Hyperbolic Theory: Homoclinic
Tangle and Horseshoe

1. Smale’s Horseshoe
A. Some simple geometric terms

e For a 2-d vector 7 = (u,v), let s(r) = ||%|| be
the slope for .

0FO|”Y<%,

Cp,={7: s(7) <~}
is the horizontal cone of size ~, and
Co={r: s(1) >~}

is the vertical cone of size v. We let ~ be fixed
throughout this lecture.



”

A

e Let D = [0,1] x [0,1] be the unit square in
R2. Associated to every point z € D is a 2-
dimensional tangent space, therefore a hori-
zontal and a vertical cone of size v at z.

eletl: I — D beasmooth curve parameter-
ized by curve length. For z €1 let 7(z) be the
tangent vector of [ at z. We call [ a horizontal
segment if 7(z) € Cp, for all z € 1. Similarly, 1 is
a vertical segment if 7(z) € C, for all z € 1.

Note that a horizontal segment and a verti-
cal segment can only intersect at most at one
point.



e For z = (x,y) € Dlet m1(2) = x,m(2) =y. A
horizontal segment is h-crossing if myol = [0, 1].
Similarly, a vertical segment is v-crossing if oo
[ = [0, 1].

e We call a connected region R C D a regular
square if it is bounded by two non-intersecting
horizontal segments and two non-intersecting
horizontal segments.

We call a regular square H a horizontal strip
if the two horizontal segments bounding H are
both h-crossing. Similarly, a regular square V
iIS a vertical strip if the vertical boundaries of
V are both wv-crossing.

e Let H be a horizontal strip bounded by 1,15 :
[0,1] — D. The height of H is defined as

maz,eio.11t101(z) — l2(2)[}.

The width of a vertical strip is defined similarly.



B. The horseshoe map

Let T: D — R? be C! and assume that

(H1) There exist vertical stripes Vi1, V> and horizontal
strips Hi1, H> in D such that T(Vl) = Hl,T(VQ) = Ho>.

(H2) Let Cp(z,v) be the horizontal cone of size ~ at
z € V1 UVo. We have

DTz(Ch(Z77)) C Ch(T(z)77)'
Furthermore, there exists A > 2 such that
|\ DT,r| > AlT|, V1 € Crh(z,7).
(H3) T7T:(VAuVWs) — (H1UH>) is a diffeomorphism and
T-1: HL U H, —» Vi NV, satisfies the following invari-

ant cone condition parallel to (H2): Let C,(z,v) be the
vertical cone of size v at z € H; U H>. We have

DT, " (Cu(z,7)) C Co(T™(2),7)-
We further have

|DT2_17'| > AT, V1 € Cy(z,7).

Let V=V UV,, H= H1UH>. Forn >0 let

AN=nX__T"V.



N\ is the set of points in V that stays forever
inside of V under the forward and backward
iterations of T'. Inheriting the 2-d distances in
D, N\ is a metric space and (A,T) is a well-
defined dynamical system.

Vi \7Z:

C. Full-shift of two symbols

Let

Yo ={(---s_180,51,--) :s; € {1,2}}

be the space of bi-infinite sequences of two
symbols. For s,t € 35 where s = {s;}, t = {t;},



let

o0 . . o —t
d(s,t) — Z |3z z| _:-LS 1 z|
1=0

to make >, a metric space.

Let 0: 25 — 25 be such that

o(---5-180,51, ") = (---5-15051,52, ")

(X5,0) is a dynamical system, which we call
the full-shift of two symbols.

Theorem (A,T) is topologically conjugate to
(X5,0). i.e., there exists a homeomorphism
h:N\N— 25 such that hoT = o o h.

Proof: Let us make the following observa-
tions:

(a) Let I be a horizontal segment in V and
I| its length. Then T(l) is also a horizontal



segment and |T'(1)| > All|]. This is from (H2).
Similarly, if I is a vertical segment in H, then
T—11is also a vertical segment and [T~ 11| > )i
from (H3).

(b) Let V() pe the set in V such that T*V C V
for all i < n. Then V(™ is a collection of
vertical stripes, each of which we denote as
S(") in V. In addition, T"(S(™)) is a horizontal
strip.

Vss,...s,

-

'—-—‘

T(V5182... Sh )

This is easily proved by induction: assume inductively
that V(™ is as described. Let ${"™1 := 7-n(Tn(5™) N
V1), SSHY) = T-n(T"(S™M)N V%), both are vertical strips



in S(™. Note that for z € S, Tz ¢ V if and only if
z e (S y sty Hence
Y+l — Us<n>ev<n>{5§”+1), Sén-l—l)}.
It is also clear that
is a horizontal strip in H1. Similarly
Tn-l—l(Sén-l-l)) — T(Tn(S(n)) N VQ)
iIS a horizontal strip in Ho».

(c) We also claim that, for every sequence
t1to---tn, Of {1,2} of length n, there exists a

unique component S € V(”), such that
S C ‘/;517 T(S) C Htm TQ(S) C th)' Tty Tn(S) C th

and T™(S) is a horizontal strip in Hy,.

This is again proved by induction: Assume that S be
the vertical strip in V(™ corresponding to the sequence

t1-- - tn.
Then ${"t1 in the above corresponds to
t1---t,1
and S§"+1) in the above corresponds to

t1---tn2.



Let us denote the component in V(™ corresponding to
t1, -+ tn @S Vit

(d) We now simply replace V by H, T by T—1
in the above. Parallel to (b)and (c), we con-

clude that H(”), the set of all z € H such that

T 'z € H, i < n, is a collection of horizontal
strips. Furthermore, for any given sequence
t1---tp of {1,2} of length n, there exists a

unigue component S € H(™ such that
SCHy, T'(S)cV, ---, T™(S) CV;.
Let us denote the component in H™) corre-
sponding to #1---%, as Hp, .-
(e) Let
S—m-++S_180,81" " Sn

be a sequence of {1,2} of size 2n+4 1 centered
at sg. Then

Tn+1(V8—n3_(n_1)'“80)
is a horizontal strip height < A= (?t1)  Similarly

T~"(Hsps, _1s51)



is a vertical strip of width < A™". Let
Dn =T DV, o se) NT " (Hsys, 1os0)-

D,, is a regular square of size < 2\ ".

Remarks: (i) For z € T"TH(V, .5
the forward iteration of T,

) we have that under

1S0

T "2 — - — T 1z — z (1)
GH,n _> ¢ % GHS,]_ _> EHSO

Note that because of the unique correspondence be-
tween the symbolic sequences of length n and the con-
nected components of V(") the reverse is also true: that
if (1) holds for z then z € T"T1(V,_ .5 .s.).

(ii) For z € T"™"(Hs;,...s,), we have that under the iteration
of T—1

™12 — .. —» Tz — =z
€ Vs, Vs, — €V,

Reverse under the iteration of T and recall that T'(V;) =
H;, we obtain

z — Tz — --- — Tn 1z 2)
cV, — €H;, — --- — €H;

Again by the uniqueness of the corresponding symbolic
sequences the connected components of H(“>, we have
that if (2) hold for z then z € T "(Hsy,...s,s,) -



(iii) So for z € D,,, we have

2 n . e zZ_1 Z, z1 . e Zn—1
€ HS—n U S HS—l S (‘/;1 M HSO); S HSl T S H'Sn—l

(f) Let a(z) =i be the address of z for z € H;.
We defined h : A — 35 as follows. For zg € A,
let

h(z0) = (- 5—n---5-150,51," " Sn-"")

where s; = a(T%(zg)),i € Z.

Claim 1.1 h: AN — 35 as in the above is a
homeomorphism satisfying

hol = o oh.

Proof: h is surjective: For

§=("""8_(n_1)" 80,81+ Sp-"+) € Lo,
let
p:=nN,21Dy € A.
It is by definition that h(p) = s.



his 1-1: If h(z) = s for

3:(...S_(n_l)...80,31...8n...) 622,
then z € D, for all n. This is because all z satisfying

(2) is in T-t1(H, .4) and all z satisfying (1) is in
T+ (V, s .s). Therefore z = N,Dy.

h is continuous: Let n be fixed we have only finitely
many (22711 to be precise) non-intersecting regular squares
D,,. Let ¢, be the smallest of the distances between any
two of these regular squares.

Let p1,p2 € A be such that |p1 — p2| < € and assume that
e < gy for some m > 0, then pi1,p> must be in the same
D, hence d(h(p1),h(p2)) < 2~™. So h is continuous.

We can also prove that A1 is continuous.

h 1S a conjugate: We need to prove holT' = oo h. Let
zo € \ be such that

h/(zO)=("'3—7’1,“'80781"'Sn°°°)'
Then
h(zl)=(“'S—’n'°'30817°'°8n'°')°

is the coding for z1 = T'(z). Observe that the right hand
is o(h(z0)) and the left hand is A(T(20)).



2. Homoclinic Tangle and Chaos
A. The inclination lemma

Let U be a small neighborhood in R? around
(0,0), and T : R? — R? be defined on U by

r1 = M+ a(z,y)r, y1 = py+ B(z,y)y.

We assume that there exists a constant C such
that for all z = (z,y) € U,

[a(2)],18(2)] < Clz|;

In what follows K > O is arbitrarily given, and
we let nq1 > 0 be the smallest such that

ANTMKC << A—1.
Also, for K > 0 given we denote

Ui(K)={z€U: T'z2eU, i<ny}



Proposition (The inclination lemma) For K,e >
O given, there exists ng sufficiently large, such
that for all z € U satisfying T'z € U1(K),Vi <

no,
DT™(C(z, K)) C C(T™z,¢)

where C(z, K) stands for the horizontal cone of
Size K at z.

Proof: For 7 = (u,v), a tangent vector at z = (z,y) €
Ul(K), let m = (ul,vl) = DT,7. We have

A+ a(z) + z0za(2))u + z0ya(z)v
y0:8(2)u + (p + B(2) + y0:8(2))v.

u1

U1



Let s(7) be the slope of 7, we have

[y0:8(2)| + [(k 4 B(2) + y0:8(2))|s(7)
|((A + a(z) + z0:a(2))| — |zdya(z)|s(7)

s(m1) <

Observe that by the way n; is defined we have
|zOya(z)s(T)| << |A] — 1.
This is because we must have 1 > |z,| > A™|x| so

|z0ya(2) K| < KCA™™ << A — 1.

So for z e U1(K) and 7 € C(z,K), we have

s(m1) < (N7 (Cy + fas(1))
where g < 1 is slightly larger than |ul|.

For z € U, 7 € C(z, K) satisfying the assumptions of this
proposition, let z; = T"2z, , = DT}r. We have that, for
i <mng, z € U1(K). So

s(1i) < X Y (Cyi—1 + fis(Ti—1)).

Inductively using the last estimate we obtain

s(1h,) < Z CA |yng—i| + X™s(1) < (Cno + K)p™ < ¢
i=1

where p = max(A~1, 1) < 1.



Remark: Let (z,y) = (0,0) be a saddle point of a
smooth mapping T : R? — R?2. By a linear coordinate
change we write T' as

r1 = A+ a(z,y), y1=py+ B(z,y)

where |[A| > 1 > |u|, and a(z,y) are higher order terms
in (z,y). According to the existence theorem on the
local stable and unstable manifolds, we have in a small
neighborhood U of (0,0), ¢(xz) and ¥(y), such that

W= {(z,0(z))}NU, W*={(¥(y),y)}nU

Since W, W?* are tangent to z and y-axis respectively,
we have

¢'(0) =0, ¢'(0)=0.

We now introduce coordinate change (z,y) — (z—¢(y),y—
¢(x)). This coordinate change makes the z-axis the lo-
cal unstable manifold in U and the y-axis the stable
manifold for T'. So in a sufficiently small neighborhood
U of the fixed point (0,0), from the fact that both the
x and y-axis are T-invariant, we can write T' as

r1 = Az + oz, y)a:, y1 = py + B(a:,y)y.
Also, we can shrink the size of U properly such that

la(z, y)|, |8z, y)| < C|(z,y)|.

We can also assume that all the partial derivatives of «
and B are also bounded by C.

These are exactly what were assumed for T in the incli-
nation lemma.



B. Homoclinic Tangles

Let zo be a hyperbolic fixed point as in the above. Then
in a small neighborhood U of zg, local stable and unsta-
ble manifold, which we now write as W2 and W} are
two well defined smooth curves.

Under the iterations of T', W _ converges to zp. SO is
W under the iterations of T 1.

loc

Question: What happens when we iterate W} using
T-1? Similarly, how about iterating W _ using T.

Answer: We simply extend these local curves out of
U. What happens to these curves depend completely
on the properties of T' away from zg.

We call
WU(ZO) — Un>0TnVVl%c



the global stable manifold of zg (Under the backward it-
erations of T', all points on W*%(zg9) convergence towards

20).
Similarly, we define
W?(20) = Un>oT "W,
as the global stable manifold of zg (Under the forward

iterations of T, all points on W*%(z9) converges towards
20).

We now consider the case in which W¥%(z9) and W?*(zg)
intersecting at a point p, which we call a homoclinic
point. We call the orbit of p a homoclinic orbit. If the
intersection at p is not tangential, we call p a transver-
sal homoclinic point.

Then following the inclination lemma we derive the fol-
lowing picture (homoclinic tangle) if we have a transver-
sal homoclinic intersection.




C. Horseshoe maps in homoclinic tangles

Let T : R? — R2 be C2-diff, and zg is such that
z0 = T(zg). Let X and u be the eigenvalues of
DT,,. Under the assumption that |[A\| > 1 > |ul,
the stable manifold W*(z5) and the unstable
manifold W%(zg) are well-defined. We assume
that W4 (zg9) N W3(zg) # 0.

Let p € W4 (29) N W3(29) be a transversal ho-
moclinic point.

Theorem Let T be as in the above and as-
sume that there exists a transversal homoclinic
point p € W¥%(zg9) N W3(2g). Then there exists
an integer ng sufficiently large, and a compact
subset A C R? that is T™0-invariant, such that
(A, T™0) is topologically conjugate to (X»5,0).

Proof: As usual, let us first move the center
of the coordinate system to (0,0) and write



the map T in a small neighborhood U of (0,0)
as

r1 = M + a(z,y)zr, y1 = py+ B(z,y)y.

Then the z-axis in U is the local unstable man-
ifold and the y-axis is the stable manifold. The
inclination lemma applies to T'.

Step 1: Let us argue that inside U we can
take a square R := [—a,a] X [—a,a] for some
a > 0, such that the following holds:

(i) Thereis a point p € R on the y-axis that is a
transversal homoclinic point. Since p is on the
unstable manifold, there exists an Np, and a
point ¢ on the z-axis in R such that TNog = p.

(ii) Let us further take a small segment I, on
the z-axis around ¢, such that [ ;= T™NoJ,, a
piece of unstable manifold passing p, is a hori-
zontal segment inside of R. Let us assume that



the slope of all tangent vectors of [ is smaller
than, say, 155.

$ <

To obtain this picture we reason as follows: By as-
sumption we know that there is a transversal homoclinic
point, which we denote as p’. The images of p’ under
the forward iterations of T' will eventually enter U be-
cause p’ is on W?(z9). Denote this images as p”. The
unstable manifold intersects the y-axis at p”, and by as-
sumption this intersection is non-tangential. Therefore
there is a small piece of the unstable manifold around
p” such that the slopes of all the tangent vectors on
this piece is bounded away from the vertical direction.
By using the inclination lemma, the forward images of a
sub-segment around p” can be as horizontal as we wish.
Here we require that the slope of all tangent vectors of

an images be < -1.. Let p be the corresponding image
100



of p”, and draw a square R to cover p and a small piece
of the unstable manifold around p.

Step 2 For n sufficiently large, let D, be
bounded by the z-axis, the y-axis, the line y =
a and a vertical curve we call l,, which is de-
fined as follows: Let (™) be the largest x > O
such that T%(z,a) € R,0 < i < n. We have
T (2(™) . a) = (a,y(™) for some y(™) > 0. We
let I = {T " "(a,y), 0<y<y®}

’ X0 ’ Mo
—_—

(n)

$

Assume that n >> Ng. In D, we define H1,V4
and Ho, Vo as follows:



(1) Hy := DaNT™(Dpq-n,), Vi := T~ (N0 Hy ;

(2) Let I be as in Step 1(ii), and

H:={2€T"(Dn): m1(z) € I}
. We let

Hy :=TNoy N D,, V,:=1T No—"H,

To prove this Theorem it suffices for us to
check (H1)-(H3).

Proof of (H1) It is clear by the inclination lemma that
H4 is a horizontal strip in D,,. That Vi is a vertical strip
in D, follows from applying the inclination lemma to
T

H> is a horizontal strip in D,, because one of its hori-
zontal boundaries is I N D, where [ is as in Step 1(ii),
and the other boundary is as C!-close to the first one as
we wish. This is because, by letting n sufficiently large,
we can make the horizontal boundaries of H as Cl-close
as we want. We make them so close that applying T™
does not make a difference simple by continuity.



Note that the vertical boundaries of T-M H, are not nec-
essarily vertical curves. However, by applying the incli-
nation lemma to T, we know that V5 is a vertical strip
by assuming that n is sufficiently large.

Let no := n + No. This far we prove that (H1) for the
horseshoe map holds for T™ on D,,.

Proof of (H2) Let us assume that v > 15. First for

z € Vi and 7 € C(z,v). DT}t € C(T™(z),y) trivially
follow from the inclination lemma. We also have

[DTor| > (A)™]|7].
So (H2) holds on V4.

For z € Vo, and 7 € C(z,v), we have T"z € H and
s(DT!T) < e. We can make ¢ as small as we wish by
making n larger. Let 7, := DT}r. Let z := (m1(2,),0).
Then Then s(DT?°r,) can be arbitrarily close to s(zy,),

which is by assumption < ;1= << . Therefore

1
DTnO C Ny o ~ ~ KNO C Moy .
17 € Czng, To5 + K™e) C Clany )

For the expanding property we see that

7l > (X)"7]
This increase in size is not going to be un-done by ap-
plying DTNo,

Proof of (H3): We apply the same argument to T ™,



