The N-body Problem

I. Vectors and Basic Operations

— Vectors in R3:

(i) Let u = (x,y, 2) € R3.

(Norm) |u| = /a2 + g2 + 22
(Direction) u/|u].

(i) Let u1 = (z1,y1,21), u2 = (x2,y2, 22),

uq :|:lI2 == (5131 :|:£C2,y1 :|:y2,2:1 :|:22)

— Inner product

Ui ous = x122 + y1y2 + 2122 = |ui||uz| coso,

if upous =0, then u; L us

— (Cross product:

u; X up is perpendicular to the plane formed by u; and
up, obeying the right-hand rule,



luy X up| = |uiljuz|siné,

if u; X up = 0, then u; || uo

— Mixed Products:
Let u; = (i, i, 2i)

(i) (u1 X u2> ouz = (UQ X U.3) ou; = (U.3 X 111) oup is the
volume of the parallelogram formed by u;, uz and us.

(ii) (u1 x uz) x uz = (u1 ouz)uy — (us o uz)us.
— Computational Formulas:

Let i =(1,0,0),j = (0,1,0),k = (0,0,1) and write

We have
1 ] k
up Xux=|x1 Y1 =1 |,
r2 Y2 22
and
r3 Yz =3
(111 X UQ) ousz = r1 Y1 21

r2 Y2 22



—Concrete Examples:

Let u; = (1,2,0), ux = (-2,2,3), uz3 = (0,4, —1).
u +u=(-1,4,3), u; —ux=(3,0,-3)
wou=-24+4+0=2

u; X ux = (6,—-3,6).

II. The Two-body Problem

Let mq1,m> be two gravitational particles lo-
cated at ri,ro> in R3 respectively. We derive a
set of differential equations that describe the
motions of these two particles.

— T hree major elements:

(i) (The Law of Gravitation) The force from my acting
on mo is F12 = Gmlmg(rl — I‘Q)/|I‘1 — I‘2|3.

(i) (The Calculus) The velocity of my is vi = dri/dt;
the acceleration of my is a3 = dvi/dt.

(iii) (The Second Law of Mechanics) For the motion of
an object, we have F = ma.



— Equation of motion

Let r =r1 — ro, we have

d?r r

a2~ U3

where u = G(m1 + m»).

We re-write this equation as

dr dv r
— =V, —=—u—.
dt FT A E

— Integral of angular momentum:

d(r x v)
dt
from which it follows that

0

rxv=c (1)



— Integral of energy:

. we have
dv vor 1 d 1( F) = W dr
VO — —= — = ———(ro = ———,
a . M3 K3 deo 2 dt
and it follows that
Lo M
“Ive—Z =p 2
SIvE =~ (2)
— Integral of eccentricity:
dr (ror)ov—(rov)r (rxv)xr
dt|r| r|3 B r[3
We have
dr 1 dv
dt|r| dt
from which it follows
r
u(ﬂ—l—e)zvxc (3)
r

where e is a constant vector.
— We conclude

(i) From (1), r is always in the plane that is perpendic-
ular to a constant vector c;

(ii) From (3), e is perpendicular to c.



(iii) Let 8 be the angle between r and e, we have from

(3)

[t + [e]|r| cos 6 = pYc|?
This is
| = Pt el
14 |e|cos6

(iv) Orbits for two-body problem:
(a) Circular orbits if |e| = 0,
(b) Elliptic orbits if 0 < |e| < 1,
(c) Parabolic if |e| =1,
(d) Hyperbolic if |e| > 1.

r
M(——I—e) =V XC
r|

2
Tr
2 (—+e) = [vPleP,
r|
from which it follows that

roe
P2 (142

— From

We have

+ le*) = [v[*|c|*.

|

Replace v? by 2h +2ur~! and eor = |c|?u~! — r, we
obtain

w2 (le]* — 1) = 2hlc|*. (4)



III. The N-body Problem

Let mq1,mo, -, mp be n gravitational particles lo-
cated at rqi,ro,---,rn in R3 respectively. We
derive a set of differential equations that de-
scribe the motions of these particles.

— T hree major elements:

(i) (The Law of Gravitation) The force from m; acting
on m; is Fz'j = Gmimj(rj — I‘Z')/|I‘j — I'Z'|3.

(ii) (The Calculus) The velocity of m; is v; = dr;/dt; the
acceleration of m; is a; = dv;/dt.

(iii) (The Second Law of Mechanics) For the motion of
an object, we have F = ma.

— Equation of motion:
We have

dQI'i
m; dt2 = Z Gmimj(rj — I‘Z')/‘I'j —T; 3
JF




fori=1,---,n.

— Law of Conservations:

(i) (Linear Momentum) > " . m;v; = Mo

(ii) (Center of Mass) >, myr; = Mot + M;.
(iii) (Angular Momentum) > " m;(r; X v;) = c.
(iv) (Energy) T'— U = h where

1 n
Tzaizz;miviovi, U= Z Gmimj/|ri—rj

1<i<j<n

IV. Homework

1. Let u; = (1,2,0), Uy = (—2,2,3), u3 =
(0,4,—1). Compute (uy X up) ouz and (ug X
us) X uz = (—21,6,24).

2. For the two-body problem, show that if
lc| #= 0, then the orbit is hyperbolic if h > 0O,
parabolic if h = 0 and elliptic if h < 0.



3. Show that if |c| = 0, then the two-body
moves on a line in R3.

4. Find the minimum velocity to launch a

space vehicle that escapes earth’s gravity. (Hint:
Use the integral of energy. You need to also

look on the Web to find the value of the grav-

itational constant &, the mass of the Earth,

and the Earth’s radius.)

5. Find the minimum velocity to launch a
space vehicle that escapes from the solar sys-
tem. (Hint: Similar to the hint of previous
problem. Look on the Web to find also the
mass of the Sun, and the distance from the
Sun to the Earth.)

6. Prove that n-body problem has no equilib-
rium solution.



7. Derive the integral of angular momentum
and the integral of energy for the n-body prob-
lem.

8. We call a solution of the n-body problem
a relative equilibrium if there exists a function
»(t) : R — R and constant vectors rgo), e ,rf,(zo),

so that r1(t) = ¢(O)r'?, - ra(t) = p(O)rY is
a solution of the n-body problem.

(i) Derive the equations ¢(t) and (rgo), ce ,r%o))
must satisfy for ri(t) = qb(t)rgo),--- rn(t) =

qﬁ(t)r%O) to be a relative equilibrium solution of
the n-body problem.

(ii) Prove that the three-body problem has rel-
ative equilibrium solutions. (Hint: look into
the case when the three bodies form an equi-
lateral triangle).

9. Let =31 mrior;, M =" m,.



(i) Assume that the center of mass of the n-
body system is at the origin of the physical
space. (This is to say that > ;m;r; = 0.)
Verify that

1 2
I = m Z Z mimj|rz-—rj| .
1<i<n 1<7<n

(ii) Prove that for the solutions of the n-body
2

problem, we have j?I = 27T — U where T', U

are as in the integral of energy.

(iii) Prove that, for a solution of the n-body
problem, if the total energy h > 0, then the
solution is unbounded in the sense that there
exists no constant K > 0 so that I(t) < K for
all t.



