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1. Introduction. In 1925 Levi-Civita [5] reduced the mathematical theory
of two-dimensional, periodie, permanant waves of finite amplitude on an ideal
fluid of infinite depth to the problem of determining all non-constant complex
valued functions w(¢) = 6 4+ ir of a complex variable { = pe’” = ¢ + 45 holo-
morphic in the unit disk [¢| < 1 which satisfy »(0) = 0 and

(1.1) 30/3p = pe > sin® on ¢ =1,

where p is an a priori undetermined positive constant. It is assumed that
w(¢) e C'(J¢] = 1) and without loss of generality that w is to be purely imaginary
for real ¢ [5]. This problem will be referred to as problem (I).

Each such function w for which |w| is sufficiently small gives rise to a periodic
wave (and conversely) where 6 is the angle of inclination of the flow vector
with the horizontal and 7 is related to the speed ¢ of the flow vector, viz., 7 =
log (q/c) where ¢ is the speed of the wave profile. The constant p is related to
physical constants by

N
(1.2) p =2,

where X\ is a wavelength of the wave and ¢ is the acceleration due to gravity.

One is interested in the existence of waves in a neighborhood of the uniform
flow w = 0 and, consequently, requires that |w| be small. Specifically it is required
that

1.3) e —1 =B8<1, [¢f] =1,

for some constant 38, 0 < 8 < 1. Using the technique of analytic expansion in
powers of a small parameter (essentially the amplitude of the wave), Levi-Civita
demonstrates the existence of a non-constant solution w to problem (I) satisfying
(1.3) for any value of p satisfying1 — ¢ < p < 1 where ¢ > 0 is some sufficiently
small constant. The result has been proved also by Littman and Nirenberg
(see Stoker [9]) using a fixed point theorem and by Nekrasov [8] and Lichten-
stein [6] using the theory of integral equations. Each such solution to problem (I)
gives rise to a unique wave motion as soon as a wavelength \ is specified; ¢ is
then determined from (1.2).
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Levi-Civita remarks that if one is interested only in the existence of a solution
to problem (I) one can restrict attention to p < 1 since & = w({™), where n =
any positive integer, is a solution corresponding to § = np. This solution arises
from considering a wave of wavelength N (generated by w) as a wave of wave-
length X = n); consequently, the waves arising from & are physically identical
to those arising from w. Levi-Civita then asks whether solutions for which p > 1
other than those constructed from solutions for p =< 1 are possible and con-
jectures that such is not the case.

Treating this problem as a uniqueness question for harmonic functions under
the non-linear boundary condition (1.1), several authors have attempted to
prove this conjecture (cf. [2], [3], [7]), but have only succeeded in excluding the
existence of two solutions to the problem whose hodograph vectors (g, 6) bear
a complicated relation to one another (cf. [3] and [7]). It is not difficult to see,
however, that a general uniqueness theorem for this problem is not possible
since there exist values of 5 > 1 (sufficiently large) which are integer multiples
of more than one value of p in the range 1 — ¢ < p = 1 and, consequently, the
problem for this value of § has more than one solution. The conjecture must be
approached from another point of view. In §2 we discuss how the problem may
be viewed in terms of the minimal wavelength of a wave and in §3 we prove
Levi-Civita’s conjecture for p = (1 + B)° where B is the constant appearing
in (1.3).

2. Preliminary considerations. The question Levi-Civita is asking is whether
all waves of the type under consideration are given by solutions to problem (I)
corresponding to p = 1; if so, then no loss in generality occurs if this restriction
is placed on p. This question may be formulated in terms of p, = g\,/2wc
where ), is the minimal wavelength of a given wave (i.e., the smallest positive
real number which is a wavelength of the wave) as follows: ¢s p,, = I for any
gien wave? If such is the case, then all waves (whether obtained from solutions
to problem (I) for p > 1 or not) may in fact be obtained from solutions to
problem (I) for p = p,, < 1, since any wave (as proved by Levi-Civita) gives
rise to a solution to problem (I) for p as given by (1.2) for any wavelength .
In §3 (¢f. Theorem 3.1) we prove that p,, < (1 -+ B)° for any wave of the type
under consideration excepting certain peculiar types (see below). Whether or
not there actually exist waves for which 1 < p,, < (1 + B)° remains an open
question.

To formulate the existence problem for waves of the type under consideration
as problem (I), the region of flow beneath a wave of length X and bounded by
vertical lines d’, d”’ passing through two nodes is mapped conformally onto the
unit disk in such a way that d’, d”’ are mapped onto the split segment —1 =
Re ¢ < 0,Im ¢ = 0, on the real axis and the vertical line d”’ passing through the
crest occurring midway between the nodes is mapped onto 0 < Re ¢ = 1,
Im ¢ = 0. In his paper Levi-Civita proves that the wave is necessarily sym-
metric with respeet to d’, d”’ and d’” and consequently 6 vanishes along these
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lines (hence the requirement in problem (I) that § = 0 for real {). Throughout
this paper we exclude from consideration waves for which 8 vanishes at any point
other than those lying on d’, d”’ and d’"’ and as a result we may formulate the
following criterion: for a solution w = 6 -+ 47 to problem (I) corresponding to a
given value of p we have \,, < \ for all \ if and only if 6 = 0O for some ¢, |¢] S 1,
for which Im ¢ £ 0. Although we have excluded waves of a special type for
purely mathematical reasons, one suspects that stable waves of this type do not
exist; a proof of this fact would certainly be of interest.

3. Results. We begin by proving two lemmas.
Lemma 3.1. If 0 = 0(¢, 1) # const. satisfies the equation
3.1) nAu + 2u, = 0,

on a regular domain D [4] and § ¢ C*(D), § € C"(D + D), then the outer normal
dertvative 88/9n changes sign on the boundary 0D.

Proof. Applying the divergence theorem to 7°09/dn on 9D, we have for
any solution 8 to (3.1)

200, _
anﬂ—m
and the lemma follows, unless 89/0n = 0 on dD. But in the latter case an appli-
cation of the divergence theorem to 7°008/dn readily proves § = const.

Lemma 3.2. Consider the function of polar coordinates x = r cos 6,y = r sin
given by f(r, 0) = sin 0/r°0 on the circle Co:(x — 1)* +9* £ 8°,0 < B8 < 1. Then
for the principal values of 0

min f(r, ) =Q0+m7"

Proof. Since f, < 0 on Cs the minimum of f is assumed on dCs and, moreover,
on that portion of dCs for which r = cos 8 + (8° — sin® 0)'%, —sin™' B < 0 <
sin™' B. A substitution of this expression for r into f and a straightforward
calculation of df/d6 shows that the minimum of f on dCs oceurs at 6 = 0.

We now establish our main result.

Theorem 3.1. For any wave which satisfies inequality (1.3) (and the restriction
of §2), we have p,, < (1 + B)°

Proof. Suppose, on the contrary, that there exists a wave for which
P = (1 + B)%. Then there exists a non-constant solution w = 6 + 4r to problem
(I) satisfying (1.3) for p = p, = (1 + B)* where, according to the criterion of
§2, 8 = 0if and only if 4 = 0. Since § must change sign on 9D (this may be seen
mathematically from the well known integral theorem of Gauss [1] and (1.1)),

6 possess opposite signs on the upper and lower half disk, z.e. in D + 4D
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6>0, n>0 and 6 <0, 7 < 0,or
0 <0, 7>0 and 6>0, 7 < 0.

Any harmonic function is necessarily analytic in £,  and, hence, we may write
6 = 78 where § = 0(¢, ) is an analytic function in £ n on D which, by (3.2),
does not change sign on D + aD. A straightforward calculation shows that
0 satisfies equation (3.1) in D and that for p = 1, by virtue of (1.1), 8 satisfies
%S = h(0)0, 0=<o0 = 2r,

(3.2)

where o is the polar angle of £ 7 and

o
h(s) = [p——’"e sm @ _ 1] :
0 =1

The function h(s) is continuously differentiable for all 0 < ¢ =< 27. Lemma 3.2
(with r = ¢") together with (1.3) and p,, = (1 + B)* implies h(s) = 0 and

consequently, since 8§ does not change sign on D, neither does 89/dp. This

contradicts Lemma 3.1 unless # = k = const. in which case § = kg, r = —k¢.
But then (1.1) implies
ko + -+ =ksine = 90/9p = pne " sin 0 = kpno + -+

and, hence, k = 0 (since p,, = (1 4+ B8)*> > 1). This leads us to the contradiction

that = 0 and, consequently, the assumption p,, = (1 + 8)® is false.
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