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1. (10) Two solutions of the differential equation z%y” — z(x+ 2y +(x+2)y =0, for z > 0,
are
yi(z) =2 and yu(z) = ze®

(a) (6 pts) Find the Wronskian W (yy, 12).
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{b) (4 pts) Are y; and y, linearly independent? Justify your answer.
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2. (20) Consider one the Lagrange’s equation with n = 2
(1—z%)y — 22y +6y=0, —-l<z<l (%)
(a) (7 pts) Show that the coeflicients ay,’s of the power series expansion y(z) = 3~ _, @ma™

of the general solution of Lagrange’s equation satisfy the recursion relation:
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Qgyo = as. for s > 2.
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(c) (4 pts) Use the recurrence relation from part (a) to find the next 4 terms of the power
series expansion.
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(d) (4 pts) Use the results from previous parts to write the polynomial Py(z) that is a
solution of (x).
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3. (20) Consider the following problem (it can be transformed into a Sturm-Liouville prob-
lem): '

(ODE) 3 — 2/ +(1+ Ay =0, on[0,1,  (BC)y(0)=0, ¢(1)=0.

By an eigenvalue of the above problem we understand a value of A for which non-zero
solutions of ((ODE)+(BC)) exist. Find an equation that the positive eigenvalues have to
satisfy. How many positive eigenvalues are there?
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4. (15) For two functions f and g on [—, 7] we defined their inner product by

(f,9) = / :f(:c)g 5)dz

(a) (10pts) We also defined the norm of a function f by [[fl] = 1/(f,f). What is the
norm of

flx) = %cos(m:), forn=1,23,...7

(You may want to recall the double angle formula cos(2a) = 2 cos?(a) — 1.)
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(b) (5 pts) What does it mean when we say that the set

B= {% cos(z), % cos(2x), % cos(3z),..., % cos{nz). .. }

is an orthonormal family?
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5. (20)
(a) (16pts) Find the Fourier series of the function:

ﬂﬂz{o ~2<z<0

T O0<a<?2

‘The function is extended by periodicity with period p = 4.
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(b) (4 pts) What is the value of the Fouries series at x = —27
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6. (15) MULTIPLE CHOICE. Circle the best response. No partial credit will be given on

this problem and you do not need to justify your answers,

Consider f{z) = sinz, for 0'< z < 7. The coefficient aq of the odd extension of f

(a) 15 ... .
AL 12 B. —1/4 GD D. 1/4 E. 1/2

_WI\Q od & Lxdtam you 5i i - mee.& &AMU{\% (&3 %M&\\N>
The ag ﬂmx oddl ﬁ»&&\w s Reo .

Consider the same function as above f(z) =sinz, for 0 < < 7. The coeflicient

(b) b, of the odd extension of f is...

A —4/m C. 1/« D. 1 E. n/2
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Which of the following is an even extension to —2 < gz < 2 of

(c) 0 O<z<l1
f(m):{.q l<z<?

0 —-2<z<-1
-1 —1l<z<0
0 O<zr<«l
-1 1<z<?2

1 —-2<z<-1
0 —-l1l<z<l
-1 1<zxz<?2




