Stable Limit Cycles of Time Dependent Multispecies Interactions

J M CUSHING
Department of Mathematics, Uniersity of Arizona, Tucson, Arizona 85721

Commumcated by R M May

ABSTRACT

The standard differential system which models the interaction of n species s consid-
ered under the assumption that the coefficients (1 ¢, the net birth rates, the self-inhibition
coefficients and the interaction coefficients) are all periodic functions of ime Conditions
are given which guarantee the existence of a stable periodic hmit cycle The basic result
implies, roughly, that if an n— 1 species subcommumnity with a stable periodic limit cycle
exists and 1if the interactions of the system are sufficiently weak, then the addition of the
nth species will result 1n a stable periodic limit cycle provided its average net birth rate is
larger than and close to a specified criical value, on the other hand, 1f this average 1s less
than but close to the critical value, then the nth species will not survive and the system will
stabilize on the limit cycle of the subcommunity Starting with basic results concermng
periodic solutions of the one species case, we apply our basic result in a “bootstrapping”
manner to denive a corollary which, roughly speaking, states that if at least one species has
a positive average net birth rate and if the interactions are sufficiently weak, then a
multispecies community will have a stable, positive limut cycle provided that the average
net birth rates of the remaning species lie 1n certain specified ranges

1 INTRODUCTION

Consider the well-known system of differential equations

N,’=N,(b,+2a,JNJ), 1<i<n, an

J=1

which serves as a model for the interaction of n species whose sizes (e g,
numbers, biomasses, etc) N,= N,(r) are functions of time ¢ Here b, 1s the
mherent net buth rate of the ith species in the absence of any interaction
with the other species (as accounted for by the mteraction coefficients a,,
1) and any self-inhibition (as accounted for by the coefficients a,, which
are assumed to be nonpositive) Our purpese here 1s to consider this model
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under the assumption that the coefficients b,=5,(?), a,= a,(t) are periodic
functions of time, this assumption seems reasonable in consideration of the
obvious periodic fluctuations that such ecological systems would naturally
be subjected (e g, such seasonal effects as weather, temperature, food
supphles, hunting and mating habits, etc) Our main aim 1s to give condi-
tions under which a stable, periodic positive solution N, >0 of (1 1) exists
The approach taken is the same as that used by the author in [3] in his study
of time dependent predator-prey systems [a special case of (1 1) when n=2]
namely, positive periodic solutions of (1 1) are sought which bifurcate from
some such solution for some subcommunity consisting of n—1 species
[which we take, without loss of generality, to be the first n—1 species
N, JN,_;in (1 )] The free parameter (denoted by u) 1s taken to be the
time average of the net birth rate of the remaming species The results of
this approach are contained in Theorem 1 below, which, roughly speaking,
concludes that a positive periodic solution of (1 1) exists for certain values
of p provided the interactions of the subcommunity are sufficiently weak
Stability considerations are taken up mm Theorem 2, where, under the
assumption that the full system (1 1) 1s weakly interacting, the bifurcation
described 1n Theorem 1 1s shown to exhibit an exchange of stability This
means, roughly speaking, that if p 1s larger than but close to a certain
critical value p*, then the periodic solution given by Theorem 1 1s (locally)
uniformly asymptotically stable, and that, on the other hand, if this average
p 18 less than but close to p*, then the periodic solution of the subcommun-
ity 1s (locally) uniformly asymptotically stable as a solution of (1 1) This
latter case means that the nth species will become extinct, while the
remaining species will tend to the periodic solution of the subcommunity It
also follows from Theorem 1 below that no positive periodic solution of
(1 1) for which the size of the nth species 1s small exists except for u close to
p*

Because the results in Theorem 1 rely on the existence of a positive,
periodic solutton of a subcommuntty, certain results for the case of n=1
species are of interest In [2] the time dependent logistic model

N{=N,{b(t)+a, ()N, }

1s shown to have a positive, globally uniformly asymptotically stable per-
odic solution if b, and a,, are periodic, a,, 1s negative, and the average of b,
18 positve Using this result, we apply Theorem 1 to (1 1) for n=2 and
obtain posttive limrt cycles for two species mteractions These limit cycles
are then used in Theorem 1 to obtain positive limit cycles for n=3 species,
which mm turn are used for n=4 species, and so forth This repetitive
argument is used to derive the Corollary in Sec 2 below, which (roughly)
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says that (1 1) has a positive stable limit cycle if the system 1s weakly
interacting, 1if at least one species has a positive average net birth rate, and if
the remaining average net birth rates hie 1n certain mtervals (These intervals
are described in terms of certamn weighted averages of the periodic limit
cycles of the subcommunaities )

2 RESULTS

Let P denote the Banach space of continuous functions of period p
under the norm [N, |;=maxX_, . 4|N,(#)] Throughout this paper the
period p will be arbitrary, but fixed Let R denote the set of all real
numbers, and let P, denote the n-fold Cartesian product of P with 1tself By
a positive solution N=(N)) of (11) in P, we mean differentiable functions
N, € P satisfying (1 1) such that N, >0 for all f€R and 1 <:<n It will be
convenient for us to separate out the nth component of the vector N, which
we do by means of the notation N=(N,, N,), where we tacitly assume

l<i<n—1 We will refer to the subsystem

n—1

le=N,(b,+2a,ij), I<ign—1, 2D
J=1

as the reduced system (or as the subcommunity) of (11) If N, 1<i1<n—1,
solve the reduced system, then clearly N =(N,,0) solves (1 1) and vice versa,
so that we may simply refer to solutions of (1 1) with N, =0 as solutions of
the reduced system Let

(Bl=p=" [ Pb,(r)dr
J
denote the average of b,(r), and write
b ()=1b,)+p, (1),  [p,]=0

By a continuum C C R X P, 1s meant a set which cannot be written as the
union of two disjoint, nonempty open sets By a positive continuum we will
mean a contnuum such that (g, N)E C imphes N, >0 for all tER and all
I<ign

We will need the following hypotheses

(H1) b.,a,€EP with a, ()< —m<O0 for all t€ER and 1<1<n and for
some constant m >0,

(H2) the reduced system (2 1) has a solunon N*=(N}*,0)€ P, with N* >0
foralltERand 1 <i1<n—1
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DEFINITION

For the n X n system (1 1) with n> 2 let

a,=max{|a,lo 1<1y<n 17y}

Let a;=0

The constant a, very crudely measures the strength of the interactions
amongst the species 1n system (1 1) Systems with a, small (in some sense)
will be called weakly interacting systems By a,_, we mean the correspond-
ing constant for the reduced system (2 1) Our basic result 1s contained 1n
the following theorem

THEOREM 1

Assume that (H1) holds and that b,(t), 1 <1< n-—1, and p,(t) are given
Sfunctions in P with [p,]=0

(a) There exists a constant ¢ >0 (depending only on m and |b,, for
1 <1< n—=1) such that «f (H2) holds for a,_, <&, then there exists a positive
continuum C C R X P, whose closure contains (p.*, N*),

n—1

pr== 2 [a,N].
=1

with the property that (p, N)E C imphes N € P, is a positive solution of (1 1)
with [b)=u i e, b,(t)=p+p,(0)]

(b) If i addition |a,lo<e, 1<y<n—1, then for (u, NYEC ut follows
that > p*

(c) Assume further that |a, ()0 for all t€ER and 1<1<n—1 Then
for (p,N)&€ C we have

sgn(N,— N¥)=sgna,, I<i<n—1, tE€R,

where sgnr=r/|r| for 0screR

Part (c) of this theorem states that the periodic solutions of (1 1) given 1n
part (a) have the property that each of the first n—1 species 1s greater or
smaller 1n size (for each ¢) than it would be in the absence of the nth species,
depending on whether the nth species respectively increases or inhibits 1ts
growth rate (1e, whether the nth species serves as a prey or a predator for
this species)

Note that for the special case of two species (n=2) the weak interaction
assumption 0= a; < ¢ 1s automatically fulfilled in part (a) This special case
for predator-prey interactions (a,; <0, ay; >0) 1s studied 1n detail 1n [3]
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For the weak interaction systems considered in Theorem 1 we have the
following stability results

THEOREM 2

(a) Suppose (H1) holds There exists a constant ¢ >0 such that if N € P,
is a positroe solution of (1 1) for o, < €, then N 1s (locally) uniformly asymptoti-
cally stable

(b) Suppose (H1) and (H2) hold, and suppose [b,]< p* Then for a,_,
sufficiently small N*=(N¥*,0)€ P, 1s (locally) uniformly asymprotically stable
as a solutron of (11)

Considering hypothesis (H2), we may view Theorems 1 and 2 as giving
conditions under which a species N, may be added to a weakly interacting
community of n—1 species Ny, ,N,_;, which possess a stable periodic
limit cycle, and result in a community of n species with a stable periodic
limit cycle The conditions are that all interactions be sufficiently weak and
that the average net birth rate of the added species be appropniate Using
this result together with the results in [2] for n=1, we may derive a corollary
concerning stable limit cycles of (1 1) 1n terms of the average birth rawes of
all species This 1s done as follows from [2] we have the existence of a
posttive periodic solutions N € P of

N{=N,(bj+a;N))

provided a,, satisfies (H1) and [5,]>0 Applying Theorems 1 and 2, we
deduce that any system of n=2 species formed by the interaction of a
second species has a stable limit cycle N3 € P, provided the interaction 1s
weak enough and [b,] 1s large enough. specifically, pF < [b,] < u3* for some
pE* > uf = —{ay N¥], pf* < + o0 Using N¥ to fulfill (H2), we may again
apply Theorems 1 and 2 to (1 1) for n=3, and so forth Clearly by repeating
this argument »—1 times we will have proved the following result

COROLLARY

Suppose b,, a, sausfy (H1) and suppose [b|]>0 There exists a constant
e>0 and n—1 intervals I, = (p*, pu**), p* < p** < + 00, 2 <1< n, such that of
a,<e then (11) has a (locally) umiformly asymptoucally siable, positive
periodic solution provided [b)E I, for all 2< 1< n

In this corollary, of course, we have that

=1
pr=— gl[auN;], 2<1<n,

where N, =(N,)E P, 15 the posiuve solution of the subcommunity obtained
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by eliminating the speciesV,,;, ,N, [1e, the reduced system obtained by
setting N, , = =N,=0m (1 1)]
REMARK

The continuum C 1n Theorem | consists of elements (u, NYER X P,
near the bifurcation point (u*, N*) (cf the proof in Sec 3 below) Actually
from the results 1n [5] we find that C has a global extension C D C which 1s
an unbounded continuum in R X P, Moreover, from the a priori bounds 1n
Lemma 5 below, we can assert that the projection of C, onto R 1s
unbounded and contamns p* 1n 1ts closure We cannot, however, be assured
1n general that all the periodic solutions of (1 1) corresponding to elements
on C,, are positive solutions In fact the results in [3] for predator-prey
interactions (especially the numerical results) indicate that this 1s not the
case for this particular type of system, in this case positive periodic
solutions exist for p* < p < u** < + oo and do not exist for p> u** for a
certain constant p** < + oo (although nonpositive solutions do exist for
p > wp**) On the other hand, the results in [2] for the one species case n=1
show that in this special case C, contamns all positive solutions and that
(1 1) does have a positive, pertodic solution for all > p*=0

3  PROOFS

We will prove Theorem | by reformulating the problem of solving (1 1)
mm P, as an operator equation suitable for the application of certain
standard techniques from bifurcation theory To do this we will need the
prelimmary facts which are stated in the following list of lemmas

LEMMA 1

(a) Consider the scalar (n=1) differential equation z'= a(t)z fora€ P In
order for a nontrivial solution z € P to exist it 1s necessary and sufficient that
[a]=0

(b) If [a]=#0, then the nonhomogeneous scalar equation z' = a(t)z + f(1),
a€ P, has for each f € P a unique solution : € P, and the operator Lf=12z 15 a
compact hinear operator from P into P

LEMMA 2
(a) Consider the (n—1)X(n—1) hinear system

n—1
7= 3 ¢,()z, I<i<n—1, (31)
J=1

where ¢, € P and [c,]70, | <:<n—1 There exists a constant e >0 such that
if le,lo<e for all 1 <1,y <n—1, 15, then (3 1) has no nontrivial solution in
P

n—1
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(b) Hence the nonhomogeneous system
n—1
/=" ¢,(Nz,+1, I<i<n—1,
Jj=1
has, for each f, € P, a umique periodic solution z € P,_, Moreover, the linear
operator Lf=z 1s compact from P,_, into P,_,

Proofs Parts (b) of both lemmas are well-known results [4, p 223]
Lemma 1(a) follows easily from the fact that an antiderivative of a 1s
periodic 1if and only if [a]=0 To prove Lemma 2(a) we observe that each
scalar equation z; = c,z,, by assumption, satisfies the hypotheses of Lemma
1 Thus, the system (3 1) can be reformulated as the operator equation
z=1Lz, where Lz=(L,(Z,, ¢,z)) and L, 1s the compact linear operator
guaranteed by Lemma 1(b) Clearly, for € small enough the operator L 1s a
contraction on P,, and consequently the only solution of z=Lz m P, 1s
z=0 m

LEMMA 3

Suppose N € P, 1s a posutie solution of (1 1) Then
isl+ 3 [aUNJ]=O
J=1
Proof Functions in P, are bounded, and hence
1 - IN'/d— 1 ! N, (1) =0
el ) WSO RN T

From (1 1) we have on the other hand that

l]vll n
lim t_lfﬁldt=[b,]+ 2 [a,N] n
0

>+ J=1
The next lemma 1s given 1n preparation for the a prior: estimate estab-
lished in Lemma $
LEMMA 4
The algebraic inequalities

1

m, I<ig<n, n>2

n
0<{<A+BY §, B<
J#1

for constants A,B >0 umply 0<§ <24, 1<:1<n
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Proof (by induction) For n=2 we have
0<§<A+BE, 1527, 0<B<;,
thus, 0<§ <A+ B(A4+ BE), or
0<¢<A(l+B)1—-B?) '=A4(1-B) '<24

fori=1or2
Suppose the lemma 1s true for n=k and consider the case n=k+1 We
have then that

k+1
0<§{<A+B Y &, 0<B<~6% (32)
s

Let ; be arbitrary but fixed, 2 <: < k+1, and reconsider these inequalities
in the form

0<§{<(A4+BE)+8B kil £

m=£j 1

for all 2< y< k+1, y5=1 Since these inequalities are & 1n number, we may
apply the induction hypothesis with 4 + B§ replacing 4, note that B <
1/6k implies B<1/6(k—1) Thus, we conclude that

0<§<2(4+BE), g+
The mmequalities (3 2) now 1n turn imply
0<§<A+2kB(A+ BE)
or
0<t<A(1+2kB)Y1-2kB?)""

which, because 0 < B < 1/6k mmplies (1+2kB)(1— B)~'<2 and because :
was arbitrary, immediately yields the assertion of the lemma for n=k+1
n

LEMMA 5

Let N*=(NX)E P, be a positive solution of the reduced system (2 1) with
a,_; < m/6(n—2) [where m s as in (H1)] Then

N*lo<2Bm~!, (33)
0

where B=max{|b|, l<i<n—1}



STABLE LIMIT CYCLES OF SPECIES INTERACTIONS 267

Proof Let 1 be an arbitrary but fixed 1nteger such that 1<:i<n—1
Choose a ¢, such that N*(1)=|N*, N¥(1)=0, 1<i<n—1 From (21) we
have that

n—1
b(1)+ 2 a,(t)NH(1)=0
J=1
for each 1 Thus, for each ¢

n-1

Ian(tt)Nx*(tl)l < B+ L 2 |]VJ*|0a

J¥F1

and (H1) implies

n—1
|Nr*|0= Nl*(tl) < B"n—1+0‘n—l’n—1 2 “V/*‘O

771

Lemma 4 now implies 33) W
Proof of Theorem 1

(a) We begin by making the change of variables
x,=N,—N}, I<ig<n—1, 34

m (11), where (N¥)E€P,_, 1s the solution of the reduced system (2 1)
guaranteed by (H2) This results in the system

n—1 n—1
x,’=x,(b,+ > a,ij*)'*'N,*( > a,jxj+a,,,N,,)+f,, I<i<n—1,
J=1 J=1

(3 5a)

n—1
N,;=N,,(b + 3 a, N*) (3 5b)

j=1

for the unknowns (x,, N,), where

n—1
f,=f,(x,,N,,)=x,(Eauxj+a,,,N,,), 1<i<n—1,

J=1

fn=fn(x,,N")=Nn( S a,%+a,N, )
J=1

Note that

j;=0(|(xx’Nn)|0)’ 1

N
N
X
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Now let # be any constant for which

n—1
07— 2 [aanj*],
J=1
and set A=[b,]—#, so that we may substitute b, =A+ 8+ p, into (3 5b) and
obtain

n—1
N,;=N,,(0+p,,+ > a,,ij*)+7\N,,+f,, (35b)

J=1
Since

n—1
[0+p’1+ E aan/*

n—1
=0+ X [a,N*]+0,
J=1 J=1

we see that we may in turn rewrite (3 5b’) 1n the operator form
N,=L,(AN,+f1,). N,EP, (36)
where L, 1s the compact linear operator guaranteed by Lemma 1(b)
Substitution of (3 6) into (3 5a) yields the (n—1)X (n— 1) system
n—1 n—1
X, = x,(b, + 2 a,ij*) + N} 2 a,x, +ANra,L N, +g, 37
=1 =]
where
gx=gx(}\’(xvan ))=Nx*alefn +ﬁ (XH}\Lan+ Llfn)__'o(l(Xl’Nn)‘O)
uniformly 1n A (on compact subintervals of R) The related linear system
n—1 n—1
z,’=z,(b,+2aUNI* +N X g,z l<ig<n—1,
J=1 J=1
has the form (3 1) with diagonal coefficient

n—1
C”=b,+ 2 alj[vj*+auN1*a

J=1

thus by Lemma 3 applied to the reduced system (2 1) [instead of (1 1)] we
find that

[e,]=[a,N*]<0, I<i<n—1
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We now make use of Lemma 2(a) in order to conclude that this linear
system has no nontrivial solution mn P,_, if each |N*a o, 1<t y<n—1,
15, 1s sufficiently small Making use of the a prior: bound denived 1n
Lemma 5, we can guarantee this condition by assuming a,_, < ¢ for some
small €0 Lemma 2 now implies that (3 7) can be reformulated as the
operator equation

x=L{\N*a,LN,)+g(\.x,N,)), (38)

where L is a compact linear operator from P,_, into P,_,, and where
x=(x,) and g=(g,) for 1 <:<n—1 The two operator equations (3 6) and
(3 8) together constitute an equivalent operator formulation of (3 5a) and
(3 5b)—or, in other words, of (1 1) on P, Letung

y=(x,N,)EP, Ay=(LN}a,L\N,,L|N,),
GAy)=(Lg\x,N,), L, f,)
we find that (3 6) and (3 8) can be written simply as the operator equation
y=MMy+G\,y), YEP, AER, 39

where 4 15 a linear, compact operator from P, into P, and G 1s (for each
fixed A€ R) a completely continuous operator from P, into P, such that
G=o0(|y|p) near y =0 umformly in A on compact subintervals of R

To summarnze y=(y)€E P, solves (39) for some AER 1if and only if
N=(N)=(y,+ N*,y,)E P, solves (1 1) with b,(1)=A+8+p, (0

Clearly y=0 solves (39) for all A€ R, but this 1s just the “trivial”
solution N=(N*,0) of (1 1) Thus, we wish to solve (39) for nontrivial

solutions y =0 As 1s well known, nontnivial solutions of (3 9) can bifurcate
from y =0 only for A near characteristic values of the linearized problem

y=My, y€EP, (310)

In order to find these characteristic values we observe that solving (3 10) 1s
equivalent to solving, for some A € R, the linearized version of (3 5a)—(3 5b")
for a nontrivial solution y =(x,,N,)E P,

ni]

a,jxj+a,,,N,,), I<i<n—1
J=1

n—1
x,’=x,(b,+ > a,ij*)+N,*(
J=1
(3 11a)

n—1
N,=N, (A+0+p,,+ > a,yNj*) (3 11b)
J=1
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Now 1f N,=01n (3 11), then from (3 11a), a,_, < &, and Lemma 2(a) follows
x,=0 for 1<:1<n~1, te, y=0 Thus, to have a nontrivial solution we
must have N, 50 Moreover, the converse 1s true 1f N,=0 solves (3 11b) 1n
P and 1s substituted mto (3 l1la), we may then solve the resulting system
uniquely [by Lemma 2(b)] for x=(x,)E P,_,; Thus, (3 11) has a nontrivial
solution mn P, if and only if (3 11b) has a nontrivial solution in P Equation
(3 11b) has a nontrvial solution 1n P 1f and only if [by Lemma 1(a)] A=A,
where

A= —0—"S [ayN? ] (312)

J="!

Moreover, when A=A, Eq (311b) has one independent solution in P
which, 1n the manner just described, yields one idependent solution
(x,,N,)E P, of (311), thus, A has one and only one characteristic value A,
which 1s given by (3 12) and for which ker(/ —AyA4) 1s one dimensional

Next we argue that A, 1s 1n fact a simple characteristic value Suppose
y*Eker(I —Ay4)* Then y**=(/—A,A)y* Eker(I —\,4), and hence y**=
ky? for some constant k, where y°==0 spans ker(/ —A,4) Thus A\yAy°=y*
—AoAy*, or MgA(ky®+y*)=y*, an equation which implies amongst other
things that the nth component of y* satisfies the nonhomogeneous version
of the scalar equation (3 11b) with A=A, and the “forcing term” Agky?
added to the right hand side (y? 1s the nth component of y% Since (3 11b)
with A=), has a nontrnivial periodic solution yZ, 1t follows from well-known
facts concerning periodic differential equations [4] that Agky? must be
orthogonal to the adjoint solution 1/y2 This, together with Aq70, implies
k=0 and hence y**=0 Thus y* €ker({ —Ay,4) which implies that ker(/ —
AgA)*Cker(I—AyA) Inasmuch as the opposite set inclusion 1s obvious, we
have shown that these two kernels are :dentical This proves that A; 1s
simple

It follows from well-known bifurcation results that a continuum C C R X
P, of solutions (A,y) of (3 9) exists whose closure contains (A,,0) (e g, see
[S) We next show that C consists [near the bifurcation point (A, 0)] of two
subcontinua both of whose closures contain (A,,0) and one of which
contains posttive solutions (the other contains negative solutions) of (1 1)

We 1nvestigate the solutions in C using the standard Liapunov-Schmudt
expansion [6]

A=Ay+A, B+ ,
y=ylﬁ+y2182+ , yl=(x(‘)’Nl(l’))’ (3 13)
for § a small parameter Substituting these expansions mto (39) or

equivalently mnto (3 5a)—(3 5b’), and equating the coefficients of like powers
of B, we obtain a sequence of linear systems to be solved i P, recursively
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for A and y, The first system 1s just the linear system (3 11), hence Ag 15
given by (3 12), and y, 1s any nontrivial solution of (3 11) in P, It follows
from (3 11b) that N, 1s of one sign, without loss of generahity we take
NV>0 for all r€R, and hence for 8 >0 small, y=(x, N,) has a positive
nth component In addition, for 8 >0 small we have that x 1s near zero and
hence that N, 1s near N* for 1 <i:<n—1 Since N* € P 1s positive by (H2),
it 1s bounded away from zero These facts imply that N, 1s positive for
I<i<n-1

If we let p=A+ 4, we have proved part (a)

(b) Next we show that A, >0 Then, since positive solutions correspond
to 8 >0 1n (3 13), we see that they are associated with A >Aq or p=A+4 >
Ao+ 8=p* as required To find A, we need to equate 82 coefficients mn
(3 5a)~(3 5b") after the substitution of (313) This results in the hnear,
nonhomogeneous system consisting of (3 5a) with f, evaluated at y, and the
scalar equation

n—1

N/=N, (A0+0+pn+ > a, N |+ MNP+ £ (xD NPy (314)
g=1

to be solved by y, € P, Again 1t 1s easy to see that this system has a solution
m P, if and onlv if (3 14) has a solution in P Since the homogeneous
equation associated with (3 14) has periodic solutions (by the way A, was
chosen), Eq (3 14) can be solved in P if and only if the nonhomogeneous
term 1 (3 14) 1s orthogonal to the adjoint solution 1/ NP [4] This leads us
to

M= [aN0]= 3 [a,x"] (315)

J=1

.

Clearly, by (H1) we have that A, >0 1f each |q, |, 15 sufficiently small

(¢) To investigate the sign of the solution y=(x,N,) for small 8, we
consider more closely the leading coefficient y, € P, n (3 13), which, as
already poimnted out, 1s a nontrivial solution of the linear, homogeneous
system (3 11) with A=A, and with N taken to be positive [as a solution of
(3 11b)] The first n—1 components xO=(xP) of y, constitute the umque
periodic solution of the nonhomogeneous system (3 11a) obtained by letting
N,=NDeP Next we pomnt out that 1f [a]<0 1n Lemma I(a), then the
operator L 1s positive, 1e, Lf>0 for all t€R 1f f>0 for all r€ R This
follows from the fact that the Green’s function for L in this case 15 a
posttive function (see [4, p 225]) Thus, if g, 15 of one sign, then the unique
pernodic solution z, of the scalar equation

n—1
z,’=zl(b,+ > a,N*+ a,,N,*)+a,,,N,*N,(,”
J=1
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1s of the same sign But standard continuity results for differential equations
mmply that [x, — z,|;—0 as the coefficients |a,|o—0, 1<,y <n—1, 15 (here
we agam use Lemma 5) Thus, for a,_, sufficiently small we have sgnx, =
sgnz,=sgna, W

Proof of Theorem 2

(a) Let N € P, be any positive solution of (1 1) Then N=(N,)1s bounded
away from zero for all 1 Let w,=(N,—N,)/N, m (11) Then

n
wi= 2 (a,N,)w+o(w]) (317)
=1
Because N, 1s bounded away from zero, 1t 1s not difficult to see that N 1s
uniformly asymptotically stable if and only if w=0 1s 2 umformly asymptot-
1cally stable solution of (3 17) Using standard linearization theorems [4] we
can assert that w=0 1s a locally uniformly asymptotically stable solution of

(3 17) 1if the linear system
W= 2 (au]v/ )W/
J=1

1s uniformly asymptotically stable, a sufficient condition for which 1s

a,N+ 3 la,N|< —8<0 (318)

J#

for all 1<:<n, t€R and some constant § >0 [1, p 59] Using (H1) and
Lemma 5 we see that (3 18) 1s fulfilled for «, sufficiently small

(b) Let w,=(N,— N*)/N* for 1<i<n-1 and w,=N, m (1 1) Then
upon again 1gnoring terms of order o(|w|) we obtain the linearized system

n—-1
,’=( > a,ij*)w,+amw,,, I<i<n—1, (3 19a)
-
n—1
wo=|pt+p,+ 2 an,N,*)Wn (3 19b)
J=1

We want to argue that this linear system 1s uniformly asymptotically stable
for p<p* Equation (3.19b) 1s a linear, scalar, periodic equation whose
periodic coefficient has negative average when p < u* This implies that w,
tends exponentially to zero as ¢—>+ oo Substituting w, mto (3 19a) we
obtain an (n—1)X(n—1) linear nonhomogeneous periodic system for w,,
1 <1< n—1, whose forcing term a,,w, 15 exponentially decaying and whose
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related homogeneous system 1s [similarly to the case (a)] umformly asymp-
totically stable for a,_, sufficiently small Thus all w, tend exponentially to
zero as f— + o0, 1e, under these conditions (3 19) 1s uniformly asymptoti-
cally stable ®
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