efo(1),

where we have introduced a small parameter ¢ to emphasize that the logistic
coefficients and hereditary effects are to be small; here a;, ¢;, b>0 and b,, c,,
d; =0 are fixed constants. We will look for forcing terms, also of order ¢, which
yield asymptotically periodic solutions. More specifically, if we let X =col (x1, x;)
and | - | be any vector norm in R”, then we desire solutions in the Banach space
P(w)®Eg, for some w and B, where Ej is the Banach space of vector-valued
functions continuous in t=1, for which |X|g =sup,=,|x(1)| exp (Bt) <+00 and
where P(w) is the Banach space of continuous vector-valued functions which are
w-periodic in t = t, under the norm || = supyo, ,1|%(1)]. Let | - |, g =| |, +| - |5 be
the norm on P(w)®Eg; then the projections P; and P, onto P(w) and Eg
respectively are bounded, linear operators.

If y=col(y, y2),y:>0, is a solution of the classical Volterra-Lotka
predator-prey differential system (1.1), then we will have occasion to consider the
linear, nonautonomous homogeneous system z' = A(t)z, where

1 —c1y2(t) —c1y1(t)
byy (1) —ay+byy(1)]

Let Z(t) be a fundamental matrix of this system. This system is the variational
system of (1.1) with respect to y(¢). Asis well known [3], such a variational system
has at least one w-periodic solution, where w is the period of y, and hence that the
adjoint system does also. This means Z~'(¢) has at least one w-periodic row which
we assume, without loss in generality, to be the first row. Let Z')= (z;(1)). The
set of initial conditions giving rise to w-periodic solutions of z'= A(t)z forms a
linear subspace of R> of dimension d =1 or 2 which we denote by V. If
p = col (py, p2) € P(w), define the matrix

(2.2) A=?

J z1py ds I Z12p2 ds
0 0
MZ 5 p = |, v
J Z21P1 ds J Z22D2 ds
0 0

THEOREM 1. Assume j'f,o e” doi(s) <+oo for 1 =i, j =2 for some 3> 0. Given
any solution y of the classical predator-prey system (1.1) satisfying y;>0, any
vector b€ 'V, any g =col (q1, q2) € Eg, and any p = col (py, p,) € P(w) (where w is
the period of y), there exists a constant g0 = €o(¥, 0, b;, ¢;, di, ay, P, §)> 0 for which
the following are true: (a) Suppose d =2 and hence V=R’ If p is such that
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det M(Z™'; p) #0, then for all || = &, there exist “amplitudes” a,, a, such that the
predator-prey system (2.1), with forcing terms f;=a;p;+q;, i=1 and 2, has a
solution x € P(w)® E satisfying (P,x)(0) = y(0)+ &b. This solution has the form
X =y +ew(e) for a unique w(e)€ P(w)® Eg where w(e) = O(|e|). The amplitudes
have the form o;; = al+ O(|e|) where a)=a, (¥, P, by, c2, d;, a;;) are constants given
by (3.7) below.

(b) Suppose d = 1. If p; is such that [z ,,p; ds # O for either i =1 or 2, then for
each arbitrarily chosen, but fixed f;, j # i, and all |e|= g, there exists an “am-
plitude” «; such that (2.1) with f; = a;p + q; has a solution x € P(w)® Eg with the
same properties as in (a). In this case o is given by (3.8) below.

We point out that, as indicated, the amplitudes a; are independent of & € R”.
The function w is, however, dependent on v as well as all of the other parameters.
Itis not difficult to see that this dependence is continuous since w is the fixed point
of a certain contraction, as will be shown in the proof.

If t,=—o00, then the proof of Theorem 1 can be slightly modified to prove a
further result concerning periodic solutions.

THEOREM 2. If ty = —0 and the added assumption on «;; is dropped, then the
conclusions of Theorem 1 hold with Eg replaced by the empty set .

Remarks. 1. Itis well known that the long-term time average [ y | of solutions
y(t) of (1.1) is the critical point y,=col (a,/b,, a;/c;);i.e.,

t w

[y]1= lim flj y‘(s)ds=arlj y(s) ds = yo.
t—>+00 0 0

Since the long-term time average of functions in Eg is zero we have, for the

solutions of (2.1) found in Theorem 1, that [X]= yo+¢[P;w], where [P,w]=

0! j';’ wds and, hence, [x]= o+ O(|¢|).

2. Both theorems above are applicable in the differential case a; =Y., _, u,,,
7, 20 and, hence, give conditions under which forced differential predator-prey
systems, with (or without) multiple constant time lags, have asymptotically
periodic or periodic solutions.

3. Since[y]= yyas noted in Remark 1, it follows easily that the integral of the
trace of A(t) is w-periodic. Thus, by the Jacobi-Liouville theorem, det Z(t) =
det Z(0) exp (L') tr A(s) ds) is w-periodic. Consequently, since the first row of
Z7'(t) was assumed w-periodic, we have that the first column of Z(t) is w-

periodic. If we define
1 0\ .
(0 0)’ ifd=1,

(1 O), ifd=2,
01

then Z()II and I1Z'(¢) are w-periodic.

4. If in Theorem 1 or 2 we choose y to be the equilibrium solution
(ay/b,, ay/c,) (and hence consider forced periodic solutions near equilibrium),
then the system Z'= A(¢)Z is easily seen to have an w-periodic fundamental
matrix and hence d = 2. This alternative in Theorems 1 and 2 is consequently seen
to be nonvacuous. Numerical studies carried out by the authors of [6], [7] seem to

H:
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indicate that if y is not the equilibrium, then d = 1; in fact, on the basis of their
results, it is conjectured (private communication) that for such y one always has
d = 1. This remains, however, an open question. If this conjecture is true, then
part (b) of Theorems 1 and 2 would be applicable in all cases when y is not taken to
be the equilibrium solution of (1.1).

5. A careful reading of the proof below shows that the hypothesis
fo e® day;(t) <+o0 can be replaced by [ g(t) da;;(1) < - +00, where g is a continu-
ous, real-valued function such that g(t)>0 and g( t)] (1/g(s)) ds = K <+00 for
some K and all ¢r=0. In this case we change Eg to E,=
{x : |x|, = sup,=o|x(t)|g(t) < +00}. Such Banach spaces appear frequently in the
theory of Volterra integral equations [4].

6. Given Z' (ie., given V) there certainly exist pe€ P(w) for which
det M(Z*];p');ﬁ 0 (or jf)’zl,-pi dt #0). For example, as y is chosen closer to the
equilibrium y, of (1.1), the coefficient matrix A(t) in (2.2) tends to

(a 0)
ar 0 ’

consequently, the fundamental matrix Z tends to

o .
cosot ——sinot
Z(t)= ar
o .
—Sin ot COS ot
a;
and
t Us'n t
_ COS T — sin ol
Z'n= a
ag .
——SIn ot Ccos ot
a;

where o = (a,a,)"?. Also the period w tends to wo=2mo '. Thus, if we let

A =sup,=,|J — yo|, we find that det M(Z™"; p) = det Dy+ O(A), where the matrix
Dy =(D;) is given by

J p1 cos os ds —EJ p2sin os ds
0 az Jo
D,= . .
w 0 A 0
—— J p1 sin os ds I p2 cos os ds
a Jo 0
If det Dy # 0, then det M(Z“';ﬁ) # 0 for small A. For example, one could take
p =col (cos at, cos at), in which case D,=mo 'I, det Do=mo"'#0, and
det M(Z *; p)=mo '+ O(A) # 0 for A small. This would be applicable when, for
example, y is taken to be at equilibrium in which case A = 0 (see Remark 4)). Also
§o zupidt=Dy;+ O(A). If Dy; # 0 for either i = 1 or 2, then [;° z,p; dt # 0 for A
small. One could take p as above, for example, and obtain D, = mo " (and
D,, =0), which would be applicable in the event that d =1 (see Remark 4).
7. Since y lies in the first quadrant, the same is true for the solutions
X =y +ew found in Theorems 1 and 2 for ¢ sufficiently small.
8. Finally, we point out that Theorems 1 and 2 apply when we take
by=d;=c,=d,=0. The results then concern the nonhomogeneous (forced)
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3. Proofs. The proofs will be carried out with the aid of some lemmas.
_ Lemma 1. Given any solution y(t) of (1.1), let A(t) be given by (2.2). Let
Y € P(w)®DE where w is the period of ¥ and suppose

(3.1) anZ“(s)Pl./?(s) ds =0.

Then z'=A(t)z + :/7(5) has a manifold of solutions in P(w)@® Eg of dimension d.
Proof. Writing ¢y = Py + P,y we consider the two systems

(3.2) Z'=A()Z+Py, i=1,2.

The general solution of z' = A(t)z +(t) is given by z = ZWo+z2V+2?, where

7' are any particular solutions of (3.2) and where & € V is arbitrary. We will show
that there exist particular solutions z'"’ € P(w) and z'” € E; and, hence, that this
manifold of solutions z € P(w)® E,.

Now (3.2) has a w-periodic solution for i = 1 if and only if P, is orthogonal
to the w-periodic solutions of the adjoint system [8]. But this is exactly the
assumption (3.1) made on P, . Thus, 2" can be chosen in P(w); and this can be
done such that || = K| P, §| for some constant K, > 0. Define

P =-Z(@1) J' Z Y (s) P, (s) ds.

If this integral is sufficiently convergent, a straightforward calculation shows that
7® solves (3.2) for i =2. But we claim the integral is absolutely convergent; in
fact, we claim z'* € Eg.

Since j}‘;’ tr A(t) dt =0, it follows that both characteristic exponents of Z(¢)
are purely imaginary. This means that |Z()Z '(s)|=A + B|t—s| for some
constants A, B>0 and all ¢, s. Thus, for P>is< Ep we have

|22(1)]e® §|P247|,3e"'J (A+B(s—t)) e ® ds =P >(AB +B).
t
Consequently, we have that 7% e Eg. Thus 7 solves (3.2) for i =2 and clearly
satisfies |2|3 = K,|P, |, for some constant K,>0. O
Since Z(t)o = Z(t)I1o for ¢ € V, we also have (Remark 3) that | Z(t) 0| = K;|o|
for o€ V for some constant K3>0. From the above proof we can write the
solutions of z'= A(t)z + (t) lying in P(w)® Ez when (3.1) holds as

(3.3) x=Z(t)o+ Ly,

where 5eV and LyeP(w)®Es |Li,s=|L|¥|.ps for a constant |L|>0
(L|=max K;).
LEMMA 2. If y(t) € P(w)® Eg, then for to=—0 or t, =0,

j ¥(s) dK(t—s)e P(w)DEg

to

for any continuous matrix K for which j'f,o e® dK(s) < +oo.
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Proof. Write [, (s) dK(t—s) = I,(t)+ L,(t)+ I5(t), where

L= j Pui(s) dK(t—s),
L) = -[_" Pui(s) dK(i—s),

Li(t)= J Poyi(s) dK(t—s).

First, I, € P(w) follows from P,y € P(w) as is seen by the calculation

t

t+w
Il(t+w)=J’ Plnﬁ(s)dK(t+w—s)=J P(s+w)dK(t—s)=1,(1).
Also, I, =0€ Eg for t, = —00 and, for t,=0,

Ll S|Pl | dK(s) e =P [ o dk(s) <+
for all t=0 implies I, € Ejp. Finally, for all ¢ = ¢,

t
(1) e® =| Py, I e P dK(t—s) e

to

t—ty
§|P2¢7|,,J e® dK (s)
0

+00
é'PZ{,;IBJ’ eBde(S)<+(D
0

sothat e E. U
Proof of Theorem 1. Substitution of X =y +ew into (2.1) yields, taking into
account that y solves (1.1), the following system for w:

(3.4) w =A()Ww+g(t)+eh(t, w)+f(1),

where

g(t)= blYlJ 1(8) docy (t—s)— dlYlJ y2(s) dayp(t—s),

() =—c2y, J y2(s) day (t—s)+d,y, J yi($) dax,(t—s),

hi(t, W) =—w; [bl (y1+ewy) day(t—s)+d, «[) (y2+&w,) dalz(t*s)]

0

t

_Y1[b1J Wldant_s)‘f“le‘ Wzdalz(t_s)],
o

0
t

M, w)—w:[ ZL (v2-+ ews) dacn(1=5)+da | (1+ew,) dacnli =) |

0

—Yl[ J 2 doyp(t—s)— dzj W1d0122(t*5)]~
o



672 J. M. CUSHING

We wish to solve (3.4) for we P(w)®Eg This we will do by substituting
g+ eh(w)+f for ¢ in (3.2) which, if g+ eh(Ww)+ f were known and satisfied (3.1),
would be solvable. Since w is unknown, this creates an operator equation to be
solved for w; namely,

(3.5) w=Zo+L(g+eh(w)+f).

In order that the right-hand side of (3.5) make sense, it is necessary that
g+ eh(w)+ f satisfy the orthogonality conditions (3.1) and in addition that it lie in
P(w)®Eg for any w € P(w)@® E,. That the latter property holds is easily checked
using Lemma 2 and the facts that sums and products of scalar asymptotically
w-periodic functions are also asymptotically w-periodic. To fulfill (3.1) we choose
the amplitudes, a =col (a;, @,) as described in Theorem 1, appropriately. (a)
Suppose d =2. If f(t)=col (a;p,+q1, @2p>+q>), then given w e P(w)@ Ejp the
condition (3.1) becomes a 2 X2 linear, nonhomogeneous algebraic system for
a;, a; whose coefficient matrix is M(Z -t p). Since it is assumed that p is chosen so
that this matrix is nonsingular, the system has a unique solution a; = a;(w),
ay = ay(w). Furthermore, using Cramer’s rule and the fact that the
nonhomogeneous term is

(3.6) -JwZ_l(S)[g(SHeﬁ(W)] ds,
0

one easily sees that a;(W) are continuous in w and that a;(W) = & + O(|¢|), where

o= ([ [22181 + 222821 ds) (I, z12p> ds) — (g’ 21181+ 212821 ds) ([, z22p> ds)
0=

det M(Z™"; p) ’
(37) @ w w w
aoz(_‘o [z1181+21282] ds)(jo Z21P1 dS)—(jo [z2181+2228>] dS)(IO Z11p1 ds)
2 detM(Z"; p) ‘

Choosing «; in this manner, we have that g+ eh(w)+f =g+ eh(W)+ P, (W) +§
(where p,(w)=col (a;(W)p;, az(W)p,)) satisfies (3.1), and that (3.5) defines an
operator equation to be solved for w € P(w)@® Ep, the solution of which solves
(3.4).

(b) Suppose d = 1. In this case, given w, (3.1) is simply one linear equation in
the two unknowns «;, a,. As assumed, _[::z”p,- ds #0 for either i =1 or 2; this
implies that (3.1) is uniquely solvable for «; (in terms of the other «;, j # i, which is
assumed arbitrary, but fixed). In this case,

(3.8) o= —Ig(zllgﬁz}uzgz) ds—a?,"(“))zijpjds
l Jozuip: ds

In what follows we write, in either case, a; = a;(w) and a, = a,(w) although
in case (b) we have «;(W)=const.

Before proceeding, we observe that because k(W) as defined above involves
only linear or quadratic expressions in the components of W, it is easily seen that
for all w, w*€ B(R) ={{ € P(w)®Eg : |{|..g = R}, where R >0 is any fixed real,
we have that

[R(W) = h(W*)]o.p = Ki| W — W], p,
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where K, = K(y, d;, ¢;, b;, R, ;;) >0 is some constant. Furthermore, by Cramer’s
rule, considering the form of the nonhomogeneous term (3.8) in the system for «;,
we have also that

|@(W) = @(W*)|,p = Kol W — W*|,,p,

where K, = K,(y, d;, ¢;, b, R, a;;) > 0.

We wish to solve the operator equation (3.5) by use of the contraction
principle and by use of the appearance of the small parameter . Considering how
the «;(w) were chosen above, we rewrite (3.5) as w = Ow, where

OW=Z5+L(g+po+q)+eL(h(W)+ pL(W)).

Here we have defined p,(w)=po+ps(w), where po=col (alp;, a3p,). Then
Pa(W) = col ((a;(W) —a?)p1, (az(W) —a3)p,) satisfies

1PaW) = Pl W*)| g = K| W — ¥, 5
for w, w* € B(R), where Ks= K;(y, d,, b, ¢;, R, pi, a;;) >0. Thus we have
|OWw — OW*|, s = €|L|Ka|w — ¥, 5

for w, w* € B(R), where K, =max (K, K3). Consequently, O is a contraction on
B(R) if |e] = &o=(2|L|K4)". Note that = £(¥, k;, c;, b;, R, p).

Finally, to insure that O maps B(R) into itself, we simply make R so large
that R/2=|Zo|., 5 +|L|(|8lus +|plws +1d]..e)- Then

|OW|,s=R/2+¢|L|KyW|,g =R/2+R/2=R.

As a result, O has a fixed point w in B(R) which solves (3.4). Hence x =y +ew
solves the original problem (2.1). Since R depends on o, ¥, p, g, b;, ¢;, d;, a, it
follows that £, depends on all of these parameters. [

Proof of Theorem 2. Since the operators

j Y(s) daij(t—S)ZJ Y(t—s) da,-,-(S)
—0 0

obviously map scalar w-periodic functions into scalar w-periodic functions and
hence h(w) maps P(w) into itself, the above proof can be carried out as stated with
P(w)®Eg replaced by P(w). In this case, P, =0 throughout. [
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