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1. Introduction

In this paper, we present a stochastic shortest path problem that we refer to as the Most Likely
Path Problem (MLPP). We attempt to answer the following question: given a network topology
and distributions on the costs of each edge, is there a path that is significantly more likely to cost
less than all the other paths? The answer to this question is often yes. In these cases, the MLPP
provides unique insights into the networks.

Our interest in the MLPP is motivated by contexts where a identifying an optimal path in a
network provides broader and more useful information than can be obtained from a single edge.
Additionally, in many contexts for shortest path problems with stochastic costs, one does not have
the benefit of repeated instances of the problem. As a consequence, identifying a Most Likely Path
(MLP) may provide more valuable information than would be obtained by identifying an expected
shortest path.

While dynamic programming approaches prove to be efficient for solving the deterministic short-
est path problem, the property that optimal paths consist of optimal subpaths is either missing
or insufficient in many stochastic extensions of this problem [12, 20]. In the absence of dynamic
programming approaches, exponential numbers of paths result in computational difficulties and
limit the application of some of the stochastic methods that have been developed.

Recently, robust optimization frameworks have emerged for modeling shortest paths involving
stochasticity [23, 24, 17]. In these frameworks, the optimal path is characterized by the superiority
of its worst-case performance to that of the other paths in the network. Yu and Yang [23] proved
that the robust shortest path problem with a discrete scenario set is NP-hard, if the number of
scenarios is bounded, and strongly NP-hard if the number of scenarios is unbounded. Kasperski
and Zielinski [14] showed that with a continuous scenario set, the problem remains NP-hard on
the class of series-parallel networks.

Perhaps the most used technique for finding optimal paths through stochastic networks is to

maximize the expected value of a utility function. Loui [16] uses this technique to extend the von
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Neumann-Morgenstern [see 10] formulation for identifying ideal methods of evaluation in the pres-
ence of uncertainty. Bard and Miller [3] solved constrained probabilistic shortest path problems by
using utility functions to weight dynamic programming solutions to deterministic networks. Utility
functions that vary inversely with path cost have also been used to provide dynamic programming
approaches to stochastic problems by Bard and Bennett [2] and Eiger et al. [9].

Aside from expected value problems, the other main branch of research in non-deterministic
shortest path problems focuses on the use of a probability measure, i.e. distribution functions and
joint probability functions. For a given network, many edges may be present in multiple paths,
resulting in dependent random variables and therefore complicated probability measures. Frank
[12] identified an exact method for obtaining the distribution function of the minimum cost path
through a network with random edge costs. His solution requires the use of multivariate integration,
which in general can be computationally burdensome, if not intractable. Consequently, he provides
a sampling based method for statistically analyzing the distribution functions. Burt and Garman [5]
develop an alternate sampling method that uses conditional Monte Carlo simulation for estimating
distribution functions along paths in stochastic networks. Adlakha [1] combines ideas from the
cutset approach of Sigal et al. [19] with aspects of the simulation method of Burt and Garman [5]
to compute distribution functions of the minimum cost paths in stochastic networks.

Sigal et al. [20] define optimality indices corresponding to all paths in a given stochastic network
as the probabilities of paths being a solution to the deterministic shortest path problem. While
the formulation of Frank [12] aims to identify the distribution of the minimum cost path, the
formulation of Sigal et al. [20] aims to compare and rank all paths within a given network. The
latter objective also requires evaluating joint probability functions, which is non-trivial due to
dependence of random path cost variables.

In order to reduce the path dimension of their joint probability function, Sigal et al. [20] introduce
a cutset approach for dividing a network into independent and dependent path sets. However,
evaluating the joint probability function of the remaining dependent path sets remains a non-trivial

and burdensome computation. Their method of solution is theoretically precise, and their paper
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is frequently cited, but rarely extended, due to computational difficulties involving multivariate
integration and combinatorial numbers of paths.

We define a solution to the MLPP as a path with greatest probability of realizing the least cost,
which stated in terms of Sigal et al. [20] is a path with highest optimality index. As opposed to
previous computationally intractable methods for finding optimality indices on general networks,
our interest is in identifying the most general class of networks for which the problem is tractable.

We show that on the class of series-parallel networks, many complications due to dependence
of random variables can be resolved via dynamic programming. Our approach introduces a Monte
Carlo sampling heuristic based on ordinal optimization, and in doing so, avoids the high com-
putational cost of multivariate integration. Valdes et al. [21] present a linear-time algorithm for
recognizing series-parallel networks. Series-parallel networks have been studied extensively in elec-
trical engineering and have been applied to network flow problems [7, 15, 18, 22, 4].

The remainder of this paper is organized as follows. In Section 2, we provide background graph-
theoretic concepts, formulate the MLPP and prove subpath optimality for the MLPP on general
networks. Section 3 provides a formal definition of series-parallel networks and introduces our
new subclass of essential series-parallel networks. Section 4 presents our computationally tractable
algorithm for identifying the MLP and bounding its probability on series-parallel networks. Section
5 summarizes our computational results. Finally, Section 6 presents consequences of our work and

future research directions.
2. Formulation of the Most Likely Path Problem

Given a network topology and its corresponding edge cost (or edge length) vector, the deterministic
shortest path problem can be solved easily as either a dynamic programming problem or as a linear
programming problem. However in many situations, portions of the network are unobservable and
the cost vector is therefore unknown. The MLPP is intended to analyze cases where at least part,
if not all, of a given cost vector is composed of independent random variables with probability

density functions. For realizations of these random variables, solutions to the deterministic shortest
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path problem can be obtained. We wish to find a solution that would be obtained most frequently
under repeated realizations, i.e. a path with greatest probability of being shortest.

In this paper we use the notation in Cook et al. [8] whenever possible, augmenting it when
necessary for dealing with series-parallel networks. Let G4, = (Vy, Ey;) be a directed network with
source s and sink t, where V,; and F,; are its vertex and edge sets, respectively. For any nodes
u,v € Vi, let Gy = (Viw, Euy) be the subnetwork of G, induced by all u — v paths. Let K, be the

set of all u — v paths through G,,.

DEFINITION 1 (MosT LIKELY PATH PROBLEM). Consider a network Gy, where at least part if
not all of the edge cost vector C' is composed of continuous random variables. We model all fixed
costs as degenerate random variables with Dirac-Delta probability density functions, which are
centered at their respective fixed costs. (Note: Dirac-Delta functions are not Lebesgue integrable
and are therefore not probability density functions in the strict sense of the terminology. However,
throughout the remainder of this paper, we treat them as probability density functions in order
to avoid burdensome notation, as they satisfy all required properties for any proofs that follow.)
Let fc denote the vector of probability density functions corresponding to C. Let the cost of each
path i € K, be defined as ®; =) __, C..

The Most Likely Path Problem is the problem of finding an s — ¢ path (not necessarilly unique)

with highest probability of being the shortest path, i.e., a path 7}, satisfying

ri, € arg max P <<I>i = min @k) , (1)

i€ Kot keKgt

where

P (@i = min <1>k> =P [ {®:<2}]. (2)

keKgt
keKs\{i}
We refer to r?, as the Most Likely Path (MLP).
Although the random edge costs in C' are independent of one another, the random path costs
are not, since edges may appear in multiple paths. Consequently, solving the MLPP is difficult on

general networks; known solution methods require evaluating the joint probability function in (1),
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which in turn requires multivariate integration. Moreover, since there are an exponential number
of paths, solving for the objective in (1) by enumerating all paths is computationally intractable,
even if the joint probability function is easily computed. An alternative is to use a Monte Carlo
method, but even these are intractable for large networks. Our method reduces this computational

time by orders of magnitude by producing bounds on the probability of the MLP.

2.1. Redundant Fixed Costs and Degeneracy

In the MLPP, fixed costs represent certainty on the part of the modeler about parts of a given
network, whereas variable costs represent uncertainty. We demonstrate that from a modeling per-
spective, in our stochastic network model, equivalent fixed cost paths should be preprocessed out
of any given network, so that only one remains.

When multiple equivalent fixed cost paths remain in any given network, if any of these equivalent
fixed cost paths has non-zero probability of being the MLP, then

»or <<1>1- = min @k) >1 (3)
keKgt

€Kt

and we refer to the network as degenerate. In non-degenerate networks, these probabilities must

always sum to one, i.e.,

yr (@i: min <I>k> =1,
ke Kgt

€Kt
since: (i) continuous random variables (random costs) are not equal to one another (almost surely);
(ii) continuous random variables (random costs) are not equal to fixed costs (almost surely); and
(iii) fixed path costs are either not equal to one another or are never optimal. Consequently, in
these non-degenerate networks, the interpretation of each path probability is intuitive. We now
demonstrate why (3) holds in degenerate networks; and why these networks should be avoided
from a modeling perspective.

Consider a degenerate network with three independent paths. Let two of the three paths have
identical fixed costs of 5 and the third have a random cost uniformly distributed on [0,10]. The

comparison that one random variable is less than or equal to another, which seems natural, measures
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all three paths as having probability % of being the shortest path. The reason is that when either
fixed cost path is a shortest path, the other fixed cost path is also a shortest path. Consequently,
the probabilities of the three paths being shortest sum to 1.5 and all three appear to be equally
desirable. If one of the fixed cost paths were removed, the two remaining paths would still be
shortest with probability %, and therefore would still be equally desirable. Since the removed path
is clearly equivalent to the remaining fixed cost path, that too would be equally desirable. So the
redundant fixed cost path could be preprocessed out of the network without losing any information.

Alternatively, consider a non-degenerate network with three independent paths. Let two of the
three paths have independent random costs uniformly distributed on [5 —€,5 + €] and the third
have a random cost uniformly distributed on [0,10]. The third path is shortest whenever it has cost
between 0 and 5 — €, which occurs with probability ~ % One of the other two paths is shortest
whenever the third has cost between 5+ ¢ and 10, which also occurs with probability ~ % But
since those two paths now have continuous random costs, the probability that they are equal is 0;
and therefore both are shortest with probability ~ i. The probabilities of these three paths being

shortest sum to 1; and all three are now crucial for identifying the MLP.

2.2. Subpath Optimality for the MLPP

In deterministic shortest path problems, subpath optimality allows for dynamic methods of solu-

tion. We show that subpath optimality holds for the MLPP as well.

THEOREM 1. Let all random edge costs on Gy be independent random wvariables. Let v, pass
through nodes w € Vi, and v € V.. Then if v}, is a subpath of r,, then v}, is an optimal solution

to the MLPP on G,,.

Proof of Theorem 1. We show that if there exists a path 7,, such that

keEKyv k€ Kyy

P <‘I)m = min ¢k> > P <<I>T;U = min <I>k> (4)

then path r}  is not a subpath of r},. Since we are concerned with optimality on G,,, without loss

of generality, we can consider a restricted network from s to ¢ composed of all paths in G,; that
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*
su?

pass through nodes v and v. Partition 7}, into three subpaths: s —u path r%,; v —v path r} ; and

v —t path r},. Since edge costs are independent, we have

P <(I>,.*t = min <I>k> =P <(I>,.* = min <I>k> P <<I),.* = min <I>k> P <<I>,.* = min <I>k> .
s keKs¢ su kEK sy wv ke Kuv vt kEKyt

If there exists a path 7,, with

P <(I>;M = kmin <I>k> > P <(I>T1*w = kmin ¢k> ,

uv EKuv

then there exists a path 7, with

P (‘IJT: , = min <I>k> =P (CIDT* = min <I>k> P <<I>,: = min <I>k> P <<I)T* = min <I>k> .
s k€Kt SU kEKgy Y keKyw vt REKyt
Consequently, if equation (4) holds then 7 is more likely than r?*,, which is a contradiction. Thus

*
uv

r* is optimal for G,, [.

We have just shown that subpath optimality holds for the MLPP on general networks. However,
unlike in the deterministic case, subpath optimality alone is in general not sufficient for constructing
a dynamic programming-based solution method for the MLPP. Specifically, the joint probability
measure (1) cannot be computed iteratively, due to event dependence. We will see that in series-

parallel networks, this event dependence can be handled iteratively.

3. Series-Parallel Networks

While subpath optimality holds for the MLPP on general networks, it is insufficient for constructing
a dynamic programming-based solution method; however, when combined with specialized topolog-
ical properties, these solution methods become possible. We show that on the class of series-parallel
networks, complications due to dependence of random events can be resolved. In this section, we
introduce the class of series-parallel networks and then define the new specialized class of essential
series-parallel networks. These essential networks play a key role in our solution method for the

MLPP on the class of series-parallel networks.

DEFINITION 2 (SERIES-PARALLEL NETWORKS [4]). A network Gy, is called series-parallel (also
known as two-terminal series-parallel, edge series-parallel, strongly series-parallel) if it can be

constructed by combinations of the following three rules:
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Figure 1 = The network on the left is series-parallel. The one on the right is not, i.e. notice edge (1,3).

1. Base Network: Any network G (Vy, Fy) with Vi, = {s,t}, Ey ={(s,t)} is series-parallel.

2. Parallel Composition: Let Gy, v, (Vs 1y, Esyty) and G,e,(Viyty, Esyt,) be two series-parallel net-
works with sources s; and s, and sinks ¢; and t,, respectively. By setting s, =s; =s, and t, =t; =
ty, we form the series-parallel network G ;.

3. Series Composition: By setting t; = s, or t, = s1, we form the series-parallel network G, ,or

G, , respectively.

Figure 1 illustrates series-parallel networks. The special structure of series-parallel networks
allows for our dynamic programming method of solution to the MLPP on this class of networks.

As part of our algorithm for solving the MLPP on series-parallel networks, we dynamically
compare the MLP with all other paths. We then obtain probability bounds for the MLP with a

simplified series-parallel network topology, which we define as follows.

DEFINITION 3 (ESSENTIAL SERIES-PARALLEL NETWORKS). A network G, (Vi Ey) is essential
series-parallel if:

1. There exists an ordering function f: V., — N, such that f(s) =1, f(t) =|Val, f(s) < f(v) <
F(t) for all v € Vi, \{s,t}, and f(v;) # f(v;) for all v; £ v; € V.

2. If f(v;) — f(v;) =1, then there exists either one or two edges between nodes v; and v; for all
5,05 € Vg,

3. If f(v;) — f(vj) # 1, then there exists at most one edge between v; and v; for all v;,v; € Vi

4. Gst(vst,Est) is series-parallel.

Figure 2 provides an example of an essential series-parallel network.
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Algorithm 1 Reduce any series-parallel network to an essential series-parallel network.
Choose any s —t path k € K.

‘Zt = V.
Est =Eq.
Flag = 0.

while Flag == 0 do
Flag = 1.
for all (u,v) € E,\k do
if there exists more than one edge (u,v) € Ey\k then
Parallel Decomposition: Remove from E,, all but one edge (u,v) € E\k.
Flag = 0.
end if
end for
for all (u,v) € E4\k do
if 3¢ € V,, such that (q,u) € Est\/@ then
if ¢’ € V,, such that (¢',u) € E,;\(q,u) and #’ € V,, such that (u,v') € E,\(u,v) then
Series Decomposition: Ey = {E4\{(q,u), (u,v)}}U{(g,v)}. Vi = Vi \{u}.
Flag = 0.
end if
else if 3r € V,, such that (v,r) € Est\k: then
if #u’ € V., such that (u/,v) € Ey\(u,v) and $r' € Vi, such that (v,7) € Ey\(v,7) then
Series Decomposition: Ey = {E4\{(u,v), (v,r)}} U{(u,7)}. Vi = Vi \{v}.
Flag = 0.
end if
end if
end for
end while

return G
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THEOREM 2. Any series-parallel network G, can be reduced to an essential series-parallel network

Gy via Algorithm 1.

Proof of Theorem 2. We first prove that as result of the series decompositions, Vi, consists
only of nodes in V,; that are connected to edges in k. Assume this was not true, then there must
exist some node v € f/'st such that:

(a) There does not exist any edge (u,v) € k for u € V,;; and there does not exist any edge
(v,r) € k for r e V.

(b) There exists at least one edge (u/,v) € Ey\k for u' € V,,;; and there exists at least one edge

(v,r) € Est\k: for ' € V,,.
Let E™ be the set of edges {(u/,v) € E4\k:u' € V,,}. Since Gy, is series-parallel, v must be the
sink of some series-parallel network G, whose edge set contains F™". Since the edges in k are
consecutively connected, the sink of GG, would have to be connected to one of the edges in k if G,
contained any edge in k. Therefore, by (a) above, G, must not contain any edge in k. Consequently,
by Definition 2 (series-parallel networks), G, can be reduced to a single edge via combinations of
series and parallel decompositions.

Similarly, we can identify and reduce the series-parallel network G, whose edge set contains
{(v,r") € E4\k : 1’ € V,}. Hence, without loss of generality we can consider the case (b) above
when there is exactly one edge (v, v) € E‘St\k; for some v’ € V,, and one edge (v,1’) € Est\k: for some
€ V... However, these two edges are replaced by a single edge during the series decompostion
step and node v is removed, which is a contradiction to our assumption.

We have just shown that f/st consists only of nodes in V,; that are connected to edges in k. Let
us now prove that the four components of Definition 3 (essential series-parallel networks) hold.

1. Order the nodes connecting edges in k according to the order of those edges: f(s) =1, f(v) =2
for (s,v) € k, etc.

2. By 1, whenever f(v;) — f(v;) =1 there exists an edge (v;,v;) € k. By the parallel decomposition

step, there cannot exist more than one other edge between v; and v;.
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Figure 2 The network on the left is series-parallel. The one on the right is essentially series-parallel and is formed

from the one on the left.

3. By 1, whenever f(v;) — f(v;) # 1 there exists no edge (v;,v;) € k. By the parallel decomposition
step, there cannot exist more than one edge between v; and v;.

4. Neither parallel decompositions nor series decompositions compromise the series-parallel
topology of a network. Therefore the resulting network must be series-parallel.

Therefore any series-parallel network G,; can be reduced to an essential series-parallel network

Gy via Algorithm 1 [J.

4. Algorithm for Solving the MLPP on Series-Parallel Networks
4.1. SPMLP: Identifying the MLP on Series-Parallel Networks

In this section, we introduce our algorithm for solving the MLPP on the class of series-parallel
networks, which we refer to as SPMLP. In general, there is no known interative process that can be
used to evaluate the joint probability measure in our objective (1). As a consequence, multivariate
integration is unavoidable, which is true even on general series-parallel networks. Fortunately, on
series-parallel networks, it is not necessary to evaluate the joint probability in equation (2) in
order to locate the optimal path. Instead, we can identify the MLP with a dynamic Monte Carlo
sampling approach, which uses ordinal optimization to increase computational efficiency. While
this approach locates the MLP, it does not compute the probability of the MLP. Alternatively,
we provide analytical lower and upper bounds for the joint probability (1), which is computed
efficiently and without the need for multivariate integration. SPMLP locates the MLP via dynamic
Monte Carlo sampling and measures its probability via dynamically computed lower and upper

bounds.
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4.2. Dynamic Monte Carlo Sampling using Ordinal Optimization

Consider two subpaths r! and r2 of any directed network G,; (not necessarily series-parallel),

which originate at node u and terminate at node v. In order to eliminate either r! or r2 as a

potential subpath of the optimal path r¥,, we need not precisely measure both sides of inequality
(4); rather we need only identify which side is greater.

Ho et al. [13] introduce ordinal optimization as a means of comparing designs rather than esti-
mating accurately the performance measures of those designs. They argue that ordinal optimization
provides a basis for efficient preprocessing, which then reduces the computational burden of the
solution step. In the context of the MLPP, precise measurements of both sides of inequality (4)
could be obtained via extensive Monte Carlo sampling; however, by utilizing ordinal optimization,
we are able to limit the sampling needed by aiming to identify only whether inequality (4) is true
or false; not to obtain precise measurements of both sides.

For each sample, we run Dijkstra’s algorithm on a realization of subnetwork G, and introduce

indicator functions to keep track of the number of times r}  or 72 are the shortest paths. Note that

1
uv

these indicator functions are random variables whose expectations are the probabilities that r
and 72 are the shortest paths within subnetwork G,,. By only tracking one of the two indicator
functions at each sample, we ensure that the indicator functions are independent from one another.
We use the following statistical analysis to derive our stopping condition: Our null hypothesis
is that the means of the two indicator functions are equal, but the variances are both unequal
and unknown. After we reach 120 degrees of freedom, we compute a t-statistic at each iteration.
Since the t distribution is essentially normal at this point, we use the percentile from the normal
distribution (1.960) for this test. If we are able to establish the desired 95% confidence interval, we
select the path whose sample mean is greater. If we are unable to establish this confidence interval
within 10* iterations (2 x 10* samples), we stop since either (i) both subpaths will be eliminated
at a later stage of the algorithm or (i) both subpaths are virtually identical in probability.

As a consequence of Theorem 1, by eliminating one of the two subpaths, we in turn eliminate

from the set of potential solutions all paths containing the eliminated subpath. Therefore when G,
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is series-parallel, we can identify the MLP with high accuracy in O(|E|) steps. Next, we measure the
probability that for a given realization of the network, this solution is a shortest path, i.e. we wish
to measure (2) for this solution. However, as previously stated, this either requires multivariate
integration or extensive sampling.

We instead use a highly efficient algorithm on a probabilistically equivalent essential series-
parallel network to obtain lower and upper bounds for the desired probability. Before describing the
method for obtaining the essential series-parallel network of interest, let us introduce the necessary

probability background information.

4.2.1. Combining Edges in Parallel Let X and Y be independent random costs, with
distribution functions Fx and Fy, respectively. The distribution of the random variable C :=

min{X,Y} can be found as follows. Since for any c,

P(C>c¢)=P(X >c)P(Y >0¢),

we have that

Fo(z) =1—([1 - Fx(2)|[1 - Fy()]), (5)
where F¢ is the cumulative distribution of C'.

4.2.2. Combining Edges in Series Let X and Y be independent random costs, with prob-
ability density functions fx and fy. The distribution of the random variable C':= X 4+ Y is given

by

P(X+Y <¢) // 2) fy (y)dady = / Fy(e—9)fy@)dy=Fxxfy.  (6)

4.3. Essential Series-Parallel Networks

In order to compute the probability bounds for an MLP r¥,, we make use of the simplified essential

st

network topology. With respect to r,, we are able to reduce the series-parallel network G; to the

simpler essential series-parallel topology G, via Algorithm 1.
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Through Algorithm 1, the aggregate edge set E' can be formed by iteratively collapsing all edges
in parallel and series that are not edges in r%,. At each series decomposition, the cost distribution
of the new edge is found by applying the convolution operator (6). At each parallel decomposition,
the cost distribution of the remaining edge is found by applying the multiplication operator (5).
By construction, the probability measure of interest is unchanged under both series and parallel

decompositions.

4.4. Lower Bound on Essential Series-Parallel Networks

We say that two events A and B are positively correlated if P(ANB) > P(A)P(B). Consider an
essential series-parallel network G, that was constructed with respect to path r¥,. In this section,
we show that all events corresponding to path r%, in G, are positively correlated. We then use this
correlation to separate our objective (2) on the essential network into multiple one-dimensional
integrals, thereby producing a valid lower bound.

In order to show the needed inequality, 7.e. positive correlation, we measure indicator functions
of these events via the expected value, using the results from the following Theorem. The proof of
Theorem 3 is analogous to the proof by Chayes et al. [6] of the Harris-FKG Inequality [11], which

is commonly used in percolation theory.

THEOREM 3. Let 6, : R® — R and ¢, : R® — R be non-increasing functions, i.e. for
every i, O,(x1,... @i Tn) < Op(T1yo o Ty ) if T > T oand p(Tr, .. Tiye oy Ty) <
O (XT1ye o Tiy ooy y) if T > &y Let Xy,..., X, be independent real-valued random variables with

probability density functions fi, fo.. fn, Tespectively. Then

.....

E0,(X1,X2, ..., X)) bn (X1, Xo,..., X)) > E0, (X1, Xs,...,X,)] Eo, (X1, Xo,...,X,)].

Proof of Theorem 3.

Base case n=1:
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Since both 6, and ¢, are non-increasing, for any z;, ; the quantities 0 (x1) —6,(Z,) and ¢ (x1) —

¢1(Z1) are either both non-negative, or both negative. Thus:

0< [ [18:(0) =60 (@) (61 (1) = 61 @) f (00) f (31) v
= [ [or@oén @) fiw) i@ dodz — [ 600 @061 () £ @) did,
= [ 60060 £ @01 @) i@ dodz+ [ [ 60060 @) 1 (02) 1 o) disdy
= [0 on @) i@ das [ Fi@)dn - [0 i@ dny [ o) £ @) da
~ [0 fi@O i [ 61w i) don+ [0 01 @) @) di [ Fi(o) de
—B 16, (X)) 61 (X)) — E[6) (X)) Bl1 (X0)] - B[, (X)] E[61 (X0)] + B 6, (X1) 1 (X))

=2E[01 (X1) ¢1 (X1)] = 2E [0, (X1)] E [¢1 (X1)].

So,

B0, (X1) 91 (X1)] = E 01 (X1)] E[¢1 (X1)].

Induction hypothesis Assume the result is true for n < k:

Induction step n=k+ 1:

The proof of the induction step is accomplished via the following four steps:

1. We condition on X,..., X} to obtain an outer expectation over a random variable of dimen-
sion k£ and an inner expectation over a random variable of dimension 1.

2. Since the inner expectation is one-dimensional, i.e., over the k + 1-st dimension, we apply
the result of the base case to obtain a product of one-dimensional expectations. Each of the two
resulting one-dimensional expectations is a random variable of dimension k.

3. We apply the induction hypothesis to the product of random variables of dimension k.

4. We use the definition of conditional expectation to obtain the desired result.

Step 1: We condition on Xi,..., X, to obtain an outer expectation over a random variable of

dimension k and an inner expectation over a random variable of dimension 1.
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E[9k+1 (X17X2>' .. ’Xk+1)¢k+1 (X17X2" .. 7Xk+1)]
=K [E [9k+1 (XI)X27 e 7Xk+l) ¢k:+1 (XI)X27 e 7Xk+l) ‘X17X27 o 7Xk]] ) (7)
where the inner expectation,
E[9k+1 (X1,X27---7Xk+1)¢k+1 (X1;X27---7Xk+1)‘X17X27---7Xk]
:/9k+1 (X1,X2, cee 7Xk,xk+1) ¢k+1 (X1,X2, e 7X1c,~"3k+1) fk+1 ($k+1) dl“k+1- (8)
R

Step 2: Since the inner expectation is one-dimensional, i.e., over the k + 1-st dimension, we apply
the result of the base case to obtain a product of one-dimensional expectations. Each of the two
resulting one-dimensional expectations is a random variable of dimension k.

Since by assumption 6y 1(x1,Z2,. .., 2541) and ¢pyq (21, T2, ..., Try1) are non-increasing functions

of x;.1, by the base case n =1, we have

E [9k+1 (X17X27 “ee 7Xk+1) d)kJrl (X17X27 cee 7Xk+1) |X17X2a cee an]

ZE [ek-‘rl (X17X2) .. )Xk:-‘rl) |X17X27 .. 7Xk:] E [(ybk-‘rl (X17X27 .. )Xk:-‘rl) |X17X2) .. )Xk:] . (9)

Notice that the resulting product of one-dimensional expectations (9) is in fact a product of
random variables of dimension k.

Step 3: We apply the induction hypothesis to the product of random variables of dimension k.

Note that [ Ops1 (21, @2, Tg1) fos1 (Trg1) dTpqr and [o dpgr (1, T2, - - Tpi1) frgr (Tag1) T
are non-increasing functions, since 0, q(x1,...,71y1) and ¢gi1(21,...,2,1) are non-increasing

functions. Therefore, by the induction hypothesis,

E [E [9k+1 (X17X27 ... 7Xk+1) |X17X27 ... 7Xk} E [¢k+l (X17X27 .. '7Xk+1) |X17X27 ... 7Xk]]
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E [(/ Ort1 (X1, Xos ooy Thgr) fra (ﬂ?k+1)dl’k+1> </ Gry1 (X1, Xoy ooy Tar) fran ($k+1)dl’k+1>]

R
>F [(/ Or1 (X1, Xoy ooy That) o1 (T d$k+1>] [(/ Grr1 (X1, Xoy ooy Tha1) fran (g;kﬂ)dka)}
R R

=E[E Bt (X1, Xy, X)) [X0, Xy oo, X EE [ (X1, Xay ooy Xisr) [ X1, Xoyooo, X
(10)

Step 4: We use the definition of conditional expectation to obtain the desired result.

E [E [Hk-‘rl (X17X27 cee 7Xk+1) |X17X27 R Xk]] E [E [(rbk-‘rl (X17X27 cee 7Xk+1) |X17X27 cee 7Xk]]
=K [0k+1 (X17X27 s 7Xk+l)] E [¢k+1 (X17X27 s 7Xk+l)] . (11)
Combining equations (7), (9), (10) and (11), we obtain

E 01 (X1, Xo, ..o, Xpos1) Gross (X1, Xo, oo, Xios)]
=E[E[0ps1 (X1, X2, -, Xip1) Gar (X1, Xas oo Xigr) | X1, Xos -, X
>EE 041 (X1, Xy o Xpst) | X1, Xy oo, X0 B [Grin (X1, Xos oo Xiogr) | X1, Xy, X0 ]]
ZE[E 01 (X1, Xay oo, Xppd) [ X1, Xoy oo, X E[E [@r (X, Xy, X)) [ X0, Xoy o, X ]
—F 041 (X1, Xy, X)) B [fros1 (X1, Xy X1

0.

In the following corollaries, we use Theorem 3 to develop a lower bound for the probability of an
MLP. In 1, we prove the validity of this lower bound on essential networks where all aggregate edge
costs are fixed costs. In Corollary 2, we generalize the result of Corollary 1 to essential networks

with random aggregate edge costs.

COROLLARY 1. Let E' be the set of aggregate edges in Gy, i.e., Egy = {e€Ey:ecrf,} UE'. Let
Xiiv1, 0=1,..., \V!, be independent real-valued random variables with probability density function
fiiv1, respectively, representing the edge cost of ri, between nodes ¢ and i +1 in V... Let a;; €R,
(i,7) € E', be the fized edge cost of the aggregate path between modes i and j in V... Then the

probability of r%, is given by

-1
P m {ZXk,kJrl < aij}

(hj)er’ k=i
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and its corresponding lower bound by
j—1
H P <ZX¢,1'+1 §aij> .
(i.,)EE k=i
Proof of Corollary 1. Let L;;(x;41,...,2j-1;) , (4,7) € E' be indicator functions such that
1 if Zj_lﬁL‘k k+1<(1"
11%2 e, Xi1.4) = k=i ’ - lj.
i@ty 2io1) {O otherwise
Since I;;(x;41,...,%j_1,) are non-increasing functions, we can apply Theorem 3 iteratively to
obtain
j—1
P ﬂ {ZXk,kHSCLz‘j} =E H Ly (Xiivns o, Xjoa )
(,j)er’ \ k=i (i,§)€E
> H EL; (Xiiv1s--- Xj1,)]
(i,5)€E!
j—1
= H P (ZXi’i+l SCL”> .
(4,5)€E’ k=i
0.

In the following corollary, we generalize this probability lower bound to essential networks with

random aggregate edge costs.

COROLLARY 2. Let A;;, (i,7) € E', be independent real-valued random variables with probability
density function g;;, respectively, representing the cost of the aggregate edge between nodes © and j
in Gy. Then the probability of r%, is given by
7j—1
P ﬂ {ZXk,kH < Aij} (12)
Gger k=i
and its corresponding lower bound by
j—1
I » (zx s&,).
(i,5)€E’ k=i
Proof of Corollary 2. The probability above (12) can be written as the following iterated inte-

gral:
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j—1
Pl N {Zkagmj}

(i,5)eE’ \ k=i
j—1
/ / {ZXk,k—i-l S aij} H Qu azy dazy
(i,j)eE’ \ k=i (i,7)€E!
1
/ / H <Z Xi,iJrl S aij) H gzg az] daz]
(i,j)EE’ =1 (i,j)EE’
[ TP (s os i
(i,7)€E’
H / (ZX11+1<CLU> gz]( 1])d 1]
(i,5)eL’
= H P (ZXi,i+1§Aij>a (13)
G)eB  \k=i

where the inequality in (13) is obtained by applying the result of Corollary 2 [I.
It is important to note that the lower bound for the probability of r¥, that we have developed

in Corollary 2, i.e.,

j—1
L= 1 > o< AL
P(o=pin o) > I P<ZX““1‘A”>’

(i)eB’  \k=i

can be computed efficiently by multiple one-dimensional integrals.

4.5. Upper Bound on Essential Series-Parallel networks

Now that we have obtained a lower bound for r}, that can be computed efficiently, we prove that

a corresponding upper bound for (2) can also be computed by solving

min P(<I> < <I>k) (14)

kGKSt

The solution to problem (14) is a valid upper bound since for all k € K\ {r,},

ﬂ {(I)T:tgq)k}c{q)r;tgq)%}

kGf(st\{T:t}
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To solve (14), we replace all aggregate edge costs A;;, (i,j) € E’, with
j—1
pi =P (Z X1 < Aij) 5
k=i
and replace the edge cost of r%, between nodes ¢ and i+ 1 with P(X, ;41 < X, ;1) =1. Problem

(14) can then be restated as

min H Dij- (15)

keK.
€t (i j)ek

Since the logarithm is an increasing function on (0, 1], we can restate (15) as

exp | min lo i =exp | min log (p;i) | - 16
p | min log H Pij p | min Z g (pij) (16)
(4,9)€k (i,5)€k

Problem (16) now has the form of a deterministic shortest path problem, where the edge costs are

j—1
w;; = log <P (Z X1 < Aij)) .
k—i

Since the probabilities are in (0,1], all edge costs are non-positive and bounded; but since essential
series-parallel networks are acyclic, a solution to this deterministic shortest path problem is always
well-defined. Consequently, we can solve this deterministic shortest path problem by standard

methods and obtain our upper bound by exponentiating the resulting solution.
5. Computations

We generated series-parallel networks to test the SPMLP algorithm. We compared the SPMLP
lower and upper bound results to the approximate probabilities obtained from Monte Carlo sam-
pling, as well as their respective running times. We tested 10, 50, 100 and 250 edge networks with
inputs of 25, 50 and 75 percent for (i) the average percentage of edges with fixed costs and (ii) the
average percentage of series vs. parallel compositions. For each set of parameters, we tested four
networks (144 total networks). These computations were performed on identical machines with

Intel Pentium 4 CPUs with Hyper-threading, 3.0 GHz, 4096 MiB RAM.
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Our experiment was designed to test the algorithm’s effectiveness at processing networks with
significant noise and identifying paths of interest. Consequently, our bounds were exact in the
majority of cases. Bound exactness should not be expected in general. Gaps arise in networks with
alternate competitive paths, where taking one path eliminates the possibility of transferring to the
other at a later node. In all our test cases, even when gaps were present, we succesfully identified
the MLP.

We designed Perl modules to generate random test networks. First, we build series-parallel
network topologies via random combinations of series and parallel compositions. The inputs to the
module are the number of edges and the ratio of series compositions to parallel ones. A second
module then reads in the topology and randomly assigns either fixed or random costs to each
edge of the network. The random costs are uniform random variables with integer lower bounds
uniformly distributed between 0 and 9; and integer upper bounds uniformly distributed between
the corresponding lower bound and 10. The fixed costs are integers uniformly distributed between
2 and 8, so that each fixed cost has an expected value that is both higher than the expected lower
bound and lower than the expected upper bound of each random cost.

We implemented SPMLP using a combination of Perl and MATLAB. An MLP is identified via
the dynamic sampling approach detailed in Section 4. The network topology is then simplified with
respect to that solution, resulting in the corresponding essential series-parallel network. The essen-
tial network distributions are represented as discretized approximations to the actual continuous
distributions, computed via Fast Fourier Transforms and point-wise products. For the discretized
distributions, we use a uniform domain vector with grid spacing of 1072, in order to minimize
both running time and computational error introduced by the discretization. The probabilities of
interest are then computed by Riemann sum approximations from the discretized distributions.
Finally, these probabilities are used to compute our lower and upper bounds.

In order to test the accuracy of the bounds produced, we implemented sequential Monte Carlo
sampling with a desired sample standard deviation of 1073. If the desired sample standard deviation

is not obtained within 10° iterations, the sampling is terminated. Out of the 144 networks tested, our
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Mean Gap Gap STD Median Gap Max Gap
0.006 0.032 0 0.230
Table 1 The optimality gaps are summarized in the table above. These gaps are computed as the differences

between each probability upper bound computed by SPMLP and its corresponding lower bound.

Mean Gap Mean Gap Gap STD Gap STD Median Gap Median Gap Max Gap Max Gap

MC-LB UB-MC MC-LB  UB-MC MC-LB UB-MC MC-LB  UB-MC
0.004 0.002 0.020 0.012 0 0 0.150 0.093
Table 2 The optimality gaps are summarized in the table above. These gaps are computed as the differences

between each probability bound computed by SPMLP and its corresponding Monte Carlo probability estimate.

MLP ve. MG Running-Time

o MLP
MG

1
3
i
i
1

b

| L L '
10 50 100 250
Number of Edges

Figure 3 The average running time of Monte Carlo sampling is increasing at a greater rate than that of SPMLP,
as is evidenced by the trend curves above. Moreover, the average running time of Monte Carlo sampling

is approximately two orders of magnitude greater than that of SPMLP.

probability bounds yielded exact solutions in 134 cases. The ten cases where a gap is present result
from conditions where there are nested aggregate paths in the essential network whose distributions
are highly competitive with that of the projected MLP. The optimality gaps between the SPMLP
bounds are summarized in Table 1. The gaps between the actual probabilities, computed via
sequential Monte Carlo, and the bounds computed by SPMLP, are summarized in Table 2. The
latter indicates that the gaps are not generally centered around the actual probability; rather the
lower bounds are on average about twice as far from the actual probability than the corresponding
upper bounds.

Figure 3 compares the running time of SPMLP versus that of sequential Monte Carlo sampling.
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Mumber of Edges (E) vs. Nomalized Times (E 2and E 7
0.12 0.012

E E

008t w 0.008} .,

0.06

0.006

0.04 0.004

Tirns {(E 2] [in @gconda)
Tirne €Y [in @gconda)

0.0z n.oo2 E
e

. ; ; . § F1
10 50 100 250 10 50 100 250
Murnber of Edges Murnber of Edges

Figure 4 The curve on the left-hand plot shows that the actual running time for the MLPP is not O(EQ), where
FE is the number of edges in the network. The downward-sloping curve on the right-hand plot shows

that the running time for the MLPP grows at a slower rate than E3.

The average running time of the sequential Monte Carlo sampling is increasing at a greater rate than
is the average running time of SPMLP, as is evidenced by the trend curves in Figure 3. Moreover,
the average running time of Monte Carlo sampling is approximately two orders of magnitude
greater than that of SPMLP. Notice that in practical terms, for a 250 node network, this is the
difference between an average of about five minutes and an average of about 10 hours, a crucial
advantage when the goal is to intercept an intruder before they can do harm.

The SPMLP has a polynomial running time based on the running times of Dijkstra’s algorithm,
discretized Fast Fourier Transforms and numerical integration. In order to analyze the running
time that was achieved in our computations, we plot normalized time as a function of network size.
The two plots in Figure 4 show that the practical growth rate is between E? and E®, where FE is

the number of edges in the network.
6. Summary and Conclusions

For a given series-parallel network, with random edge costs, we have developed a dynamic sampling
method for identifying an MLP. In doing so, we have utilized ordinal optimization in the context of
stochastic network optimization. Additionally, we have established bounds on the objective for the

MLPP. Through our computational results, we have verified that these bounds can be computed
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efficiently. We have demonstrated that in many of the random networks tested, the lower and upper
bounds agree, providing an exact solution.

A next step is to approximate more general networks which have series-parallel networks as
subgraph isomorphisms. One method for accomplishing this may be to compute conditional distri-
butions on the small portions of a network that prevent it from being series-parallel.

In future research, the methodological advances achieved here can be adapted for problems where
one has cost distributions on individual locations or events and is interested in analyzing processes
that result from alternative sequences of those events. Possible applications include homeland
security, in which the MLPP can be used to detect routes most likely to be used by an intruder;
and project management, in which the MLPP can be used to determine which alternative task

subsequences are most likely to be responsible for project failures.
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