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A way of formulating nonlinear Steklov problems on nonsymmetric domains
as an operator equation u = pPu, where P is completely continuous, is given.
Local and global existence theorems then follow from standard techniques;
these results extend earlier results for symmetric domains and equations with
symmetric coefficients. Some miscellaneous results are given concerning the
nature of the solution branches.

1. InTRODUCTION

Consider the nonlinear Steklov problem (P) given by

Lu= Y Dyaix) Du) =0, xeD, (1.1)
i,5=1
U = Y, (%) nx) Dju = pf(x,u), xe€dD, (1.2)

i,9=1

where D is a bounded region in Euclidean m-space E™ whose boundary 9D
is of type C'+}, 0 << A < 1; where n(x) = (ny(x),..., #,(x)) is the outwardly
directed unit normal to dD at x = (x, ,..., %,,) € 6D; and where D; = 0/0x; .
Here a,;(x) are given functions satisfying

a;; € CYAE™), a;(x) = a;,(x), xeEm

and

m m

Y ay®&86>0, Y &40, xehm

ij=1 =1

The function f(x, u) is assumed to be given in advance and to satisfy
f(x,0) =0, xedD; more will be specifically required of f below. By a
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solution to (P) we mean an ordered pair (u, #) where p is a real number and
ue CY(D)n C¥D), D = D v 2D, for which u satisfies (1.1) on D and p,
u satisfy (1.2) on oD.

Clearly (u, 0) is 2 solution to (P) for all real p € E'; we are interested,
however, in conditions under which (P) admits nontrivial solutions (i.e.,
solutions for which # == 0 on D). In [1, 2] existence results (global) were
obtained for the special case of Laplace’s operator L = 4 on the unit circle D
in E2. The more general problem (P) was studied in [3] under certain sym-
metry conditions on D and a;; . (The results in [3], although local, can be
extended globally by using a recent result of Rabinowitz [4].) The purpose
of this note is to extend the existence results of [3], locally and globally,
to nonsymmetric domains D; symmetry conditions on a;; and f will also be
dropped. The local result below (Corollary 2.2) contains those of [3]; the
global result (Theorem 3.1) however requires an added hypothesis on f not
made in [3]. We also give a few results on the nodal structure of u for solutions
to (P) and on the asymptotic nature of the solution set for (P) in Section 4.

2. LocaL Resurts

We make the following hypotheses concerning the nonlinear term f:

(H1) f(x, 2) = 2a(x) + g(x, ) where a(x) € C%0D), g(x, 2) € C0D x Iy),
s = (—5,8), 8 >0, and g(x, 2) = o[ 2|) as 2— 0. Further, g.(x, 2) exists
and is continuous on 9D X [.

(H2) [op a(x) dx 0.

We will, in fact, assume that « = [,5, a(x) dx = 1. Under (H2) this is done
without any loss of generality for we can always replace f and p in (P) by
o~lf and au, respectively.

As is well known in bifurcation theory for nonlinear eigenvalue problems
such as (P) the linearized problem (L)

Lu=0, xeD; Uy = pa(x)u, xeoD,

plays an important role. From that theory we expect local branches of non-
trivial solutions to bifurcate from at least those eigensolutions (u, u) of (L)
for which g has odd multiplicity. We will not analyze here in detail the
bifurcation phenomena of (P), but will only demonstrate how to reformulate
problem (P) so that the standard techniques and results apply.

We begin by remarking that the assumptions made above concerning the
domain D and the coeflicients a,; insure that the Neumann problem (N)

Lu =0, xeD; Uy = H(x), xeéD,
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where h(x) € C%@D) is a given function, has a solution if and only if the
orthogonality condition

fa h(x) dx = 0 2.1)

is satisfied. Moreover, solutions to () differ by constants and the solution
(as always, in C¥(D) N C%(D)) satisfying

f a(x) u(x) dx = 0 2.2)
ap
is given by

uw) = [ NG ) k(y) dy

where N(x,y) is the so-called Neumann function for L on D. The linear
operator defined by

Ah = f N(x,y)h(y)dy, xeoD,
oD

is a compact operator from C%0D) into C%0D) under the sup norm

]| = sup | u(x)|
aD

(in fact, 4 is compact from C%2D) into C(¢D) under the norm
1
== D'L ¢
lull =3 sup | Dau(x)|

i=0

although we will not use this fact). Details concerning all of these remarks
may be found in [3, 5].

The difficulty in treating (P) arises from (2.1). Clearly, any sclution
to (P) which satisfies (2.2) must satisfy

ww) = [ Newy) (3 u(2) dy; 23)
the converse, however, is not true unless
[ frumdy =0 (2.4)

holds. In [1, 2, 3], symmetry properties of D, a;; , and f were used to guarantee
(2.4) a priori, allowing (P) to be studied via the integral equation (2.3). Here,

409/43/3-12
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in order to handle (2.4), we do the following. For a given u € C%0D) let
k = k(u) be a real constant satisfying the equation

[ o +mdy=o. (25)
In place of (2.3) we then consider the integral equation
ww) = [ N(x,9)f(3, w3) + K@) dy. (2.6)

Suppose that u € C%dD) satisfies (2.6); then #@(x) = u(x) + k solves (P).
In order to justify the use of (2.6) in solving (P) we must first show that the
operator k = k(u): C%(0D) — E! is well-defined and continuous on a suf-
ficiently small open ball B, C CYdD) of radius e centered at 0 and that
k(0) = 0. Then, since fu= f(y,u(y)): B.—C%dD) is continuous (by
(H1)) and 4 is compact, the operator Pu = Af(I + k) u is well-defined and
completely continuous on B, C C%dD) for ¢ > 0 sufficiently small. Equation
(2.6) can then be written as the operator equation

u=pPu, (mu)eE X B,. @7

If u # 0, then problem (P) is equivalent to Eq. (2.7). Clearly, by the
manner in which P is defined, if (i, ) € E* X C°%dD) is a solution to (2.7),
then (i, u + k) € E* x (C¥D) N CYD)) solves (P) (u being uniquely defined
by its boundary values). Conversely, let (u, #), u # 0, be a solution (P).
Defining # =u — k, k = Jfa,} au dy, we find that # satisfies equations (1.1)
and (2.2) together with the boundary condition

T =uf(, T+ k), xedD.

Thus, by (2.1) it follows, since u % 0, than (2.5) is satisfied for #, & and,
hence, # and k satisfy (2.6). In other words, # satisfies the operator equation
(2.7). Since the solution set of (P) for u = 0 is completely known: (0, »),
u = const (and it will follow below that this is the only possible branch
bifurcating from (0, 0)), we accordingly lose nothing in considering the
operator equation (2.7), to which all of the standard techniques and results
for such equations apply, for u 7 0.

We have only to justify (2.7) by giving conditions under which A(x) is
well-defined and continuous on some ball B,, ¢ > 0, and #(0) = 0. To do
this we consider Eq. (2.5) which, by (H1), may be written

Fbuy=k+ Gk,u) =0, (k,ue(—mnn) X B,,

G(k, u)szaudy +fwg(y,u+k)dy,
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for » > 0 sufficiently small (in order that u 4 k€ B; so that g(y, u + k)
is meaningful). By (H1), F(0, 0) = 0, and F(k, ) has a continuous Fréchet
derivative with respect to & on (—v, 1) X B, . It is easy to show that this
derivative at (&, #) = (0, 0) is the invertible linear operator F,(0, 0) w = w.
Thus, by a well-known implicit function theorem [6] there exists a unique
function & = k(1) defined and continuously (Fréchet) differentiable on a
sufficiently small neighborhood B, of u = 0 such that F(k(x), u) =0, u€ B, ,
and %2(0) = 0. The operator Pu is, then, well-defined and completely continu-
ous on B, — C%0D). We have proved the following theorem.

Tueorem 2.1. Let (H1) and (H2) be satisfied. Then for p 0 and € > 0
sufficiently small problem (P) on B, is equivalent to the operator equation (2.7)
where P is completely continuous on B, .

The linearized problem u = pLu where L is the Fréchet derivative of P
at # = 0 plays a fundamental role in the consideration of (2.7). The linear
operator L is necessarily compact (since P is completely continuous [7]).
Moreover, it is not difficult to show that # = pLu for p 54 0 is equivalent to
problem (L). To show this we observe that

Lw = LD N, y)a [w — -[au aw dz] dy; (2.8)
for, by (2.8)

Pw — Lw = fap N(x,y) [f(y, w + k(w)) —aw + a fau aw dz] dy
— LD N(z, y) [ak(w) ta LD aw dz + g(y, w + k(w))] dy
= | M) [s 0+ k@) —a | glew+ kw) da] dy.

Since k(w) is continuously (Fréchet) differentiable in B, , £(0) = O (implying
k(w) = O(| wlf)), and (HI1) holds, we have that Pw — Lw == o(|| w ||}, w € B;
that is, Lw as defined above is the Fréchet derivative of Pu at # = 0. Remem-
bering that [55 a dx = 1, we see that

LDa [w——fapawdz] dx =20

and, hence, that any solution to w = uLw yields a solution (u, u),
u=1w — [spawdx, to problem (L). Conversely, if (u,#) is a solution to
(L) with p 3£ 0, then w=u — k, k = [;p au dx, satisfies (1.1) and (2.2)
and the boundary condition w, ¢,y = pa(w + k). Thus, since w satisfies (2.2)
and since by (2.1) k = — [, aw dx, it follows that (i, w) satisfies w = uLw.
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As a result of this, it follows, since L is compact, that problem (L) can have
at most a countable number of eigenvalues with no finite accumulation point
each of which has finite multiplicity.

The theory of nonlinear, completely continuous operators P may now be
applied to problem (P). Since the results of this theory are numerous and the
application now straightforward we only state the following basic corollary
of Theorem 2.1 which follows from Corollary 1.12 in [4]. For a detailed
study of the solution branches of problem (P) we refer to the many results
in [4].

We denote the closure of the set of nontrivial solutions to (P) by S.

CoroLLArY 2.2. Let (H1) and (H2) be satisfied and let v(L) be the spectrum
of problem (L); r(L) is countable and has no finite accumulation point. If p € r(L)
1s of odd multiplicity then S contains a continuum of solutions to problem (P)
which contains (u, 0) and which either meets d(B, X R) or contains (1*, 0)
Jor some p* er(L), p* # pu.

Note that 0 # (L) and consequently (0, 0) is not a bifurcation point of
(2.7) [7]. Thus, problem (P) has only the solution set (0, %), # = constant,
branching from (0, 0).

If p e r(L) is simple, then the structure of the continuum is known in more
detail; see [4]. In particular, if g(x, 2) is analytic in 2 (as in [1, 2, 3]) and p is
simple, then # and p can be represented in power series expansions of a
small parameter; this can be carried out exactly as in [3].

3. A GLoBAL THEOREM

In order to show that & = k(z) was well-defined and had the necessary
properties to make Pu well-defined and completely continuous, an implicit
function theorem was invoked in Section 2, which because of the local
nature of such theorems only allowed the local consideration of (2.7) and,
hence, of problem () on B, for ¢ > 0 sufficiently small. In this section we
give a simple condition on g which insures that k(z) is well-defined globally
so that problem (P) may be treated globally. We use the following hypotheses.

(H3) g.(x, 2) > —s7L, (x,2)€ 8D X (—o0, +0).
(H4) There exist constants ¢; 2> 0, ¢, = 0 such that for all x € 6D

g2x2) <, 2K —¢ and g%, 2) = —¢;, 2=cy.

Assuming these hypotheses on g (in addition to (H2) and to (H1) with
8 = 4 o0) we once again consider Eq. (2.6) for £ which we again write as
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F(k, u) = k + G(k, u) =0, G as in (2.8). We wish to show that this equation
has a unique solution k(x), continuous in %, for each u € C%@D).
For a fixed u € C%¢D), it follows from (H1) and (H3) that

d
FFe0) =14 [ glout Ry >0;

that is, F(k, u) is strictly increasing in k. Thus, if F(k, u) = 0 has a solution
k for u e C%¢D) it is necessarily unique.

For fixed ue C%0D) and for all % sufficiently large, u(x) + k> c,,
x € 8D, and hence by (H4), g{x, u + k) > —c,, x € dD. Thus,

f gx,u+kyde =2 —e¢s > —w
oD

for k sufficiently large and it follows that lim,_, , F(k, #) = -} co. Similarly,
using (H4) we can show that lim,, . F(k, u) = —oo. Since F(k, u) is
continuous in & it follows that for each u € C°%(9D) there exists a & = k(u)
for which F(k, u) = 0. Clearly £(0) = 0.

Finally we show that k() is continuous in # (with respect to the sup
norm || #|)). Suppose this were not the case and we could find a %, and a
sequence u, — t, such that k, = k(u,) » k(u,). Extracting a subsequence
if necessary, we assume k, — k, where &, may be finite and = k(u;) or
ky = 4-00. First, if &, is finite then from F(k, , u,) = 0 we obtain in the
limit (using the obvious continuity of F' insured by (HI1)) the equation
F(ky , uy) = 0. Since ky # k(u;) we have a contradiction to the uniqueness
proved above. Finally, suppose ky, = +o0, the case ky = —o0 being
similar. Since #,, — #, in sup norm we know that for z large all of the functions
u,, are uniformly bounded on dD. Thus, u, + &k, — 400 in sup norm and
as a result of (H4) we have, for large enough #, that

f o(x, u, - k) dx > —eps.
oD

Consequently, F(k, , u,) — -+ o0 which contradicts F(k, , u,) = 0 for all .

To sum: under (H1)-(H4) (with 8 = + oo in (H1)) the operator & = k(w)
defined by Eq. (2.6) is well-defined and continuous on C°(0D)— E! with
k(0) = 0.

TueorEM 3.1. Let (HI) be satisfied with 8 = o0 together with (H2),
(H3), and (H4). Then problem (P) on C%(2D) is equivalent to the operator equa-
tion (2.7) where P is completely continuous on C°(0D).
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This result together with the global bifurcation results in [4] leads to
global existence theorems for problem (P). For example, the following,
theorem follows from the basic results in [4].

CoroLLarY 3.2. Let (H1) with 8 = 4 oo and (H2), (H3), (H4) be satisfied.
If wer(L) is of odd multiplicity then S contains a continuum of solutions to
problem (P) which contains (u, 0) and which either meets co or contains (u*, 0)
for some p* er(L), p* #~ p.

Once again more can be said if p is simple (see [4]).

Remark. One can also prove the existence and uniqueness of the root
k to F(k, u) = 0 for u € C%0D) by using the contraction mapping principle
on G(k, u). This, however, entails a Lipschitz condition of g in z with suffi-
ciently small Lipschitz constant for all z € (— o0, 4 o0), which is a stronger,
less desirable assumption to make than (H3) and (H4) above. For example,
the above results handle the problem g(x, 2) = 2® ((H4) is satisfied for
6 =¢; =0).

In fact, since by (H1) g(#, 0) = 0, hypotheses (H3) and (H4) are both
satisfied (with ¢, = ¢, = 0) by any function nondecreasing in & for all
x e dD.

4, MISCELLANEOUS RESULTS

We begin this section with the following theorem concerning the nodal
structure of certain solutions to problem (P).

TueoREM 4.1. Suppose (H1) holds and a(x) =0 (or <0, but =0).
If (u, w) is a nontrivial solution to problem (P) which is connected to (n*, 0)
by a continuum of nontrivial solutions to problem (P) where u* € r(L), u* # 0,
then u changes sign on 0D (and, hence, in D).

In particular then, # changes sign in 0D for all solutions (u, #) lying on the
continua whose existence is insured by Corollaries 2.2 and 3.2 above. For an
example of the importance of the nodal structure of solutions in certain
applications see [1, 2].

The proof will follow easily from a sequence of lemmas. Denote
V = {u € CY&D): u changes sign on 0D}.

LemMma 4.2, Suppose (u*, w*), u* 5= 0, w* 5= 0, solves the linear problem
w = pLw where a 2= 0 (or <0, but =£0). Then w*e V.

Proof. As noted in Section 2, for u = 0, the operator equation w = uLw
is equivalent to problem (L) and, hence, (u*, w*) is also a solution to this
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problem. But then (2.1) implies [,, aw* dx = 0 which, together with the
assumptions made concerning a, implies u* e V.

LemMa 4.3. V is an open subset of C%0D) (under the sup norm). Let
(H1) hold; if (i, u) is a solution to problem (P), then u ¢ oV .

Proof. That V is open is obvious. Let u € ¢V. Then u 2> 0 or # <L 0 on
2D with u(x,) = 0 for at least one point x, € 0D; u thus has, by the mini-
mum-maximum principle for solutions to elliptic equations and as a function
on D, a minimum or maximum at %, . But (1.2) and (H1) imply that #,(, ) =0
in contradiction to the fact that at its extrema, u, %= 0 (see [8, p. 65]). We
conclude u ¢ oV

Lemma 4.4.  Suppose (H1) holds. To each p* € r(L) there exists a constant
€ > 0 such that if (u, u) is any nontrivial solution to problem (P) for which
(p, ) e (u* — e, p* + €) X B, then ue V.

Proof. Suppose that no such € > 0 exists. Then we can find a sequence
of solutions (u,,u,) such that u,-—>p*, u,—~0 and u,c C%3D) — V.
Solutions to problem (P) necessarily satisfy #,, = p,Pu,; i.e., u, = Ap, fu, or

U || 15 || = Apy( ftn]|| w0 1). (4.1)

By (HI) the sequence {u, fu,/l #,|} is bounded and consequently, since 4
is a compact operator, {u,/|| #, |} is precompact. Extracting a subsequence if
necessary we assume u,/|| u, || = u* € C8D), || v*|| = 1. Now (H1) implies
funll| 4, || — au* so that (4.1) implies u* = p*Au* or that (u*, u*) solves
problem (L). By Lemma 4.2, u*e V. But V is open by Lemma 4.3 and,
hence, u,fli , || or u, is in V for large n. This contradicts u, € C%(8D) — V
and proves the lemma.

Proof of Theorem 4.1. Since the continuum of solutions from the solution
(1, w) meets (u*, 0) it follows that on this continuum there exists a solution
(p**, u**)e (u* — e, p* + €) X B, where ¢ >0 is as in Lemma 4.4;
thus, #** € V. Let C be a continuum joining (g, ) to (u**, u**). Suppose
that u¢ V' and hence uecC%8D)— V = V* by Lemma 4.3. Then
() e CN(E X V*) and (p**, u**)e C N (E* X V). Since C cannot
equal the union of the two disjoint, relatively open, nonempty sets
CN(E' X V) and Cn (E* X V*), there exists a (', u’)e C for which
(v, ') e E' x 0V. But C is a continuum of solutions so that ' € 0V contra-
dicts Lemma 4.3. This contradiction implies that u € IV as asserted. This
proves the theorem.

One can also easily show, using (2.1), that if 2f(x, 2) = 0 (< 0) for ail
(¢, 2) € 0D X (— 0, +0) then every solution of problem (P) for u %0
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must change sign in D, regardless of whether or not it is connected to (u*, 0),
p*er(L), by a continuum.

From Theorem 3.1 we have conditions under which a global continuum C
of solutions to problem (P), bifurcating from (g, 0), per(L), exists. The
possibility that C joins (u*, 0) for some other p* € 7(L), u 5= p*, shows that
the graph I'= {(u, || #): (4, #) € C} may be bounded in E2 In the case of the
second alternative that C joins oo, I' is unbounded in E% To conclude this
section we briefly consider the question of in what manner I"may be unbound-
ed. Denote by I, | the projections I == {u: (u, u) € C for some u € CY0D)}
J={lul: (4, u) € C for some u € E'}. Since C is a continuum both I, |
are intervals (possibly closed, open, or half open and closed). If C joins oo
then either 7 or J (or both) is infinite. The next theorem concerns the
projection J.

THEOREM 4.5. Let f satisfy (H1) with 8 = 4-co. If there exists a real
2y 7= 0 such that f(x, 2,) =0 for all x € 0D, then there can exist no solution
(u, ), n#0, to problem (P) for which maxgp u(x) = 2, nor for which
ming, #(x) = 2 .

CoROLLARY 4.6. Suppose (H1) holds with 8§ = +o0 and that a(x) >0
(0). If C is a continuum of solutions to problem (P) containing (p, 0) for some
per(L)andif 2, << 0 < 2, are reals for which f(x, z) = f(x, 2,) = 0, x € 0D,
then | = [0, c] or [0, ¢) where c ts some constant, ¢ << 23 = min(—z; , 2,). If
C meets oo, then I is unbounded and 0 ¢ I.

Proof of Theorem 4.5. Suppose (u, u), u 5= 0, solves problem (P) and
max,p #(x) = 2z, . Then there exists x, € ¢D such that u(x,) == 2, and inas-
much as u satisfies (1.2) with u 5 0 it follows that 4,(, ) = 0 in contradiction
to the strong maximum-minimum principle mentioned above [8]. A similar
argument can be made to rule out mingp u(x) = 2, .

Proof of Corollary 4.6. Define the open set
T={ucCYoD): z, <u(x) <z,x€ 0D}

By Theorem 4.5 no solution (u, ), p # 0, exists for which u e 7. By
Theorem 4.1 no solution (u, u) € C exists for which x = 0; that is, 0 ¢ 1.
Arguing just as in the proof of Theorem 4.1, we conclude that C C T'. Thus,
for (u, u) e C, 2; <<u < z, which implies [f# || < 25. Since [ is connected,
bounded, and contains 0 (C contains (u*, 0)), we have J = [0, ¢] or [0, ¢).
Finally, if C meets co, then since J is bounded, / must be unbounded. It was
already noted that 0 ¢ 1.

As a final result, we note that if C meets oo and (g, ) € C is known to
satisfy an a priori estimate || u || << M(u), where M(u) is bounded on finite p
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intervals, then clearly I must be unbounded. From this follows easily another
result.

Tueorem 4.7. Let (H1) hold (with 8 = +00) and suppose that there exist
constants K >0, 0<p <1, such that |f(x,2) <K|2|? for all
(%, 2) € 0D X (— o0, + ). If (u, u) is a solution to problem (P) then
lul < Kul/? for some constant K > 0.

Proof. From (2.3) and the hypothesis on f we find || u || < My || u||? for
M >0 depending on N(x,y) but independent of n and wu. Thus,
K = M1/0-m

CoroLLARY 4.8. Suppose (H1) (with 8§ = -+c0), (H2), (H3), and (H4)
hold and that f satisfies the hypothesis of Theorem 4.7. Let C be a continuum of
solutions to (P) containing (1, 0), per(L), p of odd multiplicity. Then I is
unbounded, 0 ¢ 1.
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