CHAOTIC BEHAVIOR IN NONAUTONOMOUS EQUATIONS
WITHOUT ANY TIME PERIODICITY

KENING LU AND QIUDONG WANG

ABSTRACT. We investigate chaotic behavior of ordinary differential equations with a homoclinic orbit
to a dissipative saddle point under a general time dependent forcing without any periodicity in time.
We study Poincaré return maps in extended phase space, introducing a characteristic function that
generalizes the classic Melnikov function. We then show that the dynamics of the solutions of these
equations are largely determined by asymptotic behavior of this new characteristic function. We prove
the existence of a spectrum of dynamical scenarios including (i) an attracting integral manifold; (ii)
intersections of the stable and the unstable manifolds of the perturbed saddle point; and (iii) new
dynamical structures that generalize Smale’s horseshoes for time-periodic equations. In particular,
intersections of the stable and unstable manifold of the perturbed saddle are neither necessary nor
sufficient for chaotic dynamics to emerge. These results are also applied to Duffing’s equation with a
time dependent forcing.

1. Introduction

In this paper, we study the complicated dynamics of ordinary differential equations with a ho-
moclinic orbit to a dissipative saddle under a general time dependent forcing with application to
Duffing’s equation. We do not assume any time periodicity for the forcing functions. To simplify our
presentation, we study nonautonomous ordinary differential equations in R2. The higher dimensional
problem will be addressed in an upcoming paper.

We derive analytically Poincaré return maps induced by the perturbed equations in extended
phase space. These return maps are defined on an infinitely long strip ¥ = R x I where R represents
the direction of time. Depending on the forcing functions, they are either fully or partially defined
on . When the forcing function is time-periodic and the stable and the unstable manifold of the
saddle point do not intersect, these return maps are reduced to annulus maps that resemble the
Hénon maps and the dissipative standard maps. When the forcing function has no periodicity in
time, they are a new class of maps no longer related to these classical families but can nevertheless
exhibit complicated dynamical behavior.

A. Brief summary of results. Let (z,y) € R? be the phase variable and ¢ be the time. We start
with an autonomous system

dx dy

(11) E:—Oﬂ(}"‘f(xvy)a Ezﬁy""g(x?y)

where f(z,v),g(z,y) are the higher order terms. We assume that equation (1.1) has a homoclinic
orbit to the dissipative saddle (z,y) = (0,0). Precise conditions on (1.1) will be given in Section 2.
To the right hand side of equation (1.1) we add a time-dependent forcing to form a nonautonomous
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equation

dx

d

where p is a small parameter representing the magnitude of the forcing, P(x,y,t) and Q(z,y,t) are
higher order terms at (z,y) = (0.0).

We derive analytically the Poincaré return map R induced by equation (1.2) in extended phase
space, introducing in Section 2 a characteristic function W(t) that is a natural extension of the
classical Melnikov function (See (2.4)). This function measures the size of the separation of the
stable manifold W* and the unstable manifold W* of (0,0). We also extend the concept of Smale’s
horseshoe to non-periodic equations (See Sect. 2E,F).

Let W(t) be the characteristic function given by (2.4) for equation (1.2). We denote

M = t = inf W(t
jgﬂlgw(), m = inf W(t)

and let
m* = liminf W(t), M* = limsup W(t).

t—oo t—=oo

Our results can be summarized as follows:

Main Theorem. Assume that equation (1.1) has a homoclinic orbit to the dissipative saddle point
(z,y) = (0,0) and «, B satisfy certain non-resonant condition. Then the return map R induced by
equation (1.2) in extended phase space is such that, for each of the items from (i)-(vi) below, there
is a respective pg > 0 so that for all 0 < p < pg, we have the following.

(i) (Integral Manifold) If m > 0 and
oy LIV _
ek B V@)
then R has an attracting invariant curve.
(ii) (Intersection and Full Horseshoe) If m* < 0 < M*, then R admits a full horseshoe.
(iii) (Intersection and Half Horseshoe) If M* m~ > 0 and m* < 0 (or ME*,m* > 0 and
m~ < 0), then R admits a half horseshoe.
(iv) (Trivial Dynamics) If either M+ < 0 or M~ < 0, then R has trivial dynamics.
(v) (Non-intersection and Half Horseshoe) If m*, M* > 0 and there exist L*, and se-
quences ayg, by, — 00 with 0 < apy1 — ag,bpr1 — by < LT for all k > 0 such that

klim W(ax) = mt, klim W(by) = M,

and
Mt >mt esﬁLﬂ“7
then R admits a half horseshoe.
(vi) (Non-intersection and Full Horseshoe) If the conditions in (v) also hold for m=,M~,
then R admits a full horseshoe.
(vii) (An Application) The above phenomena appear in forced Duffing’s equations.

We note that the conditions in (i) mean that the stable and unstable manifolds do not intersect
and the rate of change of the Melnikov function is relatively small comparing to the magnitude of
the function. The existence of an attracting invariant curve for the return map R gives an attracting
integral manifold for equation (1.2) in a neighborhood of the homoclinic orbit in the extended phase
space. This result can be viewed as an extension of the classic result of Levinson on the integral
manifold nearby a periodic orbit of an autonomous differential equation under a time periodic forcing.
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The numbers m~ and M~ are intrinsic limit values of the Melnikov function W(t) in the negative
t-direction, and m™ and M are their correspondences in the positive t-direction. In principle, there
is nothing a priori to relate the limit values of the Melnikov function W(¢) in the positive ¢-direction
to the limit values of the same function in the negative t-direction. Any conceivable combination for
m*, M*,m, and M satisfying m < m~ < M~ < M and m < mt < M+ < M is possible. See the
example in Section 3. On the other hand, if equation (1.2) is time-periodic, then m* = m, M* = M.
The same are true for equations that are almost periodic in time. Therefore, the freedom in getting
different combinations of the intrinsic limit values are due mainly to equations that are not even
almost periodic in time. Associated with this new freedom of choice is a set of new structures that
are not permitted in almost-periodically perturbed equations.

The condition in (ii), m* < 0 < M%*, implies that the stable manifold W* and the unstable
manifold W* of (0,0) intersect infinitely many times near both +oo and —oo, while the condition
in (iii) yields that the stable manifold and the unstable manifold intersect infinitely many times
only in one direction. In both cases, the systems have chaotic behavior. However, unlike in the
case of time periodic equations, non-empty intersections of the stable and unstable manifolds of the
perturbed saddle point do not necessarily imply complicated dynamics. One such example is when
M~ <0, mt™ <0< M". W% and W* intersect infinitely many times near +oo, but there is no
complicated dynamics (as stated in (iv)).

Not only the non-empty intersections of the stable manifold and the unstable manifold of (0,0)
are not sufficient, but also they are not necessary for chaotic dynamics to emerge. This is stated
in (v) above. Assuming W* N W*" = (), the perturbed equations admit chaotic dynamics provided
that the characteristic function oscillates with a non-trivial amplitude near infinity and the condition
MT > m%e3L" holds. This condition can be achieved in two ways. The first is by making m* small.
This implies that, even though W* and W* are eventually separated as t — 400, their persistently
getting close would generate enough expansion to create complicated structure. The second way is
to make LT small, namely to have high frequency oscillation of the Melnikov function between m™
and M+ as t — +o0.

B. Relation to the existing literature. The study of complicated dynamics of ordinary differ-
ential equations under periodic perturbations has a long and rich history that dates back to Poincaré
and Birkhoff. The complicated behavior induced by the presence of homoclinic intersections of the
stable and the unstable manifold of a saddle fixed point was first observed by Poincaré [P]. “Irregu-
lar noise” was detected in a simple circuit by electrical engineer van der Pol. The van der Pol type
of equations were extensively studied by Cartwright and Littlewood. Later, Levinson [L1] proved
that a linearized version of the periodically perturbed van der Pol equation has infinitely many
periodic solutions of different period. The existence of solutions corresponding to full Bernoulli
shift for equations with homoclinic intersections was first described by Birkhoff [B], proved later
by Smale [Sml, Sm2| in a geometric form, and was systematically studied by Alekseev [A] with
applications to Sitnikov’s three body problem [Sit]. Since then, the study of chaotic behavior has
flourished spectacularly and the literature on this subject is vast. The Melnikov method [M] and
the method of Lyapunov-Schmidt [CHM-P] have been developed for the purpose of verifying the
existence of transversal homoclinic points, thus that of the Samle horseshoe, for ordinary differential
equations under periodic perturbations. See, for example, [Shi], [Hol], [HM], [Le|, [CH], [GH], [BP],
[SSTC1, SSTC2], and the references therein.

Consider a planar differential equation with a homoclinic orbit to a saddle point. Under a pe-
riodic perturbation, the stable and unstable manifolds either intersect transversally/tangentially or
no longer intersect, see Fig. 1. When they intersect transversally, the Smale-Birkhoff homoclinic
theorem gives the existence of horseshoes. In the case of tangential intersection, the dynamics can be
subtle and complicated, see Gavrilov and Shilnikov [GS] and Newhouse [N]. In [CHM-P], Chow, Hale,
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and Mallet-Paret showed that there can been subharmonic solutions when the stable and unstable
manifolds no longer intersect.

Recently, Wang and Ott [WO] and Wang and Oksasoglu [WOK], motivated by [AS], studied the
complicated dynamics of periodically perturbed differential equations through a Poincaré return
map in extended phase space. They explicitly computed the Poincaré return maps around a given
homoclinic solution. In [WO], they showed that the return maps for Fig. 1(b) are rank one maps,
a class of non-uniformly hyperbolic maps that has been studied extensively by Wang and Young in
recent years [WY1]-[WY3] based on the theory of Benedicks and Carleson on strongly dissipative
Hénon map [BC]. Consequently, they proved the existence of strange attractors with SRB measures
for a positive measure set of forcing parameters for Fig. 1(b). In [WOk|, Wang and Oksasoglu
proved that the return maps for Fig. 1(a) are families of infinitely wrapped horseshoe maps. They
applied many theories developed in recently years on non-uniformly hyperbolic maps, including the
Newhouse’s theory [N], [PT], the theory of SRB measures [Si], [R], [Bo] and the theory of Hénon-
like attractors [BC], [MV], [BY], to the analysis of periodically perturbed differential equations
through the return maps derived. They also obtained a comprehensive description on the dynamics
of homoclinic tangles of Fig. 1(a) beyond Smale’s horseshoes.

w w

wS w®

(a) (b)
Fig. 1 Homoclinic tangles and separated invariant manifolds

Quasi-periodic ordinary differential equations arise naturally in applications when force of multiple
frequencies are taken into account. Krylov and Bogoliubov [KB] and Mitropolsky [BM] studied
quasiperiodic ordinary differential equations arising from the study of nonlinear oscillations. Under
the assumption that the averaged equation has an asymptotically stable equilibrium point, they
proved the existence of quasiperiodic integral manifolds, which gives the existence of asymptotically
stable quasiperiodic orbits for a class of equations. Their results were later extended by Diliberto
[Dil, Di2|, Hufford [Hu], Marcus [Mal], Hale [H], and others. There has also been a substantial
literature purposed on extending the Smale horseshoe from periodically forced to quasi-periodically
and almost periodically forced equations by Scheurle [Sch], Palmer[Pa2], Stoffer [St1, St2], Palmer
and Stoffer [PS], Meyer and Sell [MS], Yagasaki [Ya], Shilnikov [Shil] and Wiggins [Wi].

Roughly speaking, there are two basic approaches to obtain a horseshoe for differential equations
under a periodic perturbation. With the first approach, one computes explicitly the Melnikov func-
tion to verify the existence of a transversal homoclinic intersection for the time-period map of the
given equation. Horseshoes then follow from Smale’s geometric construction. See for example [GH].
The second approach is based on analytic shadowing, see [Pa0] and [Pa2]. This method does not
rely on Smale’s geometric construction. It consists of three steps:

(a) to prove, using analytic shadowing, that if there is a finite collection of homoclinic solutions
for the perturbed equation satisfying exponential dichotomy, then there is a collection of solutions
corresponding to full Bernoulli shift using these homoclinic solutions as generating symbols;

(b) to prove that for the perturbed equation, a homoclinic solution satisfies exponential dichotomy
if and only if it corresponds to transversal homoclinic point of the time-period map; and

(c) to again compute the Melnikov function to verify the existence of transversal homoclinic points
for the time-period map.
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Both approaches have been extended to the study of quasi-periodically perturbed equations. The
extension for the first approach can be found in [Wi]. This extension is based on the following
observation that goes back to Shilnikov [Shil]: if the saddle point is replaced by a normally hyperbolic
tori, and the stable and the unstable manifolds of this tori intersect transversally, then Smale’s
geometric construction of horseshoe remain valid but, in this case, each of the point of the horseshoe
is replaced by a tori. In [Wi], Wiggins observed that by introducing one angular variable for each
forcing frequency, the quasi-periodically perturbed equations become autonomous, and the time-1
map fits Shilnikov’s setting. He also proved that if the Melnikov function in extended phase variables
satisfies certain non-degenerate conditions, then there exists a transversal intersection. The second
way is along the line of Palmer’s approach [Pa2], [PS], [Sch], [MS]. This approach again focused on
using homoclinic solutions satisfying exponential dichotomy as generating symbols to create solutions
of full Bernoulli shift by analytic shadowing.

In [LS], Lerman and Shilnikov studied the complicated dynamics for differential equations under
time dependent perturbations without assuming any periodicity in time. Their approach is similar to
Palmer’s. They started with a collection of homoclinic solutions satisfying the exponential dichotomy;,
using these solutions as generating symbols to construct solutions corresponding to full Bernoulli
shift. Exponential dichotomy alone, however, are not sufficient in this case so they added a new set
of technical assumptions to ensure certain uniformity. What they obtained is therefore a slightly
weaker version corresponding to (a) in Palmer’s approach. On the other hand, the authors of [LS]
did not address the correspondences of (b) and (c¢) in Palmer’s approach.

In this paper, we derive analytically the Poincaré return maps induced by the perturbed equations
in the extended phase space. The smooth linearization theorem plays a crucial role in estimating the
return maps. Instead of zooming into the neighborhood of a collection of homolinic solutions, as in
the way adopted in Palmer’s approach and in [LS], we zoom out, deriving a return map in extended
phase space that catches dynamical activities of ALL solutions stayed in the neighborhood of the
unperturbed homoclinic loop in extended phase space. An advantage of this approach is that it can
be used to obtain complicated dynamics not only when there is a homoclinic point but also when
the stable and unstable manifolds do not intersect. To the best of our knowledge, this return map
was not rigorously derived from a given non-autonomous equation with dissipations before, not even
for the periodically perturbed case before [WO] and [WOK].

The study of the Poincare return map around a homoclinic orbit for autonomous differential
equations goes back to Shilnikov. In [Shil, Shi2, Shi3, Shi4, Shi5], Shilnikov developed an approach
(Shilnikov problem) to estimate the return map through which the chaotic behavior was obtained.
This method was extensively used and extended by others to study the homoclinic bifurcation, see
[Dengl, Deng2], [DS]. In [AS], Afraimovich and Shilnikov showed that the Poincare return map can
also be used to study periodically perturbed equations if the form of the return map is known. Here
the basic issue is how to estimate the return map for differential equations with time-dependent
perturbations in extended phase space. In the case considered in this paper, one needs to also
overcome the difficulty caused by noncompactness in the direction of time.

This paper is organized as follows. In Section 2 we give the precise statement of results. In Section
3 we demonstrate how to apply our theorems to a nonautonomously forced Duffing’s equation. In
Section 4 we derive the return maps induced in extended phase space. In Section 5 we use the return
maps to prove the theorems stated in Section 2. Two technical proofs are placed in appendices.

2. Statement of Results

A. Equations of study. Let (z,y) € R? be the phase variable and ¢ be the time. We start with
an autonomous system

dx dy

(21) %:—(wj—l—f(:c,y), E:ﬁy_"g(x?y)
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where f(z,y) and g(z,y) are CV functions for sufficient large N satisfying f(0,0) = ¢(0,0) =
0. £(0,0) = 9, f(0,0) = 0,9(0,0) = 9,g(0,0) = 0. First, we assume

(H) (i) o and B satisfy the nonresonant conditions up to order N : there are no nonnegative
integers m and n with 2 < m+n < N such that

a=ma-+nB or [=ma+ns;
(11) 0 < B < a.

A sufficient condition for (H)(i) is that a and (3 are rationally independent. (H)(ii) assumes that
the saddle point (0, 0) is dissipative. We also assume that the positive z-side of the local stable
manifold and the positive y-side of the local unstable manifolds of (0,0) are included as a part of a
homoclinic solution, which we denote as

¢={t) = (a(t),b(t)) € R?, tcR}.

To the right hand side of equation (2.1) we add a time-dependent forcing to form a nonautonomous
equation

d d
(2.2) & o —ax ot fay) 4 pPy,t), = =By + g(x,y) + pQ(x,y, 1)

dt dt
where p is a small parameter representing the magnitude of the forcing. Let U be an open neigh-
borhood in (z,y)-plane that contains the closure of £, and & = U x R. We assume that C" norms
of P(x,y,t),Q(x,y,t) are uniformly bounded by a constant that is independent of 1 on U. We also
assume that P(x,y,t) and Q(x,y,t) are high order terms at (z,y) = (0,0) for all ¢, namely, we
assume P(0,0,t) = Q(0,0,t) = 0,P(0,0,t) = 0,Q(0,0,t) = 9,P(0,0,t) = 9,Q(0,0,¢t) = 0 for all
t € R. We study equation (2.2) on & = U x R in the extended phase space (z,y,t).

B. Return maps in extended phase space. We study the dynamics of equation (2.2) through
the iteration of a return map we now introduce in extended phase space. U in the space of (x,y) is
constructed by taking the union of a small neighborhood B (a ball at (0,0) with radius €)) of (0,0)
and a small neighborhood D around ¢ outside of B 1 See Fig. 2.

D

B
€ O'+

Fig. 2 B., D and o%.

Let o € B.ND be the two line segments depicted in Fig. 2, both perpendicular to the homoclinic
solution /. In the extended phase space (z,y,t) we denote

B.=B:. xR, D=DxR

and let
Y=o xR
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Let N : ¥T — ¥~ be induced by the solutions on B. and M : ¥~ — X% be induced by the
solutions on D. We first compute M and N separately, then compose N/ and M to obtain an
explicit formula for the return map R =N oM : ¥~ — X,

C. Objects of study. We introduce a function, which we call the Melnikov function for equation
(2.2), as follows: Let

2 o)

(u(t), (1)) = ¥

be the unit tangent vector of ¢ at ¢(¢) and let
E(t) = v*(t)(—a + 9, f(a(t), b(1))) + u*(1)(8 + dyg(a(t), b(t)))
— u()v(t)(9y f(a(t), b(t)) + Ozg(a(t), b(t))).

The quantity E(t) measures the rate of expansion of the solutions of equation (2.1) in the direction
normal to ¢ at £(¢). The Melnikov function W(t) for equation (2.2) is defined as

2ot

d
dt

(2.3)

(24 W)= / (v(s)Plals), b(s), s + 1) = u(s)Q(als), b(s), s + 1)~ Jo F7ds.
—00
Observe that E(t) — 3 as t — +oo and E(t) — —a as t — —oo. Since P and @ are uniformly
bounded on U, W(t) is uniformly bounded for all . Also observe that, as a normally hyperbolic set,
the line (x,y) = (0,0) in extended phase space has a 2-dimensional stable manifold which we denote
by W# and a 2-dimensional unstable manifold which we denote by W*. Let
M =supW(t), m = inf W(t).
teR teR

Theorem 2.1. (a) Assume that m < 0 < M. Then there exist uo > 0 sufficiently small so that for
all 0 < p < po, WENWH £ (.

(b) Assume m > 0. Then there exists po > 0 sufficiently small so that for all 0 < p < pg,
Wsn W = 0.

(c) Assume M < 0. Then there exists uo > 0 sufficiently small so that for all 0 < p < po,
WsNWw* = 0.

For case (a) of Theorem 2.1, it is expected that the return map R : ¥~ — X7 is only partially
defined on 7. After following the entire length of the homoclinic loop of the unperturbed equation,
part of ¥~ would hit ¥ on one side of the local stable manifold of (z,y) = (0,0) where they return
to ¥7; and the rest would hit the other side where they sneak out of U, see Fig. 3(a). For case (b)
of Theorem 2.1, all solutions starting from X~ will eventually return to X~. In this case the return
map R is well defined on ¥, see Fig 3(b). For case (c), all solutions starting from ¥~ will hit the
wrong side of the local stable manifold on ¥ and there will be no return to X7, see Fig. 3(c).

~—

(a) (b) (c

Fig. 3 Three cases for the return map R.
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We will study the geometrical and dynamical structure of all solutions that stay inside of U in
phase space (z,y) for all times. Among the three scenarios of Theorem 2.1, there is obviously nothing
interesting about (c). So we will only consider scenarios (a) and (b). Let W be the subsect of ¥~
on which the return map R is defined (For scenarios (b), W = X7). Let

Q={peW : :R"(p)eW, foral n>1}
and
A= ngan<Q)~

Then, the solutions initiated in €2 are all solutions that stay forever in U in forward times and the
solutions initiated in A are all solutions that stays forever in U in both forward and backward times.
The ultimate objective of our study is to understand the geometrical and dynamical structure of A
for the return map R derived from equation (2.2).

D. Stable dynamics. The structure of A could sometimes be simple and sometimes be compli-
cated. We start with the simple case of an attracting invariant curve.

Theorem 2.2. Assume that m > 0 and

(2.5) sup

1w
ter B

(1)
W(t)
Then there exists pug > 0 sufficiently small so that for all 0 < p < po, the return map R : 3~ — 3~

admits an invariant curve h defined by a CN function h(t) : R — o~. Furthermore, h is globally
attracting in the sense that, for every p € ¥, there exists a point py € h such that

lim [R"(p) = R" (po)] — 0.

Remark: (1) All solutions started from h form a 2D integral manifold for equation (2.2) in
extended phase space, which we denote as .S, and there exists an open neighborhood Ug O S so that
all solutions initiated in Ug are attracted to that of S. This result may be viewed as an extension of
the classic result of Levinson [L2] on the integral manifold nearby a periodic orbit of an autonomous
differential equation under a time periodic forcing.

(2) If P(x,y,t),Q(x,y,t) are periodic of period T in ¢, then we can regard the time as an angular
variable and the return map R as an annulus map. In this case the invariant curve h of Theorem 2.2
is reduced to an invariant circle and R induces a circle diffeomorphism on h, the rotation number
of which depends sensitively on u. For a set of p with positive Lesbegue density at u = 0, S is an
invariant tori of quasi-periodic solutions, see [WO). If P(z,y,t), Q(x,y,t) are quasi-periodic in t,
then the invariant curve h is also quasi-periodic in ¢, see [LW].

E. Existence of topological horseshoes While we could regard the dynamics presented in
Theorem 2.2 as simple, we now consider the case where the structure of A is complicated. We start
with periodically perturbed equations, for which the return maps R are reduced to annulus maps
that resemble the Hénon maps and the dissipative standard maps. Many theories developed in
recent years on non-uniformly hyperbolic maps can be applied to these return maps, and for the
corresponding equations, A assumes a variety of complicated structures ranging from horseshoes to
strange attractors with SRB measures, see [WO] and [WOXk]. However, when the forcing function
has no periodicity, return maps R do not admit similar reduction. They are a new class of maps no
longer related to these classical families, and there is no previous theory that is ready to be applied
concerning chaotic dynamics.

To study chaotic behavior in non-autonomously forced equations without any time periodicity,
we start from extending the concept of horseshoe for R. First some geometric terms. We call the
direction of ¢ in X~ the horizontal direction and the direction of o~ (transversal to the homoclinic
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solution /¢ in the original phase space) the vertical direction. In 37, a vertical curve is a non-self-
intersecting, continuous curve that connects the two horizontal boundaries of %~. We call a region
that is bounded by two non-intersecting vertical curves a wvertical strip, which we denote as V. The
two defining vertical curves for a given vertical strip V' are the vertical boundaries of V. We call a
non-self-intersecting continuous curve connecting the two vertical boundaries of V' a fully extended
horizonal curve in V. Let Vi, V4 be two non-intersecting vertical strips. We say that R(V}) crosses
Vs horizontally if for every fully extended horizontal curve h of V4, there is a subsegment h of h so

that R(h) is a fully extended horizontal curve in V5.

Definition 2.1 (Topological horseshoe). We say that R admits a topological horseshoe of k-
branches, k < oo, if there exists a bi-infinite sequence of non-intersecting vertical strips {V,}o> _
lined up monotonically from t = —oco to t = +o00 in X7, such that
(1) For every n, there exists a iy > n, such that R(V;,) crosses Vi, Vi, 41, - - Vgt horizontally.
(2) For every n, there exists a g < n, such that R(Vi,—k), -+, R(Va,) crosses V,, horizontally.

Observe that, if R admits a horseshoe of k-branches, then inside every vertical strip V,,, there
exists a 2D Cantor set A,, formed by the intersections of a k-Cantor set of vertical curves and a k-
Cantor set of fully extended horizontal curves, so that A,, C A for all n. If R is from a time-periodic
equation, then the vertical strips {V;,};7>° _ can be arranged periodically in the ¢-direction in ¥~
and the structure in Definition 2.1 is a topological horseshoe defined on an annulus through proper
quotient in t-direction. In this sense definition 2.1 is a rather natural generalization of the classical
horseshoe. If R admits a topological horseshoe according to Definition 2.1, then the set A for R is
complicated and we have a chaotic attractor for equation (2.2).

T —/
o

Fig. 4 A topological horseshoe of 2-branches

We are now ready to state our first theorem on the existence of complicated dynamics. Let W(t)

be the Melnikov function in (2.4). Recall that
mE =lminf W(t);  M* = limsup W(t).
t—=+o0 t—too
Theorem 2.3. Assume that
m-,m" <0< M, M*t.

Then there exists a po > 0 sufficiently small so that for all 0 < p < pg, the return map R for
equation (2.2) admits a topological horseshoe of infinitely many branches.

F. Homoclinic intersection and half horseshoes. m™ and M~ are intrinsic limit values of W(t)
in the negative t-direction, and m™ and M™ are their correspondences in the positive t-direction.
In principle, there is nothing a priori to relate the limit values of the Melnikov function W(¢) in
the positive t-direction to the limit values of the same function in the negative t-direction. Any
conceivable combination for mi, M i, m and M satisfyingm <m~ < M~ <M, m<m"™ <M+ <
M is possible. See the example in Section 3. On the other hand, if equation (2.2) is time-periodic,
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then m* = m, M* = M. The same are true for equations that are almost periodic in time. Therefore
the freedom in getting different combinations of these intrinsic limit values is due mainly to equations
that are not almost periodic in time. Associated to this new freedom of choice is new scenarios that
are not permitted in almost-periodically perturbed equations.

Let us exclude the case that one of the values of m*, M* m and M is zero in our narrative
throughout. By combining Theorem 2.1(a) and Theorem 2.3, it follows that, for equations that are
almost periodic in time, non-empty intersection of W* and W* implies the existence of complicated
dynamics in A. This is not the case in general.

Theorem 2.4. If either M~ or M7 is negative, then A = (.

It follows from Theorem 2.4 that A could be trivial even if W* and W* are allowed to intersect
infinitely many times. This is the case if, for an instance, m~, M ~,m*™ < 0 < M™. To avoid the
trivial case of Theorem 2.4, let us assume that M —, M > 0 in the rest of this section. Excluding
the case m~, m™* < 0, which is covered by Theorem 2.3, there are three remaining possibilities:

(i) m™ >0, m™ <0; (ii) mT <0, m™ >0; (iii) m~,m" >0.
Each we now consider separately.

Case (i) m' >0, m~ < 0: In this case we need a weaker version of horseshoe associated to
the persistent intersection of W% and W* as t — —oo.

Definition 2.2 (Half horseshoe). We say that R admits a half horseshoe of k-branches, k < oo,
if there erists a sequence of non-intersecting vertical strips {V,}O_ __ lined up monotonically from
t=—o0tot < K <400 in X7, such that
(1) For every n <0, there exists i < n, such that R(Vi—x), -, R(Vy) crosses Vi, horizontally.
(2) The set R(Vy) C Q.

Recall that 2 is the subset of X7, where R" is well-defined for all n > 0. Observe that, if A admits
a half horseshoe of Definition 2.2, then there is a k-Cantor set 'y of fully extended horizontal curves
in Vg so that Iy C A. In addition, for every V;, such that R*(V,,) horizontally crossing V; for some
i > 0, there is a vertical strip Vi, C V., so that a k-Cantor set of fully extended horizontal curves in
V,, is in A. We have

Theorem 2.5. Assume

m- <0<m*, M*.
Then, there exists a pg > 0 sufficiently small so that for oll 0 < p < pog, the return map R in
extended phase space admits a half horseshoe of infinitely many branches of Definition 2.2.

Case (ii) m~ >0, m"™ < 0: In this case we need a different definition of half horseshoe that is
associated to the persistent intersection of W* and W*¢ as t — 4o00.

Definition 2.3 (Half horseshoe). We also say that R admits a half horseshoe of k-branches,
k < oo, if there exists a sequence of non-intersecting vertical strips {V,}o2, lined up monotonically
fromt > K tot=+o0 in ¥, such that

(1) For every n > 0, there exists a i > n, such that R(V,,) crosses Vi, -+, Viii horizontally.

(2) Every vertical curve of Vy contains a point, all inverse images of which under R are in ¥~ .

Observe that if R admits a half horseshoe of Definition 2.3, then there is a k-Cantor set of vertical
curves in Vp, each of which contains at least one point that is inside of A. In addition, for every
V;, such that R*(Vp) horizontally crossing V;, for some i > 0, there is also a k-Cantor set of vertical
curves in V,,, each of which contains at least one point in A.

We have
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Theorem 2.6. Assume

mt <0<m™, M*.
Then, there exists a pg > 0 sufficiently small so that for all 0 < p < po, the return map R in
extended phase space admits a half horseshoe of infinitely many branches of Definition 2.3.

Case (iii) m~,mT > 0: Though m™ > 0 does not rule out completely the possibility that W
intersects W* (remember m < m¥ and it is still possible for m to be negative), it has ruled out
the non-trivial impact of such intersections. The structure of A might be simple, as in the case of
Theorem 2.2, but it could also be complicated. This case is considered in next paragraph.

G. Horseshoes not related to W* N W?*. Complicated dynamical structures, in principle, are
caused by expansions imposed by the solutions of equation (2.2) in extended phase space. So far in
the above, the expansions responsible for the existence of full and half horseshoes are created by the
persistent intersections of W* and W¥ at t = +o0. In this subsection we offer one more theorem on
the existence of complicated dynamics without the presence of intersections of W* and W?*.

We need a technical phrase before precisely stating our next theorem. By definition, we know that
there exists a sequence ay — +00 so that W(ax) — M™.

Definition 2.4. Let L™ > 0 be a constant. We say that M* is densely approached by an

L*-sequence if there exists a monotone sequence ay — ~+oo satisfying ary1 — ap < LT for all k, so
that W(ag) — M.

Corresponding definition for m™, M~ and m™ are similar.

Theorem 2.7. Assume that M* m* > 0. If both M+ and m™* are densely approached by LT -
sequences and m™*, M™, and L™ satisfy

(2.6) M* >mtedl’

then there exists o > 0 sufficiently small so that for all 0 < p < pg, R admits a half horseshoe of
2-branches of Definition 2.3.

Remarks: (1) For inequality (2.6) to hold we must have Mt > m™ so the Melnikov function
must oscillate with a non-trivial amplitude as ¢ — +oo. This inequality is then achieved in two
ways. The first is by making m™ small. This implies that, even though W* and W* are eventually
separated as t — 400, their persistently getting close would generate enough expansion to create
complicated structure in A. The second way to make inequality (2.6) hold is to make L™ small. This
is to have high frequency oscillations of the Melnikov function between m™ and M+ as t — +oc.

(2) We also have slightly different versions of Theorem 2.7 according to various combinations of
limit behavior of W(t) as t — foo. For instance, if we further assume that m~ and M~ are also
densely approached by LT-sequences and

M~ >m e L+,
then R would admit a full horseshoe of 2-branches of Definition 2.1. Full horseshoe is also admitted
if we assume, instead of m™ > 0 in Theorem 2.7, m~ < 0 < M —, and so on.

3. Applications to Nonautonomous Duffing’s Equations

In this section, we apply Theorems 2.1-2.7 to a nonautonomously forced Duffing’s equation without
any time periodicity. We start with the autonomous Duffing’s equation
d*q dg
3.1 — + A=)+ — 2=0
(3.1) 2 T A=) —ata
where A > 0 and ~ are parameters. By letting p = %, we can write equation (3.1) as a system of
first order equations in terms of p and gq. We first borrow a result on (3.1) from [HR].
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Proposition 3.1 (Dissipative homoclinic saddle). There exists \g > 0 sufficiently small, such
that for A € [0, o), there exists a vz, |ya] < 10\ such that for v = vy;

(i) equation (3.1) has a homoclinic solution to (q,p) = (0,0), which we denote as
O = {0(t) = (ax(t),bA(1)), t € R};
(ii) for any given L > 0, there exists a K (L) independent of X, such that for all t € [—L, L],
[Ex(8) = Lo(t)] < K(L)A

where
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