Birkhorff Ergodic Theorem
1. Theory of Measures: a Brief Summary
A. o-algebra and measure space

(A.1) (o-algebra) Let X be a given set and A
be a collection of subsets of X. We say that
A is an algebra if (i) X is in A; (ii) if A is in
A then X \ A is in A; and (iii) let {Am, m €
71} be a countable sub-collections of A, then
UmAm € A.

(A.2) (Measure space) Let A be a o-algebra
for X. We call a function p from A to Rt a
measure on (X, A) if (i) u(0) = 0, and (ii) For
mutually disjoint measurable sets A; € A,1 =
1,---, we have u(U;A;) =X u(A;).

We call (X, A, un), with A a o-algebra, 4 a mea-
sure on (X,.A), a measurable space.



Ex1l: (Lesbegue measure) Let X =R, B be the smallest
o-algebra containing all intervals in R. Then there exists
a unique p : B — [0,1] such that (R, B, ) is a measure
space satisfying u([a,b]) = |b — a| V][a,b] € R.

Ex2: (Boreal measure) Let (X,d) be a metric space so
the collection of open sets in X is well-defined. Let B
be the smallest o-algebra containing all open sets. We
call B the Boreal algebra associated with metric d. We
the call a measure p : B — Rt a Boreal measure. Note
that the Lesbegue measure on R is a Boreal measure
associated with d(z,y) = |z — y|.

Ex3: Let M € R™ be smooth surface embedded in R”
(such as S* € R! or §2,T?,c R3). We regard B(z,e)NM
as an e-ball around z in M where B(z,¢) is the e-ball
centered at z in R™®. This way the Boreal algebra on M
is well-defined. Then there exists a unique measure u
such that if B € B is a smooth piece of surface, then
uw(B) = the surface area of B. (X,B,u) is a Boreal
measure.

Ex4: (Cases of triviality) Let X be any given set.
Let B = {X,0} and pu is defined by u(X) = 1, u(0) = 0.
(X, B, u) so defined is a measure space.

Even if we have a really complicated o-algebra such as
the Boreal algebra on R, A Boreal measure is not nec-
essarily complicated. For instance, let B be the Boreal
measure on real line. We can define a Boreal measure
u: B — RT by letting w(B) = 1 for B € B such that
0 € B, and u(B) = 0 otherwise.



B. Measurable functions and integration
Let (X,B,u) be a measure space

(B.1) (Measurable functions) For a function
f:X > Rand A CR, let f71(S) = {z €
X, f(x) € S}. We say that f is a measurable
function if f~1(S) € B VS that is a Boreal set.

(B.2) (Integration) The integral for a measur-
able function is defined as follows

— For A € B, let Xy(z) = 1 for x € A and
X4q(x) = 0 otherwise. X4 : X — R is a mea-
surable function, which we call a characteristic
function for A.

— Let A;,2 = 1,--- are mutually disjoint sets
in B, and ¢; > 0,z = 1,--- be a sequence of
numbers. We call

h(z) = Y e, (x)



a simple function.

— Let us define, for a simple function f(x)

[ h@dp =3 ciu(4y).

— For n € ZT, denote R = U,>qSp where Sp =
[p p+1]. For a measurable function f > 0O, let

Ai= S ha(z) =3 °F —X4,(2).
p>0

The integral for f is defined by
[ f@du= Jim [ hn(2)dn.

0@

— For an arbitrary measurable function f, let
AT ={z € X,f(z) >0}, A~ ={z € X, f(a) <
0} and write

fr(z) = f(x) - Xy4(z), f~=—f(z) Xy-(x).



Integration for f is defined as

[ f@adu= [ fF@du— [ f (@)dp

C. Classical space of measurable functions
— (LP-space) For p > 0 given, let
LX) = {f: [ IfIP < infty}.

—LP(X) is a linear space ((c1f + cog)(z) =
c1f(z) = cag(x)).

— For f e LP(X), let

171 = (] 17Pdiy>.

| - || is @ well-defined norm. LP(X) is in fact a
complete metric space (Banach Space).



— L2(X) is also a Hilbert space: for f,g € L?
let

< fg>= /X () - g(z)du.
then [|f]|2 =< £, f >.

2. Measure preserving transforms and ergod-
icity

A. Measure preserving transforms (m.p.t.)

[A.1] (Measurable transforms) Let T be from
X to X where (X, B, ) is a measure space. For
BCB, let T71B = {z € X,T(z) € B}. We say
that T is measurable if T-1B € B for all B € B.

[A.2] (m.p.t.) A measurable transform T :
X — X is measure preserving if for all B € B,

u(T~1B) = u(B).



Ex1l. T(x) = x + « is a measure preserving transform

1 _R
on S = 7.

Also,
T(z,y) = (z+ o,y + B)

is a measure preserving transform on T2 = £.

Ex2. Let m > 1 be an integer, then T'(z) — mz is a
measure preserving transform on St.

Let m,n > 1 be integers, then

T(z,y) = (mz,ny)
iS @ measure preserving transform on T2.

Note that in this example, T is not invertible (Home-
work).

Ex3. The time-one mapping induced by the solutions

of a Hamiltonian system is area preserving.
B. Ergodicity

Let (X,B,u) be a measure space such that
w(X) < oo, and T : X — X is measurable.



[B.1] We say that A € B is an invariant subset
if T-1A = A.

[B.2] We say that f € L2(X) is T-invariant
if f(x) = f(Tx) for almost all z € X (almost
all means a possibility of discounting a set of
measure zero).

[B.2] We say that T is ergodic if VA € B, A
is invariant implies that either u(A) = u(X) or
p(A) = 0.

Claim: 7T is ergodic if and only if the only
invariant functions f € L2(X) under T are the
constant functions.

Proof: First we prove that if constant func-
tions are the only ones in L2(X) that is T-
invariant, then 7T' s ergodic. If T'is not ergodic,
then there exists A € B such that A and X \ A
are both invariant under T and u(A), u(X\A) >



0. It is clear that X4(z) € L2(X) is T-invariant
but not a constant function.

For the other direction let us assume that there
exists f € L2(X) that is not constant. Then
there exists ¢ such that u(f > ¢) > 0, u(f <
c) > 0 (The existence of c is left as an exer-
cise). But both of these two are T-invariant
because f is T-invariant. 1.

Ex1. Therigid rotation T : § — 0+« is ergodic
if and only if % is irrational.

Proof: Let us expand f € L2(S1) in Fourier
series, i.e., we write

Then
F(T(z)) =Y eneenat



f(T(x)) = f(x) leads to
an(l —e"*) = 0.

If % is irrational then we must have a,, = 0 for
all n #= 0.

If 2 = g, simply take

f(x) = sinqgx

We have f(Txz) = sin(gx + 27p) = f(x). Note
that f(x) is clearly not a constant function. So
T is not ergodic.

Ex2. T :T" — T" defined by

T(x1, - ,2n) = (x1 + 1, ,Tn + an)

is ergodic if and only if there exists kq,--- ,kn €
Z, such that

kic1 + kiar+ -+ + knap =0 mod (27‘(‘).

The proof is a simple generalization of EXx1.
We leave it as a homework.



Ex3. T(z) = mz, m > 1 defined on Sl is
ergodic.

Proof: For f e L2(S1), again write
f(x) = Zanemji.
n
Then f(x) = f(Tx) leads to

a]_:a,m:a,mQZ--- ;a,2:a,2m:a,2m2:---

So if, for £k # 0, a; #= 0, then

A = Qkm — App2 = *
This is impossible because the magnitude of

an, Must decline exponentially with respect to
n. []

Ex4. Let A = (a;;) be a matrix of integer
entries. The T : T" — T" defined by z1 = Az
for z = (x1,x2, -+ ,xn) € H%Z is ergodic if and
only if the matrix A does not have a root of
unity as its eigenvalue.



The Proof is a simple generalization of EX3.
Another homework.

C. Birkhoff’s Ergodic Theorem

Let (X,B,u) be a measure space such that
n(X) < oo.

Assume that T : X — X is ergodic, thenVYU € B
satisfying u(U) > 0, U N O(x) for almost every
r € X where O(z) = {T"z}52 4 is the orbit of

XI.

We now move forward to consider the frequen-
cies of visitations of O(z) to U € B. For xz € X,
let
1
In(z) = ~Xy(2) + Xy (Te) + -+ + Xy (T"2).
I(z) = limp—oo In(x), is the frequency the orbit
O(x) visited U.



We note that there is no reason a priori for
I, to be well-defined in general. For measure
preserving transforms that is ergodic, however,
we are in a much better situation.

Theorem (Birkhoff's Ergodic theorem) Let
T : X — X be a measure preserving transform
on a measure space (X,B,u) and U € B be
such that p(U) > 0. Then

p(U)

1 2 :
lim — Xy(T'z) = ——=.
”%Onz-;o () p(X)

for almost every z € X.

Proof: Let us first assume that I(x) exists
for almost all z € X. Then it is (as a limit

of a sequence of functions I,(z) in L2(X)) in
L?(z). I(z) is also T-invariant because
I(Tz) — I(z) = lim 1()cU(T”Jfl(gc)) — Xy(z)) = 0.
n—oo N,

Since T is ergodic we have I(x) = C for almost
all x € X. C is then determined by integrating



both side of

n—>OOn ;

12 :
C = Iim — Z XU(TZZU)
1=0
over X, from which we obtain

I R Z-
Cu(X) = lim —gjl /X 2 (T (z))dps.

n—oo n

Observe that
[, Xo(T'@)dn = p(T70) = (V).

We finally obtain

_ w(U)
“= 100

as claimed.

We now prove that I(z) exists for almost all
x € X. Let € >0 be fixed and

_ . pU)
f(z) =&y X)) €

We also let

or(z) = f(@) + f(Tz) + - + F(TF(2));



Fn(z) = oDRX b (x);
and
A:={zx e X, limsupFp(z) — +oo}.
n—oo
A is obviously T-invariant. Since T is ergodic,
either u(A) =0 or u(A) = pu(X)

We now prove

u(A) = 0. (1)

Observe that

Fn_|_1(a:) — Fn(TCL‘) = f — mln(O,Fn(T:I;))

(If Fo(Tz) < O then Fop1 = f + Fu(Tz). If Fo(Tz) > 0
then Fny1 = f + Fa(Tz).)

So for z € A,

im (Fp41(x) — Fp(x)) = f

n—oo



and

im [ (Frsa(e) = Bu(T)dn = [ f()dp = ~en(a) <0

Here we used pu(A) = u(X). Observe that we
also have

n—oo A n—oo

n—1
lim [ Fu(z)dp = lim Z/(Fk+1(m)—Fk(m))du
k=074

= /A (Fiir(z) — Fi(Tx))dp.

(To obtain the last inequality we used

| A@an= | oy

A
This is because (a) u(A) = pu(X) and (b) T is measure

preserving.

From the definition of A, the first quantity is
+o0o. But from (2), the last quantity is < 4+oo.



So (1) hold. It follows that for almost every
x e X,

1
limsup —Fn(x)du < 0. (3)
n—oo n
From (3) we have that for almost all x € X,
p(U)
limsup — X (T < ——=
msup kzo v(T"T) () + e

To finish the proof of this theorem we also
need to prove

ITm)nf—ZX(Tk)> H(U) (4)

(S — w(X)
This is obtained by re-defining f in the above
as

B p(U)
flz) = -Ay(z) + —=5 X))

and repeat the same argument. (4) follows
again from (3). ]



Remarks: Let us re-write (?77) as

n—oo

lim —.Z Xy (T'z) = (X)/ Xy (x)dpu.
The quantity on the left is the average value
of the function X}y along a single orbit O(x) (a
time average). The quantity one the right is
the average value of the function Xy (x) over
the entire space X (the space average). A
slightly general form of the Birkhoff's ergodic
theory is to replace X (x) by any given ¢(x) €
Li(x).

Claim: Assume that T : X — X is an ergodic,
measure preserving transform. Let ¢ € L1
Then for almost every x € X we have

Moy L HTE0) = s [ s

This claim is what is commonly referred to as
the Birkhoff’s ergodic theorem, the proof of
which is essentially the same as the one de-
tailed above.



