Area Preserving Maps: Normal
Form

1. Formal Series and Normal Forms
A. Formal Series

Let
f(aj)y) — Z fk;(x)y)

k=1
where z,y are two variables and

k . .
fe(z,y) = ) f}k):vjykﬂ
j=0

is a collection of terms of degree k in x and y.
Let us for the moment allow the coefficients
to be arbitrary complex numbers.

In this part of the lecture we disregard the is-
sue of convergence. We call f(x,y) a formal



series, indicating that it is an algebraic object,
not a function defined on numerical domains.
It is, however, easy to make sense of many
mathematical operations on the set of all for-
mal series:

(i) Let f(z,y),g(x,y) be two formal serles f+
g and f - g are trivially so. Also - f( ) IS
naturally defined as a formal series. (Note that
it is not so for —+—)

f(z,y)

(i) Let f(z,y),#(&n),¢¥(&,n) be formal series,
then the composition f(#(&,7m),4(&,n)) are also

trivially so.

(iii) Similarly are the partial derivatives 0 f(x,vy),
Oyf(xz,y) for a formal series f(z,y). Further
more, for a formal mapping, DT, the matrix of
derivatives, and det(DT), the determinant of
DT, is well-defined as well.



(iv) We call T : (z,y) — (f(z,y),9(z,y)) a
formal mapping. We say that S : (z,y) —

(F(x,y),G(x,y)) is an inverse of T (denote as
S=7"1)if

f(F(x,y),G(z,y)) =z, g(F(z,y),G(z,y)) =v.

(v) The collection of all (real or complex val-
ued) analytic functions of two variables f(x,vy)
satisfying f(0,0) = 0 is a subset of the collec-
tion of all formal series.

(vi) Let T,S be two given formal mappings.
We say T' and S are formally conjugated if there
exists a formal mapping H such that

ToH=H©oS.

B Questions of Study

(a) When can we formally conjugate a formal
mapping T to its linear part?



Remark: In the case of one variable, T is formally
conjugated to its linear part if the linear coefficient is
not a root of unity. We will see a similar condition for
the formal series of two variables.

(b) If T is not conjugated to its linear part,
then what is the next best we can do?

Remark: We try, by using conjugating mappings, to
remove from T the terms that do not effect the dynam-
ical structure of T'. If we can conjugate T to its linear
part, then we are more or less showing that the higher
order terms in T' does not effect the dynamical structure
of T'. If T' can not be conjugated to its linear part, then
the higher order terms (at least some) make differences.
In this case we would like to identify these terms. We
will use conjugating mapping to remove as many terms
as we could. non-removable terms are the things that
make the difference.

Take for example, formal series of one variables as an
example: if XA is a root of unity, say \¥ = 1, then T
in general is not formally conjugated to S : z — Az.
However, we can use a conjugating series to inductively
remove as much as we could. From the previous lecture
we see that the non-removable terms are in the form
of (z¥T1)». So use a formal conjugating series we can
conjugate T' to

S:iz—Az+ Z an(2F)™.

n=1



S a Normal Form for T'.

We can now present (b) in more precise terms: In the
case (a) fails to be true for T, what are the Normal
Forms for T? (i.e. identify the terms we can not remove
by a conjugating mapping).

C. A non-resonance condition

Let T : (z,y) — (f(z,y),9(xz,y)) be a formal
mapping and

f(z,y) =ax + by + > .2 fr
g(z,y) =cx+dy+ > 12 gk
Let A\, u be the eigenvalues of the linear part for

T. We say that A\, u are not resonant if A # u,
and X'yl £ X\, forall p,g >0, p+q> 1.

Claim 1.1: If A and p are not resonant, then
T is formally conjugate to its linear part.



Proof: First we turn the linear part diago-
nal by using a linear transformation (because
A #= u). So we can assume without loss of
generality that

f=X+ )Y frn g=py+ ) g

k>1 k>1
Let us now introduce the formal coordinate
change C: (§,7n) — (z,y) by

r=¢64+ > op(&m), y=n+ > ¥r(&n)

k>1 k>1

where
k

k
o(€,m) = aenti yp(e,n) =Y bPeint.

7=0 j=0

We need to inductively determine a§k), bgk) SO
that

CoS=To(C

where S is such that (&,7) — (A& un). This
implies that for all K we must have

PN, um) = Agp(&,m) + -+ w(AE pm) = pp(€,m) +- - -



where the dotted terms are degree k of coef-
ficients in i, g™, n < k, and a{™,b{", n <

k. Write these two equations explicitly in the
powers of & and n, we obtain

k
Y (WprT = N)a{Peinhi =
j=0

k
> (W — p)pPeinti =
=0

From the non-resonance assumption, we can
solve these equations to uniquely determine all
a§k) and b§k). [

Remarks: (i) This Claim gives a complete answer to
Question (a).

(ii) A answer for Question (b) is also attained from
the the same computation. If the non-resonance con-
dition is violated, say A™u™ = X, then by formal coor-
dinate change, the terms gnop™e, (£op™0) ™oy, and SO oOn
can not be removed from the first equation. Note that
there might be more than one resonance relations so the
general criterion on the non-removable terms depends
sensitively on A and pu.



(iii) To get a balanced equation, we need to replace
the linear mapping S in CS = TC by an S with non-
removable terms, resulting a normal form that is not
linear for T' (We will see concrete examples with more
details soon).

(iv) If the case non-resonance condition is violated, nor-
mal forms for T' are not unique. At any point we face
a term of resonance, the coefficients of the resonance
terms in conjugating function can be taken arbitrarily.
One natural way to make the choice unique is to simply
set all the arbitrary coefficients to zero. We can also
uniquely determine these coefficients in other ways.

2. Area Preserving Mappings
A Normal Forms

Let T : (z,y) — (f(x,y),9(x,y)) be as in the
above. We say that T is area-preserving if

— If T' is area-preserving, then A-u = 1. So the
non-resonance condition is always violated for
area-preserving maps.



— Let us also assume that A\ is not a root of
unity. In this case, it is easy to determine the
terms involved in normal forms. We can con-
struct formal conjugating function C such that
CoS=ToC, and S:(&n) — (£1,mn71) is in the
form of

&1 =u(ém)é, m = v(€n)n,

where

u=N\-+ Z aon(En)”, v=pu+ Z Bon(En)".

n=1 n=1
(If X is a root of unity, then we can not assume
this normal form. Homework: to determine
the appropriate normal form if XA is a root of
unity.)

— In this case CoS =T o(C is written explicitly
as

Gon+1 (AN, un) + on(En)"E
Vo1 (A€, un) + B2,(EN)"n

)\¢2n-|—1()‘7 ,U') + tee
Apont1 (A p) + -+



Observe that, the resonance terms on the right
are now balanced by the terms of as,, and Bo,,.

— Let us now detail two ways to uniquely de-
termine a normal form for T'. For the first we
simply set all arbitrary coefficients of ¢, and
Y to zero in the inductive process. This is
equivalent to

(N1) 9¢¢ —1 and 9yy — 1 contains no terms
in the form of (&n)™.

The second way is to impose

(N2) O0¢p—0ny and 0¢pOnhp—0npde1p—1 contains
not terms in the form of (&n)™.

Remarks on (N2): (i) That (N2) uniquely determines
a conjugating mapping and a normal form is left as a
homework.

(ii) The reason for (N2) is as follows: area preservation
is an important property for T we strongly desire to
preserve in the course of the coordinate changes, i.e.,



we desire that S := C~'TC is also area preserving. One
way to achieve that is to make C area preserving, i.e.
to insist on

OOt — Onddgp = 1.
However, this equality is possibly too much to ask: we
are potentially imposing self-contradicting conditions.
By (N2) we try as hard as we could in making C area
preserving.

(iii) At this moment, it is not clear if any of the normal
forms obtained from T is area preserving.

B. The Area preserving character

Claim 2.1: Let S = C~1TC where C is de-
termined by (N1) and S = C~1TC where C is
determined by (N2). Then both S are area-
preserving.

Proof for (N2): Denote w = &n and recall
that S: (&,1n) — (&1,m1) is such that

&1 =u(w)é, m =ov(w)n.



We have

2
det(DS) = ’“’:;;‘5’“’ v’l—jjliuf)ww = (uwvw)y =14 ---.

We also let 7(&,n) = det(DC). Then from
C oS =To(C we obtain
T(u&vn)(1+---) =7(&7m) (1)

where --- are terms exclusively in w (Here we
used det(DT) = 1).

We are now ready to show 7(&,n) = 1. If not,
let 7, be the terms of lowest degree for 7 — 1
(The constant terms for 7 is one by definition).
We have

T(ug, vn) = 1,(&,m).

Assume 7, = YF_; ;6971 We must have

v (MpFI —1) = 0.



Note that we have assumed v; = 0 for j = k/2
by (N2). For j # k/2 we must have v; = 0
because

Npk=i 1 =pF2%_1+£0.

Proof for (N1) We make the following ob-
servations

— Let Cq be determined by (N1) and C» be de-
termined by (N2) Then 02_101 transfers one
normal form to another. However, any coordi-
nate change that turns one normal form into
another must have the form

(& m) — (EP(&n),nW(&n)) (2)

(We leave the proof of this claim as a home-
work).

— Let S:(&7n) — (£1,mn1) be such that

&1 =ulEm)é,  m1=v(En)n.



Then S is area preserving if and only if uv =1
(or £&1mp = €n). This is because

det(DS) = (uvw)ew.

— For Sy : (§m) — (§1,m) and Sz : (§,7) —
(§1,71) we have

G = EmP(Gm) W (&) = P&, )WV (ER) = &n
Where the first and the last equalities are by

(2) and the middle one by £171 = £ (Here we
use the fact that S, is area-preserving). [l

Remark: Observe in the above we did not use (N1)
in determining the normal form. So we actually proved
that any normal form for T' obtained by the inductive
process detailed above is area-preserving.

C. Hyperbolic case: |\ > 1 > |ul

The discussions in the above is for the study
of the mappings T : (z,y) — (f(z,9),9(z,y))
where f(x,y), g(x,y) are analytic functions around
(0,0) satisfying f(0,0) = g(0,0) = O.



Let T : (z,y) — (f(x,y), (x,y)) be an area pre-
serving map that is real analytic around (z,y) =
(0,0). Let A\, u be the eigenvalues of the ma-
trix DT(O,O), and C, S be the formal coordinate
change and the normal form in the above sat-
isfying (N1).

Claim 2.2: Under the assumption that |A\| >
1 > |p|, the formal series constructed above
(¢,¢ for C and u,v for C') are convergent in a
small neighborhood of (0,0).

Proof: This is another example of the majorant argu-
ment.
— For F(x,y) = Z?}:o a;jz'y’. We write

o0

F(wvy): Z Fn(.’lﬁ,y)

n=—o0
where
Fo(z,y) = Z aijz'y’.
i,j>0i—j=n
For instance,

Fo(z,y) = aoo + ar1zy + - - + @nnz™y" + - - - ;



Fi(z,y) = a0z + a212?y + - - + apy1nz” Ty + oo
F_1(z,y) = ao1y + a1ozy® + - - + anpp1z™y" T+ - -
and so on. Observe that

Fo(uz,u ty) = u"F,(z,y).

— WLOG, let us assume that the linear part of T is
already in diagonal form. Let

f(z,y) = fz,y) — dz; G(=z,y) ‘= g(z,y) — py;

c(z + y)?

G(z,y) = :
1—c(z+vy)

Then there exists ¢ > 0 such that

f(z,y),9(x,y) > G(z,y).
(This is easy to see as follows. For f = 3 asxz'y’ let
|fl = |aijlz*y?. We have
f(z,y) > [fl(z,y) > [fl(z+y,z+y)

By the assumption that f is convergent around (z,y) =
(0,0), so are |f|(xz,y) and |f|(z+y,x+y). The last one
is >G(z,y) for some ¢ > 0.)

— Let C be (galr]) — (¢7¢) and S be (5777) — (Ufa’m?) We
know that u =v. CoS =ToC is written as

¢(u§7 U_ln) o >‘¢(§7 77) f(¢) ¢)
¢(u§7u_177) o M¢(£777) §(¢7¢)



from which we obtain

(u" = N = (F(¢,¥))n; (" = wW)Pn = (G(¢,¥))n (3)
for n =4+1,+2,---.

— Condition (N1) is now written as

»1 =&, Yo1=1

sO we have

(u=NE=(f($, 91, (v—pn=(G(¥))-1. (4

— It is straight forward to check that there exists ¢; > 0
such that for all n # 1

(" = N1 a .
1 —cilv—p
Similarly, we have for n # —1,
W)t
1 —cilv—yf

where |v— | is obtained by change all coefficients of the
expansion of v — u to their absolute values (These are
left as homework). This is combined with (3) to give

¢l =& [l —n> G(|¢l, [#1]).

We also have from (4) that
nlv — pl > G(¢l, [¥]).

C1

1 —cilv—p



— Let

W(e) = %qqs(s,gn 4 (& &) — €) + (£, €) — ul.

We obtain
EW > — =2
1—cW

We can now easily confirm the convergence of W (&)
because everything in the last displayed line is explicit in
W. Convergence of W implies convergence for ¢, and
V. []

GE(W +1),8(W +1)).

D. Real elliptic case: |A| = |u|=1

We are interested in the case when x,y are
two real variables and f(x,vy),g(xz,y) are real
valued analytic functions defined on a small
neighborhood of (z,y) = (0,0) € R?. In this
case, T is area preserving means that the area
U and T'(U) are the same.

Under the assumptions that both f and g are
real analytic and T is area preserving, we have
the following three possibilities for A and u:



(i) (Parabolic case) A and u are roots of unity.

The case \fF = 1, k# 1 can be reduced to the
cases A = u = 1 by considering T* instead of
T. This is a highly degenerate case in which
the dynamical structure of the linear part of
the mapping (every point in phase space is a
fixed point) does not give any indication of
the dynamical structure of the mappings with
higher order terms.

(ii) (Hyperbolic case) XA % p and both are real.

We have [A| > 1 > |u| from X p = 1. In this
case the formal changing of coordinates and
the normal form derived above are with real co-
efficients, and the majorant argument assures
the convergence of both. So restricted to the
real domain, there is a real analytic coordinate
change that transfers T' to a real analytic nor-
mal form S. We conclude that T analytically



conjugate to its normal forms, which is not ex-
actly its linear part but with a similar dynamical
structure.

(iii) (Elliptic case) XA and u are both complex.

From Au =1 (T is area preserving) and p = )
(both A and u are eigenvalues of a real ma-
trix), we have |A\| = 1. Write X as 2™, ) is
not a root of unity implies that « is irrational.
Formal coordinate changes and normal forms
are derived above.

Note that, however, in turning the linear part
of T into diagonal form, we moved out the do-
main of real numbers so both the formal coor-
dinate change and the normal form are derived
in complex domain. This is not exactly what
we want: a real coordinate change that gives
a real normal form.



3. Real normal form in elliptic case

Recall that T : (z,y) — (x1,y1) where

1 = f(z,y) =az+by+ > frlz,y)

k>1
y1 = g(z,y) =cx+dy+ ) gr(z,y)
k>1
where
k . .
o= fj(’“)wyyk—.y’ Z g(k)
j=0

Here we assume that all coeff/CIents are real.

e Let (p1,p2) be the complex eigenvector for
A, then (p1,po) is the complex eigenvector for
@ under the assumption that u = A. To make
the linear part diagonal, we introduce complex
coordinate change (z,y) — (X,Y) by

r=p1X +p1Y, y=pxX -+ poY.



T is then conjugated to S : (X,Y) — (X41,Y7)
where

Xl — p(X7Y)7 Yl — q(X,Y)

Claim 3.1: Under the assumption that f(z,vy)
and g(x,y) are real analytic, we have

q(X,Y) = p(Y, X)

where p(-,-) is obtain by change all coefficients
to their conjugates.

The proof of this claim is left as a homework.

e \We now introduce coordinate change (again
in complex coefficients) to conjugate S to its
normal form. Let

X =¢(&mn), Y =v(,n)

be the coordinate change and

&1 =ulEm), n1=v(En)n.



be the normal form. wu,v,¢ and 2 are obtain
from

¢(u&,vn) = p(P(&,n),v(,n)) (5)
Y(ug,vn) = q(o(&,n),v(n)) (6)

Note that u, v, ¢ and v are uniquely determined
if we further asking

3§¢(§7"7) _ 17877¢(§7"7) —1 (7)

contains no terms in the power of &n alone.

Claim 3.2: We have v(¢én) = u(né), ¥(&,n) =
¢(n, ).

Proof: It suffices to check that if u(én),v(&n), #(&,n)
and ¥ (&, n) are solutions for (5)-(7), then 4 := v(n§),v :=

a(né), ¢ :=P(n, &) and ¢ := ¢(n,€) is also a set of solu-
tion for (5)-(7). Our claim then follows from the unique-

ness of the solutions.
(5) for @,9,¢ and 7 is written as
p(uk,om) = p(@, ),
which we write in u(&n),v(&n), ¢(&,n) and ¥(&,n) as
P(u(n&)n, v(n)€) = p(b(n,£), #(n,€))



To see the last equality hold we take conjugation on
both side to obtain

Y(u(né)n,v(n&)€) = p(v(n,£), ¢(n,£))

By using Claim 3.1 we obtain

Y(u(ng)n, v(n§)&) = q(é(n,£), v (0, £)). (8)
Switching £ to n and n to £ in the last equality we obtain

Y(u(En)é,v(En)n) = q(¢(&,n),v(&,n)). (9)

(9) is identical to (6) for u,v,¢ and ¥ (Note that (8)
and (9) are equivalent in the sense that if one hold then
so does the other).

Similarly (6) for u,v,¢ and ¢ is equivalent to (5) for
u,v,¢ and . (7) for u,v,¢ and v is a triviality.

e If we only consider real pairs for (z,y), then
X =Y. Let Xp = Re(X),X; = Im(X), then
from (x,y) to (Xpg,X;) is a real coordinate
transform. Also from Claim 2 we have £ = n if
X=Y (X =9¢(mn) soY =X =1(7¢§). But
Y =4(&mn) so{=1.)

— Let us write

E=¢r+¥€n X =Xp+iXy.



Then (Xg,X;) — (€p,&7) is a real coordinate
change defined by

Xn =3 (8(En+iér,Er — 1) + B(er — i&r, &n + i€0)

X; = Qiz.(qs(gR Fitr, Er — i€1) — (€r — i1, £+ i€D)).

— Let us write

u(gn) = > ap(en”.

k>0
We obtain

u(é,n) = A+iB; wv(¢,n) = A—iB, A%°4+B?=1

where

A=Y Re(ap)(¢% +€9)F;
k>0

B =Y Im(ag)(€x+ €D
k>0



Hence for the elliptic case, we have the follow-
ing REAL normal form

(Er)1 = Al — B¢p,  (&1)1 = A& + Bép.

— Use now the polar coordinates (r, 8) for (¢ég, &7),
we obtain finally

rir=r, 01=0+42ra+ Zq/k'r%“.
k>1

This is a normal form for T in elliptic case
(From the rectangular form to the polar form
is left as an exercise).

Remarks on convergence

(a) If the formal series constructed above converge, then
the dynamical structure for T' conjugate to that of the
normal form, which is relatively simple: Every circle cen-
tered at (0,0) is invariant. In addition, the dynamics in-
duced on each of these circles is simply a rigid rotation.

(b) Unlike the hyperbolic case, the formal series and
the normal form constructed above do not converge in
general. For a long time in history, the dynamical struc-
ture of an area-preserving mapping around an elliptic



fixed point is a staggering mathematical mystery that
prevented real progresses.

(c) Let us present the problem in more precise terms:
Let us assume that kg > O is the smallest integer such
that v, # 0. Then we clearly (following the process
of constructing normal form) can find a real analytic
change of coordinates that conjugate T to

1 r 4+ O(r2k°+1)
0, = 0+ 2ra -+ 'ykofr’2k° + O(r?Ft1).

Question: Without the higher order O(.)-terms, the
dynamical structure is easy. What is the effect of the
higher order perturbations on such relatively clean struc-
ture?

Answer to this question is in the next lecture, for which
the normal form above is only a motivational first step.



