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ABSTRACT. This paper presents a model of the mechanics of a spinning disk on a surface
using the Lagrangian formulation and the Euler-Lagrange equation on the tangent bundle
TSO(3). Numerical issues on computing in such a space are addressed, and the Cayley
transform is used to allow us to parameterize the Lie group SO(3) by its Lie algebra
s0(3).

1. INTRODUCTION

The problem we wish to address is understanding the motion of a disk spinning on its
side, such as a coin spinning on a table, commonly referred to as Euler’s disk. As we shall
see, the classical mechanics predict the motion will continue forever, in contrast to the
observation that the angle between the disk and the coin decreases in time, until the coin
eventually settles rather abruptly on the table. The problem has had a renewed interest in
the last several years, after an explanation was offered by Moffatt [6] in 2000 that the air
viscosity between the disk and the table is sufficient to explain the abrupt settling of the coin.
Experiments conducted later that year, performed in a vacuum, did not agree with Moffatt’s
predictions, and it was subsequently suggested in 2002 by Bildsten [1], among others, that
the dominant dissipative force is rolling friction from the changing contact point.

In section 2 we will discuss the necessary geometric background to study this problem.
The fundamental geometric structure we will be working on are smooth manifolds M, which,
for the unfamiliar reader, have the structure that locally, there exists a coordinate chart x
that maps an open subset of M homeomorphically to an open subset of Euclidean space.
In section 3 we move on to general rigid body mechanics, including the Lagrangian and
Hamiltonian formulations as well as Euler’s equations for a rigid body. In section 4 we
consider our specific problem and develop the equations that govern the motion of Euler’s
disk, and finally in section 5 we address the issues that arise when one wishes to perform
numerical analysis on this system.

2. GEOMETRIC SETTING

2.1. Preliminary Notions. We begin with a few fundamental definitions. A smooth man-
ifold is a manifold where the change of coordinate map is always smooth, and a map between
manifolds is called smooth if the induced map in coordinates between Euclidean spaces is
smooth.

Date: May 16, 2008.



2 DARIN COMEAU

Definition 2.1. Let v(t) be a parameterized curve on an M dimensional smooth manifold,
such that y(tg) = p € M. We call 4(ty) = v a tangent vector to a point p, and the collection
of all such tangent vectors v at p forms the tangent space T'M,,. The cotangent space is the
dual space T* M, whose elements a. : T'M, — R we call covectors or 1-forms.

For a local coordinate chart x, we can also identify a tangent vector as a first order
differential operator, and as such we have 88 form a basis for TM,. We also recall that
for a smooth map between manifolds ¢ : M — N, the dlfferentlal of ¢ at p is the map
dey : TMy, — TNy, where do(v) is a tangent vector to ¢(p); more precisely if 7 is a curve
in M such that y(to) = p,¥(to) = v, then ¢(¥(to) = dp(v). We will later use the notation
¢« to denote the differential map. Then {dz'} form a basis for T*M,, where dz’ is the
differential of the ith coordinate map.

Definition 2.2. The tangent bundle T'M for a manifold M is the collection of all tangent
spaces TM,, whose elements are of the form (p,v), p € M,v € TM,. The cotangent bundle
T*M s the collection of all co-tangent spaces, whose elements are of the form (p,a),p €
M,a € T*M,.

We note if M is n dimensional, both the tangent bundle and cotangent bundle are 2n
dimensional manifolds, and also have vector space structure.

Definition 2.3. A smooth derivation § on M is a smooth mapping § : C°(M) — C*(M)
that satisfies:

(1) o(f + Ag) = 6(f) + Ad(g)
(2) 6(fg) = fo(g) + g6(f)
forall f,g e C®(M),\ € R.

A smooth vector field v on an open subset U of an n-dimensional manifold M is a
smooth assignment of a tangent vector v to each point p € U; we can define a covector field
analogously. There is a one-to-one correspondence between smooth vector fields and smooth
derivations: given a smooth vector field v, we construct a derivation by d,(f) = v - V(f)!,
or in a local coordinate chart x:

where v = (vq,...,v,) = v(p). For the opposite identification, we have given a derivation
d, that 0(x) provides a vector field in local coordinates x.
Given two smooth vector fields u, v, we can construct a derivation by

5[u,v] (f) = du (5v(f)) — Oy (5u(f))

If we use our above identification between derivations and vector fields, then we can write
out the vector field [u,v] directly in terms of u,v. The kth component of [u,v] in local

coordinates x would be
n n

v = 3wt - g
Definition 2.4. The operation [u,v] is called the Lie Bracket of the vector fields u,v.

e actually must be careful here, as we need the additional structure of a Riemannian metric to talk
about the gradient of f
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Let ¢ : M — N be a smooth map with ¢(z) =y, and ¢, : TM, — TN, be the differential
of ¢.
Definition 2.5. The pullback ¢* of ¢ at x is the linear transformation taking covectors at
o(x) =y to covectors at x

¢* :T*Ny — T*M,

9" (@) (v) 1= (@« (v))
for all covectors o € T* N, and vectors v € T M.
If ¢ is not one-to-one, then ¢, will not push forward a vector field v in M to a well-

defined vector field in N. However the pull back ¢* will take a covector field a on N to a
well-defined covector field ¢*(«) on M. This motivates the following result:

Theorem 2.6. There exists a globally defined 1-form A on every cotangent bundle T* M
called the Poincaré 1-form . In local coordinates (q,p) it is given by

A=D pidg

For a proof, we refer the reader to Frankel [4]. We can interpret the Poincaré 1-form as
follows: let a € T*M, so a = (x, «) is some 1-form « at a point x € M. Let 7 : T*M — M
be the projection map, so that m(a) = z. The pullback 7*« gives a one form at each 7~*(x),
specifically at a. The Poincaré 1-form \ at a is exactly this form 7*a.

2.2. Lie Groups.

Definition 2.7. A Lie group is smooth manifold G with a group action G X G — G such
that the group action and the inversion map g — g~ ' are differentiable.

Matrix groups under matrix multiplication are common examples of Lie groups, and in
particular where our attention will lie.

Definition 2.8. A Lie algebra is a vector space G with a bilinear operation [-,-], called the
Lie bracket, that satisfies the following properties:

(1) Skew-symmetry [X,Y]= —[Y, X]
(2) Jacobi Identity [X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]]=0

for all X,Y,Z € G and scalars a, 3.
For matrix groups, the Lie bracket operation is the commutator [A, B] = AB — BA.

Remark 2.9. The Lie algebra G associated to a Lie group G is the tangent space TG, to
the identity element.

One can move between the Lie algebra and the Lie group via the following result:
Theorem 2.10. The exponential map exp : G — G, exp(A) = e is a diffeomorphism of

some neighborhood of 0 € G onto a neighborhood of the identity e € G.

For a proof of this result, we refer the reader to [4].
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3. RIGID Bobpy MECHANICS

3.1. Preliminary Setup. We want to consider the general case of a rigid body D moving
in 3-space. Motion will be described by a point x € R? in space, and how that point moves
in space in time ¢, which can be described by a rotation matrix R € SO(3), a real matrix
such that RT = R™! and det(R) = 1. We assume the motion has an inertial point 7. of
D that either remains fixed (a pivot point), or moves with constant velocity. Then there
exists an instantaneous axis of rotation @ that passes through this point Z.. In this inertial
frame, any point Z # &, then moves with instantaneous speed wr,,, where r,, is the minimum
distance from & to the instantaneous axis of rotation @. The instantaneous angular velocity
vector &J is then the vector of magnitude w positioned along @. We note these quantities all
have a time dependence.

We have two orthogonal coordinate systems that we wish to move between: an inertial
system which we call the space frame, and an non-inertial coordinate system that is fixed
with D and moves with the body, appropriately called the body frame. We will denote a
vector belonging to the space frame with ’, and will temporarily drop the arrow notation to
denote a vector. Then the linear transformation that allows us to move between the body
and space frames will be given by rotation matrix:

(1) ¥ = z.+Rx

where z. is the position vector of the inertial point in the space frame. This constraint
between the two frames gives rise to our configuration manifold, meaning the space in which
the motion lives and on which we wish to describe our dynamics. We need to describe how
a position vector £ € D in the body frame moves to the space frame by R € SO(3) the
group of 3-dimensional rotation matrices. To describe the motion we will need to describe
R and R, so our configuration manifold is 7SO(3) = SO(3) x R3.

Let p be our mass density function, and then the kinetic energy of the system will be
given by

1

(2) T::§meMWM'

Changing the integration variable from 2’ to « (with the determinant of the Jacobian det R =
1), we have

1 . .
3) T = 5 [ el + RelPds
2Jp
1, 0o .. 1 g
(4) = —|z| pdx+2p2'R | xdx+-p [ tr (nyc R )dac
2 D 2
——
mass=M =0

This second integral is zero as we are integrating density over the center of mass. Let K be
the matrix given by Ky = f p Prr21dk. The kinetic energy then simplifies to

1 . 1 . .
(5) T — 5Mgr;/2+itr(RKRT)

3.2. Lagrangian Formulation. We consider the Lagrangian £(q,q), a time dependent
function that lives on the configuration manifold, itself a tangent bundle T'M. This is often
of the form (and will be for our case)

(6) L(q,q) = T(g:9)—V(q)
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where T is kinetic energy and V is potential energy. We have already found 7', and for V' we
assume that the potential energy can be decomposed into a piece that is dependent only on
the inertial point Z., and a piece that is dependent on R, an assumption that restricts the
set of rigid body problems we consider, but does apply to a rigid body rotating about a pivot
point, as well as the problem of intereset, Euler’s disk. We also need to impose a Lagrange
multiplier A to handle the additional constraint that R € SO(3), so that RTR = I. This
gives us

(7) L o= %M:i’Z + %tr(RKRT) _U() - V(R)+ t(ARTR - A)

kinetic energy potential energy  Lagrange multiplier term

3.3. Euler-Lagrange Equation. We want to motivate the Euler-Lagrange equation using
Hamilton’s variational principle. Let 7 : [a,b] — R? be a parameterized curve, and consider
integrating the Lagrangian of this curve over [a, b]:

b
(8) Aly) = /ﬁ('m,t)dt

We want to find an "optimal” such 7, subject to any constraints that may be imposed by
the Lagrangian. We write v + en, where 7 : [a,b] — R? is our variation, as in Figure 1. We
want the value of v+ en to agree with v at the endpoints, so we only consider 7 that satisfy
n(a) = n(b) = 0. We now consider A(y + en), take the derivative with respect to e, and

Variation Path

Optimal Path

FIGURE 1. An optimal 7, and a variation v + en

evaluate at ¢ = 0 to make use of v being an ”optimal” function or path from a to b:

dA d b o
(9) P @E:O/a L(y+en,y+en,t)dt
b
oL oL
10 = /[ +.}dt
(10) Rl

broc doc
11 -
() /a [EM dt 7 } mat
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Now we want this quantity to be 0 for all admissible 7, so therefore we need

oc  doc
oy dt ¥

(12)

This is the general Euler-Lagrange equation. For our setting of rigid body motion, we treat

R as our coordinates. We then differentiate the trace of matrices by the rules % =
BT, % = B, and using the symmetry of K, we have
(13) 87]: - lw_l[(KRT)T_,_RK]_RK
R PN) 2
Then taking a time derivative, we have %% = RK. We then have
oL oV Otr(ARTR — A) ov
14 — = —— 4+ ——— = —— 4 2RV
(14) 9R oR T OR oR *
Then our Euler-Lagrange equation is
.. A% .. oV
1 K+~ = 2RV TRK + RT — =2A
(15) RK + R R = R RK+R R

Since A is symmetric, we can eliminate this term by subtracting the transpose of both sides.

(16) RTRK+RT—‘;2 —(RTRK)T—(RT%)T =0
. . oV v
T — T = —_ — T*
(17) = RTRK — KRR 8RTR R R

It will be useful to write this in terms of Q@ = RTR, a skew-symmetric element of the Lie
algebra of SO(3), in which case the Euler-Lagrange becomes

o ov oV
18 KQ+ QK +Q*K - KO = —R-R"—
(18) A ORT 9R
Remark 3.1. By the association of a skew-symmetric matric Q with a vector w € R3, this
Q corresponds to the angular velocity vector w in our rigid body motion.

3.4. Hamiltonian Formulation. We briefly mention the Hamiltonian H(q,p) = pi¢* —
L(q, ¢) formulation, an alternative formulation on which to describe dynamics. The geo-
metric object on which the Hamiltonian lives is the cotangent bundle 7* M, the phase space,
and satisfies Hamilton’s equations

dg’ _OH dp;  OH

dt — Op; dt g

(19)

as well as Hamilton’s equations

5 OH . —OH

(20) = s P8 = =35

where p,, is the generalized momentum p, = %
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4. EULER’S DISK PROBLEM

4.1. Problem Setup. We now consider the motion of a spinning disk. We want to deter-
mine a rotation matrix R that will allow us to move from the space frame, for which we will
use orthogonal basis vectors €y, €, €., to the body frame of the disk, for which we’ll use a
basis ;,57 E, where ;,; lie in the plane of the disk, and k is the outward normal. That is, we
want an R such that £ = RZ’ + Z., where 7 is a vector in the space frame, 7’ is in the body
frame, and Z. is the center of mass of the disk. We will parameterize a point on the disk
by 6. If we call the radius of the disk one unit, then the vector b = cos i + sin 95 will be a
point on the edge of the disk. Let « be the angle the disk makes with the surface on which
it is spinning, and parameterize the path traced by the point in contact with the surface
l_?y ¢. Then we can represent b in the space frame, along with the orthogonal vectors 77 and

b x i

FIGURE 2. Coordinates in the body (left) and space (right) frame. €, is in
the plane orthogonal to €, and k is meant to be the outward normal to the

disk
cos 0 + sin 9; = b
—sinfi +cosfj = iix
k = 70

Now ignoring the 5, 7,7 X b vectors, we see a rotation matrix in 8 on the left, and a product

b

COS ¢ cos A€, + sin ¢ cos a€y, — sin e,
— sin ¢e;, + cos ¢e),
sin ac cos ¢é, + sin asin @€, + cos ae,

of rotation matrices in ¢, « on the left. Calculating our rotation matrix R, we get:

cos¢p —sing
(21) R= sing cos¢
0 0

cos ¢ cos acos B + sin ¢ sin 0
(22) = — cos ¢ sin f + sin ¢ cos o cos 6

—sina cos

0
0
1

cosa 0
0 1
—sina 0

sin o
0
Cos «v

cosf sinf 0
—sinf cosf 0O
0 0 1

cos¢pcosasinf —singcosh cos¢sina

cos ¢ cosf +sinpcosasinf sin @sina

—sinasin @ Cos «v

We now can use R to calculate the skew-symmetric 2 = RTR

0
(23) Q= & — 6 cosa

fcosa — ¢
0

9sin¢sinoz—dcos¢ —dsingb—écosgbsina

o'zcosqb—ésincj)sina
A& sin ¢ 4 6 cos ¢ sin
0
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Now through the identification of an anti-symmetric matrix with a vector, we have the
corresponds to

—a&sing — 9cosd>sina
(24) w = GQcos ¢ — Osin psin a

d)—écosa

where w is the angular velocity vector (in the body frame).

From our Lagrangian for rigid body motion, we had the assumption that we could de-
compose potential energy into U(r’), which depended only on the inertial point 7/, and
V(R), which depended on our coordinates R. There will be no potential energy dependence
on 7/, and V(R) will be mg times the height of the center of mass, which is sina. Rep-
resenting V(R) in terms of the entries of R, we have the 3,3 entry is cos a, so we can use
V(R) = /1 — R3;. Then differentiating we have

(25) V = y/1-R3

where we have normalized out mg. Since V(R) depends only on a diagonal entry of R, we
have

0 0 0 0 0 0
(26) 87‘/ = 76VT — 0 0 0 — 0 0 0
OR OR 0 0 Ras

_\/TTQ 0 0 —cota

Lastly we need to calculate the matrix K of second moments of mass distribution, whose
entries are K,,, = Kpm = fD w(Z)xme,dZ. Since we are assuming uniform mass dis-
tribution on our disk D, the entries off the diagonal will be 0. Moreover if we assume
the disk is infinitesimally thin, the third row and column will be identically 0. So with
x1 =rcosf,ry = rsinf, we have

27 1
(27) K, = /x%df:/ / r2cos20rdrd9:E:/ x%df:KQQ
D o Jo 4 D
/4 0 0
(28) =K = 0 «/4 0
0 0 0

4.2. No Slip Condition. We now want to focus our attention on the point on the disk in
contact with the surface, so 57'; = (cosf,sinf,0)T. We'll first consider the case where the
center of mass is fixed. The no slip condition is then that the instantaneous velocity of this
point (with respect to the space frame) is zero: 0= fp = R:E'; This gives us

] —dcosqbsina+9sin¢—q'bsincécosa 0
(29) RZ, = —0cosp+ pcospcosa — asingsina | = | 0
—& cos o 0

If a # 90°, we have ¢ = 0, which then gives us cos ¢(¢ cos a—60) = 0, so we have the relation

(30) 6=cosap = p3
for some constant 3. Integrating gives us
(31) 0 =0t o= p

COS



THE MECHANICS OF EULER’S DISK 9

Equations 31 tell us that the point on the disk in contact moves linearly with time with
speed (, and the path traced by the point on the surface also moves linearly with speed
B/ cos a, a rate faster than the point moving on the disk.

The condition that & = 0 says the angle between the disk and the surface should not
change in time, which does not agree with the obvious observation that the spinning disk
eventually settles on the surface.

If a = 90°, the above equations give us that 6 = 0, which is consistent since then the
disk is spinning on its side, so the point in contact on the disk would remain fixed.

If we now look at the more general case where we add in the center of mass Z. =
(7¢, ye,sina)T and it is free to move, so that Z. is not assumed to be 0, Rf;? + %, = 0 gives
us two equations in five unknowns, which are

(32) i. = ccosdsina —0sing + ¢singcosa
(33) Je = dsingsina+0cosg — dcosgcosa

If we consider the case where the coin is spinning on its side, =0a= 0, = 90°, then from
32, 33 we get 2. = y. = 0, which would indicate the coin would remain in one location as it
spins, whereas in observation the coin certainly processes about the surface before toppling
over.

4.3. Euler-Lagrange Equation. Using our relations (31), the Euler-Lagrange equation
(18) becomes considerably simpler, and we can calculate the angular velocities in the space
frame, QS (the velocity of the point in contact moving on the circle traced on the surface),
and the body frame, w (24). The Q; term (the subscript is to denote these restrictions)
becomes

0 0 —(Btanasinf
(34) Qs = 0 0 (B tan v cos
ftanasinf —pFtanacosf 0

Then the Euler-Lagrange reduces to

. . ov ov
35 KQs+ QK = —R-RT—
(35) * ORT OR
We note the Q2K — KQ? term has reduced to 0. This gives us:
0 0 —i 2 cosftan a
(36) 0 0 —1 3% sin6 tan o
%62 cos 6 tan « %527{ sin 6 tan « 0
0 0 —cosacosf
(37) = 0 0 — cos asin 0
cosacosf cosasinf 0

So for this equation to be consistent, we

1
(38) cosa—zﬂQﬂ'tanoz =0
4 cosa
39 g _ 4
(39) g T tan o

Plugging /3 into ¢ = B3/ cos a, we have

: 4
(40) P?sina = —
7r
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which is in agreement with Moffatt’s [6] calculations. Our angular velocity ws under these
conditions is

(B cos ¢sin «

(41) ws = —fBsin ¢sin o
8
cosa — beosa
o COS (x COS ¢
(42) = 2 —cos asin ¢
m 1

5. GEOMETRIC NUMERICAL INTEGRATION

5.1. Cayley Transform. One issue with performing numerical work on this model is the
two disparate time scales; the frequency of the spinning disk is quite fast, compared to the
slow rate at which the disk settles on the surface, and will result in a stiff system of matrix
differential equations. There is also the difficulty of working on our configuration manifold
TSO(3); it is very easy for round off or truncation error to quickly move us out of the
space of rotation matrices with the numerically unstable properties that R7 = R~ and
det(R) = 1. Instead of parameterizing SO(3) by the angles «, ¢, 0 that we used to define
our rotation matrices, we instead wish to parameterize the coordinates on our manifold by
something that lives in a vector space. By the natural association of the Lie algebra to a
Lie group, we wish to instead work with so(3).

Definition 5.1. The Cayley transform is a map from skew-symmetric matrices (Q) to
special orthogonal matrices (R), given by

(43) R = (I-QU+Q)™"

So in our setting, the Cayley transform is an alternative way to move from the Lie algebra
s0(3) to our Lie group SO(3). We note that when @ has an eigenvalue approaching —1,
the transform becomes singular. To get around this, one could do a similar transform of

I+Q)I-Q)" .

We want to compute @ :
(44) RI+Q)=I1-Q = R+RQ+RQ=-Q
(45) = Q=-(I+R)RI+Q)

Making use of R = RQ = (I — Q)(I + Q)~'Q, we have

(46) Q = ~(I[+I-QU+Q ™) I-QU+Q ' +Q)
(47) = —UI+Q )T UI-QU+Q I +Q)

Now we can commute the (I — Q)(I + Q)~! term to get

(45) 0 = —5(-Q0U+@Q) =5 (2+9Q-Q2-Q0Q)

(49) = Q=-2(2+[2Q] - QQ)

1
2
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5.2. Numerical Integration & Dissipation. (49) gives us one matrix differential equa-
tion we wish to solve. We also want to solve for {) in the Euler-Lagrange equation, however
since K2 do not commute, we use the map

O KO+ QK
We need this map to be nonsingular,.so that given ), we can recover (). If we scale the 7 /4
out of K, and label the elements of Q2 € so(3) by

_ 0 —23 29
Q= Z3 0 -
-2y X 0
Then we can easily compute KQ+ QOK:
o 0 273 2y
KQ+ QK = 213 0 —2
-2y I 0

which is nonsingular. Then our system of matrix differential equations we wish to solve is

5 02 2, OV o, pdV
(50) Q = —QK+KY+ R R o
61) ¢ = —5©+10,Q]-Q0Q)

Of course when computing (50), we use the Cayley transform for R, and compute g—g by
the transformed entries of R.

We can now easily include a dissipation term by adding —af) to (50), which will result
in exponential decay. This corresponds to a decrease in angular momentum, the result of a
dissipative mechanism acting on the entire system, such as air viscosity.

Time vs. Total Energy - 1=.25; No Dissipation Time vs. Total Energy - 1=.75; No Dissipation

NVAVAN

FiGURE 3. Initial conditions resulting in precession. No dissipation has
been added

5.3. Numerical Results. In Figure 3, we have imposed initial conditions that result in
the spinning disk precessing, where & would not be constant, but rather o would oscillate
in a certain range. In Figure 4, we have imposed initial conditions closer to the steady state
where & = 0, and we see the kinetic and potential energy remain relatively constant. We
also note the numerical scheme was cut short, as an eigenvalue of @) was approaching —1.
In both of these scenarios, no dissipation was imposed, and we note that energy is not lost
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Time vs. Total Energy - x=85: No Dissipation

Time

FIGURE 4. Initial conditions resulting in close to steady state, where & = 0,
also without dissipation.

over the time shown. In Figure 5 we show the effects of adding the dissipation term —af2 to

Time vs. Total Energy - = 85; Dissipation a= 01 “Time vs. Total Energy - x=.85; Dissipation a=.1

Kinetic Energy
Potential Energy

Kinetic Energy
Potential Energy

— 07— 9

0651
06 4
06 S

Energy
Enery
o
(
|
\
)
)
)

oas|
03 1
04l
02 1
o
S S e A T R I T e R S S R
Time Time

Time vs. Total Energy - %=.85: Dissipation a=5

Kinetic Energy
Potential Energy

5
Time

F1cUrE 5. Dissipation added to the numerical scheme by —af).
(50), with the initial conditions the same as in 4. We can begin to see the dissipative effects

with a = .01, and a dramatic loss of energy with a = .5.

I would like to thank Dr. Shankar Venkataramani for his help and guidance with this
research project.



(1]
2]

3

[4

(5]

[6]
[7]

THE MECHANICS OF EULER’S DISK 13

REFERENCES

Bildsten, Lars. Viscous Dissipation for Euler’s Disk. Physical Review 66, 2002

Engg, Kenth. On the Construction of Geometric Integrators in the RKMK Class. Technical Report No.
158, Department of Informatics, University of Bergen, Norway, 1998

Fowles, Grant & Cassiday, George. Analytical Mechanics: 7th Ed.. Thomson Brooks/Cole, Belmont,
CA, 2005

Frankel, Theodore. The Geometry of Physics: An Introduction. Cambridge University Press, Cambridge,
1997

José, Jorge & Saletan, Eugene. Classical Dynamics: A Contemporary Approach. Cambridge University
Press, Cambridge, 1998

Moffatt, Keith. Euler’s Disk and Its Finite-Time Singularity. Nature 404, 2000

Warner, Frank. Foundations of Differentiable Manifolds and Lie Groups. Scott, Foresman and Company,
Glenview, IL, 1971



