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If the demographic parameters in a matrix model for the dynamics of a structured population are dependent
on a parameter u, then the population growth rate r = r(u) and the net reproductive number R0 = R0(u) are
functions of u. For a general matrix model, we show that r and R0 share critical values and extrema at values
u = u∗ for which r(u∗) = R0(u

∗) = 1. This allows us to re-interpret, in terms of the more analytically
tractable quantity R0, a fundamental bifurcation theorem for non-linear Darwinian matrix models from
the evolutionary game theory that concerns the destabilization of the extinction equilibrium and creation
of positive equilibria. Two illustrations are given: a theoretical study of trade-offs between fertility and
survivorship in the evolution of an evolutionarily stable strategies and an application to an experimental
study of the evolution to a genetic polymorphism.

Keywords: Darwinian matrix models; bifurcation; equilibria; net reproductive number; the evolutionary
game theory
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1. Introduction

Matrix models of the form

x̂(t + 1) = P x̂(t), x̂(0) ≥ 0̂ (1)

are commonly used to describe the dynamics of structured populations [1,8,10]. Here x̂(t) is, at
times t = 0, 1, 2, . . ., a column m -vector of numbers or densities of individuals in a specified set
of classes or categories (e.g. based on age, size, or life cycle stage). The entries of the non-negative,
m × m matrix projection matrix P are vital birth and death rates and transition probabilities among
classes (per unit time). If P is irreducible, then its dominant eigenvalue r > 0 gives the inherent
growth rate of the population. If r < 1, the population goes extinct (the extinction equilibrium x̂ =
0̂ is globally asymptotically stable); if r > 1, the population will grow exponentially (solutions
with x̂ �= 0̂ grow exponentially). If r = 1, the model has infinitely many equilibrium solutions
(positive scalar multiples of a positive eigenvalue associated with r = 1); that is to say, a vertical
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278 J. M. Cushing

continuum of non-extinction ‘equilibrium pairs’(r, x̂) = (1, x̂) bifurcates from (1, 0̂). Thus, r = 1
is a bifurcation point separating population extinction from long-term persistence.

We can also express this fundamental bifurcation theorem in terms of another important quantity
in population dynamics, namely the inherent net reproductive number R0. This number is defined
as follows [12]. The projection matrix P = F + T is additively decomposed by separating the
birth processes, contained in the matrix F , and the survival and class transition probabilities,
contained in matrix T �= 0. Specifically, the i, j -entry in F = (fij ) is the number of j -class
offspring from an i-class individual (per unit time) and the i, j -entry in T = (τij ) is the fraction
of j -class individuals that move to class i in a unit of time. Thus, these entries satisfy

fij ≥ 0, 0 ≤ τij ≤ 1,

m∑
i=1

τij ≤ 1. (2)

We assume I − T is invertible (so that individuals do not have infinite life expectancy); a sufficient
(but not necessary) condition for this is that all sums �m

i=1τij < 1 (i.e. there is some loss in every
class at each point in time). We also assume F(I − T )−1 has a simple, dominant eigenvalue R0

which has a non-negative (right) eigenvector.A basic relationship between R0 and r is given in [12]
(also see [8,10,17]): R0 and r are both equal 1 or are both less than 1, or are both greater than 1.
As a result, the fundamental bifurcation theorem described above can be expressed equivalently
in terms of r or R0.

With regard to the analysis of population models, and in particular the basic question of extinc-
tion versus persistence, an analytic advantage in using R0 is that, unlike r , there is often a tractable
formula for R0 expressible in terms of the entries in the fertility and transition matrices F and T .

For example, if the classification scheme is such that all newborns lie in the same class – say
class i = 1 – then all rows of F except the first row consist entirely of zeros. This means R0

is simply the first row, first column entry in the matrix F(I − T )−1. Since the first column of
(I − T )−1 consists of the expected amounts of time spent in each class, it follows that R0 is the
expected number of offspring per newborn per lifetime. Specific examples include the standard
size-structured population (or Usher) matrix model matrix model [1]

F =

⎡
⎢⎢⎢⎢⎢⎣

f11 f12 · · · f1,m−1 f1m

0 0 · · · 0 0
0 0 · · · 0 0
...

...
. . .

...
...

0 0 · · · 0 0

⎤
⎥⎥⎥⎥⎥⎦ , T =

⎡
⎢⎢⎢⎢⎢⎣

τ11 0 · · · 0 0
τ21 τ22 · · · 0 0
0 τ32 · · · 0 0
...

...
. . .

...
...

0 0 · · · τm,m−1 τmm

⎤
⎥⎥⎥⎥⎥⎦ (3)

for which

(I − T )−1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1

1 − τ11
0 · · · 0

τ21

(1 − τ11)(1 − τ22)

1

1 − τ22
· · · 0

...
... · · · 0

i∏
j=1

τj,j−1

1 − τjj

i∏
j=2

τj,j−1

1 − τjj

· · · 0

...
...

. . .
...

m∏
j=1

τj,j−1

1 − τjj

m∏
j=2

τj,j−1

1 − τjj

· · · 1

1 − τmm

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and hence

R0 =
m∑

i=1

f1i

i∏
j=1

τj,j−1

1 − τjj

. (4)

Here, τ10 = 1 for notational convenience. Also, 0 ≤ τii < 1 and hence this formula includes,
as a special case, the Leslie matrix model for age-structured populations in which τii = 0 for
i = 1, 2, . . . , m − 1.

If the entries of P = P(x̂) are dependent on the distribution vector x̂, then the matrix model (1)
is non-linear and r = r(x̂) becomes a function of x̂. The extension of the fundamental bifurcation
theorem, described above for linear matrix models, to nonlinear matrix models follows from
theorems in [8]. For example, using the inherent growth rate r = r(0̂) as a bifurcation parameter,
these theorems imply that a global continuum of non-extinction equilibrium pairs (r, x̂) bifurcates
from (1, 0̂) (under suitable smoothness conditions). However, the continuum in the non-linear case
is not in general vertical, as it is for linear models; that is to say, the spectrum (the set of r = r(0̂)

values obtained from equilibrium pairs (r, x̂) on the bifurcating continuum) does not consist of a
single point, but rather is an interval of real numbers. Moreover, the (local asymptotic) stability of
the equilibria x̂ is determined, at least for equilibrium pairs (r, x̂) near the bifurcation point (1, 0̂),
by the direction of bifurcation. (This is the familiar exchange of stability property that occurs
at transcritical bifurcations.) If the bifurcation is to the right (supercritical), the non-extinction
equilibria are stable while if the bifurcation is to the left, they are unstable. (The bifurcation is to
the right if r > 1 for non-extinction equilibrium pairs (r, x̂) near (1, 0̂) and to the left if r < 1.)

The theorems in [8] allows for the fundamental bifurcation theorem for non-linear matrix
models to be expressed in terms of other model parameters as well, including the inherent net
reproductive number R0 = R0(0̂) (denoted by n in [8]). Moreover, the bifurcation theorem (lin-
ear and non-linear) has also been proved valid in other contexts, including periodically forced
matrix models (for populations in periodically fluctuating environments) [7,13], integro-matrix
models (for structured populations in spatial environments) [19], for both autonomous and peri-
odically models for continuously structured populations in continuous time [3–6], and for general
structured population models set in an infinite dimensional setting [21].

Recently, the author extended the fundamental bifurcation theorem to a type of non-linear
matrix model obtained when evolutionary game theoretic methods are used to extend a popu-
lation matrix model to an evolutionary context [22]. This methodology includes the dynamics
of evolving (mean) phenotypic traits (that possess heritable components) under the influence of
natural selection. According to this theory, if the demographic parameters appearing in the entries
of the projection matrix P depend on one (mean) phenotypic trait u that, having a heritable com-
ponent, evolves according to natural selection, then model equations describing the population
dynamics and the trait dynamics (together called the Darwinian dynamics) are

x̂(t + 1) = P(x̂(t), u(t))x̂(t) (5a)

u(t + 1) = u(t) + σ 2 r ′(x̂, u)

r(x̂, u)
|(x̂,u)=(x̂(t),u(t)). (5b)

Here, r = r(x̂, u) denotes the dominant eigenvalue of P(x̂, u) and throughout this paper the prime
‘′’ denotes partial differentiation with respect to u:

r ′(x̂, u) = ∂r(x̂, u)

∂u
.

The quantity σ 2 in Equation (5b) is the variance of the trait (around its mean u) that occurs in the
population at each point in time. It is a measure of the speed of evolution.
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280 J. M. Cushing

If no evolution occurs (σ 2 = 0), so that u(t) ≡ u∗ is constant in time, then the Darwinian model
(5) reduces to the population dynamic model (1) with projection matrix P = P(x̂, u∗) for which
the fundamental bifurcation theorem described above holds.

For σ 2 > 0, a fundamental bifurcation theorem is proved for the Darwinian model (5) in [11]
using the inherent population growth rate r = r(0̂, u∗) as a bifurcation parameter, where u∗ is a
certain critical trait value (see Section 3). A goal here is to show that this bifurcation theorem can
be stated equivalently in terms of the inherent net reproductive number R0 = R0(0̂, u∗). To do this,
we establish a relationship between r(0̂, u) and R0(0, u) and between their first two derivatives
with respect to u when evaluated at the critical value u = u∗. These relationships are proved in
Section 2 and the re-reformulated bifurcation theorem appears in Section 3. The main advantage
of this version of the fundamental bifurcation theorem is that, as pointed out above, it is often the
case that explicit formulas are available for R0 even when they are not available for r . This often
allows for analyses that are not possible using r . Two applications that illustrate this point appear
in Section 4.

2. Some relationships between r and R0

Let U ⊆ R1 be an open interval of real numbers and consider the m × m matrix valued functions
F(u) = (fij (u)) and T (u) = (τij (u)) whose entries satisfy

A1:
{

fij , τij ∈ C1(U → R1) and, for all u ∈ U,

fij (u) ≥ 0, 0 ≤ τij (u) ≤ 1,
∑m

i=1 τij (u) ≤ 1.

Let ρ(M) denote the spectral radius of a matrix M . Assume

A2:
{

P(u) = F(u) + T (u) is primitive,1

T (u) �= 0m×m and ρ(T (u)) < 1 for all u ∈ U.

and

A3:
{

For u ∈ U the matrix F(u)(I − T (u))−1 has a simple, dominant eigenvalue

which has non-negative right and left eigenvectors ŵl(u) and ŵr (u).

Define

r(u) � ρ(P (u))

R0(u) � ρ(F (u)(I − T (u))−1).

A fundamental fact about these two quantities is that if one of them equals 1 then so must the
other (and otherwise they both lie on the same side of 1) [12]. On the other hand, as functions
of the trait u, these two quantities do not necessarily share the same properties. For example, in
general, the critical points and extrema of r(u) and R0(u) do not necessarily occur at the same
trait values u. The next theorem shows, however, that they do share extrema if they equal 1 at a
critical trait.

Theorem 1 Suppose A1, A2, and A3 hold.

(a) Then for u∗ ∈ U

r(u∗) = 1 if and only if R0(u
∗) = 1. (6)
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Journal of Biological Dynamics 281

(b) If Equation (6) holds for u∗ ∈ U , then there exists a constant k > 0 such that R′
0(u

∗) =
kr ′(u∗). As a result,

r ′(u∗) = 0 if and only if R′
0(u

∗) = 0. (7)

(c) If Equations (6) and (7) hold for u∗ ∈ U , then R′′
0 (u∗) = kr ′′(u∗) and as a result

r ′′(u∗) < 0 if and only if R′′
0 (u∗) < 0. (8)

It also follows that Equation (8) remains valid if ‘<’ is replaced by ‘>’ or by ‘=’.

Proof of (a) The equivalence (6) is proved in [12]. (Also see [17].) �

Proof of (b) Let v̂l(u) and v̂r (u) be left (row) and right (column) positive eigenvectors of P(u) =
F(u) + T (u) associated with the dominant eigenvector r(u)

v̂l(u)P (u) = r(u)v̂l(u)

P (u)v̂r (u) = r(u)v̂r (u)

normalized so that v̂l(u)v̂r (u) = 1. For notational simplicity, we drop the functional notation
‘(u)’. Thus, we write (valid for all u ∈ U )

v̂l(F + T ) = rv̂l

(F + T )v̂r = rv̂r

v̂l v̂r = 1.

(9)

A differentiation of the second equation with respect to u implies

(F + T − rI )v̂′
r = (r ′I − F ′ − T ′)v̂r ,

where I is the m × m identity matrix. It follows that v̂l(r
′I − F ′ − T ′)v̂r = 0 or

r ′ = v̂l(F
′ + T ′)v̂r . (10)

From the defining equations for the eigenvectors v̂r and v̂l , we derive the equations

ŵlF (I − T )−1 = R0ŵl

F (I − T )−1ŵr = R0ŵr

ŵlŵr = 1

(11)

for ŵl and ŵr and, similarly, obtain

R′
0 = ŵl[F(I − T )−1]′ŵr .

To simplify this formula, we differentiate (I − T )(I − T )−1 = I to obtain

[(I − T )−1]′ = (I − T )−1T ′(I − T )−1

and

R′
0 = ŵl[F ′(I − T )−1 + F(I − T )−1T ′(I − T )−1]ŵr

R′
0 = ŵl(F

′ + R0T
′)(I − T )−1ŵr . (12)
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282 J. M. Cushing

To prove (b), assume u = u∗ is a point where r = R0 = 1. Then setting u = u∗ in the first equations
in Equation (9) and in Equation (11) implies

v̂lF (I − T )−1 = v̂l

ŵlF (I − T )−1 = ŵl

which, because R0 = 1 is simple and both v̂l and ŵr are non-negative vectors, implies v̂l = k1ŵl

for some positive constant k1 > 0. Also when u = u∗ we have

(F + T )v̂r = v̂r

F v̂r = (I − T )v̂l

F (I − T )−1(I − T )v̂r = (I − T )v̂l

and hence

(I − T )v̂r = k2ŵr

for some positive constant k2 > 0.
In summary, at a point u = u∗ where r = R0 = 1, there are positive constants k1 > 0 and

k2 > 0 so that

v̂l = k1ŵl (13)

v̂r = k2(I − T )−1ŵr . (14)

Substituting these into Equation (12) we obtain, at a point u = u∗ where r = R0 = 1, that

R′
0 = k−1

1 v̂lF
′k−1

2 v̂r + k−1
1 v̂lT

′(I − T )−1k−1
2 v̂r

= k−1
1 k−1

2 (v̂lF
′v̂r + v̂lT

′v̂r )

= k−1
1 k−1

2 r ′.

It follows that at such a point u = u∗, the derivative R′
0 = 0 if and only if r ′ = 0. �

Proof of (c) We need to investigate the second derivatives R′′
0 and r ′′ evaluated at point u = u∗,

where both r = R0 = 1 and r ′ = R′
0 = 0. We will prove (c) by showing that

R′′
0 = k−1

1 k−1
2 r ′′ (15)

at u = u∗. Recall that both ki > 0.
As a preliminary step, we derive relationships between the derivatives v̂′

l , v̂
′
r and q̂ ′

r , ŵ′
l evaluated

at the point u = u∗, where we have, for notational convenience, defined

q̂r � (I − T )−1ŵr .

From Equations (9) and (11) we have (for all u)

(F + T )v̂r = rv̂r

F (I − T )−1ŵr = R0ŵr .

We re-write this pair of equations as

(F + T )v̂r = rv̂r

(F + R0T )q̂r = R0q̂r
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and differentiate both with respect to u to obtain

(F + T )v̂′
r + (F + T )′v̂r = rv̂′

r + r ′v̂r

(F + R0T )q̂ ′
r + (F + R0T )′q̂r = R0q̂

′
r + R′

0q̂r .

An evaluation at u = u∗ leads to (refer to Equation (14))

(F + T )v̂′
r + (F ′ + T ′)v̂r = v̂′

r

(F + T )q̂ ′
r + (F ′ + T ′)q̂r = q̂ ′

r

and hence

(F + T )v̂′
r = v̂′

r − (F ′ + T ′)v̂r

(F + T )q̂ ′
r = q̂ ′

r − k−1
2 (F ′ + T ′)v̂r .

Let v̂0
r denote the unique solution of

(F + T )x̂ = x̂ − (F ′ + T ′)v̂r

v̂T
r x̂ = 0,

(where the superscript ‘T’denotes the transpose of a vector). This solution exists because the non-
homogeneous term −(F ′ + T ′)v̂r is orthogonal to v̂l (which spans the nullspace of (F + T ) − I )
and hence to ŵl = k−1

1 v̂l . This is because r ′ vanishes at u = u∗ (see (10)). We conclude that

v̂′
r = c1v̂r + v̂0

r

q̂ ′
r = c2v̂r + k−1

2 v̂0
r

(16)

for constants c1, c2.
A similar set of calculations holds for the derivatives of the vectors v̂l , ŵl . We have from

Equation (9) and (11)

v̂l(F + T ) = rv̂l

ŵlF (I − T )−1 = R0ŵl

(valid for all u) by differentiation that

v̂l(F + T )′ + v̂′
l(F + T ) = rv̂′

l + r ′v̂l

ŵl(F + R0T )′ + ŵ′
l(F + R0T ) = R0ŵ

′
l + R′

0ŵl .

These equations, when evaluated at u = u∗, yield

v̂l(F
′ + T ′) + v̂′

l(F + T ) = v̂′
l

ŵl(F
′ + T ′) + ŵ′

l(F + T ) = ŵ′
l

or

v̂′
l(F + T ) = v̂′

l − v̂l(F
′ + T ′)

ŵ′
l(F + T ) = ŵ′

l − ŵl(F
′ + T ′).
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284 J. M. Cushing

Thus, since Equation (13) implies ŵl = k−1
1 v̂l , we get

v̂′
l = c1v̂l + v̂0

l

ŵ′
l = c2v̂l + k−1

1 v̂0
l

(17)

for constants c1, c2, where v̂0
l is the unique solution of

ŷ(F + T ) = ŷ − v̂l(F
′ + T ′)

v̂T
l ŷ = 0.

We turn now to a calculation of the second derivatives r ′′ and R′′
0 evaluated at u = u∗. From

Equations (10) and (12), we obtain by differentiation that

r ′′ = v̂′
l(F

′ + T ′)v̂r + v̂l(F
′′ + T ′′)v̂r + v̂l(F

′ + T ′)v̂′
r

R′′
0 = ŵ′

l(F
′ + R0T

′)q̂r + ŵl[(F ′ + R0T
′)]′q̂r + ŵl(F

′ + R0T
′)q̂ ′

r .

An evaluation at u = u∗ yields

r ′′ = v̂′
l(F

′ + T ′)v̂r + v̂l(F
′′ + T ′′)v̂r + v̂l(F

′ + T ′)v̂′
r

R′′
0 = ŵ′

l(F
′ + T ′)q̂r + ŵl[(F ′ + R0T

′)]′q̂r + ŵl(F
′ + T ′)q̂ ′

r

and from Equations (16) and (17) we obtain

r ′′ = (c1v̂l + v̂0
l )(F

′ + T ′)v̂r + v̂l(F
′′ + T ′′)v̂r + v̂l(F

′ + T ′)(c1v̂r + v̂0
r )

R′′
0 = (c2v̂l + k−1

1 v̂0
l )(F

′ + T ′)q̂r + ŵl(F
′′ + T ′′)q̂r + ŵl(F

′ + T ′)(c2v̂r + k−1
2 v̂0

r ).

If we make use of r ′ = v̂l(F
′ + T ′)v̂r = 0 and q̂r � (I − T )−1ŵr = k−1

2 v̂r , together with
Equations (14) and (13), we can write these equations as

r ′′ = v̂0
l (F

′ + T ′)v̂r + v̂l(F
′′ + T ′′)v̂r + v̂l(F

′ + T ′)v̂0
r

R′′
0 = k−1

1 k−1
2 v̂0

l (F
′ + T ′)v̂r + k−1

1 k−1
2 v̂l(F

′′ + T ′′)v̂r + k−1
1 k−1

2 v̂l(F
′ + T ′)v̂0

r

and hence we see that R′′
0 (u∗) = kr ′′(u∗). �

3. The fundamental bifurcation theorem and R0

Let R̄m+ denote the closure of the positive cone Rm+ in Rm and let � be an open set in Rm that
contains R̄m+ . Recall that U ⊆ R1 is an open interval. Consider the Darwinian matrix model (5)
with a projection matrix P(x̂, u) = (pij (x̂, u)) that satisfies

H0:

⎧⎪⎨
⎪⎩

pij ∈ C2(� × U → R̄1+);
(x̂, u) ∈ (� ∩ R̄m+) × U and P(x̂, u)x̂ = 0̂ imply x̂ = 0̂;
P(x̂, u) is primitive for (x̂, u) ∈ (� ∩ R̄m+) × U.

The dominant eigenvalue r(x̂, u) � ρ(P (x̂, u)) is the population growth rate at (x̂, u) and r(0̂, u)

is called the inherent population growth rate at trait u.
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We consider projection matrices that have the form [8,10]

P(x̂, u) = F(x̂, u) + T (x̂, u) (18)

where the entries in the m × m matrices F(x̂, u) = (fij (x̂, u)) and T (x̂, u) = (τij (x̂, u)) satisfy

H1:

{
fij , τij ∈ C2(� × U → R̄1+) and, for all (x̂, u) ∈ (� ∩ R̄m+) × U,

fij (x̂, u) ≥ 0, 0 ≤ τij (x̂, u) ≤ 1,
∑m

i=1 τij (x̂, u) ≤ 1.

In order to use Theorem 1, we also need the hypotheses

H2:

⎧⎪⎨
⎪⎩

for u ∈ U assume T (0̂, u) �= 0m×m, ρ(T (0̂, u)) < 1 and

F(0̂, u)(I − T (0̂, u))−1 has a simple, dominant eigenvalue which

has non-negative right and left eigenvectors ŵl(u) and ŵr (u).

The dominant eigenvalue r(0̂, u) � ρ(P (0̂, u)) is called the inherent population growth rate at
trait u. The dominant eigenvalue

R0(0̂, u) � ρ(F (0̂, u)(I − T (0̂, u))−1)

is called the inherent net reproductive number at trait u [8,10,12].
A non-negative equilibrium (x̂(t), u(t)) ≡ (x̂e, ue) ∈ � × U of the Darwinian model (5)

satisfies the equations (when σ 2 > 0)

x̂e = P(x̂e, ue)x̂e (19a)

r ′(x̂e, ue) = 0. (19b)

The point (0̂, u) is an equilibrium if u = u∗, where r ′(0̂, u∗) = 0. We call such a trait u∗ a critical
trait.

Theorems 2 and 3 below are re-statements of Theorems 2 and 3 in [11] in terms of the inherent
net reproductive number at a critical trait, which, in these theorems, is denoted by

λ � R0(0̂, u∗). (20)

Theorems 2 and 3 in [11] are instead stated in terms of the inherent population growth rate r(0̂, u∗).
These re-statements in terms of R0(0̂, u∗) are valid in light of Theorem 1 proved in Section 2.
These theorems deal with a transcritical bifurcation of equilibria of the Darwinian model (5) that
occurs at the extinction equilibrium (0̂, u∗) at λ = 1 and results in the existence of non-extinction
equilibria (x̂e, ue), x̂e ∈ Rm+ , of Equation (5) for λ near λ = 1. They also deal with the stability of
these bifurcating non-extinction equilibria and how it depends on the direction of bifurcation.

Before stating the theorems, we give some preliminaries. If (x̂e, ue) is an equilibrium of a
Darwinian model (5) for which the inherent net reproductive number R0(0̂, u∗) equals the value
λe, then we call (λe, (x̂e, ue)) an equilibrium pair of Equation (5). If x̂e = 0̂, then the equilibrium
pair is an extinction pair and if 0̂ �= x̂e ∈ R̄m+ then it is a non-extinction pair. If x̂e ∈ Rm+ it is
a positive pair. An equilibrium pair (λ, (x̂e, ue)) is stable if the equilibrium (x̂e, ue) is locally
asymptotically stable as an equilibrium of the Darwinian equations (5).

The following theorem concerns the stability of the extinction equilibrium (x̂e, ue) = (0̂, u∗)
as it depends on the value of the inherent net reproductive number λ = R0(0̂, u∗).
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Theorem 2 Assume H0 and that u∗ ∈ U is a critical trait of the Darwinian model (5).

(a) If R′′
0 (0̂, u∗) < 0, then the extinction equilibrium pair (λ, (0̂, u∗)) (where λ is given by

Equation (20)) is
(i) unstable if λ > 1;

(ii) stable ifλ < 1 provided the speed of evolutionσ 2 is sufficiently small, specifically provided

σ 2 < − 2

R′′
0 (0̂, u∗)

. (21)

(b) If R′′
0 (0̂, u∗) > 0, then the extinction equilibrium pair (λ, (0̂, u∗)) is unstable for all λ ∈ R1+.

We point out that the derivation of the Darwinian equation (5) requires, in general, that σ 2 be
small [22] and, consequently, Equation (21) is not restrictive with respect to applications of the
theorem.

If R′′
0 (0̂, u∗) < 0, Theorem 2 implies the loss of stability of the extinction equilibrium as the

value of the inherent net reproductive number λ = R0(0̂, u∗) at the critical trait u∗ increases
through 1. This suggests that a necessary condition for the persistence of a population is
R0(0̂, u∗) > 1. This conclusion needs qualification, however, since the stability assertion in the
theorem when R0(0̂, u∗) < 1 is not global. It is a valid conclusion for populations initiating at
low densities. On the other hand, positive equilibrium pairs, even stable ones, can exist when
λ = R0(0̂, u∗) < 1 as, for example, when Allee effects of sufficient magnitude are present [8,10].

Theorem 3 Assume u∗ ∈ U is a critical trait of the Darwinian model (5) such that R′′
0 (0̂, u∗) �=

0. Assume H0, H1, and H2.

(a) Then there exists a continuum of positive equilibrium pairs (λ, (x̂e, ue)) ∈ R1+ × (Rm+ × U) of

the Darwinian equations (5), with λ = R0(0̂, u∗), that contains the extinction pair (1, (0̂, u∗))
in its closure.

(b) Suppose R′′
0 (0̂, u∗) < 0 and σ 2 is small (i.e. Equation (21) holds). Define pij (x̂, u) �

fij (x̂, u) + τij (x̂, u) and

κ∗ � −v̂l[∇x̂pij (0̂, u∗)v̂r ]v̂r . (22)

Ifσ 2 is small (i.e. Equation (21)holds), then the positive equilibrium pairs near the bifurcation
point are stable if the bifurcation is to the right, i.e. if κ∗ > 0, and are unstable if the bifurcation
is to the left, i.e. if κ∗ < 0.

(c) If R′′
0 (0̂, u∗) > 0, then near the bifurcation point (1, (0̂, u∗)) the positive equilibrium pairs

(λ, (x̂e, ue)) are unstable.

Theorems 2 and 3 in [11] treat the transcritical bifurcation described in Theorems 2 and 3
in terms of the inherent population growth rate at the critical trait value λ = r(0̂, u∗) rather
than in terms of the inherent net reproductive number λ = R0(0̂, u∗) as is done here. In effect,
Theorems 2 and 3 show that this fundamental bifurcation phenomenon can be studied – in so
far as the location of critical traits, the stability of the extinction equilibrium, and the existence
and stability of positive equilibria near the bifurcation point are concerned – by using either the
inherent growth rate r(0̂, u∗) or the inherent net reproductive number R0(0̂, u∗). As pointed out
in Section 2, one advantage of this result is that tractable formulas are often available for R0,
whereas this is rarely the case for r . See Figure 1 for a schematic representation of the bifurcation
possibilities for the general Darwinian matrix model (5) as given by Theorems 2 and 3.

In formula (22) for κ∗, the vectors v̂l and v̂r are positive. (They are left and right eigenvectors
of P(0̂, u∗) associated eigenvalue r(0̂, u∗) = 1; see the proof of Theorem 1.) The sign of κ∗ is
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Figure 1. (a) If R′′
0 (0̂, u∗) < 0, Theorems 2 and 3 imply the familiar alternatives of the fundamental bifurcation theorem

occur for the Darwinian matrix model (5). (b) On the other hand, if R′′
0 (0̂, u∗) > 0, then even though the bifurcation

of positive equilibria occurs, the usual exchange of stability does not hold. In these schematic plots, the horizontal
axis λ can be either the inherent net reproductive number R0(0̂, u∗) or the inherent growth rate r(0̂, u∗) at a critical
trait u∗. The vertical axis represents equilibrium pairs (x̂e, ue), x̂e ∈ Rm+ of Equation (5). Points on the horizontal axis

represent extinction equilibrium pairs (λ, (0̂, u∗)) and those above the horizontal axis represent positive equilibrium pairs
(λ, (x̂e, ue)), x̂e ∈ Rm+ .

therefore determined by the signs of the first-order derivatives of pij (x̂, u) with respect to the
components of x̂ evaluated at (0̂, u∗). Thus, the first-order derivatives of the fertility fij (x̂, u) and
transition τij (x̂, u) terms determine the direction of bifurcation and, as a result, the stability of the
bifurcating positive equilibria. In models for which increased densities lead to decreased fertility
and survivorships (at least at low densities), these derivatives are negative and consequently
κ∗ > 0. Thus, from this simple negative feedback property of density-dependent fertility and
survivorship (which is the most common assumption in population models), one can conclude
from Theorem 3(b) that a stable bifurcation occurs; there is no need to calculate κ∗ explicitly or
to perform a separate stability analysis (involving, for example, the linearization of the model
equations).

Corollary 4 Under the assumptions of Theorem 3(b), a bifurcation to the right (of a branch
of stable positive equilibria) occurs if the following holds:

H3:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

when evaluated at (x̂, u) = (0̂, u∗), all partial derivatives of

f (x̂, u) and τij (x̂, u)

with respect to each component of x̂ are non-positive and at least

one is negative.

In order for κ∗ < 0 (and an unstable bifurcation to occur) at least one of the first-order derivatives
must be positive (i.e. there must exist some positive feedback caused by increased population
density, a phenomenon known as an Allee effect). The occurrence of such positive derivatives is
not sufficient for κ∗ > 0, however; those derivatives would have to be of sufficient magnitude so
as to outweigh any negative derivatives appearing in the formula for κ∗.
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288 J. M. Cushing

Assume H2 holds with 0̂ replaced by x̂ ∈ �. The dominant eigenvalue

R0(x̂, u) � ρ(F (x̂, u)(I − T (x̂, u))−1)

is the net reproductive number at population level x̂ and trait u. Let (x̂e, ue) be an equilibrium of
Equation (19) and consider the projection matrix P(x̂e, u) = F(x̂e, u) + T (x̂e, u) as a function
of u with x̂ held fixed at x̂e. The population growth rate r(x̂e, u) and net reproductive number
R0(x̂e, u) become functions of u and the equilibrium equations (19) and Theorem 1 imply

r(x̂e, ue) = 1, r ′(x̂e, ue) = 0

and

R0(x̂e, ue) = 1, R′
0(x̂e, ue) = 0. (23)

Thus, when r and R0 are treated as functions of the trait u with the population density held
constant at the equilibrium x̂e, we see that equilibria of the Darwinian model (5) occur at critical
traits of both these functions where both equal 1. In particular, consider an equilibrium from
the bifurcating branch of positive equilibrium pairs in Theorem 3(b) when R′′

0 (0̂, u∗) < 0. By
continuity (and Theorem 1) we have, for equilibrium pairs near the bifurcation point, that

r ′′(x̂e, ue) < 0, R′′
0 (x̂e, ue) < 0.

Similarly, in case (b) when R′′
0 (0̂, u∗) > 0 these two inequalities are reversed.

Corollary 5 Let (x̂e, u) be a positive equilibrium of the Darwinian model (5) near the bifur-
cation point (0̂, u∗), as guaranteed by Theorem 3. As functions of u (with x̂e held fixed), both
r(x̂e, u) and R0(x̂e, u) have local maxima of 1 at u = ue in case (b) when R′′

0 (0̂, u∗) < 0. In case
(c) when R′′

0 (0̂, u∗) > 0, both r(x̂e, u) and R0(x̂e, u) have local minima of 1 at u = ue.

Under the dynamic of the Darwinian equations (5), x̂ will not remain fixed as u varies in time.
If, for each x̂, we think of r(x̂, u) and R0(x̂, u) as defining fitness landscapes as functions of
the trait u, then under the dynamic of Equation (5) both the landscape and u change in time.
However, the asymptotic limit of a trajectory approaching the stable positive equilibrium (x̂e, ue)

will result in both r(x̂e, u) and R0(x̂e, u) attaining (local) maxima of 1. Geometrically, the fitness
landscapes can be drawn at a fixed point in time t by plotting graphs of r(x̂(t), u) and R0(x̂(t), u)

as functions of u. As t changes, these landscape plots change and as t → +∞ they approach the
landscape plots r(x̂e, u) and R0(x̂e, u). The points (u(t), r(x̂(t), u(t))) and (u(t), R0(x̂(t), u(t))),
located on the changing fitness landscape, will asymptotically arrive at (local) peaks of height 1
on the landscape plots r(x̂e, u) and R0(x̂e, u). This occurs, for example, when the bifurcation in
Theorem 3(c) is to the right (κ∗ > 0). In this case, (nearby) trajectories will approach a (local)
peak on both fitness landscapes. However, if the bifurcation is the left (κ∗ < 0), the trajectories
will not evolve towards, but be repelled from these positive equilibria. The corresponding points
on the fitness landscapes will evolve away from the peaks associated with these equilibria (even
though they are local maximum of r(x̂e, u) and R0(x̂e, u)).

A similar argument shows that when R′′
0 (0̂, u∗) > 0 both r(x̂e, u) and R0(x̂e, u) will have

local minima of 1 at u = ue. According to Theorem 1(b), in this case the bifurcating positive
equilibria are unstable, regardless of the direction of bifurcation. Nearby trajectories will evolve
away from the local minima (valleys) in the fitness landscapes associated with the bifurcating
positive equilibria.

If the focus is on finding conditions under which there exist (evolutionarily) stable non-
extinction equilibria then, in so far as the bifurcation of such equilibria from the extinction
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equilibrium is concerned, one searches for critical traits u∗ at which R0(0̂, u) is maximized
(i.e. R′

0(0̂, u∗) = 0 and R′′
0 (0̂, u∗) < 0) and κ∗ > 0. Stable non-extinction equilibria will bifur-

cate from the extinction equilibrium as the value of R0(0̂, u∗) increases through 1 (Theorem 3(a)).
This is the goal in the applications in the following section.

4. Applications

The inherent growth rate r(0̂, u) is an eigenvalue of the m × m matrix P(0̂, u). The inherent
reproduction number R0(0̂, u) is an eigenvalue of the m × m matrix F(0̂, u)(I − T (0̂, u))−1. If,
however, there are only n newborn classes (i.e. F(0̂, u) has only n nonzero rows), then R0(0̂, u)

is an eigenvalue of an n × n matrix [8,10,12]. In applications, the number of newborn classes n

is frequently small (indeed often n = 1) and this is the source of the tractability of calculating
formulas for R0(0̂, u) in terms of the entries in the projection matrix.

For example, suppose all newborns lie in a single class, which we take without loss in generality
to be the first class. Then the fertility matrix F in the Darwinian model (5) with projection matrix
(18) has the form

F =

⎡
⎢⎢⎢⎣

f11 f12 · · · f1m

0 0 · · · 0
...

...
...

0 0 · · · 0

⎤
⎥⎥⎥⎦ .

In this case, R0 is the vector product

R0 =
m∑

i=1

f1iei1

of the first row in F with the first column in the matrix (I − T )−1 = (eij ). Here ei1 is the expected
amount of time spent in class i by an individual starting in class 1 (i.e. starting as a newborn)
during its lifetime. Thus, R0 is the expected number of newborns produced per newborn per
lifetime. Any convenient formula (e.g. the cofactor formula) for a matrix inverse that gives these
expectations leads to a formula for R0 expressed explicitly in terms of the demographic coefficients
f1i and τij of the model.

For example, for the standard size structured model (3) (and, as a special case, a Leslie age-
structured model), we have

ei1 =
i∏

j=1

τj,j−1

1 − τjj

,

which leads to formula (4). This formula allows one to determine the critical (mean) traits at
which the fundamental bifurcations Theorems 2 and 3 apply, and what type of bifurcation (stable
or unstable) occurs, from the properties of the functional dependences of the basic demographic
parameters fij = fij (u) and τij = τij (u) on the trait u. This can be done using R0 even if one
wishes to use the inherent growth rate r(0̂, u∗) as the bifurcation parameter instead of R0(0̂, u∗).

We give two applications. The first concerns a general juvenile–adult model for which the
methods developed here provide a study of trade-offs between fertility and survivorship as func-
tions of the (mean) trait u [20]. The second application involves a more specific model that has
been used to study experimental results in which the evolution of a certain trait was observed and
quantified.
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290 J. M. Cushing

4.1. A juvenile–adult model

Consider a matrix model for a population in which all newborns lie in the first class i = 1 and
only individuals in the last class i = m are reproductive. Thus, the population is assumed to have
m − 1 juvenile classes through which an individual must pass before becoming reproductively
mature. We assume that adult fertility and all juvenile suvivorships are dependent on a (mean)
trait u. Then

F(x̂, u) =

⎡
⎢⎢⎢⎣

0 0 · · · f (x̂, u)

0 0 · · · 0
...

...
...

0 0 · · · 0

⎤
⎥⎥⎥⎦ , (24)

where f (x̂, u) = f1m(x̂, u) is adult fertility. The net reproductive number (expected newborns
produced per newborn per lifetime) is

R0(x̂, u) = f (x̂, u)e(x̂, u).

Here, e(x̂, u) = em1(x̂, u) is the expected amount of time a newborn will spend as an adult during
its lifetime (when possessing mean trait u and the population is at density x̂). This quantity
encapsulates the survivorship probabilities that determine the likelihood a newborn will reach
adulthood as well as the probability of adult survival.

We make no special assumptions about the structure of the transition matrix T (e.g., it is not
necessarily a Leslie or Usher transition matrix), which includes probabilities of transfers between
any two classes (given survival). In general, it is allowed in this model that an adult could (if it
survived) stay an adult or return to a juvenile stage (with a chance that it will again reach the
adult stage in the future). In this application, however, we will not model these survival and/or
transition probabilities explicitly as functions of u. Indeed, it is not necessary to do so in order to
apply the bifurcation theorems since R0 depends only on the composite quantity e(x̂, u).

We can study the fundamental bifurcation properties of this general model of arbitrary dimen-
sion (using Theorems 2 and 3) by means of just the two (biologically meaningful) quantities
f (0̂, u) and e(0̂, u) appearing in the formula

R0(0̂, u) = f (0̂, u)e(0̂, u)

for the inherent net reproductive number. The goal in this application is to determine conditions
under which a right, stable bifurcation of non-extinction (positive) equilibria occurs.

We assume only negative feedback density terms appear in adult fertility f (x̂, u) and all transi-
tion probabilities τij (x̂, u). That is to say, we assume H3 holds. By Corollary 4, a (right) bifurcation
will occur and produce stable, positive equilibria for values of λ = R0(0̂, u) � 1 provided there
exists a critical u∗ for which R0(0̂, u) has a local maximum:

R′
0(0̂, u∗) = 0, R′′

0 (0̂, u∗) < 0 (25)

(and σ 2 is small).
Our goal here is to interpret these conditions for a stable bifurcation in terms of the inherent

adult fertility f (0̂, u) and the inherent expected amount of time e(0̂, u) a newborn will spend as an
adult during its lifetime (adult longevity). In terms of these two quantities, the conditions (25) are

f (0̂, u∗)e′(0̂, u∗) + f ′(0̂, u∗)e(0̂, u∗) = 0 (26)

and

f (0̂, u∗)e′′(0̂, u∗) + 2f ′(0̂, u∗)e′(0̂, u∗) + f ′′(0̂, u∗)e(0̂, u∗) < 0, (27)

where the prime denotes partial differentiation with respect to u.
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Note that the first constraint (26) requires either that f ′(0̂, u∗) and e′(0̂, u∗) have opposite signs
or that both equal 0. If, when u is changed, f (0̂, u) and e(0̂, u) change in opposite directions,
then a trade-off has occurred in the following sense: an increase in the trait u causes an increase
in adult fertility and a corresponding decrease adult longevity (or vice versa).

Definition 6 A trade-off between (inherent) adult fertility and longevity at a trait u = u∗ occurs
if f (0̂, u) and e(0̂, u) have opposite monotonicities as functions of u in a deleted neighbourhood
of u∗.

Theorems 2, 3 and Corollary 4 imply the following result.

Theorem 7 Consider the Darwinian model (5) with a fertility matrix of the form (24) in its
projection matrix (18). Assume H0, H1, H2, and H3.

(a) For the right (stable) bifurcation of positive equilibria described in Theorem 3(b) to occur, it
is necessary that there exists a critical trait u∗ at which a trade-off between (inherent) adult
fertility and longevity occurs or at least one of these is maximized.

(b) Suppose there exists a critical trait u∗ at which a trade-off between (inherent) adult fertility
and longevity occurs. Then the right (stable) bifurcation of positive equilibria described in
Theorem 3(b) occurs provided inequality (27) holds.

If the inequality (27) is reversed, then by Theorem 3(c) the bifurcating positive equilibria are
unstable.

As pointed out above, a trade-off between inherent adult fertility and longevity at a trait u = u∗
occurs in two different ways:

(a)f (0̂, u) and e(0̂, u) have extrema at u = u∗ of opposite type or

(b)f ′(0̂, u) and e′(0̂, u) have opposite signs.

See Figure 2.
In Case (a), when f (0̂, u) has a maximum and e(0̂, u) has a minimum at u = u∗ (or vice versa),

condition (27) for a stable, right bifurcation (Theorem 7(b)) reduces to

f (0̂, u∗)e′′(0̂, u∗) + f ′′(0̂, u∗)e(0̂, u∗) < 0.

This implies that at least one of the second derivatives f ′′(0̂, u∗) or e′′(0̂, u∗) is negative and of
sufficiently large magnitude. Thus, in this case, the condition for the existence of stable, positive
equilibria requires the maximized of the two quantities f (0̂, u) or e(0̂, u) must be sufficiently
narrowly distributed at u = u∗ (compared with the distribution of the minimized quantity). This
case is illustrated by the example below.

Case (b) is interesting because at the equilibrium at which evolution arrives neither adult fertility
nor adult survivorship is maximized. This is illustrated in the application in Section 4.2.

Example As an illustration of Theorem 3, consider an Usher model (3) with one newborn class
and one adult class. Specifically, consider the fertility matrix (24) with f (x̂, u) = βϕ(x̂, u) and
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292 J. M. Cushing

Figure 2. To obtain stable positive equilibria from a right bifurcation for a model with a single newborn class and a
finite number of juvenile stages, as given by the fertility matrix (24), the inherent adult fertility f (0̂, u) and the inherent
expected time spent as an adult e(0̂, u) must exhibit a trade-off at the critical trait u∗. Either these quantities must have
(a) opposite extrema or (b) opposite monotonicities at u = u∗.

the transition matrix

T =

⎡
⎢⎢⎢⎢⎢⎣

τ11(x̂) 0 · · · 0 0
τ21(x̂) τ22(x̂) · · · 0 0

0 τ32(x̂) · · · 0 0
...

...
. . .

...
...

0 0 · · · τm,m−1(x̂) τmm(x̂, u)

⎤
⎥⎥⎥⎥⎥⎦ .

Here, it is assumed that the trait u affects only adult fertility f (x̂, u) and adult survivorship
τmm(x̂, u). We assume density dependence is a negative feedback (i.e. ϕ and τij satisfy H3 as
functions of x̂). For ϕ and τmm at x̂ = 0̂, we assume

ϕ(0̂, u) = exp

(
− u2

2vf

)
, τmm(0̂, u) = 1 − τ exp

(
− u2

2vτ

)

vf , vτ > 0 and 0 < τ < 1.

(28)

Here, inherent adult fertility f (0̂, u) is normally distributed around trait u = 0, with a maximum of
β > 0; vf measures the concavity (variance) of this distribution. The adult death rate is similarly
distributed around u = 0 with a maximum of τ and variance vτ . This means that the inherent adult
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survivorship τmm(0̂, u) has a minimum (of 1 − τ ) at u = 0. These sub-models for adult fertility
and mortality describe a trade-off between inherent adult fertility and longevity. To see this, we
calculate from Equation (4) that

f (0̂, u) = βϕ(0̂, u), e(0̂, u) = τmj,m−1

1 − τmm(0̂, u)

m−1∏
j=1

τj,j−1

1 − τjj

and hence

f (0̂, u) = β exp

(
− u2

2vf

)
, e(0̂, u) = α exp

(
u2

2vτ

)

α � τm,m−1

τ

m−1∏
j=1

τj,j−1

1 − τjj

.

Clearly, f (0̂, u) has a (global) maximum and e(0̂, u) a (global) minimum at trait u = 0. It follows
that there is a trade-off of type (a) as described in Figure 2.

Theorem 7(b) implies a right bifurcation if the inequality (27) holds, i.e. if R′′
0 (0̂, 0) < 0 holds

(so that R0(0̂, u) = f (0̂, u)e(0̂, u) has a local maximum at u = 0). A calculation shows that this
inequality reduces to

αβ

(
1

vτ

− 1

vf

)
< 0.

If vf < vτ , we conclude that there exist stable positive equilibria for λ = βϕ(0̂, 0)e(0̂, 0) =
αβ � 1, or equivalently for

β � τ

τm,m−1

m−1∏
j=1

1 − τjj

τj,j−1
.

The inequality vf < vτ means that there is less variability in the adult birth rate than there is in
the adult mortality rate as a function of the trait u. In the opposite case vf > vτ , the bifurcating
positive equilibria are unstable (Theorem 3(c)).

4.2. Evolution of a polymorphism

Rael et al. [18] use a three-dimensional (m = 3) evolutionary game theory (EGT) Leslie matrix
model to describe and explain the evolution of a genetic polymorphism observed in an experiment
involving the flour beetle Tribolium castaneum [16]. The matrix model used to describe the
population dynamics is the LPA model [14,15] (also see [1,2,8–10]):

F(x̂, u) =
⎛
⎝0 0 b(u) exp(−celx1 − ceax3)

0 0 0
0 0 0

⎞
⎠ (29a)

T (x̂, u) =
⎛
⎝ 0 0 0

1 − μl(u) 0 0
0 exp(−cpax3) 1 − μa(u)

⎞
⎠ . (29b)

Here, x̂ = col(x1, x2, x3) is the vector of larval, pupal, and adult beetle densities. In this appli-
cation, the trait u is a genetically determined phenotype occurring in T. castaneum that results
from variation in a gene that regulates sensitivity to corn oil. In this classic single locus, two allele
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case, individuals homozygous for the ‘cos’ allele are unable to properly digest the unsaturated
fatty-acid present in corn oil, which in turn affects fecundity and mortality when cultured in a
corn oil medium [16]. Individuals have one of three genotypes: cos/cos, cos/+, or +/+, where
+ represents the wild-type allele. The trait u in the model is the (mean) frequency of the +allele.

Using population and genetic data from the experiment, Rael et al. determine the following
relationships among fertility and survivorship and the +allele frequency u:

b(u) = −18u2 + 21u + 11

μl(u) = 0.10u2 − 0.13u + 0.51

μa(u) = 0.10u2 − 0.13u + 0.11.

(30)

We note that the non-linear terms (caused by cannibalism in this model) are all decreasing functions
of xi and therefore H3 is satisfied. To determine the critical trait values u∗ at which bifurcation
from the extinction equilibrium can occur, we need to solve Equation (26) for u = u∗, i.e. we
need to solve the equation R′

0(0̂, u) = 0 for u = u∗ on the interval 0 ≤ u ≤ 1, where

R0(0̂, u) = f (0̂, u)e(0̂, u)

f (0̂, u) = b(u) = −18u2 + 21u + 11

e(0̂, u) = 1 − μl(u)

μa(u)
= −0.10u2 + 0.13u + 0.49

0.10u2 − 0.13u + 0.11
.

It is straightforward to calculate R′
0(0̂, u) and find that u∗

≈ 0.62415. Since

f ′(0̂, u∗) ≈ −1.4694, e′(0̂, u∗) ≈ 15.331

have opposite signs, we see that there is a trade-off between inherent adult fertility and inherent
time spent as an adult at the trait u∗

≈ 0.62415. This is an example of a type (b) trade-off in
Figure 2 (see Figure 3).

To show the occurrence of a stable bifurcation, all that remains is to verify the inequality (27), i.e.
to show that R′′

0 (0̂, u∗) < 0.A straightforward calculation shows that R′′
0 (0̂, 0.62415) ≈ −728.77.

We conclude that a right bifurcation of stable positive equilibria occurs in the EGT LPA model
with Equation (30) at R(0̂, u∗) = 1, where the critical +allele frequency is u∗

≈ 0.62415. It is
noteworthy that the experimentally observed frequency was estimated to be 0.6 [18].

An interesting observation in this example concerns the component ue in an equilibrium (x̂e, ue).
At an equilibrium (x̂, u) we know that R′

0(x̂e, ue) = 0 (see (23)). For the LPA model, a calculation
shows

R′
0(x̂, u) =

(
b(u)

1 − μl(u)

μa(u)

)′
exp(−celx1 − ceax3) exp(−cpax3),

which equals 0 if and only if the first factor equals 0, i.e. if and only if u = u∗. That is to say, for
any equilibrium (x̂e, ue) of the EGT LPA model, the trait u must equal the critical trait u∗. Thus,
whereas the demographic components x̂e of the equilibria change along the bifurcating branch,
the trait u remains fixed at the critical value u∗. This critical frequency implies (since it is equal
to neither 0 nor 1) that the stable equilibria are polymorphisms with both alleles present.

For more details about this application, see [18].
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Figure 3. (a) Graphs of the inherent net reproductive number R0(0̂, u), the inherent adult fertility f (0̂, u), and inherent
time spent as an adult e(0̂, u) as functions of the +allele frequency u for the LPA model (29) with (30). The vertical,
dashed line is located at the critical trait value u∗

≈ 0.62415 where R0(0̂, u) has a maximum. The maxima of f (0̂, u) and
e(0̂, u) lie on either side of u∗. (b) f (0̂, u) and e(0̂, u) have opposite monotonicity at u∗.

5. Concluding remarks

As functions of a trait u, the inherent growth rate r and the inherent reproductive number R0

are on the same side of 1 [12,17]. They do not, however, in general share monotonicity and
extremum properties as functions of u. We showed that at values u = u∗ where one of these
quantities equals 1 (and hence both equal 1) they do have the same monotonicity. Moreover, at
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such points where one of these quantities has (and hence both have) a critical point, they have the
same concavity and hence the same extremum properties (Theorem 1). Since it is these properties
of r that determine the nature of the bifurcation of non-extinction equilibria of the Darwinian
model (5) [11], the results in Theorem 1 allow one to determine the properties of this fundamental
bifurcation phenomenon in terms of R0. That is to say, one can locate the bifurcation and determine
its stability properties by studying R0 as a function of the trait u, a more tractable quantity than r .

We found (Figure 1(a)) that the familiar transcritical bifurcation and exchange of stability prop-
erty occur in the general Darwinian model (5) at R0(0̂, u∗) = 1, where u∗ is a critical trait (i.e.
R′

0(0̂, u∗) = 0), when R′′
0 (0̂, u∗) < 0 (and hence R0(0̂, u) has a local maximum at u = u∗). In

this case, the stability of the bifurcating non-extinction equilibria is determined by the direction
of bifurcation. With regard, then, to a search for stable non-extinction equilibria of a Darwinian
model (5), our results provide their existence when this bifurcation is to the right, i.e. for val-
ues of R0(0̂, u∗) � 1. The usual negative feedback assumed for density-dependent demographic
parameters always produces a stable bifurcation. Only in the case of sufficiently strong positive
feedback effects at low density (Allee effects) will the bifurcation be to the left and unstable.

The bifurcation result in Theorem 3 only concerns non-extinction equilibria of Equation (5)
near the bifurcation point, i.e. equilibria (x̂, u) near (0̂, u∗) for values of R0(0̂, u∗) near 1. Other
stable and/or unstable non-extinction equilibria might exist for other, or even the same, values of
R0(0̂, u∗). Furthermore, stable bifurcating equilibria can lose their stability as R0(0̂, u∗) is further
increased beyond 1, resulting in bifurcations of non-equilibrium attractors (cycles, chaotic, etc.).
This occurs, for example, in the Darwinian LPA model in Section 4.2 and is relevant to the
application to the Tribolium experiment [18].

The Darwinian model (5) is derived from EGT. EGT was developed in the context of the
theory of evolutionarily stable strategies (ESS) [22]. The ESS theory concerns the invasibility of a
species by other (mutant) species. The ESS maximum principle states that a necessary condition
for the trait ue in a non-extinction equilibrium (x̂e, ue) be an ESS is that r(x̂e, u) attain a global
maximum on U at ue. If, in addition, (x̂e, ue) is a stable equilibrium of Equation (5) (i.e. a
convergent equilibrium in the language of [22]), then ue is an ESS.

For any non-extinction equilibrium, the equilibrium equations (19a) and (19b) imply
r(x̂e, ue) = 1 and r ′(x̂e, ue) = 0. Clearly, the only candidates for ESS among the bifurcation
scenarios in Figure 1 correspond to the stable, non-extinction equilibria along the right bifurca-
tion case in Figure 1(a) (when κ∗ > 0). In this case, R′′

0 (0̂, u∗) < 0 and hence r ′′(0̂, u∗) < 0 (by
Theorem 1). By continuity, r ′′(x̂e, ue) < 0 for (x̂e, ue) near the bifurcation point (0̂, u∗). It follows
that in this case, r(x̂e, u) has a local maximum (equal to 1) at u = ue. If r(x̂e, u) has a global
maximum at u = u∗ (on U ), then it is an ESS. Unfortunately, the global maximum of r(x̂e, u)

cannot be determined from R0(x̂e, u). In applications, the global maximum of r(x̂e, u) is usually
determined by numerically graphing r(x̂e, u) as a function of u. In the case of a left bifurcation
(when κ∗ > 0 in Figure 1(a)), ue is not an ESS even if it is a global maximum. This is because the
bifurcating equilibria (x̂e, u) are unstable (are not a convergent equilibria in the language of [22]).
Nor do the bifurcating equilibria in Figure 1(b) correspond to ESS traits – both because they are
unstable and because r(x̂e, u) has a local minimum at u = ue.
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Note

1. A non-negative matrix is primitive if it is irreducible and its dominant eigenvalue is strictly dominant. This is
equivalent to requiring that some integer power of the matrix is positive.
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