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1. INTRODUCTION

In [3-6] we considered the uniqueness of an analytic solution w = « - iv
to the nonlinear boundary problem

du=u,y +u,=0 inS a5’:;=f(u, 0,5) onds, (L.1)

where S is a simply connected region bounded by a simple smooth closed
curve S along which s denotes the arc length and &u/on denotes the external
normal derivative of u on &S.

In as much as # and v satisfy the Cauchy-Riemann equations, we can
rewrite (1.1) in the form

ou 0w
a o ou
in S, an =f(u,v,5) onédSs, (1.2)
ou  dv
y o

and hence we are led to consider the uniqueness of a solution pair [u, 2] to
the following generalized system

6—1_; =4 g’f + B _3_u

oy Ox oy .

bo ou ou in S, (1.3)
%’:—/ = f(4,v,5) onaS, (1.4)

t The research of the second author was supported in part by National Science
Foundation Grant GP-07422.
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or of the problem

Lu = (Au,), + (Bu,)y + (Buy); + (Cy)y =0 in S, (1.5)
ou ’

Fe = f(u,v,5) onds,

obtained by eliminating v from (1.3). Here, ou/0v denotes the conormal
derivative of # with respect to the operator L:

ou

51; = Nyl + Valty »
where

v, = An; + Bn,, vy = Bn, + Cny,

n(x, ¥) = (my(x, ¥), no(x, y)) being the external unit normal vector at a point
(%, y) on 88, and 4, B, C are single-valued continuously differentiable func-
tions of x, y, u which satisfy the ellipticity condition B* — AC < 0 in S.
(Without loss of generality, we may assume A4 > 0 in .S). The functions #, v
are assumed continuously differentiable in S + &S and twice continuously
differentiable in S.

2. TuE Basic INTEGRAL IDENTITY

Suppose [#, , 9] and [, , v,] are two solutions of (1.5). A straightforward
application of Gauss’ theorem together with (1.3) verifies the formal integral
identity

fas-r(fz—aa%—fl%)dmfsgds, @.1)

where

Q = ayp® + 2b,p1p2 + €1p5® + 281900 + 20,0195 + 2010140
+ 23000 + asy® + 26,3195 + 2957,

is a quadratic form in p; = ou,/0x, q; = du;/dy, (i = 1, 2), with coeflicients

a4 = AI(sz)u1 ’ 6 = — Az("fl)uz »
2b1 = Al(‘ffz)u, - A2(Tf1)u1 + (AzB1 - Ale) [("'f1)v1 + (”fz)v,]»
ay = 1("f2)u1 ’ Cp = — 2(7'f1)u2 ,
2by = Cy(tfaduy — Cotfidu, + (B:Cy — BiCy) [(Th)s, + (oadn],  (22)
2d, = B1("'f2)u. - Bz("'fl)ul + (Azc1 - Ble) [(Tfl)vl + ("'f 2)v,]:
2d, = By(1fo)u, — By(1fi)u, — (41Co — By By) [(1))s, + (1/2)e,],
é = Bl(‘ffz)ul s €y = — Bz("f1)u2 ’
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in which the function r = 7(u, , %, , v, , v,) is at our disposal and

fi = filug, v0), fo = foluy, vy),

are either specified in advance arbitrarily, or are related to the boundary
problem (1.5) by setting

Jluy, vy, 8) = h(s) iy, v1), Sy, vy, 8) = h(s) fy{us, v).

Finally, 4;, B;, C; are the coefficients in (1.5) evaluated at [u, , v,], i = 1, 2).

The identity (2.1), which is valid for two solutions [#, , ], [#, , v,] of (1.5)
and for arbitrary functions f, , f, , 7 so long as the integrals actually exist, is the
source of our uniqueness theorems.

3. UNIQUENESS THEOREMS FOR THE GENERAL PROBLEM
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%15 Vs i¥2, Y] = M V), J1 = Jja

in (2.1) we obtain the integral identity
| +wv) -‘Zﬁ & = | r(w0) (4p* +2Bpg + C)dS, (D)
as 4 s

valid for any solution [#, ¥] of (1.5) and any continuously differentiable func-
tion 7, from which we can easily deduce some uniqueness theorems. For the
special case 4 = C =1, B = 0, the identity (3.1) is due to Cushing [3].

TuEOREM 3.1. If [u, v] is a solution of the boundary problem

&

Lu=0 inS, =0 onas,

Q

v
then [u, v] is constant, i.e., both u and v are constant,
By setting 7 = u in (3.1) we see that

| (ap* + 2Bpg + g ds =,
5

and hence p =¢ =0 or u = constant since the ellipticity condition
B — AC < 0, A > 0 implies that the quadratic form Ap* + 2Bgp 4- Cq®
is positive definite. The fact that v is constant readily follows from (1.3).
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THEOREM 3.2. If u is a solution of the differential equation Lu =0 in S
and v is such that [u, v] is a solution pair of (1.3), then

14

ou
[ L @54 =0, (3.2)

Jor any continuously differentiable function .

Note that by setting A = C = 1, B = 0, the differential equation Lu = 0
becomes Laplace’s equation and that by further setting r =1 in (3.2) we
obtain the well known theorem of Gauss [2].

CoroLLarY 3.1. The boundary problem

o

Lu=0 inS, % = G(u, s) f(v) ondS, (3.3)

where f(v) and G(u, s) are continuously differentiable functions can have no
non-constant solution [u, v] such that G(u, s) = 0 on 5.

Setting = f(v) in (3.2) yields, for any solution [#, 2] of (3.3),
f Glu, s) f¥(v) ds =0,
os

and hence f(v) = 0 on 95 if G(u, s) £ 0 on 8S. This implies du/ov = 0 on
08, and by Theorem 3.1 the result follows.

Note that without the requirement G(x, s) 7%= 0 on &5, the result is false.
Indeed, the harmonic functions

Art cos ho, Brtsin A0, h=1,2,.., A, B = constants,
satisfy the boundary condition &u/on = hu on the unit circle r = 1.

TueoreM 3.3. The boundary problem
. ou
Lu=0 S, Pl h(s)f(u,v) ondS, 3.4)

where h(s) is a non-negative continuous function and f(u, v) is a continuously
differentiable function can have no non-constant solution [u,v) for which
Sfulu, v) <0 on dS.
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In the identity (3.1) we set + = f(u, ©), obtaining for any solution [u, v] of
(3.4),

[, M) ¥ 0 ds = [ o) (49 + 2Bpg + Cgf) dS,

from which we conclude that A(s) f(u, v) = du/ov = 0 on &5 since under the
given assumptions the area integral is non-positive while the boundary
integral is non-negative and consequently both integrals must vanish. Theo-
rem 3.1 then yields the desired result.

Our next result shows that for a wide class of problems of the type (3.4),
no solution exists. Indeed we obtain, by setting = = 1/f(%, v) in (3.1), the
identity

f h(s) ds = —f ;2((,, %) (4p* -+ 2Bpg + Cg?) dS,

which yields immediately the following:

THEOREM 3.4. If [45 b(s) ds > O (<< 0), then there exists no solution [u, v]
to the boundary problem (3.4),

Lu=0 inS,  2=i(s)f(w,0) onds,

with f(u, v) >0 (< 0) and f(u,v) £ 0 on S + 8S. If o5 h(s)ds = O, then
there can only exist such a solution provided f,(u,v) =0 in S 4 05, ie.,
f 1s a function of v alone.

The example following Corollary 3.1 shows that the preceding theorem is
false without the requirement f(x, ) 70 on S + 08S.
Consider now the boundary problem

Lu=0 inS, —Glps) onds, (3.5)
@ = mu -+ nv, m, n = constants,
studied by Dunninger [4, 5] for the special case of Laplace’s equation.

If in the identity (3.1) we set 7 = g, then for a solution [u, v] of (3.5) we
have the identity

| 9Glg,)ds=m | (Ap* + 2Bpg + Cg?) dS,
os s

and arguing as in Theorem 3.3 we have
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TueoreM 3.5. If m >0 and G(g, s) is a continuous function satisfying
@G(p, s) < 0 on 88, then problem (3.5) can have only constant solutions [u, v).

A theorem for the case when m < 0 and ¢G(p, 5) = 0 is obviously possible
and will not be stated.

In order to discuss our next result, use of which will be made in Sec. (4, 5),
we introduce the following:

DeriniTioN 3.1. The function G(gp, s) is said to have a “¢” zero if
G(c, s) = 0 for some constant c.

TueoreM 3.6. Let G(yp, s) be a given continuous function, non-increasing
€62

in @, with a “p” zero, say @ = c. Then the boundary problem (3.5), with m > 0,
can have only constant solutions [u, v].

Setting 7 = ¢ — ¢ in (3.1), we obtain
[, GGl d=m]| (4p*+2Bpq+Cy)ds.
A)

Now, G(g, s) is non-increasing in ¢ which implies (p — ¢) G(, 5) <0, and
if m > 0, we find that [u, v] = constant.

Suppose f(u, v, s) = G(g(x, v), s) for some functions g, G and that [u, 7]
is a solution of the boundary problem

Lu=0 inS, %’v‘ — Gle(u, v), s) onds. (3.6)

Then setting 7 = g(u, v) in (3.1), we obtain

[, 860 ) Glet 01 ) ds = [ gulus 0) (4p* + 2Bpq + Cy?) d,
and therefore we have

Tueorem 3.7. Suppose G is a continuous function of £, s and g(u, v) is a
continuously differentiable function of u, v. If g,(u, v) < 0 and G(£, s) satisfies
EG(¢, 5) =0 on S, then the problem (3.6) can have only constant solutions
[u, ©].

To obtain our final result in this direction, we set 7 = « in identity (3.1),
which then yields for any solution [u, ¢] of

Lu=0 inS, 2—f@uvs) onds, 3.7)
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the identity

J'as uf (u, v, s) ds = f (dp* -+ 2Bpg + Cg?) dS.
This yields

Tueorem 3.8. If f(u, v, s) is a continuous function satisfying uf (u, v, s) <0
on 0S, then the problem (3.7) can have only constant solutions [u, v].

4. Tue LINEAR EQUATION

We now restrict ourselves to the following boundary problem

Ly = (4uy), + (Buy)y + (Buy), + (Cup)y =0 in S, (4.1)
% = G(p,s) ondS, @=mu-+mnv, m,n=constants, (4.2)

where the coefficients 4, B, C are functions of only x and y, satisfying
B*— A4C <0,4>0inS.

Uponsetting 7 = @, — @p, ¢y = Mty + 00, , @y = mly + 10, , f =fo =1
in (2.1) we obtain

fas (P1 — @) (%If% -~ aa'ff ) ds

= m [ [A(py — pa + 2B(py — o) (& — 09 + Clas — 011 45,

(4.3)

which forms the basis for the following:

TaeoreM 4.1. If [, , v], [#a , o) Doth solve (4.1), (4.2) withm > 0, and if

G(g, s) is a continuous function, non-increasing in @, withno “¢” zeros, then
Uy — Uy = constant.

Indeed, from the hypotheses on the boundary conditions it is clear that the
boundary integral is non-positive, In addition, the ellipticity condition and
m > 0 imply that the right side of (4.3) is non-negative and hence must be
zero which yields p; — p, = ¢, — ¢, =0, or u, — u, = constant.

Note that without the restriction that G(p, s) have no “p” zero the above
result is superceded by Theorem 3.6.

It should also be remarked that the above result can be extended to allow,
on part or all of the boundary, specification of ¢ itself instead of ou/dv; and
in the case m = 1, n=0 to allow the right side of (4.1) to be non-zero. These
remarks we leave to the reader, as they are obvious extensions.
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Setting G(o, s) = A(s) ¢ with A(s) <O, then it follows that G has a “‘p”
zero, namely ¢ = 0 and hence the hypotheses of Theorem 3.6 are satisfied
and we obtain:

CoRrOLLARY 4.1. For the boundary problem

Liu=0 S, g—l: =h(s)p ondsS,
@ = mu + no, m, n = constants,
where m > 0 and h(s) is a given continuous function satisfying h(s) << 0 on 0S,

the only possible solution is [u, v] = [, B] where a, 8 are any constants such
that me + nf = Q.

If & > 0 then the example following Corollary 3.1 shows that non-constant
solutions may exist. Moreover, it also shows that the solution need not be
unique.

It is interesting to note that in the case m = 1, » = 0 a uniqueness theorem
of a different nature can be obtained which is independent of the sign of A.
Whether or not the following result holds for the general case is an open
question.

THEOREM 4.2. (Steklov-type problem [10]). Let h(s) be a given continu-
ous function on 8S. If u, is a solution of the boundary problem

Lu=0 S, Z—l: =h(s)u onaS,

which does not vanish identically on any open subset of S, then any other solution
u, for which the ratio A = u,|u, is continuously differentiable in S and continuous
tn S 4 08, is linearly dependent on u, .

Following Martin [9], we set+ = A, f; = #, , f; = 4, in (2.1) and obtain the
integral identity

ou ou
Muy =2 —u, —2)d
J ) »
= f A [A(pr — Ap2)* + 2B(py — Aps) (01 — M) + Clgs — Agy)] dS.

The theorem is an obvious consequence of (4.4) once we note that

DL — Ape = Ay, g — A= u2)‘y ’

and recall that # does not vanish identically on any open subset of S.
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The example following Corollary 3.1 shows that the requirements on A
are essential.

With G(g, s) = k(s) e, h(s) < 0, it is clear that Theorem 4.1 applies. The
restriction A(s) < 0, can be removed but we can claim uniqueness only among
a restricted set of functions as is illustrated below.

Tueorem 4.3. If [u, , v,] and [u, , v,] are both solutions of the boundary
problem

Lu=0 ins, g% — h(s)e> on 88,
@ = mu -+ nv, m, n = constants,

for which (mu, + nv,) — (muy + nv,) FZ0in S + 0S, then u, — u, == const.

The result follows immediately from the following identity, obtained by
setting

1
= — @
T—e“’l—-e‘l’z’ fl_el1 fz_ez,

Q1 = miy + NV, Py = Mty | NV,
in (2.1),

ou ou
P 1 P 2

J’ ov ov ds
as %1 — ¢%2

e — €™
- mf (e“’l _ em,)z

" [A(py — 22" + 2B(p1 — £2) (01 — 92) + Cla2 — 92)°] 4S.

As our final example in this direction we set G(p, 5) = h(s) **1, h(s) < 0,
where p = 1, 2,... . Once again Theorem 3.6 applies if p is an even integer,
but fails to give any information, as does Theorem 4.1, when p is an odd
integer. However, by once again restricting the class of admissible functions
we can remove the restrictions on both % and p as the next theorem shows.

THeoreM 4.4. Let h(s) be a given continuous function which does not vanish
on any open subset of 0S. If [u, , v,] is a solution of the boundary problem

Lu=0 inS, = =Hsgr onds,
¢ = mu + nv, m >0, m, n = constants, p=12,..
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for which @ =mu; + nv, %0 in S+ &S then no other solution [u,, v,
extsts for which @, = muy + nv, 70 in S 0S and 0 < | X| <1, where
A=opfp,.

Consider the following integral identity

1+ aul _ i 3“2

P2 oy ?1 O i
fas gl — awyerim O

=m(l +p) fs P __/\:p)zﬂlp (45)
“[A(py — Apa)* + 2B(py — Ap,) (91 — Agp) + C(g, — 2g5)%] dS,

obtained by setting
1

T= (I — an)ilm
in (2.1). Suppose a second solution [u, , v,] exists. Then it is clear that the
identity (4.5) exists and moreover we easily obtain
Pl - /\Pz = 0, ql - Aq2 = 0 in S- (4-6)
From (1.3) and the definition of A we have
(A® + A% @* = [m(py — Apy) — n(B(py — Apy) + Clgr — M)
+ [m(gs — Ag5) + n(A(py — Ape) + Bl — A%

which in view of (4.6) implies (A2 + A,%) ¢,* = 0 and therefore A = & = con-
stant. Consequently, (4.6) yields

#, =kuy, + ¢, £ = constantin S - 0S. “.7
This implies
'aavﬂ = 3_;';2- ’ ‘Piﬂ’ = k‘P;H) on 85§,
and hence
AP = ),

which can hold only if A= -4 1 and in either case we have obtained a
contradiction.

By referring to [5], it becomes evident that by making some trivial modifi-
cations, the results obtained there for the boundary problem (1.1), hold for
the more general boundary problem (4.1), (4.2). In particular attention is
drawn to [5, Theorem 5.1].
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5. A SpeciaL Quasi-LINEAR EqQuaTION

Consider the following boundary problem

(ptte)s + (puy)y =0 in S, (.1)
ou

Pon= G(p,s) onéaS, @ = mu 4 nv, m, n = constants, (5.2)

where
p=py1Vul), [Vu]=(u?+u"?

and where we have replaced the conormal derivative by p(0u/én).

In general (5.1) is a nonlinear equation. However, many equations of
mathematical physics which have the form (5.1) are actually only quasi-
linear, since the second derivatives enter in a linear way.

Typical examples are:

I. The equation of a potential gas flow [1],
(puz)z + (puy)y, =0 (5.3)
or
(% — u®) Uy — 2uutyy + (2 — u,*)uy, =0,

where

e=1-— 7—;—1— [Vu|2 >0, y>lisconstant, p = /"

the equation being of elliptic type only if the flow is subsonic, i.e.,

2

||V"||2<m-

Note that (5.3) is simply the equation obtained by eliminating the function v
(stream function) from the first order system
P, =Ty,  pUy = —U,.
II. The equation of minimal surfaces [2],

(p4z)z + (ptey)y =0, (54)
or
(1 4+ ) gy — 20000y + (1 + 0.2 u,, =0,
where

1
P+ VaBe-
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Guided by the fact that in both (5.3), (5.4) the function p has the properties
p >0, and p| Vu|| is non-decreasing in || Vu ||, we are led to consider the
boundary problem (5.1), (5.2) under these assumptions and in addition we
require that (5.1) be quasi-linear and of elliptic type. It is immediately evident
now that the results of Sec. 3 hold for the boundary problem (5.1), (5.2).

Moreover, we have the following:

THeOREM 5.1. Let G{p,s) be a continuous function, @ = mu - nv,
(m > 0, n constants), non-increasing in @, with no “¢” zero. If [u, , v,], [tz , V5]
are two solutions of the boundary problem (5.1), (5.2) where p > 0 is a given
function of x, y, || Vu || such that p || Vu || is non-decreasing in || Vu || , then u; — u,

is a constant.

Setting fi=fa =1, T=@1— @z, ¢ =mu + nvy, @, =mu, + nvy,
Ay = p,, Ay = p, in (2.1) we obtain the identity

Ouy Ouy
fas (P — 2) (P1 on — P2 on ) ds
(5.5)
=m f [p1 | Vg |2+ po || Vg | — (py + po) Vg - V] dS.

From the hypothesis on the boundary conditions the boundary integral is
non-positive. In addition, by Schwarz’s inequality, the monotonicity of
p || Vu || and the non-negativeness of p we have that

Pl Vg |+ po |l Ve [ — (py + p2) Vity = Vi
2 py ||V 1B 4 po |l Vieg B — (o1 -+ po) [| Ve |} || Vaiy |f
= (p | Ve || — pa [l Vi [l) (| Ve || — || Vi |[) > 0.

Thus the area integral is non-negative and hence both integrals must be zero.
This can only happen if

| Vay || = [| Vg ||, Vuy - Vg = || Vauy ||| Vup ||,

from which it easily follows that Vi, = Vu, as claimed.

The proof of this theorem follows closely the proof employed by Levin [8],
who proved the above result for the minimal surfaces equation under the
boundary condition (5.2) with m = 1, n = 0. By referring to Levin’s paper
it is now evident what modifications are needed in order to generalize his
results to the more general problem (5.1), (5.2), but these matters will not be
pressed any further.
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6. A ComparI1SON THEOREM

It is of interest to compare solutions of two different but somewhat related
boundary problems. As a preliminary example in this direction we will
consider two boundary problems, where the boundary conditions are inde-
pendent of v. Specifically, consider the problems

{1“ = (auw)w + (buz)v + (b“v)m + (cu,,),, + g(x’ Y u) u=0 inS,
ou 6.1)
E—i—f(u,s)uzo on &5,

tow = (Aw,), + (Bw,), + (Bw,), + (Cw,), + G(x,y, w)w =0 in S,

%’;i + F(w,s)w =0 on aS. (62)

Here the coeflicients in (6.1) and (6.2) depend upon (x, y, %) and (x, y, )
respectively, and both satisfy the ellipticity condition, Moreover du/év and
éw|dc are the respective conormal derivatives of » and w with respect to
their corresponding operators.

The basis of our result is the following formal integral identity which is a
slight modification of the identity (4.4):

f [(@a — A)u® +2(b — B)ugu, + (c — C)u,? + (G —g) w*]dS  (6.3)
+ f w2(AN2 + 2BAA, + CA2),
s

where A = u/w and u and w are solutions of (6.1) and (6.2) respectively.

THEOREM 6.1. Let f(u, s) and F(w, s) be given continuous functions on 0S.
If w is a solution of the boundary problem (6.2) which does not vanish identically
on any open subset of S, then every solution u of the boundary problem (6.1) must
be a constant multiple of w provided

(1) X = ufw is continuous in S and continuously differentiable in S - 08,
() fsl@— A)u2+2b — B)ug, + (c — C) u,2 +(G — )] dS >0)
(i) F(w, s) < f(u, s) on 8S.

The proof follows immediately from the identity (6.3) and is therefore
omitted.
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CoRroLLARY 6.1. Under the same hypothesis as above, except that condition

(i) is replaced by G = g and the matrix

(-3 .70

15 positive semi-definite in R, the same conclusion holds.

It should be clear that similar results can be obtained for equations con-

taining the operators in Sec. 5.

th
th
th

As a final observation, we note that the functions # and @ of the above
eoremn must have the same zeros provided # is not identically zero. It is
erefore suggestive that the identity (6.3) might be used to obtain comparison
eorems of Sturm-type for elliptic equations. This observation will be

exploited in more detail in a subsequent paper.

10.

REFERENCES

. L. Bers, Mathematical aspects of subsonic and transonic gas dynamics, “Surveys
in Applied Mathematics I11,” John Wiley & Sons, Inc., New York, 1958.

. R. CouranT anD D. HiLBerT, ‘‘Methods of Mathematical Physics I1,” Interscience
Publishers, Inc., New York, 1953,

. J. M. CusHiNg, Local uniqueness for harmonic functions under nonlinear
boundary conditions, Technical note BN-541, Inst. Fluid Dynamics and Appl.
Math., University of Maryland, 1968.

. D. R. DUNNINGER, Uniqueness and comparison theorems for harmonic functions
under boundary conditions, J. Math. and Phys. 46 (1967), 299-310.

. D. R, DUNNINGER, On some uniqueness theorems for nonlinear boundary
problems, J. Math. Anal. Appl. 24 (1968), 446~459.

. D. R. DUNNINGER AND M. H. MARTIN, On a uniqueness question of Levi-Civita,
Atti Accad. Naz. Lincei Rend. 41 (1966), 452-459.

. S. A. LeviN, Uniqueness under nonlinear boundary conditions for elliptic
equations, J. Math. Mech. 17 (1967), 507-522.

. 8. A. LeEviN, On some nonlinear boundary problems for the equation of minimal
surfaces, J. Math. Mech. 18 (1968), 125-130.

. M. H. MartiN, On the uniqueness of harmonic functions under boundary

conditions, J. Math. and Phys. 42 (1963), 1-13.

M. W. StekLOV, Sur les problémes fondamentaux de la physique mathématique,

Ann. Sci. Ecole Norm. Sup. 19 (1902), 455-490.



