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Many types of stability have been studied in the theory of ordinary differential equations.
Our present purpose is to study perturbed Volterra integral cquations (which are a general-
ization of the initlal value problem for ordinary differential equations). As a matural
generalization of these concepts for ordinary differential equations, we define stability,
uniform stability, and asymptotic stability for integral equations and prove various theorems
for linear and perturbed integral equations.

1. INTRODUCTION

In the theory of ordinary differential equations, many types of stability are
studied. It is known that in general the usual stability (often called Liapunov
stability) and asymptotic stability for linear equations are not preserved
under perturbations of a simple and natural type, but that it one introduces a
so-called uniform stabiliy then the properties of stability are preserved
12, p. 64]. Our purpose here is to study perturbed Volterra integral equations
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{a generalization of the initial value problem for ordinary differential equa-

tions) from this same p{n of view, Belomg as a natural generalization of

these coucepts for o;dz Terential equations, we define stability, uniform
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Adent r\{‘ o>y then 77{x) i 233 Finallv il of
dent of 2 = x,, then @{x) is uniformly Finally, if i
stable on & and if, in addition, to each sad=268(a) >0
such that {|¢— || = 6 implies !u(\’x%«‘ + oo, then @{x) is
said to be asymptotically stable (4.5.)

We emphasize that by si”bihty on a N we always mean
stability of the solution u(x) in the sup norn ] ]!O . regardless of the norm
on N. The space N is the space of allowable initial functions. The solution

u(x) need not and in general will not be in .
QOur concern here is with the stability of # = 0 {corresponding the ¢ = §)
for the systems

u(x) = p(x)+ 17 Alx (1.2
u(x) = @)+ 3 [Alx (1.3)

where A{x, t) is a continuous nxn matrix on 7= {(x,):xg St = x <

+ oo}, and f{x, z, z) is a continuous n-vector on T'x {z!|z| < b} for some
b > |"\ ‘V‘V’l 1f‘l'1 COT1CHC‘C 7('('\" 7 ﬂ\ = ﬂ HF“‘I(‘PT(\I’fh A ere) ‘Id‘l‘l mprp]v ?‘131{'191’ ™ The

ich satisfies f{x, ¢, Henceforth, we will merely refer fo the
stability (or U.S. or A.S) of (1.2) and (1.3) by Wthh we will mean the

stability (or U .or A.S) of 1 = 0 as defined abov

We restrict our attention here to continuous, but not necessarily differen-

1
tiable solutions u(x). As a resul‘r although integro-differential equations
of the form



T

, the converse is not necessarily

)

the form of (1.3
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ntegration, be putinto

7T
I

frue.

Recent papers have been concerned with stability and asymptotic behavio
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If U{s, x) is an n % n matrix which solves the matrix equation
Uls, x) = I+)

Lemma 2.1
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Jora =5 2 x< + o, then
u(x) = Ula, x)p(a) +j’§ Uls, x)o'(s)+d/ds ﬁ B(s, t)ydrl ds

u(,\) (x}Tja [A(x, Huly+ Blx, 1)

[t

,—[>

essing a continuous derivative in x
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dlﬁeien ial equations. It is for
“fundamental matrix” Uls, x

N3 as defined above.
Throughout this paper we define the matrix norm of a matrix M to be
[ M| = supjs—q |ME|. The main results for the linear equation (1.2) are

contained in the following theorem.

THEOREM 2.1 Let U(s, x) be as in Lemma 2.1

@) The linear system (1. 7) is Sfable on N, if and onlv if there exists a

constant M = [ S M, x =

by The linear system (1.2) is J.S. on Ny if ar do f here exisis a constant
M > 0, independent of a, such that |Ula, )| £ M, x, £ a £ x.

¢y The linear system (1.2) is A.S. on N, y‘and nly if || Ula, =) g

Remarks 1) We point ont that Theorem 2.1 is false if V5 is replaced by
Ny ; this is evident from the scalar equation

u(x) = p(x)+ f§ (¢ —u(r) di
for which U(s, x) = cos {(s—x) and for which u(x) = (smx—l—.wos” when
@{x) = sinx. Notice that this cquation is stable on &, by Theorem 2 1(a),

however. (In fact, by Theorem 4.1 below, this equation is U.S. on &,
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In the theory of linear ordinary differential equations the matrix
'mdame")tal matrix of the
Ah of Lhe aome Its

. al
< is

&6~ %, and hence | N(a )“ 1" Y where ¢6 7 = M’(a).
b) As in {a), the soluticn i

Y s
Q @

Clearly, if M is independent of
the UK, of (1.2) on ]

Convers

independent of a.

On the other hand, the assumption of AS. on N to th .
given any posmve integer n, there exists a positive number N = N(n) such
that x = N implies [U(a x)nl 1/nd, provided that # is a unit vector as
above. Then, since ¢ is independent of n, it follows that 110(a, x ‘ < 1/nd
forx = N;ie., |Ula, %) > 0asx —» + oo.

s4omN

is stable on & whenever (1.2) 1s stable on . The following nypomeses will

be needed concerning the perturbation term /-

~ it - L <

. Al AV x = =
s X, Z)| & y1\."}l X Z X, 2| < b,

L
orx = xpand {3° y(x) dx < +

i
Z1.

P

H2:  f(x,t, z) is continuously differentiable in x and [ flx 1, z)[ <
yz(x, 1)|z| on Tx {|z| < b}, where y,(x, #) is defined on 7 and
(2.0 15, vals, )y di ds < + co.

J X0
Under these assumptions, we can state the following general stability theorem
for the perturbed system (1.3).
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TueoreM 3.1 Suppose that the linear system (1.2) is U.S. on Ny and that f
1

vy Then the UEI[LHUCLL systei ( \, vre

1 any normed space N.

b} Then the perturbed system {1.3) preserves ¢
space N for which N; < N

The proof of (a) is an obvious application of the following lemuma once 1t is
noticed that @ as defined there is nothing more than the sclution to the
linear cquation (1.2).

D(a, x) = Ula, )o@+ 3 Uls, x)o’(s) ds.

Proof of Lemma 3.1 From our representation formula of Lemma 2.1,

u(x) = D(a, x)+ {7 U(s, x)(d/ds) 3 /(s, 1, u(2)) dt ds. (3.1)

]u(x)] = [(I)(a, x)! +x H Uls, X)H{Jf(v, 8, u(s))! +13 [_ﬂ(s, t u(t))!dt} ds, (3.2)

or
1u(x)[ < [(D(a x)l—rfu 5 /l(o)lj(.)) +3 yo(a,t;|u(t)1dt} ds
< g@(a, x)g +M %f v{s)y(s) ds,
where v(s) = max,, s]luu )| and y(s) = 7,(s)+ 13 y2(s, ©) di. Therefore, since

the integrand on the right hand side of the inequality above is non-negative,
we obtain

v(x) S |®(a, x)|+M [ v(s)y(s) ds.
Thus, using the standard inequality of Gronwall, we obtainforx = «
lo(x)| = |®(a, x)|+ M [7 9()|@(a, 5)| exp (|7 My() dv) ds,
or

v(x) = (| @0 L1+ My(s) exp (]F My(v) de) ds].



20:42 12 February 2009

[University of Arizona] At:

Downl oaded By:

[oy

71

Now, the bracketed expressxon on the right is actually the same as
Pxp(/xﬂ (s )a’) Hence, it follews that [uf, , £ LI®!, , where, using H1
ve have

proves part (a) of 1neorem 3.1.
(3, IF {170 is AS. on N then
(3.2), If 1.2y is AS. on

N, then

n y 1 AT
asiC O 1Y 4iil, Lo~

a7

sequently, by part (a) the pcriwbed system (1. 3 ) is also stable on N. Thus,

! ; > - - ~r
for |lo!l sufficiently small, v or equivalenty v, as defined in the proof of the
; . |
‘Pmm ,1s bounded; ie.,, [3(}:}”0 . = ¢ From (3.2} we find
A :

where ¢ is any given positive constant. Then we have

lu(x)| < |®{a, x)

+e 3| UG, »)

and Lebesgue’s dominated convergence theorem implies

limsup |u(x)| <
X+
inasmuch as the A.S. on N of {1.2) implies !(D(cz, x}! -0 as x —» + co.
Put g > O was arbitrary so we concluded that

im  ju(x)| =0

and hence that (1.3) is A.S. on &V. This completes the proof of Theorem 3.1.

In the above proof of nart (b) the assumption Ny = N was used only in
that it implies iU(w, as x — + o for ¢ = x,. This condition can
also be assured by the ouxrlgha assumption that the unperturbed linear system
(1.2) is A.S. on N;. Thus, Wztl thls shght change in the proof above, the

following modification of part {b) of Theorem 3.1 can be proved.

THECREM 3.2 Suppose that the linear system {1.2) is both U.S. and A.S. or
and that f satisfies H1 and H2, Then the perturbed sysiem (1.3 '
on any normed space N.

\‘
=
~~

—

N’
3
I
S
[
I
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- As a final remark we note that if 4, fare taken to be independent of x and
if N = N,, then Theorem 3.1 reduces to a v\eH known stability result for

ordinary differential equations . 64]. That the assrnpmoq of uniform
stability on A5 in the above resuit ot t araoped is well known [rom

gxampus in the theor

guations; nor can the hypo-
e o - ; I ¢ TP 12
iCDCS i‘li be w vcu‘ nea i ) CUILG It o CYCiL 7y vasx -» - 0 E_E

; Altain ctahility ~ritaria FAr
Ciild DLGUIMLY Wiliklid iVL

'Gf\ .2} on particular spaces
T

as related to tha kem“} A{x, t). A subseguent paper will de‘x‘“op this idea in
more detail. The following three theorems give sufficient conditions under
which the linear system (1.2) is stable on each of the spaces Ny, N;, and N,
Temernav A1 Fef P v 2 T aoiiies 31
LHEOREM 4.1 L€l US, Xj D€ 4y in Leninid 4,1,

ay If there exists a constant M = M{ay > 0 such that |U(s, x}|| = M,

a < s < x, then (1.2) is stable on I

I
a3

N
A

a = xg, then (1.2) is
¢y If (1.2) is U.S.on Ny and H Us, x}“ ~Qasx - + oo foreachs = a,
then (1.2)is A.S.on N,.

TreoreM 4.2 Let U(s, x) be as in Lemma 2.1.
@) Ifthere exists a constant K = K{a) such that
|Ua, )|+ 5 |UGs, x)| ds = K
Jorallx = a, then (1.2) is stable on N, .

- - 7 7 . 7N\ 71N IS TT O

by IfKis independent of ¢ ini part {aj, then (1.2 is U.5. on N, .

o If
UG, )| ds+ | Ula, )| - 0 asx » + <o,

then(1.2)is A.S.on N,.
Tueorem 4.3 Ler U(s, x) be as in Lemma 2.1 and suppose U(s, x) possesses a
continuous partial derivative in s fora < s £ x.
a) Ifthere exists a constant K such that
i3, J@ujasys, x) ds < K
Jorallx z xo, then (1.2)is U.S.on Ny.
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$i(s. x)ids = 0 as x — 4 o0,

|| .
a = 0asx —» + o0},

< M@)ol

< M(a)|e|, and stability follows.

M {I= o (9)ds < e.

4]
2.
=
o
W,

(:Q
o,

he representation for the solution u{x), we obtain for x = x|

[UGs, 0] lo'(s)|ds +e.

N Hlrrs 18] x4
[HX)| = I|U(,aax N I\P(a)l'*” .

Now, using the hypothesis that | U(s, x)| — 0 together with an application
of the Lebesgue dominated convergence theorem, we conclude from this
inequality that

limsup |u(x)] < ¢,

x—+ w0

=

hich, since E is arbitrary, implies the desired result that |u(x)] -0 as

Proofof Theorem 4.3 Anintegration by parts in the representation formula
for the solution to (1.2) yields

u(x) = p(x)— 2 (0Ujds)(s, x)o(s) ds.-

(To be precise, this formula for the solution u(x) can be directly verified and
hence is valid for ¢ € N, without any differentiability assumption on ¢.)

It then easily follows that
I[u”o LS +K)”(70”Ga < !1—}-]()”(19!

|

from which we conclude (a).
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CORGLLARY 4.1 Suppese (1.2) is U.S. on Ny and f satisfies H1 and H2. Then
the perturbed system (1.3) is U.5. on N,

COROLLARY 4.2 Suppose {1.2} is bot
H1 agnd H2. Then the Is

Since the U.S. on 5 of (1.2) implies the boundedness in x Lf 1‘1 U(S, )
bv Z{heore 2.1(b) which in turn, by Theorem 4. 1.1mphe< tk J.S8. on NV, of
T i liow fro heorem 3.1.

satisfres the

AN soTT

1 Y e T QO
i.0) 18 US.

¢y 1If Uls, x) satisfies the hypothesis of Theorem 4.2(c), then (1.3} is A.S.
on .

This coroilary also follows immediately f Theorem 3.1 and from
Theorem 4.2 once it is noticed that both tPe hyDothese

Theorem 2. 1.

COROLLARY 4.4 Assume that [ satisfies H1 and H2.
ay If Uls, x) sarisfies the hypothesis of Theorem 4.3(a), then the perturbed

system (1.3) is U.S. on NO
by If U, x) satisfies the /vvpoz/zeszs of Theorem 4.3(c), then (1.3} is A.S.
on Ny 0 {o: ;(p| —0asx - + o},

Part (2) is immediate from Theorem 3.1 and Theorem 4.3(a). To prove
part (b) we need only note that the hypotheses of Theorem 4.3(a) and (b)
both individually imply that | U(s, x)| is uniformly bounded for x; £ 5 = x

and consequently, by heorern 2.1, that (1.2} is U.S. on N indeed,

vy N N
= [[={5QUoN(, x) dif| £ 1+K,

forx, £ 5 £ x. Part (b) is now seen to follow from Theorems 3.1 and 4.3(b).



20:42 12 February 2009

[University of Arizona] At:

Downl oaded By:

VOLTERRA INTEGRAL EQUATIONS 75

o
W
o
<
i

PLICATIONS

= e
[T

to T ¢']
-3

a function of the difference x
above, it follows that Uis

-y
(¢}
[¢]
o
o
jos
Lo
-
D W
5‘4
(4]
o
—
w
o

are equivalent for such equations,
to the boundedness of U(z), z = 0. T

S then apply to any st
P
I

5
3.1 we have the following variant of
. . lization of

iabi itity on any normed Space N and asymptotic stability on any
or which N, = N.

(1.3) preserves .
normed space N

<

A theorem of P
n [0, + o) (.e.

det (T— {3 exp (—sDA() dr) # 0 (5.1)

for all complex s in ine rlght half plane Re s = 0. This theorem is used in [7]
| e L0, + o) back to the kernel of (1.2). In
our case the assumption [r e L'[0, + o0) is, in fact, the assumption that
|oU/jds] e L'[0, + o) which, by Theorem 4.3(21), implies stability on ¥, and
hence on N;. We have then the following result.

COROLLARY 5.1 Let A(x, 1) = A(x—1t) and suppose | Al € L0, + o). Also
assume that f satisfies H1 and H2. If the Paley~V’Ie ier condition (5.1) holds,

A ,
then the perturbed system (1.

" A re ,
i s) is stable on Ny. If, in addition to ¢ € Ny, we

have that |p(x)] — 0 as x —~ + o0, then |u(x)|
any solution to (1.3).

XY lenwrm maaley dn e JRE TR R FTonmmimncamdle A AT . NIAL
VYO dlave Ully W piove UlC dast StdlGiliClit, iNasiiulit ds JURy, X058 =
r(x—s) we have from Lemma 2.1 {after an integration by parts)

()= [E r(x—s)p(s) ds

N
2
o
b2
N’
il
-
)

7

= 00 =[5 rs)p(x—s) ds.
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Condition (5.1) and ¢ € N, i wat the integrand above is in L'[0, + o).
Heh ce, there exists, for ea real x; > a such that

£

Ui AQgIIs T 7 ~ P o~ o st ~ th
we flad, epon applying Lebesgue’s dominated convergence thecrem to the

middie Lerm, that

limsup u(x)] = e
x=+ o
Since & > 0 was arbitrary, we conclude that |u(x)] — 0 as x -» + co. This
proves the corollary.
Our final remarks concern the integro-differential equation {1.4). If this
equation is integrated we obtain an equation of the form (1.3) with
rys ~ .
Sx, ) ds

so, o € N, if and only if

ve for the annn 1 nt
LAY UL Lo el Ay

Note that ¢ € N, if and on
i = G. Thus, stability o ; a i
system (1.3), becomes eqmvalent to the usual definitions for ordmary
differential equations. Uniform stability on N, for (1.4) means that to any
¢ > 0 there exists a 6 > 0, independent of a, such that Iuol—rf m'lﬁ]ds <6
implies |u]s, £ & if, in addition, [u(x)] - 0 as x » + co, then (1.4) is
asymptotlcally stable on N,. Corollaries 3.7 and 3.2 now yield the Iollowmg

resuit.

Mrrpmm o & 9 Chrmnncn T 1 cmtsadss sl mmgs diet o

I HEOREM 0.4 oupyuoc g ana n Satisjy e Conaiiions
PSRN R T VAN I L N
SX, Z) S 7iXHZEL X = Ko, }ZE < b,

7
where
Py (x)dx < + o0, (205 vals, ) dids < + co.
Then if the linear system

duldx = B(x)u(x)—hff,‘ Clx, Hul(t) dt, u(a) =

A

is U.S., then (1.4) is U.S. on N ,. If, in addition, (5.2) is A.S., then (1.4) is aiso
A.S.on N,.
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In particular note that if C{x, 1) = 0, then (5.2) is an initial value sroblem

for an ordinary differential equation for which all the many wel
techniques are available in deciding its stability properties. For example,
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