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PERIODIC TWO-PREDATOR, ONE-PREY INTERACTIONS AND THE
TIME SHARING OF A RESOURCE NICHE*

J. M. CUSHING#

Abstract. A competition model involving two competing predator species and a single renewable
resource prey species is studied under the assumption that the system parameters are periodic in time. It
is shown by means of global bifurcation techniques that a continuum of positive periodic solutions exists
as a function of a selected (averaged) parameter and that the stability of these solutions (at least locally
near bifurcation) depends on the direction of bifurcation. In the special autonomous case of constant
parameters the bifurcation is vertical and the spectrum of the continuum is a discrete point. This autonomous
case supports the principle of competitive exclusion in that coexistence of the predators on the single
resource prey is possible (in the sense that the system equilibrates) only on a parameter set of measure
zero. In the more general case of periodic coefficients, however, it is shown that the spectrum can be an
interval of positive length provided the predator parameter oscillations are out-of-phase in a certain sense
and hence how such oscillations can promote the possibility of stable coexistence. The specific case, when
all system parameters are constant except the predator resource consumption rates which are taken to be
small amplitude cosine oscillations around a positive mean value, is studied in detail both analytically and
numerically. Besides illustrating and corroborating the general results, this example clearly shows the effect
on the spectral interval, and hence on the possibility of stable coexistence of the predators, which
out-of-phase resource consumption rates can have.

1. Introduction. The great diversity of means used by different species to reduce
interspecific competition and hence promote survival and coexistence can be roughly
classified into three broad categories. Species can consume different resources, exploit
different spatial habitats and/or be active at different times [15, p. 190]. Mathematical
models have been extensively used to study the first two of these means for the
avoidance of competitive exclusion. With regard to differential resource consumption,
there is the well-developed theory of MacArthur and Levins upon which is founded
much of the theory of competitive exclusion, ecological niche and limiting similarity
[13], [14]. More recently there has appeared a growing body of mathematical research
concerning the competition for space and many related phenomena such as patchiness,
succession and species packing (e.g., see [20]). There has been, however, very little
mathematical research into the temporal dynamics of competition, in particular into
phenomena such as the time sharing of niches or the change in time of niche dimensions
and habitat characteristics or vital biological parameters and into the effects that these
phenomena have on coexistence and competitive exclusion.

With regard to periodic fluctuations in the system parameters, several recent
papers have studied some of the basic dynamics of differential systems as models of
competition [2], [3], [6], [16]. These studies focus on the questions of the existence
of positive periodic solutions (in place of positive equilibria in autonomous models)
and their stability, but they do not study specific periodic biological mechanisms and
their effects. A more detailed study of periodicities in the theory of competition is
done in [5] where periodicities are introduced into the coefficients of the classical
Volterra-Lotka equations by means of the MacArthur-Levins theory which relates
the coefficients in the model to the characteristics of a one-dimensional resource
spectrum and its utilization rates. Ignoring periodicities in niche positions and widths
[15, Chapter 13], this paper concentrates on periodicities in resource consumption
rates in order to study the effects of time sharing a resource niche on competitive
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coexistence. It is found that while one can roughly conclude from these model equations
that out-of-phase time sharing of a resource enhances competitive coexistence and
stability, the situation is quite complicated in its dependence on parameter interre-
lationships (such as niche separation to width ratio, length of the period and the
amplitude of the oscillations) and on how one measures stable coexistence (e.g., simply
by means of the existence of a positive stable solution or by means of the size of
Floquet multipliers, amplitude oscillations, minimum population levels or various
combinations of these things).

The purpose of the present paper is to study the effects of periodic fluctuations
in parameter values on a different model of two species competition and, as an
important special case, the effects of time sharing of a resource as expressed by
out-of-phase periodic resource consumption rates. The model to be studied here is a
periodic version of a two-predator, one-prey system studied recently by several authors
[7}-[11], [18], [19]. In this model two species (the predators) are in competition for
a single renewable resource (the prey) and interact only indirectly through their
common consumption of this resource. The prey grows logistically in the absence of
both predators and the predators decrease exponentially in the absence of the prey.
The interaction terms are taken to be of Michaelis—-Menten form (or Holling’s type
II). The model equations are given by (2.1) in § 2 below. My main reason for choosing
this particular model for a study of the effects of periodicities on two species competi-
tion, quite apart from the recent mathematical interest which has been shown the
model and from its usefulness in laboratory studies [11] (as opposed to the more
phenomenological Volterra-Lotka equations), is that it makes, as I hope to show in
this paper, dramatically clear in a straightforward and interesting way the effect that
periodicities can have on the stable coexistence of competing species and how out-of-
phase periodicities (in a certain sense made precise below) in key interaction para-
meters can promote avoidance of competitive exclusion. More specifically, in an
example studied in detail in § S, it will be seen how out-of-phase periodicities in the
predator consumption rates of the prey resource can lead to significant changes in the
size of the parameter region which allows stable coexistence.

The model equations will be described in § 2. In §§ 3 and 4 respectively, the
existence and stability of positive solutions of the “‘reduced” system (2.2) of just one
predator and one prey (i.e. the system in which one predator is absent) and of the
full two-predator, one-prey system (2.1) will be studied. This will be done by an
application of general global bifurcation results of the author for general Kolmogorov
systems [3] together with some considerably detailed analysis of the specific properties
of these particular systems.

Roughly, these results will show that what is true of the autonomous systems
concerning positive and nonnegative equilibria is true of the periodic versions of the
systems concerning positive and nonnegative periodic solutions, However, for the
periodic two-predator, one-prey system there can be a crucial difference. Using d> in
(2.1), the (averaged) inherent death rate of the second predator as a bifurcation
parameter, one finds for the autonomous case that a continuum of positive equilibria
exists, but only for a discrete “spectrum”, i.e. only for a single isolated value of d».
For the periodic case, on the other hand, this spectrum of d, values for which positive
periodic solutions exist can be an interval with positive length.

The fact that positive equilibria exist in the autonomous system (2.1) only for a
single isolated value of d, seemingly implies that this system of model equations
supports the principle of competitive exclusion. This is true in so far as it implies that
the two predator species cannot coexist in a state of stable equilibrium (except on a
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parameter region of measure zero). It has, however, been shown both numerically
[81, [12] and analytically [1], [18] that in certain parameter regions the two predators
can coexist in a stable limit cycle sense. Roughly this can occur, provided other
parameter constraints are also met, when the inherent carrying capacity K of the
single prey species is sufficiently large; namely when K is large enough so that the
autonomous one-predator, one-prey system (2.2) has a stable limit cycle (and an
unstable equilibrium). The results below are concerned with the periodic system (2.1)
only under circumstances corresponding to the former case for the autonomous system,
i.e. when competitive exclusion occurs (except for an isolated value of d,) and the
one-predator, one-prey ‘“‘reduced” system (2.2) has a stable equilibrium. Parameter
regions which in the autonomous case give rise to limit cycle coexistence in (2.1) are
excluded (by the assumption in § 4 that (S °©xDis stably noncritical).

Theorems 2 and 3 in § 4 show that periodicities in the system’s parameters can
allow stable coexistence in circumstances when constant coefficients do not. This is
because periodicities can yield a bifurcating branch of positive periodic solutions of
(2.1) for suitable parameter values lying in a “spectral” interval of positive length in
cases when the autonomous system (2.1) has a branch of positive equilibria only for
a discrete isolated parameter value (and predicts extinction of one predator for other
values). The stability of the positive periodic solutions of the periodic system (2.1)
lying on this bifurcating branch is shown to depend on the direction of bifurcation.

In § 5 the specific case of small amplitude cosinusoidal oscillations in consumption
rates (other parameters being held constant) is considered both analytically and
numerically. Besides illustrating the results of §§3 and 4, this case shows that the
bifurcation can be either to the right or to the left, i.e. either stable or unstable,
depending on certain parameter relationships made explicit (including a case of the
“paradox of enrichment”) and that the length of the spectral interval which permits
stable coexistence can be ‘‘substantial”’ (roughly, it can be commensurate with the
spectral interval which permits the survival, in the positive stable equilibrium sense,
of the first predator alone in the absence of the second, competing predator).

2. The model equations. Let B(p) denote the Banach space of continuous,
p-periodic real valued functions x:R->R under the supremum norm
xlo = suposes, X (1), Let av(x)=p ' [Sx(t)dt and B.(p):={xeB(p)x(t)>0
for all ¢}.

The differential systems to be considered in this paper are

S nmi xlS mo X2S
s'= 5(1——)—— _Me X3
(a) r K Vi (11+S Y2 a2+S
, mxiS
@1 ®)  xi=e—du,
, max,S
() X2 =a22+25—dzxz,
and the “‘reduced system”
S
(a) S'=rs(1——)—m xS
K Vi1 a1+S
(2.2) I
(b xi =—11——d1x1,

a1+S
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under the assumptions that
(2.3) a,m,y,K,reB.(p) and d,eB(p) fori=1,2.

As mentioned in the introduction, (2.1) has been studied by several authors when the
parameters in (2.3) are all positive constants. Further discussion of the model can be
found in their work [8]-[11], [18], [19]. Our concern here, as indicated by (2.3), is
with that of allowing for periodicities (of a common period) in the parameters and
with the existence and stability of positive, periodic solutions.

By a solution of (2.1) is meant, of course, a differentiable triple (S(¢), x1(¢), x2(¢))
and by a positive, periodic solution is meant a solution (S, xq,x2)€ B3( p) =
B_.(p)xB.(p)*xB.(p). Similar definitions are used for (2.2).

A summary of the situation concerning the existence and stability of nonnegative
equilibria in the special case of constant parameters can be found in [18]. Of primary
concern to us here is that (2.1) has, in this case, a positive equilibrium (S, xq, x,) if
and only if

le
2.4
( ) O<d1<a1+K’
(2.5) dr=aidimy/(aidi1+ax(imi—dy)),

in which case there exists a continuum of positive equilibria given by S = a1d1/{(m1—d1)
together with any positive point (x, x;)€ R % on the line

1 m 1 S
2.6 (ﬂ ) +(—% ) = ( __).
( ) V1 (11+S 1 yo a2+S *2 ! 1 K

Using d, as a bifurcation parameter and holding all other parameters fixed (but
satisfying (2.4)), one can view this continuum of equilibria as a branch which bifurcates
from the nonnegative equilibrium

S
S=aid/(mi—dy), x1=y1(a1+S)r<1—I?>/m1, x2=0,

(the first two constants (S, x{) of which constitute a positive equilibrium of the reduced
system (2.2)) in a “‘vertical” manner, i.e. such that the spectrum of the branch consists
of the discrete point d, given by (2.5). This branch leaves the positive octant at the
symmetric nonnegative equilibrium

S
S=a1d1/(m1—d1), x1=0, x2=yZ(a2+S)r(1_E>/m2'

The goal of §§3 and 4 is to demonstrate that, for the more general case of
periodic parameters (2.3), a similar bifurcating branch of positive periodic solutions
exist and to study the spectrum of this branch and the stability of the solutions on it.
To do this we must begin with a study of the periodic reduced system (2.2) whose
positive periodic solutions serve as the “bifurcation points” for the full system (2.1)
as they do in the autonomous case just discussed above.

Solutions of Kolmogorov systems such as (2.1) and (2.2) have the property that
each component of the solution either never vanishes or identically vanishes.

3. The periodic one-predator, one-prey system (2.2). It is easy to see by direct
integration and the resulting general solution

t

S(t) = $(0) exp <L r(u) du)/(l +5(0) Lt (r(u)/K (u)) exp (L

u

r(v) dv) du)
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that the periodic logistic equation

3.1) s'=rs(1—%), reB(p) and KeB.(p),

provided av (r) >0, has a unique positive periodic solution § = s¢€ B.(p) and that this
solution is asymptotically stable (globally attracting with respect to positive solutions).
Define the real number

(3.2) 45 = av (ﬂsi>
aq + So
Then df >0 by (2.3). Recall that a continuum is a closed, connected set.

THEOREM 1. Assume (2.3). Then the one-predator, one-prey system (2.2) has a
positive periodic solution if and only if 0<av (d1)<d{. More specifically, if d€ B(p)
is an arbitrary periodic function with av(d?)=0, then there exists a set P*=
{(S, x1, p,)}CBi(p) X R where (S, x1)>0 solves (2.2) with d(t)=—u +d3(r) for ue
(—=dT', 0) whose closure is a continuum which connects the triple (so, 0, uo) € Bz(p) X R,
wo=—dY, to one of the form (0,x¥,0)eB*(p)xR,x¥(t)>0. Moreover, for u =
—av (d) sufficiently close to the critical bifurcation value o, the corresponding positive
periodic solutions are locally asymptotically stable. Furthermore, (s¢, 0, u) as a solution
of (2.2} is asymptotically stable for u <o and unstable for u > wo.

This theorem describes a typical bifurcation and exchange of stability phenomenon
as the solution (s¢, 0, i) loses its stability to solutions on a bifurcating branch as the
bifurcation parameter u passes through the critical value wo.

The following lemma concerning a priori bounds for positive solutions of (2.2)
will be of use in the proof of this theorem.

LEMMA 1. Assume (2.3). If (S, x1) € B3 (p) solves (2.2) then 0<av (d1)<df{ and
forallt

(a) 0<S(1)=s0(t) =|K]o,
(3.3)

|7lo

(b) O<x1(t)§m

lyilo(lailo+1K|o) exp (plm;—dilo),

where 0<m? = Ming=,=, m1(t).
Proof. If (2.2b) is divided by x; and the result averaged, then one gets

S
(3.4) av (d1) = av (ar::l— s) 0.
From (2.2a) and (3.1) follows
s ,
(3.5) S,érs(l_f), S()=I'S()<1_;(_0)

which, upon subtraction, leads to
. ro,
.6 "+hA=E—-—A=
(3.6) A'+bA I 0

where A =8 —sq, b := r(250K "' —1). Note that a division by s, of the equation in
(3.5), followed by an average of both sides, yields av {r) = av (rso/K) and hence

3.7) av (b) = av (;?0) >0,
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Now if (3.6) is multiplied by exp ([, #(«) du) and integrated from arbitrary  to t* =1,
then the inequality

o
A(t*)éA(t)exp(—I b(u)du)
¢
results. Choose t*=¢+p and observe that both the difference A(t) and b(t) are
p-periodic. Thus A(¢) = A(¢) exp (—p av (b)) which, together with (3.7), implies A(r) =0
or, in other words, $(¢) = so(¢) for all .

If t'€[0, p] is a point where so{f) attains its maximum, then from (3.1) one gets
Isolo =s0(t") =K (t')=|K o and (3.3a) is established.

Next, (3.3a) implies the validity of the upper bound d7" on av (d;) since $(¢) =s(¢)
implies m1S/(a1+8) = miso/(a1+so) for all ¢ and the definition (3.2) of d{ and (3.4)
imply av (d;) =d7Y.

Finally, we need to establish the bound (3.3b) on x(¢) > 0. From (2.2b) follows
x1/x1=m;—d; and hence

t

0<x1(f)=x:(£) exp(j

t

(ml—dl)du)

for all ¢ =¢'. x(t) is p-periodic, so it attains its maximum on every interval of length
p. Let te[t', '+ p] be chosen so that x1(¢) =|x1]o. Then

(3.8) [xilo=x1(t) exp(j0p|m1—d1|du)

for all #'. Now choose ¢’ € [0, p]such that §(¢') =|S|. Then from (2.2a) and (3.8) we get

_ S o )_ml(t') x1(t)

K@) yi(t) a(t)Y+S@#)
m_(f|x1|oeXp(—p]ml—d1]o)
ly1lo laio+|K]o

O=r(t')(1

=rlo— ,
which implies (3.3b). O

Proof of Theorem 1. Theorems 1, 7 and 8 (or more specifically for the 2 X 2 system
(2.2) Theorem 10) of [3] can be applied to (2.2) with d,(¢f) = —u +d?(¢). To do this
the open set 0° in [3] can be taken to be the half plane 0= {(S§,x1)eR*S >
—al, al = ming=,=, @:(¢)} and the nondegeneracy condition H3 (or equivalently (3.1))
in [3] can be seen to hold since —av (rso/K ) < 0. This application results in the existence
of a continuum C* < Bz(p) X R of solutions (i.e. of triples (S, x1, u) such that (S, x1) €
B*( p)solves (2.2) ford,=—u +d ?) which contains the “bifurcation point” (sg, 0, wo)
and which connects to the boundary of the set Qf,XR CBz(p)XR (which includes
00) where Qf, ={(S,x1)€ Bz(p)|S(t) +50(t)>—a?}. Furthermore, in an open neighbor-
hood of (so, 0, wo), the solutions on C™ are positive.

The critical coefficient wy in [3], which determines the direction of bifurcation
and the stability of the solution branch, is easily calculated to be

(3.9) p1=—av (miaiz1/(ai+so)),
where z; is the unique periodic solution of the linear scalar equation
(3.10) z1=(b—2rso/K)z1—x1m150/y1(a1 +5s0),

x; being the periodic solution of x} = (u¢— dS+ m, so/ (a, + so)) x; that satisfies x; (0) = 1.
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Since av {b—2rs,/K) = —av (rsy/ K ) <0, the Green’s function associated with (3.10)
is negative and hence, x; being consequently positive, it follows that z; <0 for all ¢
Thus w;>0 and it then follows from the results in [3] that the bifurcation of C” is
to the right and stable; i.e. in an open neighborhood of (s, 0, wo) the set C 7 /{(so, 0, o)}
consists of stable positive solutions (S, x1) >0 for u > wo.

The continuum C™ cannot consist entirely of positive solutions, however, because
to do so C* would, in order to connect to the boundary of the set QﬁxR, have to
be unbounded (i.e. connect to c©) which would contradict Lemma 1 (recalld; =d(t) =
—u +d(¢)). Thus, as discussed in [3], C* must leave the “positive cone” B%(p) xR
at a point other than the bifurcation point.

Let Cy be the maximal subcontinuum of C* which connects (so, 0, wo) to the
boundary of B3 (p) xR. Define P* to be the nonempty set of positive solutions on
C3q; ie. define P* = Ci N(BL(p)xR). Then the closure of P* is a continuum
connecting (so, 0, uo) to the boundary of Bi(p) x R i.e. the closure of P* contains
(50, 0, o) and a point (S*, x ¥, u*) # (so, 0, wo) where $* =0, x¥ =0 and either $*=0
or x¥ =0 or both. The proof of Theorem 1 will be complete when it is shown that
$*=0, xT >0 and that the spectrum associated with P~ (i.e. the range of the projection
P* >R defined by (S, x1, u) ~> u) is precisely the interval (uo, 0), uo=—d¥.

Let P*s(S", x%, ™)~ (S* x¥, u*) in B*(p) < R. First, suppose that $*=x§ =0.
Then by (2.2a) for sufficiently large n, $"'>0 for all ¢, which contradicts $" € B(p).
Thus Cg cannot leave the cone through the origin.

Secondly, suppose that x¥ =0 and S¥ >0 for all ¢. Then passing n > +00 in (2.2a)
with § =8", x; =x one finds that $¥ > 0 satisfies the periodic logistic (3.1). Hence,
because of the uniqueness of the positive periodic solution of (3.1), ¥ =s,. Moreover,
dividing (2.2b) with § =87, x =x7 and d; = —u" +d9 by x] and averaging both sides
of the result, one further obtains u” = —av (m.;S"/(a;+S")) which, in the limit as
n -+, implies u* = wo. This results in a contradiction to (S*, x ¥, ™) # (so, 0, o).

Having ruled out the above two cases, we are left with the remaining case §¥ =0,
x> 0. Furthermore, by the same reasoning as above, u" = —av (m18"/(a; +S")) which
now implies u"” - u* =0 as asserted in Theorem 1. Incidentally, (2.2b) with § =S",
x1=x7 and d,=—u" +d{ implies in the limit that x¥ >0 solves the equation x§' =
—-dS(t)x¥.

This argument also shows that if (S, x;, ) lies on the boundary of B3( P)XR
then either w =uoor u =0.

Finally, with regard to the spectrum of P* we observe that since the closure Cg
of P* is a continuum in B*(p) xR it follows that the closure of the spectrum is a
continuum in R. By Lemma 1 the closure of the spectrum is bounded and hence is a
compact subinterval of the interval [wo, 0]. Since it contains, as shown above, both
endpoints w, and 0, the closure of the spectrum must in fact be the interval [wo, 0].
Moreover, since only & = uo and p =0 can correspond to solutions on the boundary
of the cone, the spectrum of P must be (o, 0). 0

When all the parameters in (2.2)—(2.3) are positive constants, the set P* reduces
to the set of positive equilibria given by

S
S=-au/(m +u), x1=rY1(1_E)(a1+S)/mla

with u €(—pug,0) where uo=—m; K/(a;+K). Moreover, this equilibrium is stable
if K <a, while if K > a, then it is stable for u <—m;(K —a,)/(K +a,) and unstable
for u>-m;(K—a,)/(K +a,), thereby illustrating the possibility that the stability
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guaranteed near bifurcation by Theorem 1 may be lost somewhere along the branch
P*. As is typically the case in autonomous predator-prey models, the stability of the
equilibrium is lost (resulting in a Hopf bifurcation to a limit cycle) when the (vertical)
predator x, isocline moves to the left of a hump in the prey S isocline (which occurs
in this example at S = (K —a,)/2).

With these preliminaries for the reduced system (2.2) out of the way, it is now
possible to study the full two-predator, one-prey system (2.1) using again the results
and techniques in [3].

4. The periodic two-predator, one-prey system (2.1). Suppose that the
coefficients (2.3) in the reduced system (2.2) are such that it has a positive periodic
solution; namely, suppose that av (d1) € (0, d1") and let (S, x1) = s° x9eBi (p)denote
this solution. This solution of (2.2) yields a solution (S, x1, x2) = (S°, x%, 0) e B*(p) of
the two-predator, one-prey system (2.1) from which will bifurcate a continuum of
positive solutions of (2.1) with u = —av (d) used as a “bifurcation parameter.” The
goal of this section is not only to establish the existence of this continuum but to study
its stability and spectrum and to obtain conditions under which this spectrum is an
interval of positive length.

To do this by means of the results in [3] for general periodic Kolmogorov systems
it is necessary that the solution (S ° x9) of (2.2) be noncritical; i.e. that the system
(2.2) linearized at (S°, x9) have no Floquet exponents with zero real part. It will be
assumed throughout that (S°, x3) is stably noncritical: i.e. that these Floquet exponents
have negative real parts. This will be true, in particular, if av (d) is sufficiently close
to di° (Theorem 1). As far as the existence of a bifurcating continuum of positive
solutions of (2.1) is concerned, (S ° x9) could in fact be unstable in Theorem 2 below
(so long as no Floquet exponents have zero real parts), but then as the general results
in [3] show, the solutions on the continuum, at least near the bifurcation point, would
be unstable. Since the concern in this paper is with the possible (stable) coexistence
of x; and x,, it is necessary then (at least locally near bifurcation) to assume the
stability of ($°, x9). The stability of the positive periodic solutions on the bifurcating
continuum is locally determined by the ““direction of bifurcation” [3], stable solutions
resulting from bifurcation to the right and unstable solutions resulting from bifurcation
to the left (with respect to the parameter u = —av (d,)). As we will see in the example
of § 5, either case can arise.

Define

4]
it (25
Then d5 >0 by (2.3).

THEOREM 2. Assume (2.3), 0<av (d1)<d{ and that (S°,x3)e B3 (p) is stably
noncritical as a solution of (2.2). Let d5€ B(p) be an arbitrary periodic function with
av (d3)=0. There exists a set TI"={(S, x1, X2, pn)€ B3 (p)XR} where (S,x1,x2)>0
solves (2.1) with d-(t)=—u +d3(t) whose closure is a continuum which connects
(8% x%,0,ueB*(p)xR, u°=—dS, to a solution of the form (S* x%, x5, n*e
B3(p) xR where (S*,x¥F, x5, u*) # (8% x93, 0, 1), S*(t)>0 and either x¥ >0, x5 =0
orx¥=0,x¥>0forallt

This theorem deals only with the existence of positive periodic solutions of (2.1).
This branch of positive periodic solutions plays the role of and indeed becomes identical
to the straight line branch of equilibria (2.6) when all coefficients are constants. The
next theorem is concerned with the stability of those positive solutions near the
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bifurcation point and with the spectrum of I1*; i.e. with the range of the projection
[1" > R defined by (S, x1, x5, )= . The autonomous case when all coefficients (2.3)
are positive constants shows that this spectrum can consist solely of the point u°. As
the next theorem shows, however, for the more general case of periodic coefficients
the spectrum can under certain circumstances be an interval of positive length.
THEOREM 3. The closure of the spectrum of 117 is a finite interval [o1, o] where

4.1) —av(my)=c =u’ = —av (m$°/(a, +S%)) =0, <0.
Moreover oy < o provided

moydo

4.2) wy = —av(mm

),

where € B(p) is defined in (4.5) below. If u,>0 (<0) then the solutions of (2.1)
lying in the intersection of 1" with an open neighborhood of (8°, x%,0, u°) in B*(p)XR
correspond to u>u’ (<u®) and are asymptotically stable (unstable). Furthermore
(s°, x(l()), 0, ) as a solution of (2.1) is asymptotically stable for u < u° and unstable for
[T TR

With regard to the question of whether (4.2) holds, it is noteworthy that, as will
be shown below,

mia, _
(43) av <772 m) =0.

When all coefficients (and hence S°) are constants, this implies av () =0 which in
turn implies that ;=0 and that (4.2) fails to hold. Theorem 2 is thus consistent with
the fact that oy = ¢, in the autonomous case when I1* reduces to the line (2.6) and
the spectrum reduces to the point (2.5).

More generally, when the coefficients are periodic, (4.2) and (4.3) constitute a
notion of being ‘“out-of-phase” which guarantees that the spectral interval of II* has
positive length. By this rough notion of “‘out-of-phase” it is meant that whereas the
expression miai/(a;+S°)*e B .(p) is orthogonal by (4.3) to n, € B(p) the correspond-
ing expression ma,/(a,+S°%? for the second predator is not (by (4.2)). The more
specific example when all coefficients except the consumption rates m and m, are
constant, which is considered in § 5, will further illustrate this notion.

The possibility that the spectral interval of 1" can have a positive length o, — 4
as guaranteed by (4.2) shows how periodicities in the system parameters can allow
for competitive coexistence in circumstances when the autonomous system does not.
(Roughly speaking, the constraint that (S° x?) is stably noncritical rules out the
possibility of limit cycle coexistence in the autonomous case.) To make a strong case
that certain periodicities promote coexistence in a significant way would require not
only that (4.2) holds, but that the length of the spectral interval be reasonably large
in some sense. The example considered in § 5 demonstrates such a case where not
only does (4.2) hold, but numerical results indicate that the spectral interval of (2.1)
for the two-predator, one-prey interaction is “large” in the sense that it is commensur-
ate with that of (2.2) for the one-predator, one-prey interaction.

This section closes with proofs of Theorems 2 and 3. The proof of Theorem 2
will make use of the following lemma whose proof is very similar to that of Lemma
1 and is therefore omitted.
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LEMMA 2. Assume (2.3). If(S,xl,xz)eBi(p) solves (2.1) then 0<av(d))<
av (m;) and for all ¢ .

0<SO=50 =Kl 0<xil0) "°|y,10<1a,10+|1<10>exp plmi—dlo),

where m{ = Ming=, =, m;(t) > 0.

Proof of Theorem 2. Theorem 1 of [3] can be applied to (2. 1) with d,(t) =

—u +d3(t). The open set Q%in [3] can be taken to be the half space Q° = {(S, x1, x2) €

3]S>—a 1 where a:= min (a?, a9)>0, a, = m1n0<,<pa (t)>0. This application
results in the ex1stence of a continuum C* CB *(p)xR of solutions of (2. 1) which
contains the “blfurcatlon point” (8% x1,0, “w %) and which connects to the boundary
of the set Q;xR <B’(p)xR where Q, —{S xl,xz)eB (P)ISH)+8°(t)>—-a").
Moreover, in an open neighborhood of (S°,x{,0, u°), the set C /{(So,x(f, 0, u)}
consists of positive solutions of (2.1). The continuum C” cannot consist entirely of
positive solutions, however, because to do so C” would, in order to connect to the
boundary of Q X R, have to be unbounded which would contradict Lemma 2 (recall
dr=—u+dI). Thus as discussed in [3], C" must leave the positive cone B +(p) XR
at a point other than the bifurcation point.

Denote by C¢§ the maximal subcontinuum of C* which connects ($% x9%,0, o %
to the boundary of B+(p) X R and define H Co ﬂ(B+(p)><R) Then the closure
of IT" is a continuum which connects (S xl, 0, u % to the boundary of B? (pYXR;
i.e. the closure of M* contains (S° x9,0, u ) and a point (S JxF ak, u)#
(8% x%,0, 1% where $*=0, x* 20 and either $*=0 or x¥ —O or x¥ =0. The proof
will be complete when it is shown that $*>0 and not both x ¥ vanish.

Let (S",x1,x3,u")ell” be a sequence which converges in B*(p)XR to
(S*,xT, x5, u*). From (2.1b) for (S, x1, x2)=(S* x¥, x¥), divided by x}>0 and
averaged, follows

(4.4) av (dy) =av (a:"fs)

First, suppose that §*=0. Then from (4.4) in the limit n > +0 follows a contradic-
tion to av (d;) > 0. Thus it must be the case that §*>0.

Finally, suppose that x¥ =x% =0. Then from (2.1a) in the limit as n > +00 we
see that $*e B (p) solves the periodic logistic and hence $*=s,. From (4.4) follows
av (d;) =d7, a contradiction to av (d{)<d{. 0O

In the event that (S°, x9) is the unique positive p-periodic solution of (2.2), then
it is easy to rule out the case x5 =0 in Theorem 2.

Proof of Theorem 3. By Lemma 2 the closure of the spectrum of II" is a finite
interval [0y, o»] containing w® with —av (my)=0o1=0,=0. Thus, to establish (4.1), it
only remains to show that o, # 0.

Suppose that o, =0 and choose a (bounded) sequence (S xi, x5 u™)ell” for
which ¢ > 0. Since the set of positive solutions ($”, x", x", u") is bounded and (2.1)
implies that this is also true of the set of derivatives, the Ascoh—Arzela lemma implies
that we can assume (choosin g a subsequence if necessary) that (S”, x7, x2, u") converges
in B (p)xR Let (S*, xl,xz,O)eB (p)XR be the limit. By the proof of Theorem
2, $*>0. Hence, by (4.4), u" > —av (m, $*/(a, + $*)) <0, a contradiction to u” - 0.
We conclude g, #0.

The remainder of Theorem 3 follows from Theorems 7 and 8 of [2] after the
formula in (4.2) for the crucial quantity w; in [3] is established. The real u; is the
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first order coefficient of w in the Lyapunov-Schmidt expansion of the solutions lying
on C" near bifurcation. Formulas for u; and the coefficients of (S, xy, x,) are given
in [3] and, after some calculation, these yield for small |¢|

St =8’ +mi)e+0(),  x1(t)=x3t) +n2(t)e + O(e?),
x2(t) =€(t)e + O(e?), w=u’+uie +0(?),

where 1 is given as in (4.2) (see (20) in [3]) and where (1, 12, £) € B*(p), (1, 112, &) #
(0, 0,0), £(0) =1, solves the periodic linear homogeneous system
0

, miS ) ( mlalx?>
(@) mi ( dit o) w597

m; S° ro_o m alx(l) ms, s°
4.5) (b) n; =(—~————~) +( -2-—=S —-——————) +(———————) A
(4.5) (b) n2 v 2.18° nmtlr % " @1+ 87 12 vs 42+ 5° 3

szO
a2+SO

© &=(u"-d3+2g)e 1

It follows from (3.4) with (S, x;) = (§°, x3) and (4.5a) that the second term on the
right-hand side of (4.5a) must be orthogonal to the periodic solutions of the adjoint
equation 7} =(d1—m:8°/(a: +85%)n, which is in fact 1/x3(¢). This orthogonality
condition is just (4.3).

5. An example: similar species time sharing a resource. The results contained
in Theorems 1-3 apply to the systems (2.1) and (2.2) with arbitrary periodic coefficients
satisfying (2.3). In this section we study the case when all coeflicients except the
consumption rates m;(t) are positive constants. Thus it is assumed that the prey §
grows logistically in the absence of predation and that the conversion factors y;
(measuring the per capita conversion of consumed prey into predators) and the
parameters a; (at which prey population level the predation rate of x; reaches half its
saturation level) are constants. The consumption rates m;(¢) will be assumed to fluctuate
cosinusoidally around a positive average value m; with a small amplitude. Time will
be scaled so that the period of this fluctuation is one. Moreover, units for the predator
populations can be chosen so that y; =y, =1 (change dependent variables from x; to
x:/y: in (2.1)). Finally the predators will be assumed to be “similar” species in the
sense that a; =a, and m(l) = mg.

In summary, (2.1) and (2.2) are considered using d> € R as a parameter with the
other coefficients given by

0<di,r,KeR, y;=y,=1, 0<ai=a=acR,
5.1 mi(t)=m{(1+A cost), mo(t)=m{l+A(p1cost+psysint)),
0<meR, pi,p2€R, pi+pi=1,

where A € R is a small amplitude. Theorems 1-3 apply, of course, to this special case.
The crucial concern here is the condition (4.2) which guarantees a spectral interval
of positive length and the condition w;>0 which yields a nondiscrete domain of
parameter values d, for which x; and x, can stably coexist.

Note that if A =0 then this case reduces to an autonomous case for which we
know that the spectrum is discrete (hence w1 =0). Also note that if A # 0, but p,=0
(hence p; =1 and m;=m,), (4.3) implies again that u,=0. Thus it is necessary for
the condition (4.2) of Theorem 3 that A # 0 and that p, # 0, which is to say that m(¢)
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and m,(t) must by “out-of-phase’ or in other words x; and x, must *“‘time share” the
resource S in the sense that their individual consumption rates must not be in phase.

To make this more explicit, we will treat x; as a function of the small amplitude
A and calculate its lowest order terms in A. To do this by means of the formula (4.2)
for 1 involves calculating lowest order terms in A of $°(¢) and 12(t). These calculations
are tedious, but in principle straightforward. As usual they involve substituting A
expansions

5.2) S')=80+STOA+- -, x{O=xTo+xT1OX+ -,

() =no+n(OA+- -+, E)=&p+E(DA+ - -,

into (2.2) and (4.5) respectively and equating coefficients of like powers of A. To do
this requires the A expansion of u°:
wO=potpid

to be obtained from

o_ mSO)
(5.3) W= av(a+so.

The zeroth order A terms in (2.2) imply
(5.4) So=ad:/(m—dy),  x%=r(a+So)K ~S05)/Km,

which are equilibria of (2.2) when A =0. In order that §§ and x{, be positive it is
required that
mK

. <d:<
(5.5) 0<d, P

as is expected from Theorem 1.
It will be shown below that to lowest order in A :

(5.6) 1= (~diamA (@ +S0)(p1—1)*+p3)(d:1(B - 1)+ A)NA*+ O
where

A =rSoK ' -mSoxSo(a+89)%, B i=diamx(a+89) 2
and where it is assumed that
(5.7) A=A*+(B-1)#0.

From this we conclude that for the case (5.1) being considered in this section, for
small amplitudes A, the quantity w1 is nonzero and the spectral interval (for do=—u)
has positive length provided

(5.8) (p1=1)*+p3#0

and di(B—1)+A #0. The resulting positive periodic solutions are, for d,<d3 and
dy=d§ =d,+O(L?), stable if

(5.9) diB-1)+A <0
and unstable if

(5.10) di(B-1)+A>0.
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Condition (5.8) means of course that the consumption rates m(¢t) and m,(¢) are
out-of-phase. Note that by putting them maximally out-of-phase: p1=—1,p>,=0, to
lowest order u; is maximized (all other parameters held fixed), indicating an enhance-
ment of the possibility of stable coexistence in the gsense that the spectral interval is
lengthened.

The stability condition (5.9) can be interpreted as a constraint on the inherent
resource carrying capacity K (all other parameters held fixed) which must satisfy
K >89 by (5.5). A straightforward algebraic investigation of this inequality shows that

r<d; implies (5.9)
for all K > S whereas
r>d; implies (5.9) for Sg<K <K, but (5.10) for K > K,
where
S5 m r—d;

K= , wi=— >Q.
r di+mdi+d,+m

We conclude that the two similar predator species in this example (5.1) can stably
coexist for d lying in an interval of positive length containing d3" provided their resource
consumption rates are out-of-phase and either the prey inherent growth rate r is less than
the predators’ inherent death rates d; or, if this is not true, provided the prey inherent
carrying capacity K is not larger than a critical value K. This latter condition is
another instance of what has come to be called the “paradox of enrichment’ [4], [17].

In order to get a better understanding of the characteristics of the oscillations in
this example, numerical integrations of the systems (2.1) and (2.2) with coeflicients
(5.1) were carried out for r =10.0, K =1.0, a =10.0, m =10.0 and A = 1.0. Figure
1 shows the computed bifurcation diagrams for both systems (2.1) and (2.2). Confirming
the results of Theorem 1, the diagram in Fig. 1a shows positive periodic solutions of
(2.2) for 0<d;<d{ =10/11. With d, held fixed at d, = 0.5, the two-predator, one-
prey system (2.1)-(5.1) was numerically integrated for various phase differences in
the resource consumption rates. Figure 1b shows three resulting bifurcation diagrams
with d, as the bifurcation parameter. These three bifurcation diagrams illustrate how
the spectrum increases from a point when the consumption rates are in-phase to an
interval of significant length (commensurate with the spectral interval in Fig. 1a) when
these rates are out-of-phase.

Figure 2 shows three computed periodic solutions of (2.1)~(5.1) when the resource
consumption rates are maximally out-of-phase for three different values of d,, one
near bifurcation, one for which d, =d; and one “far out on the bifurcation branch”
(see Fig. 1). Note that in all cases the oscillations within the three species tend to be
themselves out-of-phase and that the predator oscillations are out-of-phase with their
own resource consumption rates (not shown). The case when d, =d; =0.5 in Fig. 2b
when the species are thus similar in all regards except that their resource consumption
rates are out-of-phase is especially interesting in that it shows the predators’ oscillations
are maximally out-of-phase and it shows that the oscillation in the prey resource
population has apparently halved the period to 7. The extreme case in Fig. 2¢ shows
the resource population reaching dangerously low population level (=107%) over a
significant portion of its cycle. This suggests a danger of prey extinction and system
collapse and points out that mathematical existence and stability of positive periodic
solutions may not always be sufficient for measuring stable coexistence in periodic
competition models [5].
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10.0
(a)
L
501
1.0
L L i i i A i i Py ' dl
0.1 0.5 1.0
YET
r y=n/2
y=0
5.0 ¢ (b)
b
1.0 ¢
i 1 1 & L A A A dz
0.1 0.5 1.0

F1G. 1. In (a) the Euclidean distance (1 —|S})* +|x1J0}'/* of the norm (S0, x1lo) € R? for the numerically
computed positive periodic solution (S, x ;)€ Bf, (p)of 2.2)-(5.1) withr=a=m=10.0and K =X =1.0 from
that of the *‘trivial solution” (so, 0)= (K, 0)= (1.0, 0)eR?is plotted against the death rate d,. Bifurcation is
seen to occur at the theoretically computed df =10/11. The circle corresponds to that solution used in
computing (b).

For the same parameter values as used in (2), but with d;=0.5, the norm (|S%, xTo)eR? for the
numerically computed positive periodic solution of (2.2)-(5.1) was computed to be (!Solo, !x?lo) =
(0.9986,3.9828). In (b) the Euclidean distance of (Slo,|xilos x2lo)eR® from (18%,1x%o, 0) =
(0.9986, 3.9828,0.0)e R* for the numerically computed positive periodic solution (S, x5, x2)€ B2 (p) of
(2.1)-(5.1) is plotted against the parameter d». The resulting graphs are shown for three selected phase angles
v=0.0, /2 and m where v = —arctan (p,/p1). The circles on the branch for y = = correspond to the three
solutions graphed in Fig. 2.

Note however that from Fig. 3 we see that low level population levels appear in
this example only at the extreme end of the solution branch (i.e. smallest values of
d» in the spectral interval) and that the spectrum which yields stable coexistence when
the resource consumption rates. Figure 1b shows three resulting bifurcation diagrams
large.

We conclude with some details of the calculation of u, given in (5.6). As an aid
to the calculation of the first order A coefficients in (5.2) it is useful to use (4.3). The
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left-hand side of (4.3) has a A expansion all of whose coefficients must vanish. Use
of (5.1) and (5.2) and a calculation of the first three coefficients in this expansion yield

Nn20=0, av(ny1)=0, av(ny+ncost— 27}215(1)(0/(“1 +80)) =0.

40 F
X,
4
X
1.0 s
1 1 i i i i 1 T
1.0 2
(a) d,=0.7.
4.0t
X,
a
X,
101 S
i ’e iy i 1 L i T
1.0 27
(b) d,=0.5.

F1G. 2. (Caption on p. 407.)
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7.0 L

T

(c) d,=0.12.

F1G. 2. Three computed solutions (S, x;, xz)eBi(p) of (2.1)-(5.1) are plotted against time over one
period. Here r=a=m=10.0, K=A=1.0,d;=0.5 and p,=—1, p,=0. The three solutions correspond to
d,=0.7, 0.5 and 0.12 respectively and are located at the circles on the bifurcation branch graphed in
Fig. 1{b) for phase angle v = =.

These in turn imply from (4.3) that

(5.11) u1=—(a—:n%)?((p1—1)av(nzlcost)+pzav(nzlsint))/\2+0(/\3)-
0

Thus, to find the sign of u; for small A, we need only calculate the first two Fourier
coefficients of 7,:(¢), the first-order A coefficient in the expansion (5.2) of n,(t). This
must be done from (4.5).

The zeroth-order terms in (4.5) and (5.3) easily imply

£0=110=0, dimio+(mSo/(a+S))E=0, uy=-mSS/(a+SD),

which in view of (5.4) reduces to 1710+ &, =0, ;LS = —d;. Without loss in generality we
take

N =1, &o=-1.



408 J. M. CUSHING

8.0 I
I Max X,
Min X,
1.0 } Max S
Min$
i dz
0.1 0.5 0.8

FIG. 3. The population maxima and minima for the positive periodic solutions of (2.1)-(5.1) lying on
the branch X = m in Fig. 1(b) are plotted against the bifurcation parameter d,.

Turning now to the first order A terms in (4.5) and (5.3), we find wi=
—am av ($3(t))/(a +S9)? and the equations

amx amS(l)(t)
@ = (gt nase dscos 1+ G g
(5.12) (b) 05 :—dlnll+(_ﬁ+ﬂx§02')n21_dlgl+dl(pl_1)COSt+d1p25in f
K (a+Sy
amS3(t)

(c) ¢1=—dipicost—dip, sint—(a+sg)2,
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for (m11, n21, 1) E33(17) and

S mS
(a) S?':(—'EO+(;‘+T()8)_2X?0>S(1)—d1x?1,
(5.13)
, am
(b) x(l)l :(Wx(fo)S? —dlx(l)o COS I,
0

for (S9, x11) e B*(p). While these equations appear rather formidable, recall that it is
only the first two Fourier coefficients of 1,1 which are needed in (5.11).
An averaging of the equation (5.13b) for x9, implies av (83) =0. Consequently
4]
H1 = 0 and

(5.14) wl=—d+OW\.

A single, second order equation for n,; can be derived from the system (5.12)
by a simple differentiation of (5.12b). This yields

(515) 1],2,1 +AT]’21 +BT]21 Zdl(dl(p1—1)+p2) COS t+d1(—(p1—l)+d1p2) sint

for n21€ B(p). Thus if (5.7) holds (to avoid resonance) the periodic solution 7,; of
(5.15) is

n21=d1Q; cost+d ), sint,
where O, and (), are given by
AQ; = (B-1dilp1— D +p2)—A(=(p1—1) +d1p2),
AQy = (B-1)(—(p1—D+dip2)+Ald1(p1— 1) +p2).
The desired Fourier coefficients become
av (121 cos t) =3d 104, av (7,1 sin t) =3d:1Q,,
which when substituted into (5.11) yield (5.6).
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