1D Dynamics: Circle
Diffeomorphisms

1. Rigid Rotations

Let a € (0,3) be irrational and z € S where

Sl = 2™ £ € [0,1)}.
T : S — Sl is defined by

T(x) =2+ o mod(1).
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(i) Continuous fractions of «

o Let g =0,z; = TJ:BO = aj mod(1l). z; is on
the left of 0 if z; € (0,2) and it is on the right
if z; € (2, 1).

e We define inductively a sequence {qn}:

—go =1,

— Assume that gn is defined, g,41 is the first
J > qn such that d(zq, ,,0) < d(zq,,0). (Note

that g,1 always exists because {z;} is dense
in S1.)

d_1 = 1. {an} is the continuous fraction for
o

1
a2+a3_|_...

(The proof of this fact is left as a homework.)



(ii) Some useful facts

Fact 1: =z4,, x4, ; are on different sides of O.
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Proof: If they are on the same side, then

d(an—qn_n 0) < d(an—17 0),
contradicting to the definition of gq,.
Fact 2: For any 0 < j < j' < gn,
. ./
T7((0, 29, 1)) NT? ((0,zq, ,)) = 0.

Proof: If not, we have

(0, zq,.,) N (xj—j, Tjr—jtq,,) 7 0.



This implies
d(wj’—b O) < d(anfn 0)7
against the definition of gq,.

(iif) Tower structure

ro = 0,21, -- ,xq, divide ST into mutually dis-
joint intervals. We denote them as
Jgn) — Jén) e J(gff)

where
- Jgn) = (0,zg, 1);

- g =1y,



Note that by Fact 2 in the above, J; # J; for
1 = 7. We put Jq in the bottom, and Jp, J3 on
top one by one. Let us trace the end points of
these intervals with care.
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At i = gn—qp—1, One end of J; is z4,. 0 must be
on the other side, forcing the following tower.
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Characters of this tower:

— Size of the base: |J§”)| = dp-1;
— Height: qy;

— Size of the balcony: dj;

— height of the balcony gq,_1;
(iv): From n-th tower to n 4+ 1-th tower

We obtain {J("t11} from {J(™)} by performing
the following:

— On the n-th tower, cut the balcony and put
it under Ji”), with the right ends aligned.
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— Cut along the left end of balcony to reach
the top, take the stack obtained and put then
under what is left of J(n). Align on the right
and cut along the left. Repeat until the size
of the remains do not aIIow new cut.
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— The new tower obtained is the n+41-th tower.
Number of cuts: ay;

Length of balcony: d,+1.

Height: g,+1 = angn + gn-1.

The union of all these intervals: S!.



2: Circle Homeomorphism

Let T : S — S1 be a homeomorphism. (1-1;
onto; both T and T 1 exists). Assume that T
has NO periodic orbits.

(i) The sequence {gn}

Let zg = 0 and z; = TI(zg). Define {gn} in-
ductively as follows:
—qo =1,

— Assume that g, is defined. g,+1 is the first integer
j > gqn such that z, , is closer to O than z,.

Remark: “Closer” here means z, ., € (zq,%—g,).

an an+1



Claim: g¢p is well-defined for all n > 0.

Proof: Let FF=T%", yo = z4,. ASsume x4, is on the left
of O, Let Y; = FIyo:

If y; never cross O from right, then {y,} is an increasing
sequence and y = limy; is a fixed point of F', which is a
periodic orbit of T'. Contradict to the assumption that
T has no periodic orbit.

Let y;—1 and y; be on different side of 0. Either y; or
yi—1 has to be in (z4,x—,) (Otherwise there is again a
periodic orbit for T). SO g,41 exists.

X0 (=Yo)
X—q(=Y-9

Yot

(ii) Some basic facts

Fact 1: zg4,, =4, ; are on different sides of O.



Proof: (The same as before) If not, then z,_, , is
closer to O than z,.

Fact 2: Forall 0<j < 4 < gn
Tj(o7ann—1) M Tj,(o7xQn—1) — @

Proof: the same as before.
(iif) Rotation number

Build the towers inductively following the same
process using the images of the left end of the
balcony to cut in forming the n 4+ 1-th tower
from the n-th.

an. the number of cut needed from the n-th
tower to the n 4+ 1-th tower.

Rotation number for T':

1
T) =
p()OL1+ 1

1
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(iv) T and R,y 1z — po(T) mod (1)

Theorem: 7T conjugates to RP(T) if and only
if

- (n)y —
nl|_>moo(miax|<]i ) = 0.

Proof: Let a = p(T), y; = aj mod(1), z; =
TJ0. Both {z;} and {y;} are dense in S!.

Define h: S — S1 as follows:
— Let h(:vj) = yj;

— For z € S!, 3k, such that =, — z. Let

We need to show that h is well-defined, one to
one and continuous.



Observation 1: h preserves the order in S1
on {z;}. i.e. On S1,

Tj1 < Tjp < Tjz = Y513 < Yjp < Yjs-

Proof: Inductively assume that h preserves the order
of {z;} for all j < ¢g,. Then h preserves the order of {z;}
for all 5 < gp41. This is because

(a) the end points of n-th tower of both T and R, are
identically labelled; and

(b) the cutting points to in forming the n + 1-th tower
for both mapping are also identically labelled.
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Observation 2: h(xz) is uniquely defined for
all z € S1.

Proof: If not, then dz,, — z; zy — x such that y,, — y
ye — y and y # y'. Let n be large enough so that y
and y’ be on the different piece of the n-th tower.

This implies; xy, ,zr are on the same piece of the n-th
tower for T but yg,, yw are on different level. violating
the order preserving property.

Observation 3: h(x) is one to one.

Proof: Similar to Observation 2.

Observation 4: h(x) maps intervals in n-th
tower to n-th tower (Implies continuity of h
and h~1).

Proof: Again similar to observation 2.

Observation 5: We have hoT = Rq o h.
Proof: Let z =Ilimxg,, then h(z) =Ilimyy .

Roh(z) = limyg, + a = lim(yx, + )

= limyg,+1 = limh(zg,+1) = lim (T (zx,)) = h(T(z)).

Here we used continuities of both T" and h.



3. Circle Diffeomorphisms

Theorem (Denjoy) If T : S1 — S is a diffeo-
morphism of irrational rotation number, and
log | DT| is of bounded variation. The T is con-
jugate to RP(T).

Recall: f:S! = R is a function of bounded variation if

there exists a constant K > 0, such that, for any division
of S1: O0=t1 <ta- - <tp <tpy1 =1,

D 1f(tiyr) — F(E)| < K.

Proof: We show that there exists a A < 1,
such that the length of the base of the n-th
tower for T is < A\,

Observation: There exists K > 0, such that

K1 < log |DT™(2)|| < K
for all z € S1.

Proof: Let n be fixed. First we have t € S! such
|DT%*(t)| = 1 (Otherwise |T%(S')| # 1 therefore can not
be a homeomorphism).



We now using {t;} as end points to build the n-th tower,
matching {z;} to {t;} so that {(¢;,zy))} are mutually
disjoint sub-intervals of S*:
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Then this observation follows from
DTq"(x)|
DT%(t)

< ) _|log |DT (zy;))| — log | DT(t:)||
< K.

|log |DT*"(x)|| = |log

It follows from this observation, and the way
the n-th tower is cut to form the n+ 1-th tower
that

1TV 4 (an—1) (max |(DT™) )| J T < (),

proving the claim if an, > 1 for all n.
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Remark: The possibility that a, = 1 is not a problem.
We can go from J™ to jrt2),



4. Rational Rotations

If T:S! - S1is a homeomorphism allowing
an periodic solution of period r. Assume that

t07t17"'tT

iSs an orbit of the smallest period allowed. We
define {gn} by using tg. The process stop at
time r, and we obtaing; =1 < g < -:--gm=r.

Rotation number for T

1
p(T) =
a1 + an+ 1 1
2 ..._|_L

am

Remark: In general, one can not conjugate
T to Rp(T)'



Homework
1. Let {a,} be defined as on page 2. Prove that
1
a1 + a2+1 ;

az+--

o =

2. Prove facts 1 and 2 claimed for circle homeomor-
phisms.

3. Prove that the definition of the rotation number
for a given circle homeomorphism is independent of the
orbit used in the construction of the towers.

4. Prove that if f and g are two circle homeomorphisms
conjugating to each other, then p(f) = p(g).

5. Prove Observations 3 and 4 for h that is constructed
to conjugate T and R,pq(7)-

6. Prove that for any C? circle diffeomorphism T,
log |DT| is in fact of bounded variation.



