1D Dynamics: Periodic Orbits
Maps of study: T(z) : R — R.
T(x) is as smooth as we need along the way.

1. Graph of T'(x) and orbits

— Fixed points: Intersection of the graph y =
T(x) and y = x.

— A given orbit: Trace the graph.




2. Stability of a fixed point

Claim: Let zg be a fixed point. xg is asymp-
totically stable if |T'(zg)| < 1. It is unstable if
|T/(330)| > 1.

Proof: If |[T'(zo0)| < 1, then by continuity there exist
I(xo) (an interval contains zg), such that |T'(z)| < A < 1
for all x € I(xzp). By mean value theorem then,

T (x) — zo| = |T'(z) — T'(z0)| < Alz — zo

for all z € I(xo). This implies |T"(xz) — zo| < A"|x — zo| —
0. The other half is similar.

A demonstration using graph




3. |T'(zg)| = 1: Degenerate case

Ex: T(z) =z + z3: unstable at z = 0.

Proof: T'(z) =1+ 3z? > 1 around x = 0. So |T(z) —
O| > x for all x # 0.

Ex: T(z) =z —23; asymptotically stable at
x = 0.

Proof: T'(z) =1-3z? <1 around z = 0. So |T(z) —
0| < |z — 0|. Starting from, say, x #= 0, {z,} is a in

creasing sequence. So z, — . * must be a fixed point.
Sozxz =0 and z, — 0.

Ex: T(z) = z3sin1+a: Stable but not asymp-
totically stable at z = 0.

Proof: Fixed points of this T'(x) is defined by

1
z3sin = = 0.
Xz
This is a case in which T'(xz) has infinitely many fixed

points accumulating at x = 0.



4. EXistence of periodic orbits

Claim: Let T: R — R. If T has a periodic
orbit of period three, then it has periodic orbit
of all periods.

Proof: Assumea < b < cissuch that f(a) =0, f(b) =c
and f(c) =a. Let Ip = [a,b], I1 = [b,c], we have T'(Ip) D
I; and f(Il) D Ig U I4.

Basic observation: For any interval A such that T°(A) D
I1, there are two sub-intervals A° A' C A, such that
T 1A% = I, THL(AY) = 4.

Let n be fix, we will be able to find an sub-interval A in
I; such that

(a) T"(A) C I for all 1 < n — 1;
(b) Tn_l(A) = Ip.

Since T"(A) = T(lp) = I, D A. T™ has a fixed point,
which is a periodic orbit of T' of period n. The period
of this orbit can not be less than n by design.



5. Sarkovskii’s Theorem

Sarkaovskii order
357> --->2-3>2-5>--->22.3>22.5> ...

>2M.3>2m. 5> ... 2" 2" I L. 2> 1,

Remark: We can always write an integer n
in the form n = p2™ where p > 1 is odd and
m > 0 be positive.

Theorem: Assume that T : R — R is continu-
ous. If T' has a periodic orbit of period n, then
for all n’ such that n>n’, T has a periodic orbit
of period n'.

— The previous claim (period three implies all period) is
a special case of this claim.

— If a 1D map has only finitely many periodic solutions,
their period has to be multiples of 2.

— This claim is true only for interval maps (not even

true for maps from S! to S1).



Case 1: Let us first consider the case that T
has a periodic orbit of odd period.

A crucial observation:

— Let n be the smallest odd period T allows (assume n
exists). List this periodic orbit as

T < T2 <+ < Ty
on R.

— Let r be the largest integer such that T'(z;) > ..
Then
(a) r = %(n —1); and

(b) T on {x;} is as one of the following two pictures:
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Proof for Case 1:
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All period >n: I - Ip — -1, 1 — ] —
1.

Other even period < n: Starting from I,,_1 9o
to other vertices then come back.



Proof of the observation:

Let n be the smallest odd period T admits, and
x1 < xo--- < xp, be a periodic orbit of period
n. Let I; = [a;,,;,:ci_|_1].

Let Ir := [zr,x,.41] Where r is the largest such
that T'(zr) > @4 1.

Claim 1: There exists 1 = r such that f(I;) D
1.

proof: Denote L = {z1,---,2r}, R = {41, - - ,Zn}.
We observe that

— T does not map L into L or R into R. Otherwise
{x1,--- ,xn} IS NOt one single periodic orbit.

— T do not map L completely to R and R completely to
L because R and L contains different number of point.
(n is odd)

— Consequently, there exists 7 = r, such that T'(x;) and
T'(x;+1) are on different side of I,.



Let J; = I and J, = T*~1(1.). J, as a con-
tinuous image of an interval, is also an interval.
We also have Ji C Jy41 because T'(Ir) D Ir.

Claim 2: Let kg be the smallest such that
Jig O [1,zn]. Then for k < kg, we have

Je N {zitiz1 #F Jp+1 N {zitiz1-
Proof: By assumption Jy N {z;}’_, is a proper subset

of {z;}_,. If this claim fails, then

T(Jy N{zi}iz1) = Je N {xi}i1,

claiming that a proper subset of {z1,--- ,z,} is invariant.
A contradiction.



We caution that Ji is not necessarily a union of several
I; intervals.

Let I, be as the interval asserted by Claim 1,
and k(:) be the smallest such that I; C Ji(;).
Then

Claim 3: We have
k(i) =kg=mn—1.

Proof: kg <n-—1 follows from Claim 2. k(2) < kg is by
definition. So all we need is to show that k(i) > n — 1.

If k(3) <n—1, then

I, — Jk(z’) — I, (—) Ir)

give a periodic orbit of odd period < n. Note that the
last — I, is optional. It is to make sure we end up with
odd period.

Claim 3 implies that, every time we applying T'
to Ji,k < mn, Jpy1 picks up one and only one
point from {z;}*_ ;. So we have two possibili-
ties for T'(zr) and T'(x,41):



() T(zr) = zpg1, T(Tp41) = 2p—1-

Xr—l [+2

Xr+1

From this point on, the two pictures are forced.



Case 2: For n = p2™, let f = T2". Then f
allow p, therefore allow all n/ <p. Get back to
T: T allows all 2™n/ with n/ <tp. This finishes
the part in Sarkovskii order except all powers
of 2 less than 2™,

To allow these numbers we need to:

(i) Prove that if T" allow an even period, then
it allows two.

(i) Use it thenon f=T2 forall 1 <l <m—1
to allow 2i+1

To prove (i) we assume that {x1,--- ,zn} is a
periodic orbit where n is the smallest even pe-
riod allowed. We go back t see in our previous
proof where the condition n is odd is used. It
IS, as one could observe, only used in proving
Claim 1. So here we face the following two
possibilities:



(a) Claim 1 still hold regardless of n is even
now.

Then by repeat the same proof we conclude
that n is odd. A contradiction.

(b) Claim 1 is false because R and L indeed
have the same number of points, and T' maps R
to L, L to R. In this case we obtain T'([x1, xzr]) D
[r41,2n] and T([x,41,2n]) D [x1,2r], creating
a periodic orbit of period two.



Homework

1. Discuss the stability of the fixed points of T'(x) =
px(l—x) for 2 < u < 5.

2. Let T(xz) =3 — Az for A > 0.

(a) Find all periodic points and discuss their stabilities
for 0 < A< 1.

(b) Prove that, if |x| is sufficiently large, then |f"(z)| —
Q.

(c) Prove that if X is sufficiently large, then the set of
points which do not tend to infinity is a Cantor set.

3. Let
2x o<z<i
— = =2
T(z) {Q—Qw %Swgl

be the tent map on unit interval. Prove
(a) T has exactly 2™ periodic orbits of period n.

(b) The set of all perioic points of T'(x) are dense in
[0, 1].

4. Suppose Ap, A1, ---,A, are closed intervals and
T(A;) D Ajpr for @ = 0,---,n — 1. Prove that there
is a point x € Ap such that T*(x) € A; for all 3.

5j Construct a map that has periodic orbit of period
2J for j < £ but not period 2¢.



