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Chapter 1

Function spaces

1.1 Spaces of continuous functions

This section records notations for spaces of real functions. In some contexts it
is convenient to deal instead with complex functions; usually the changes that
are necessary to deal with this case are minor.

Let X be a topological space. The space C'(X) consists of all continuous
functions. The space B(X) consists of all bounded functions. It is a Banach
space in a natural way. The space BC(X) consists of all bounded continuous
functions. It is a somewhat smaller Banach space.

Consider now the special case when X is a locally compact Hausdorff space.
Thus each point has a compact neighborhood. For example X could be R".
The space C.(X) consists of all continuous functions, each one of which has
compact support. The space Cy(X) is the closure of C.(X) in BC(X). It is
itself a Banach space. It is the space of continuous functions that vanish at
infinity.

The relation between these spaces is that C.(X) C Cy(X) C BC(X). They
are all equal when X compact. When X is locally compact, then Cp(X) is the
best behaved.

Recall that a Banach space is a normed vector space that is complete in the
metric associated with the norm. In the following we shall need the concept of
the dual space of a Banach space E. The dual space E* consists of all continuous
linear functions from the Banach space to the real numbers. (If the Banach space
has complex scalars, then we take continuous linear function from the Banach
space to the complex numbers.) The dual space E* is itself a Banach space,
where the norm is the Lipschitz norm.

For certain Banach spaces E of functions the linear functionals in the dual
space E* may be realized in a more concrete way. For example, If E' = Cy(X),
then its dual space E* = M(X) is a Banach space consisting of signed Radon
measures of finite variation. (A signed measure o of finite variation is the
difference o = 0 —o of two positive measures o4 that each assign finite measure

1



2 CHAPTER 1. FUNCTION SPACES

to the space X. Radon measures will be discussed later.) If o is in M (X), then
it defines the linear functional f — [ f(z)do(z), and all elements of the dual
space E* arise in this way.

1.2 Pseudometrics and seminorms

nd
0

A pseudometric is a function d : P x P — [0, 400) that satisfies d(f, f) > 0
d(f,g) < d(f,h) +d(h,g) and such that d(f, f) = 0. If in addition d(f,g)
implies f = g, then d is a metric.

The theory of pseudometric spaces is much the same as the theory of metric
spaces. The main difference is that a sequence can converge to more than one
limit. However each two limits of the sequence have distance zero from each
other, so this does not matter too much.

Given a pseudometric space P, there is an associated metric space M. This
is defined to be the set of equivalence classes of P under the equivalence relation
fEqg if and only if d(f, g) = 0. In other words, one simply defines two points r, s
in P that are at zero distance from each other to define the same point r’ = s’
in M. The distance dy(a,b) between two points a,b in M is defined by taking
representative points p, ¢ in P with p’ = a and ¢’ = b. Then dps(a,b) is defined
to be d(p, q).

A seminorm is a function f +— ||f|| > 0 on a vector space E that satisfies
llef1l = lelllf|| and the triangle inequality ||f + g|| < ||f]| + |lg]| and such that
l0]] = 0. If in addition || f|| = 0 implies f = 0, then it is a norm. Each seminorm
on F defines a pseudometric for E by d(f,g) = ||f — ¢||. Similarly, a norm on
E defines a metric for E.

Suppose that we have a seminorm on E. Then the set of h in E with ||h]| =0
is a vector subspace of E. The set of equivalence classes in the construction of
the metric space is itself a vector space in a natural way. So for each vector
space with a seminorm we can associate a new quotient vector space with a
norm.

Q

1.3 L? spaces

In this and the next sections we introduce the spaces £P (X, F, u) and the cor-
responding quotient spaces LP (X, F, ).

Fix a set X and a o-algebra F of measurable functions. Let 0 < p < oc.
Define

1fllp = p(lf17)7 (L.1)
Define £7(X, F, ) to be the set of all f in F such that || f|, < cc.

Theorem 1.1 For 0 < p < oo, the space LP is a vector space.

Proof: It is obvious that LP is closed under scalar multiplication. The
problem is to prove that it is closed under addition. However if f, g are each in
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LP, then
[+ 9P < 20171V 19D < 2°(£17 + |gl?). (1.2)

Thus f+gisalsoin LP. O

The function P is increasing for every p > 0. In fact, if ¢(p) = zP for > 0,
then ¢'(p) = pa?~! > 0. However it is convex only for p > 1. This is because
in that case ¢ (x) = p(p — 1)zP~2 > 0.

Let a > 0 and b > 0 be weights with a +b = 1. For a convex function we
have the inequality ¢(au+ bv) < ag(u)+bp(v). This is the key to the following
fundamental inequality.

Theorem 1.2 (Minkowski’s inequality) If 1 < p < oo, then

If +9gllo < 171l + llgllp- (1.3)
Proof: Let ¢ = ||f|l, and d = ||g||,- Then by the fact that 2P is increasing
and convex
p P P
f+yg < ¢ i d ‘Q < ¢ i + d ‘g’p (1.4)
c+d c+d|c c+dld c+dlc c+dld
Integrate. This gives
f+ygl
— <1. 1.5
K (’ c+d - (1.5)

Thus [|f + gl <c+d O

The preceding facts show that LP is a vector space with a seminorm. It is a
fact that p(|f|?) = 0 if and only if f = 0 almost everywhere. Thus for f in £P
we have ||f]|, = 0 if and only if f = 0 almost everywhere.

Theorem 1.3 (dominated convergence for LP) Let 0 < p < oo. Let f, — f

pointwise. Suppose that there is a g > 0 in LP such that each |f,| < g. Then
fn — fin LP, that is, || fn — fllp — 0.

Proof: If each |f,| < g and f, — f pointwise, then |f| < g. Thus |f, — f| <
2g and |f, — f|P < 2PgP. Since gP has finite integral, the integral of |f, — f|?
approaches zero, by the usual dominated convergence theorem. O

It would be an error to think that just because g, — g in the LP sense it
would follow that g, — g almost everywhere. Being close on the average does
not imply being close at a particular point. Consider the following example. For
each n = 1,2,3,..., write n = 2 4+ j, where k = 0,1,2,3,... and 0 < j < 2F.
Consider a sequence of functions defined on the unit interval [0,1] with the
usual Lebesgue measure. Let g, = 1 on the interval [j/2*, (j + 1)/2*] and g,
= 0 elsewhere in the unit interval. Then the £! seminorm of g,, is 1/2%, so the
gn — 0 in the £! sense. On the other hand, given z in [0, 1], there are infinitely
many n for which g, (z) = 0 and there are infinitely many n for which g, (z) = 1.
So pointwise convergence fails at each point.

Say that a seminormed vector space is sum complete if every absolutely
convergent series is convergent to some limit. Recall that is is complete (as a
pseudometric space) if every Cauchy sequence converges to some limit.
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Lemma 1.4 Consider a seminormed vector space. If the space is sum complete,
then it is complete.

Proof: Suppose that E is a seminormed vector space that is sum complete.
Suppose that g, is a Cauchy sequence. This means that for every € > 0 there
is an N such that m,n > N implies ||gm — gn|| < €. The idea is to show that g,
has a subsequence that converges very rapidly. Let ¢, be a sequence such that
2120:1 €r < o0o. In particular, for each k there is an Nj such that m,n > Nj
implies ||gm — gnl| < €x. The desired subsequence is the gy, . Define a sequence
fi=gn, and f; = gn, — gn,_, for j > 2. Then

k
gNe = _fj (1.6)
j=1

Furthermore,

DSl UAI+D 6o < oo (1.7)
j=1 j=2

This says that the series is absolutely convergence. Since F is sum complete, the
series converges to some limit, that is, there exists a g such that the subsequence
gn, converges to g. Since the sequence g, is Cauchy, it also must converge to
the same g. Thus F is complete. Thus the theorem follows. O

Theorem 1.5 For 1 < p < oo the space LP is complete.

Proof: Suppose that Z;i1 f; is absolutely convergent in £P, that is,

D lIfilly = B < oo (1.8)

j=1

Then by using Minkowski’s inequality

k k
1> 1fillls < D115l < B. (1.9)
j=1 j=1

By the monotone convergence theorem h = Zj’;l |f;] is in £P with £P seminorm
bounded by B. In particular, it is convergent almost everywhere. It follows that
the series Z;’;l f; converges almost everywhere to some limit g. The sequence

E?Zl f; is dominated by h in £ and converges pointwise to Zj’;l fj- Therefore,
by the dominated convergence theorem, it converges to the same limit g in the
LP seminorm. O

Corollary 1.6 If1 < p < o and if g, — g in the LP seminorm sense, then
there is a subsequence gn, such that gn, converges to g almost everywhere.
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Proof: Let g, — g asn — oo in the £P sense. Then g, is a Cauchy sequence
in the LP sense. Let €, be a sequence such that ZZ’;I €, < 00. Let Ni be a
subsequence such that n > N implies ||g, — gn,|lp < €x. Define a sequence fi
such that

k
gne =D fi- (1.10)
j=1
Then | fjll, = llgn, — gn,_1 llp < €j—1 for j > 2. By the monotone convergence

theorem

h=>_1fjl (1.11)
j=1

converges in £P and is finite almost everywhere. It follows that
9=>_Ff (1.12)
j=1

converges in £P and also converges almost everywhere In particular, gy, — g
as k — oo almost everywhere. O
In order to complete the picture, define

Iflloo = inf{M > 0] |f|] < M almost everywhere }. (1.13)

This says that || f]lec < M if and only if p(|f] > M) = 0. In other words,
M < ||fllo if and only if u(|f] > M) > 0. The space L>(X,F, u) consists of
all functions f in F such that || f||cc < co. It is a vector space with a seminorm.
The following theorem is also simple.

Theorem 1.7 The space L (X, F, u) is complete.

1.4 Dense subspaces of L7

For a function to be in LP(X,F, p) it is not only required that p(|f|?) < oo,
but also that f is measurable, that is, that f is in F. This requirement has
important consequences for approximation.

Theorem 1.8 Let X be a set, F a o-algebra of real measurable functions on
X, and p an integral. Consider the space LP(X,F,u) for 1 < p < co. Let L
be a vector lattice of functions with L C LP(X, F, u). Suppose that the smallest
monotone class including L is F. Then L is dense in LP(X,F,u). That if, if
fisin LP(X, F,p) and if € > 0, then there exists h in L with ||h — f||, <e.

Proof: We know that the smallest monotone class including L' is F+. Let
g be in LT. Let Sy be the set of all f > 0 such that f A g is in the £? closure
of L. Clearly LT C S, since if f is in L™ then so is f A g. Furthermore, S, is
closed under increasing and decreasing limits. Here is the proof for increasing
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limits. Say that f, isin Sy and f, T f. Then f, Ag T fAg < g. By the LP
monotone convergence theorem, ||f, A g — f Ag|, — 0. Since f, A g is in the
LP closure of L, it follows that f A g is also in the £P closure of L. However
this says that f is in Sy. It follows from this discussion that F* C S,. Since
g is arbitrary, this proves that f in F and g in L™ implies f A g is in the £P
closure of L.

Let f > 0 be in LP. Let S}- be the set of all A > 0 such that f A h is
in the LP closure of L. From the preceding argument, we see that L C S}.
Furthermore, S} is closed under increasing and decreasing limits. Here is the
proof for increasing limits. Say that h,, is in S} and h, T h. Then f A h, T
f AR < f. By the £LP monotone convergence theorem, ||f A hy, — f Ah|, — 0.
Since f A h, is in the L£P closure of L, it follows that f A h is also in the LP
closure of L. However this says that h is in S¢. It follows from this discussion
that 7+ C S%. Since f is arbitrary, this proves that f > 0 in £ and h in F*
implies f A h is in the LP closure of L. Take h = f. Thus f > 0 in £P implies
f is in the LP closure of L. O

Corollary 1.9 Take 1 < p < co. Consider the space LP(R, B, 1), where u is a
measure that is finite on compact subsets. Let L be the space of step functions,
or let L be the space of continuous functions with compact support. Then L is
dense in LP(R, B, p).

This result applies in particular to the case u = A\ of Lebesgue measure.
Notice that nothing like this is true for L2(R, B, ). The uniform limit of a
sequence of continuous functions is continuous, and so if we start with continuous
functions and take uniform limits, we stay in the class of continuous functions.
But functions in £>*(R, B, \) can be discontinuous in such a way that cannot
be fixed by changing the function on a set of measure zero. Even a step function
has this property.

Remark. So people might argue that the so-called delta function () is in
L', since it has integral ffooo 0(z) = 1. Actually the delta function is a measure,
not a function, so this is not correct. But there is a stronger sense in which this
is not correct. Let h be an arbitrary continuous function with compact support.
Look at the distance from 6(z) to h(z). This is the integral [~ |§(z) — h(z)|dz
which always has a value one or bigger. The delta function is thus not even
close to being in £1.

1.5 The quotient space L”

The space LP(X,F,u) is defined for 1 < p < oo. It is a vector space with a
seminorm, and it is complete. One can associate with this the space LP(X, F, u),
where two elements f, g of LP(X,F, 1) define the same element of LP(X,F, u)
provided that f = g almost everywhere with respect to . Then this is a vector
space with a norm, and it is complete. In other words, it is a Banach space.
This passage from a space of functions £ to the corresponding quotient
space LP is highly convenient, but also confusing. The elements of LP are not
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functions, and so they do not have values defined at particular points of X.
Nevertheless they are come from functions.

It is convenient to work with the spaces LP abstractly, but to perform all
calculations with the corresponding functions in £”. For this reason people often
use the notation LP to refer to either space, and we shall follow this practice in
most of the following, unless there is a special point to be made.

However be warned, these spaces can be very different. As an example,
take the space L'(R,B,d,), where §, is the measure that assigns mass one
to the point a. Thus the corresponding integral is d,(f) = f(a). This space
consists of all Borel functions, so it is infinite dimensional. However two such
functions are equal almost everywhere with respect to J, precisely when they
have the same values at the point a. Thus the quotient space L'(R,B,§) is
one dimensional. This is a much smaller space. But it captures the notion that
from the perspective of the measure 0, the points other than a are more or less
irrelevant.

1.6 Duality of L” spaces
In this section we describe the duality theory for the Banach spaces LP.

Lemma 1.10 (arithmetic-geometric mean inequality) Let a > 0 and b > 0 with
a+b=1. Let 2 >0 and w > 0. Then z°w® < az + bw.

Proof: Since the exponential function is convex, we have e®* ¥ < ge® +be?.
Set z=¢€e¢“*and w=¢€". O

Lemma 1.11 Letp > 1 and ¢ > 1 with 1/p+1/g=1. Ifz > 0 and y > 0,
then

1 1
xy < —axP 4+ —yd. (1.14)
p q

Proof: Take a = 1/p and b = 1/q, and substitute ¢* = x and e®* =y. O

Theorem 1.12 (Holder’s inequality) Suppose that 1 < p < oo and that 1/p +
1/q=1. Then

I(FOl < £ 1pllgllq- (1.15)

Proof: It is sufficient to prove this when || f||, = 1 and ||g|, = 1. However
by the lemma

[f(@)llg(2)] < %If(@l“ré\g(w)lq- (1.16)

Integrate. O

This lemma shows that if ¢ is in L?(p), with 1 < ¢ < oo, then the linear
functional defined by f +— wu(fg) is continuous on LP(u), where 1 < p < oo with
1/p+1/q = 1. This shows that each element of LI(u) defines an element of
the dual space of LP(u). It may be shown that every element of the dual space
arises in this way. Thus the dual space of LP(u) is Li(u), for 1 < p < oo.
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Notice that we also have a Holder inequality in the limiting case:

l(fOl < M1£ 12 llglloo- (1.17)

This shows that every element g of L () defines an element of the dual space
of L*(p). Tt may be shown that if p is o-finite, then L>°() is the dual space of
L ().

On the other hand, each element f of L!(u) defines an element of the dual
space of L™ (u). However in general this does not give all elements of the dual
space of L™ ().

The most important spaces are L', L?, and L>™. The nicest by far is L?,
since it is a Hilbert space. The space L' is also common, since it measures the
total amount of something. The space L goes together rather naturally with
L'. Unfortunately, the theory of the spaces L' and L™ is more delicate than
the theory of the spaces LP with 1 < p < oco. Ultimately this is because the
spaces L? with 1 < p < co have better convexity properties.

Here is a brief summary of the facts about duality. The dual space of a
Banach space is the space of continuous linear scalar functions on the Banach
space. The dual space of a Banach space is a Banach space. Let 1/p+1/q =1,
with 1 < p < oo and 1 < ¢ < co. (Require that u be o-finite when p = 1.)
Then the dual of the space LP(X,F,u) is the space L1(X,F, ). The dual of
L% (X, F,u) is not in general equal to L'(X, F, u). Typically L*(X,F, ) is not
the dual space of anything. The fact that is often used instead is that M (X) is
the dual of Cy(X).

There is an advantage to identifying a Banach space E* as the dual space
of another Banach space E. This can be done for E* = M(X) and for E* =
LYX,F,u) for 1 < ¢ < oo (with o-finiteness in the case ¢ = 00). Then E* is
the space of all continuous linear functionals on the original space E. There is a
corresponding notion of pointwise convergence in E*, called weak * convergence,
and this turns out to have useful properties that make it a convenient technical
tool.

1.7 Orlicz spaces

It is helpful to place the theory of LP spaces in a general context. Clearly, the
theory depends heavily on the use of the functions P for p > 1. This is a convex
function. The generalization is to use a more or less arbitrary convex function.

Let H(z) be a continuous function defined for all > 0 such that H(0) =0
and such that H'(x) > 0 for £ > 0. Then H is an increasing function. Suppose
that H(z) increases to infinity as z increases to infinity. Finally, suppose that
H"(x) > 0. This implies convexity.

Example: H(x) = aP for p > 1.

Example: H(z) = e® — 1.

Example: H(xz) = (x + 1) log(x + 1).

Define the size of f by pw(H(|f|)). This is a natural notion, but it does not
have good scaling properties. So we replace f by f/c and see if we can make
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the size of this equal to one. The ¢ that accomplishes this will be the norm of

I
This leads to the official definition of the Orlicz norm

[fllm = inffc> 0] p(H(f/c)) <1. (1.18)

It is not difficult to show that if this norm is finite, then we can find a ¢ such
that

p(H(|f/cl)) = 1. (1.19)
Then the definition takes the simple form
[flla=c (1.20)

where c is defined by the previous equation.

It is not too difficult to show that this norm defines a Banach space Ly ().
The key point is that the convexity of H makes the norm satisfy the triangle
inequality.

Theorem 1.13 The Orlicz norm satisfies the triangle inequality

If+glla < flla+ gl (1.21)

Proof: Let ¢ =|f||lg and d = ||g||zz. Then by the fact that H is increasing

and convex
f+g c d ’g‘ c d ’g‘
H <H Z1) < H H(|=]).
<c+d - c+d +c—l—dd T c+d +c+af (d)
(1.22)
(o

Integrate. This gives
f+g‘>) <1 (1.23)
Thus |[f +g[lg <c+d. O

Notice that this result is a generalization of Minkowski’s inequality. So
we see that the idea behind LP spaces is convexity. The convexity is best for
1 < p < 00, since then the function zP has second derivative p(p — 1)zP=2 > 0.
(For p = 1 the function « is still convex, but the second derivative is zero, so it
not strictly convex.)

One can also try to create a duality theory for Orlicz spaces. For this it is
convenient to make the additional assumptions that H'(0) = 0 and H"(z) > 0
and H'(zx) increases to infinity.

The dual function to H(x) is a function K (y) called the Legendre transform.
The definition of K(y) is

f

c

f
C

K(y) = zy — H(x), (1.24)

where x is defined implicitly in terms of y by y = H' ().

This definition is somewhat mysterious until one computes that K'(y) = .
Then the secret is revealed: The functions H' and K’ are inverse to each other.
Furthermore, the Legendre transform of K(y) is H(x).
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Examples:
1. Let H(x) = 2P/p. Then K(y) = y?/q, where 1/p+1/q = 1.
2. Let H(z) =e® —1—x. Then K(y) = (y +1)log(y + 1) — .

Lemma 1.14 Let H(z) have Legendre transform K(y). Then for all x > 0 and
y=>0
zy < H(z) + K(y). (1.25)

Proof: Fix y and consider the function zy — H(z). Since H'(z) is increasing
to infinity, the function rises and then dips below zero. It has its maximum
where the derivative is equal to zero, that is, where y — H'(z) = 0. However
by the definition of Legendre transform, the value of zy — H(x) at this point is
K(y). O

Theorem 1.15 (Hdélder’s inequality) Suppose that H and K are Legendre trans-
forms of each other. Then

I(fOl <20l ullgllx- (1.26)

Proof: It is sufficient to prove this when || f||gz = 1 and ||g||x = 1. However
by the lemma

[f(@)llg(x)] < H([f()]) + K(lg(y)])- (1.27)

Integrate. O

This is just the usual derivation of Holder’s inequality. However if we take
H(z) = 2P /p, K(y) = y?/q, then the H and K norms are not quite the usual L?
and L7, but instead multiples of them. This explains the extra factor of 2. In
any case we see that the natural context for Holder’s inequality is the Legendre
transform for convex functions. For more on this general subject, see Appendix
H (Young-Orlicz spaces) in R. M. Dudley, Uniform Central Limit Theorems,
Cambridge University Press, 1999.

1.8 Problems

1. Consider Lebesgue measure A defined for Borel functions B defined on R.
Let 1 < g <r < oo. (a) Give an example of a function in £7 that is not
in L". (b) Give an example of a function in £” that is not in £9.

2. Consider a finite measure p (the measure of the entire set or the integral
of the constant function 1 is finite). Show that if 1 < ¢ < r < oo, then
LrcLa.

3. Let ¢ be a smooth convex function, so that that for each a and t we have
o(t) > ¢(a) + ¢'(a)(t — a). Let p be a probability measure. Let f be
a real function in £!. Show that ¢(u(f)) < u(o(f)). (This is Jensen’s
inequality.) Hint: Let a = u(f) and t = f. Where do you use the fact
that p is a probability measure?
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. Let ¢ be a smooth convex function as above. Deduce from the preceding

problem the simple fact that if 0 < @ and 0 < b with a + b = 1, then
d(au + bv) < ap(u) + bop(v). Describe explicitly the probability measure
w1 and the random variable f that you use.

. Suppose that f is in £ for some r with 1 < r < co. (a) Show that the

limit as p — oo of || f]|, is equal to || f||c. Hint: Obtain an upper bound
on ||f|l, in terms of ||f||, and ||f|/c. Obtain a lower bound on ||f||, by
using Chebyshev’s inequality applied to the set |f| > a for some a with
0 < a < oo. Show that this set must have finite measure. For which «a
does this set have strictly positive measure? (b) Show that the result is
not true without the assumption that f belongs to some L.

. Consider 1 < p < co. Let B denote Borel measurable functions on the line.

Consider Lebesgue measure A and the corresponding space LP (R, B, \). If
f is in this LP space, the translate f, is defined by f,(z) = f(z — a). (a)
Show that for each f in LP the function a — f, is continuous from the
real line to LP. (b) Show that the corresponding result for L™ is false.
Hint: Take it as known that the space of step functions is dense in the
space LP for 1 < p < oo.

. Define the Fourier transform for f in L'(R, B, \) by

k) = / T e £ das (1.28)

— 00

Show that if f is in L', then the Fourier transform is in L> and is con-
tinuous. Hint: Use the dominated convergence theorem.

. Show that if f is in L', then the Fourier transform of f vanishes at infinity.

Hint: Take it as known that the space of step functions is dense in the
space L'. Compute the Fourier transform of a step function.

. (a) Let 1 < p < co. Show that the L? norm of the integral is bounded by

the integral of the LP norm. More specifically, let u be a measure defined
for functions on X, and let v be a measure defined for functions on Y.
Suppose that p and v are each o-finite. Let f be a product measurable
function on X x Y. Then v(f | 1) denotes the v partial integral of f
keeping the first variable fixed, and ||f | 2|, is the £P norm with respect
to u keeping the second variable fixed. The assertion is that

[ (f 1Dl < vl 1 20p)- (1.29)
That is,

1

(/1] s dV(y)lpdu(x)f < [([1r@nr i) an)

(1.30)
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(b) What is the special case of this result when v is a counting measure
on two points? (c) What is the special case of this result when p is a
counting measure on two points? Hint: For the general inequality it is
enough to give the proof when f is a positive function. Write a(y) =

(f f(z,y)P dp(z))? and set o = J a(y)dv(y). Then

1 N ([ @y ew) ) (f(x,y))pa(y)
(5 [renawm) = ([Lepetam) < [(55F) <

(1.31)
Apply the p integral and interchange the order of integration.

Let K be the Legendre transform of H. Thus K(y) = zy — H(x), where
x is the solution of y = H'(z). (a) Show that K'(y) = z, in other words,
K’ is the inverse function to H'. (b) Show that if H”(x) > 0, then also
K"(y) > 0. What is the relation between these two functions?

dv(y).



Chapter 2

Hilbert space

2.1 Inner products

A Hilbert space H is a vector space with an inner product that is complete.
The vector space can have real scalars, in which case the Hilbert space is a real
Hilbert space. Or the vector space can have complex scalars; this is the cased
of a complex Hilbert space. Both cases are useful. Real Hilbert spaces have
a geometry that is easy to visualize, and they arise in applications. However
complex Hilbert spaces are better in some contexts. In the following most of
the attention will be given to complex Hilbert spaces.

An inner product is defined so that it is linear in one variable and conjugate
linear in the other variable. The convention adopted here is that for vectors
u, v, w and complex scalars a,b we have

(uyav + bw) = alu,v) + l_)(u, w)
(au + bw,v) = alu,v)+ b{w,v). (2.1)

Thus the inner product is conjugate linear in the left variable and linear in
the right variable. This is the convention in physics, and it is also the conven-
tion in some treatments of elementary matrix algebra. However in advanced
mathematics the opposite convention is common.

The inner product also satisfies the condition

(u,v) = (v, u). (2.2)
Thus (u,u) is real. In fact, we require for an inner product that
(u,uy > 0. (2.3)
The final requirement is that
(u,u) =0=u=0. (2.4)

13
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The inner product defines a norm |ju|| = y/(u,u). It has the basic homo-
geneity property that [Jau| = |a||ul|. The most fundamental norm identity
is

llu+ol* = [Jull® + (u,v) + (v,u) + [|v]*. (2.5)

Notice that the cross terms are real, and in fact (u,v) + (v, u) = 2R{u, v). This
leads to the following basic result.

Theorem 2.1 (Schwarz inequality)
[(w, )| < lul[[o]]- (2.6)

Proof: If either u or v is the zero vector, then the inequality is trivial.
Otherwise let u; = u/||u|| and vy = e?v/||v||. Then these are unit vectors. By
the fundamental identity

—2R(e" (ug,v1)) < 2. (2.7)
Pick 6 so that —R(e? (u1,v1)) = [{u1,v1)). Then the equation gives
2|(uy,v1)| < 2. (2.8)
This leads immediately to the Schwarz inequality. O
Theorem 2.2 (Triangle inquality)
ol < Jlull + ol (2.9)
Proof: From the fundamental identity and the Schwarz inequality
ot ol[2 < Jull? + 2ol + ol = (el + o])2. (2.10)

O

Each element u of H defines an element u* of the dual space H* of continuous
linear functions from H to C. The definition of u is that it is the linear function
v — {u,v). That is, the value

u*(v) = (u,v). (2.11)
From the Schwarz inequality we have
[u* ()| < Jlullllvll, (2.12)

which proves that u* is Lipschitz, hence continuous.

This notation shows the advantage of the convention that inner products
are continuous in the right variable. In fact, this notation is rather close to one
that is common in linear algebra. If u is a column vector, then u* is given by
the corresponding row vector with complex conjugate entries. The algebraic
properties of this correspondence are just what one would want: (u + w)* =
u* +w* and (au)* = au®*.
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The notation is also compatible with the standard notation for the adjoint
of a linear transformation from one Hilbert space to another. We can identify
the vector v with the linear transformation a — au from C to H. The adjoint of
this transformation is the transformation w +— (u,w) from H to C. This is just
the identity (u,w)a = (w, au). So it is reasonable to denote the transformation
w — (u,w) by the usual notation u* for adjoint.

One particularly convenient aspect of this notation is that one may also form
the outer product vu*. This is a linear transformation from H to itself given
by w — v(u,w). This following result is well known in the context of integral
equations.

Proposition 2.3 The linear transformation vu* has eigenvalues (u,v) and 0.
If 1 is not equal to either of these two values, then the inverse if ul — vu™ is

*\—1 1 1 *
(wl —vu*)™ " = p I+ = <u’v>vu . (2.13)

If (u,v) = 1, then vu* is a slant projection onto v along the directions per-
pendicular to w. In particular, if u*u = 1, then uu* is an orthogonal projection
onto u.

In the physics literature a vector v is called a ket. A dual vector u* is called
a bra. The complex number that results from the pairing of a bra and a ket is
(u,v), hence a bracket. This rather silly terminology is due to Dirac.

If v and v are vectors, we write u L v if (u,v) = 0. They are said to be
perpendicular or orthogonal.

Theorem 2.4 (Pythagorus) If u L v, then
lu+]|* = [l + [|v]|*. (2.14)

The theorem of Pythagorus says that for a right triangle the sums of the
squares of the sides is the square of the hypotenuse. It follows immediately
from the fundamental identity. There is a better result that does not need the
hypothesis of orthogonality.

Theorem 2.5 (parallelogram law) In an an inner product space
e+ ol1? + flu = vl = 2ull* + 2[|v]|*. (2.15)

It says that for an arbitrary triangle there is an associated parallelogram
consisting of 0, u, v, u 4+ v, and the sum of the squares of the diagonals is equal
to the sum of the square of the four sides.

This parallelogram law is a fundamental convexity result. Write it in the

form
u—+v

=)
This immediately shows that the function u — |Ju||? has a convexity property, at
least with weights 1/2 and 1/2. Furthermore, there is a kind of strict convexity,
in that there is an extra term on the left that is strictly positive whenever u # v.

U=V, 9 1 9 1 9
= - — . 2.1
155202+ Sl + Sl (2.16)
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2.2 Closed subspaces

The classic examples of Hilbert spaces are sequence spaces C™ (finite dimen-
sional) and #2 (infinite dimensional). A more general class of infinite dimensional
examples is given by L?(X, F, i), the quotient space formed from F measurable
functions that are square integrable with respect to p. In this case the inner
product comes from

(f.9) = ulFg) = / F@(e) du(z). (2.17)
The norm is

1= v f1?) \f )I? dp(z (2.18)

A subspace (or vector subspace or linear subspace) M of a Hilbert space H
is a subset with the zero vector in it and that is closed under vector addition
and scalar multiplication.

Theorem 2.6 A subspace M of a Hilbert space is a closed subspace if and only
if it is itself a Hilbert space (with the same inner product).

Proof: Suppose that M is a closed subspace. Since it is a closed subset of
a complete metric space, it is complete. Therefore M is a Hilbert space.

Suppose on the other hand that M is a Hilbert space. Since it is a complete
subset of a metric space, it follows that M is a closed subset. So M is a closed
subspace. O

Examples:

1. Consider the space £2 of square summable sequences. Fix n. The subspace
consisting of all sequences z in this space with x; = 0 for k£ < n is a closed
infinite dimensional subspace.

2. Consider the space ¢2. The subspace consisting of all sequences x such that
there exists an n such that x;, = 0 for £k > n is an infinite dimensional
subspace that is not closed. In fact, its closure is all of ¢2.

3. Consider the space 2. Fix n. The subspace consisting of all sequences x
in this space with z; = 0 for k£ > n is a closed finite dimensional subspace.

4. Consider the space L?(R,B,\) of Borel functions on the line that are
square summable with respect to Lebesgue measure A. The subspace
consisting of all step functions is not closed. In fact, its closure is the
entire Hilbert space.

5. Consider the space L?(R,B,)\) of Borel functions on the line that are
square summable with respect to Lebesgue measure A. The subspace
consisting of all continuous functions with compact support is not closed.
In fact, its closure is the entire Hilbert space. Notice that the subspaces
in the last two examples have only the zero vector in common.
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If M is a subspace of a Hilbert space H, then we write w 1. M if for all v in
M we have w L v. Then M consists of all vectors w in H such that w 1L M.

Theorem 2.7 If M is a subspace, then M~ is a closed subspace. Furthermore,
M C M+,

Notice that in general, it is not the case that M is equal to M1+, As an
example, let M be the subspace that is the intersection of the subspaces in
examples 1 and 2 above. Then M™ is the subspace in example 3. However
M+ is the subspace in example 1.

2.3 The projection theorem

Lemma 2.8 Let M be a subspace of H. Let u be a vector in H. Then v is a
vector in M that is closest to u if and only if v is in M and u—v is perpendicular
to M.

Proof: Suppose that v is in M and u — v is perpendicular to M. Let v’
be another vector in M. Then u — v = w — v + v — v’. By the theorem of
Pythagorus |lu — v'[|? = |lu — v|* + ||v — v'[|2. Hence |ju —v|| < |lu —v'||. So v
is the vector in M closest to u.

Suppose on the other hand that v is the vector in M closest to u. Let w # 0
be another vector in M. Let cw be the projection of u — v onto the subspace
generated by w given by taking ¢ = (u — v, w)/{w,w). Let v/ = v 4+ cw. Then
the difference (u—v") — (v/ —v) = u—v’ is orthogonal to v’ — v. By the theorem
of Pythagorus |lu — v[|? = ||u — v'||? 4 ||v’ — v||?. Since v is closet to u, the left
hand side must be no larger than the first term on the right hand side. Hence
the second term on the right hand side is zero. Thus v/ — v = cw is zero, and
hence ¢ = 0. We conclude that v — v is perpendicular to w. Since w is an
arbitrary non-zero vector in M, this proves that u — v is perpendicular to M.
O

Theorem 2.9 (Projection theorem) Let M be a closed subspace of the Hilbert
space H. Let u be a vector in H. Then there exists a unique vector v in M that
1s closest to w. In particular, u — v is perpendicular to M.

Proof: Let a be the infimum of the numbers |u — v||? for v in M. Let v,
be a sequence of vectors in M such that |[u — v,||*> — a as n — co. Apply the
parallelogram identity to two vectors u — v, and u — v,,. This gives

1 1 1
5 Wm A va)|* = Sllu—vnl* + Sllu—va]*. (2.19)

1
|5 (m = o) I+ e — 5

Since each % (vy, + vy) is in M, it follows that

1 1
15 (0m = v)I” + @ < Sllu = vml* + Sl — va*. (2.20)
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As m,n get large, the right hand side tends to a. This proves that the v, form a
Cauchy sequence. Since M is complete, there exists a v in M such that v, — v
as n — oo. Since the ||u — v,]|> — a and the norm is a continuous function on
H, it follows that ||u — v||> = a. This proves that v is the vector in M closest
towu. U

The vector v is the orthogonal projection (or projection) of w on M. It is
clear that the vector v — v is the orthogonal projection of u on M ™. Thus every
vector in H may be written as the sum of a vector in M and a vector in M.

Corollary 2.10 If M is a closed subspace, then M+ = M.

Proof: It is evident that M C M-++. The hard part is to show that M-+ C
M. Let u be in M1+, By the projection theorem we can write v = w + v,
where v is in M and w is in M. Then 0 = (u,w) = (w,w) + (v,w) = (w,w).
Sow=0andu=wisin M. O

2.4 The Riesz-Fréchet theorem

Theorem 2.11 (Riesz-Fréchet representation theorem) Let H be a Hilbert
space. Let L be a continuous linear function L : H — C. Then there ex-
ists a unique vector u in H such that L = u*. That is, the vector u satisfies

L(u) = (u,v) for allv in H.

Proof: Let )
Elu] = 5\|w||2 — RL(w). (2.21)

Since L is continuous, it is Lipschitz. That is, there is a constant ¢ such that
|Lw| < cllw|. Tt follows that E[w] > %||lw|? — c|luw|| > —%c?. Thus the E[w]
are bounded below. Let a be the infimum of the E[w]. Let w, be a sequence
such that Flw,] — a as n — oo. By the parallelogram identity and the fact
that L is linear we have

I (i — wa) P + 2515 (e + wa)] = Blu] + Blwn].  (222)

Hence 1
||§(wm —wy)||? + 2a < Elwy,] + Elw,). (2.23)

However, the right hand side tends to 2a. This proves that the w,, form a
Cauchy sequence. Since H is complete, they converges to a vector v in M. By
continuity Elu] = a.

The rest of the proof amounts to taking the derivative of the function E[w]
at w = wu in the direction v. The condition that this derivative is zero should
give the result. However it is perhaps worth writing it out explicitly. Let v be
a vector in H. Then for each real number ¢ > 0 we have

a = Eu] < Eu+ tv]. (2.24)
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This says that
1
0 < tR(u,v) — tRL(v) + §t2||vH2. (2.25)

Divide both sides by ¢ > 0. Since the resulting inequality is true for each ¢ > 0,
we have 0 < R(u,v) —RL(v). Thus we have proved that RL(v) < R(u,v) for all
v. The same argument applied to —v shows that —RL(v) < —R(u,v). Hence
RL(v) = R(u,v). The above reasoning applied to —iv shows that SL(v) =
S(u, v). We conclude that L(v) = (u,v). O

The Riesz-Fréchet representation theorem says that every element of the
dual space H* comes from a vector u in H. However it does not quite say that
a Hilbert space is naturally isomorphic to its dual space, at least not in the
case of complex scalars. In fact, the correspondence u +— u* from H to H*
is conjugate linear. However it does preserve the norm. (In the real case it is
completely accurate to say that a Hilbert space is naturally self-dual.)

2.5 Bases

In the following we need the notion of isomorphism of Hilbert spaces. If H and K
are each Hilbert spaces, then an isomorphism (or unitary transformation) from
H to K is a bijection U : H — K that is linear and preserves the inner product.
The latter means that (Uv, Uw) = (u,v), where the inner product on the left
is that of K and the inner product on the right is that of H. An isomorphism
of Hilbert spaces obviously also preserves the norm. As a consequence, an
isomorphism of Hilbert spaces is simultaneously an isomorphism of vector spaces
and an isomorphism of metric spaces. Clearly the inverse of an isomorphism is
also an isomorphism.

Let H be a Hilbert space. Let J be an index set. An orthonormal family is
a function j — u; from J to H such that (u;,ur) = k.

Proposition 2.12 (Bessel’s inequality) Let f be in H and define coefficients
c by

¢j = (uy, f). (2.26)
Then c is in ¢*(J) and

lel® < (111 (2.27)

Proof: Let Jy be a finite subset of J. Let g = ZjeJo cjuj. Then f—g L uy

for each k in Jy. By the theorem of Pythagorus || f||? = ||f — gl|*> + ||lg||?>. Hence
llgll?> < || £II*. This says that >iedo lcj|* < || f]I?. Since this is true for arbitrary

finite Jo C J, we have }°, ;[¢;|* <|[|f|]>. O

Proposition 2.13 (Riesz-Fischer) Letj — u; be an orthonormal family. Let
c be in 2(J). Then the series

g= chuj (2.28)

J
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converges in the Hilbert space sense to a vector g in H. Furthermore,
gl = llel®. (2.29)

Proof: Since cisin £2(J), there are only countably many values of j such that
¢;j # 0. So we may consider this countable sum indexed by natural numbers. Let
gn be the nth partial sum. Then for m > n we have [|gnm —gall* = 2270, 11 -
This approaches zero as m,n — oo. So the g, form a Cauchy sequence. Since
H is complete, the g,, converge to some g in H. That is, ||g — Z?:o cje;ll = 0
as n — oo. This is the Hilbert space convergence indicated in the statement of
the proposition. O

Theorem 2.14 Let j — u; be an orthonormal family of vectors in the Hilbert
space H. Then there exists a closed subspace M of H such that the map ¢ —
Zj cjuj is an isomorphism from (* to M. The map that sends f in H to
g = >_;(uj, f)uj in H is the orthogonal projection of f onto M.

Sometimes physicists like to write the orthogonal projection onto M with a
notation that somewhat resembles

E=> ujuj. (2.30)
J

This just means that the orthogonal projection of a vector f onto the span of
the ej is Ef =3, u;{uy, f).

An orthonormal family j +— wu; is a basis for the Hilbert space H if every
vector f in H has the representation

f= Z<uj,f>uj. (2.31)

In this case the correspondence between H and ¢2(J) given by the basis is an
isomorphism of Hilbert spaces. That is, the coefficient vectors ¢ with ¢; = (u;, f)
give an alternative description of the Hilbert space.

Proposition 2.15 Suppose that j — e; is a mazimal orthonormal family in
H. Then it is a basis for H.

Proof: Let M be the collection of all linear combinations Y j ¢ju; where
cis in £2. Then M is a closed subspace. If the family does not form a basis,
then M is a proper subset of H. Let f be in H and not in M. Let g be the
projection f on M. Then f — g is orthogonal to M and is non-zero, and so
can be normalized to be a unit vector. The gives a strictly larger orthonormal
family, so the original family is not maximal. O

If H is an arbitrary Hilbert space, then it follows from the axiom of choice
via Zorn’s lemma that there is a maximal orthonormal family j — u; defined on
some index set J. This is a basis for H. In other words, every Hilbert space has
a basis. It follows that for every Hilbert space there is a set J such that H is



2.6. SEPARABLE HILBERT SPACES 21

isomorphic to £2(J). This method of constructing bases involves lots of arbitrary
choices and is not particularly practical. However it is of considerable theoretical
interest: it says that Hilbert spaces of the same dimension (cardinality of index
set) are isomorphic.

Proposition 2.16 . Suppose that j — u; is an orthonormal family such that
for every vector f in H we have

I£11* = Z [z, F)I2. (2.32)

Then u +— u; is a basis for H.

Proof: Let M be the collection of all linear combinations ; ¢ju; where ¢
is in #2. Then M is a closed subspace. If the family does not form a basis, then
M is a proper subset of H. Let f be in H and not in M. Let g be the projection
fon M. By the theorem of Pythagorus, ||f||* = ||g||* + ||f — g/> > ||g]|>. This
violates the equality. O

Proposition 2.17 Suppose that j — e; is an orthonormal family, and suppose
that the set of all finite linear combinations of these vectors is dense in H. Then
it 15 a basis.

Proof: Let M be the collection of all linear combinations ; ¢ju; where ¢
is in 2. Then M is a closed subspace. Let f be in H. Consider ¢ > 0. Then
there exists a finite linear combination h such that || f — h|| < e. Furthermore,
h is in M. Let g be the projection of f onto M. Since g is the element of M
that is closest to f, it follows that || f —g|| < ||f — h[|. Hence ||f —g| < e. Since
€ > 0 is arbitrary, we have f =¢g. O

2.6 Separable Hilbert spaces

Theorem 2.18 (Gram-Schmidt orthonormalization) Letk — vy be a lin-
early independent sequence of vectors in the Hilbert space H. Then there exists
an orthonormal sequence k — uy such that for each m the span of ui, ..., Umnm
1s equal to the span of vi,...,Vm.

Proof: The proof is by induction on m. For m = 0 the sequences are
empty, and the corresponding spans are both just the subspace with only the
zero vector. Given uq,...,u,, orthonormal with the same span as vi,..., v,
let gmm+1 be the orthogonal projection of v, 1 on this subspace. Let p,41 =
Um+1 — @m+1- LThen pgi1 is orthogonal to uq, ..., u,. This vector is non-zero,
since otherwise v,,411 would depend linearly on the vectors in the subspace.
Thus it is possible to define the unit vector w41 = pm+1/||Pmy1l]. O

Theorem 2.19 Let H be a separable Hilbert space. Then H has a countable
basis.
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Proof: Since H is separable, there is a sequence s : N — H such that
n — s, has dense range. In particular, the set of all finite linear combinations
of the vectors s, is dense in H. Define a new subsequence vy, (finite or infinite)
by going through the s,, in order and throwing out each element that is a linear
combination of the preceding elements. Then the vy are linearly independent,
and the linear span of the vy is the same as the linear span of the s,. Thus we
have a linearly independent sequence t; whose linear span is dense in H. Apply
the Gram-Schmidt orthonormalization procedure. This gives an orthonormal
sequence ug with the same linear span. Since the linear span of the uy is dense
in H, the u; form a basis for H. O

Corollary 2.20 Every separable Hilbert space is isomorphic to some space £2(J),
where J is a countable set.

For most applications separable Hilbert spaces are sufficient. In fact, a sep-
arable Hilbert space is either finite dimensional or has countable infinite dimen-
sion. All countable infinite dimensional separable Hilbert spaces are isomorphic.
In fact, they are all isomorphic to £2(IN).

The space L%([0,1], B, \) of Borel functions on the unit interval with

A(fP2) = / (@) di < +o (2.33)

is a separable infinite dimensional Hilbert space. An example of an orthonormal
basis is given by the Walsh functions.

Consider a natural number n > 1. Divide the interval from 0 to 1 in 2"
equally spaced parts, numbered from 0 to 2" — 1. The Rademacher function
rp is the function that is 1 on the even numbered intervals and —1 on the odd
numbered intervals. A Walsh function is a product of Rademacher functions.
Let S C {1,2,3,...} be a finite set of strictly positive natural numbers. Let the
Walsh function be defined by

wg = H T (2.34)
jes
Notice that when S is empty the product is 1.

The Walsh functions may be generated from the Rademacher functions in a
systematic way. At stage zero start with the function 1. At stage one take also
r1. At stage two take ro times each of the functions from the previous stages.
This gives also ro and r179. At stage three take r3 times each of the functions
from the previous stages. This gives also r3 and rir3 and rorg and rirars. It
is clear how to continue. The Walsh functions generated in this way oscillate
more and more.

Theorem 2.21 The Walsh functions form an orthonormal basis of L*([0,1], B, \)
with respect to the inner product

— 1 PR
(f.9) = \(Fg) = / F@a(z) de. (2.35)
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Thus for an arbitrary function f in L?([0,1]) there is an L? convergent Walsh
expansion

f@) = (ws, flws (). (2.36)

S

Proof: The 2™ Walsh functions wg with S C {1,...,n} are linearly in-
dependent. It follows that they span the 2™ dimensional space of binary step
functions with step width 1/2™. Thus the linear span of the Walsh functions is
the space of all binary step functions. These are dense in L2. In fact, they are
even uniformly dense in the space of continuous functions. O

Consider a natural number n > 0. Divide the interval from 0 to 1 in 2"
equally spaced parts, numbered from 0 to 2" — 1. The binary rectangular func-
tion fp.x is the function that is the indicator function of the kth interval.

A Haar function is a multiple of a product of a binary rectangular function
with a Rademacher function. For n > 0 and 0 < k < 2" define the Haar function
to be

hn;k = Cnfn;krn—o—la (237)

and define h_1,0 = 1. For n > 0 the coeflicient ¢,, > 0 is determined by
c2 =1/2". The function h_1;0 together with the other Haar functions h;,, for
j=0ton—1and 0 <k < 27 form a basis for the binary step functions with
width 1/2". Note that the number of such functions is 1 + Z;L:_(} 27 = 2m,

The Haar functions may be generated in a systematic way. At stage zero
start with the function 1. At stage one take also r;. At stage two take also fi,072
and fi,172. At stage three take also fo,0r3 and fo,173 and fa,973 and f2;3r3. The
Haar functions generated in this way become more and more concentrated in

width.

Theorem 2.22 The Haar functions form an orthonormal family of vectors with
respect to the inner product

— 1 PR
(f.9) = \(Fg) = / F@g(z) de. (2.38)

For an arbitrary function f in L?([0,1]) there is an L* convergent Haar expan-
sion

F@) =" " (b Hhn(@). (2.39)

n=—10<k<2m

Proof: The 2™ partial sum of the Haar series is the same as the 2" partial
sum of the Walsh series. Each of these is the projection onto the space of
rectangular functions of width 1/2". O

2.7 Problems

1. Consider the Hilbert space H = L?(R, B, \), where A(f) = [~ f(z)dx
is Lebesgue measure. Consider the closed subspace M consisting of all



24

CHAPTER 2. HILBERT SPACE

functions g in H satisfying g(—z) = —g(z). Find the orthogonal projection
of the function f(x) = (1 +z)e™%/(1+ e~2%) onto this subspace.

. Let 9 9 9
E=x— — — 2.4
x8x+y5y+zaz (2.40)
be the Euler operator. Let
0? 0? 0?
+ 5+t 55 (2.41)

" 22 oyz 022

be the Laplace operator. The space Py of solid spherical harmonics of
degree ¢ consists of all polynomials p in variables x, y, z with Ep = ¢p and
Ap = 0. It may be shown that P, has dimension 2¢+ 1. (a) Prove that Py
is invariant under rotations about the origin. (b) Find the spaces P, for
¢=0,1,2,3.

. Let S be the unit sphere in R? defined by the equation 22 4 y? 4 2% = 1.

The space Hy of surface spherical harmonics consists of the restrictions of
the solid spherical harmonics to S. Show that P, and Hy are isomorphic.
Give an explicit formula that expresses a solid spherical harmonic in terms
of the corresponding surface spherical harmonic.

. Let x = rsinfcos¢, y = rsinfsing and z = rcosf be expressed in

spherical polar coordinates. Then E = rd/dr. Furthermore,

A= %2 (E(E+1)+ As), (2.42)

where

1 0 . 0 0 1 02

S~ sinoo0 """ 90 * sin® 0 9¢?”

Consider the space L?(S) with the rotation invariant measure sin 6 df d¢,

where the co-latitude 6 goes from 0 to m and the longitude ¢ goes from 0

to 2m. (a) Show that for smooth functions in L?(S) we have the identity

(Agu,v) = (u,Agv). When you integrate by parts, be explicit about
boundary terms. (b) Show that for w in Hy we have Agu = —£({ + 1)u.

(2.43)

. Show that the subspaces H; of surface spherical harmonics are orthogonal

in L2(S) for different values of £.

. Consider the Hilbert space L*(R,B,), where v is the measure v(h) =

[ h(z) exp(—a?) dz. Thus the inner product is

o) =tfo) = [ Flgta)e ™" ds (2.44)

Let the polynomial h,(z) of degree n be defined by

() = (230 - ;i)n 1. (2.45)
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Thus ho(z) = 1, hy(z) = 2z, ho(x) = 422—2, and so on. Find h3(z), ha(x), hs(z).
Show that the h,, form an orthogonal family of vectors in the Hilbert space.
Hint: Integrate by parts.

7. Show that the inner product in a Hilbert space is determined by its norm.
Prove that a Banach space isomorphism between Hilbert spaces is actually
a Hilbert space isomorphism. (That is, prove that if there is a linear
bijective correspondence that preserves the norm, then it preserves the
inner product.) Hint: For a real Hilbert space this follows from 4(u,v) =
|lu+v||? — |Ju — v||>. How about for a complex Hilbert space?

8. Let j — u; be an orthogonal family of non-zero vectors in H indexed by
j € J. Suppose that finite linear combinations of these vectors are dense in
H. Let w; = 1/{u;, u;) be numerical weights associated with these vectors.
Let ¢2(J,w) be the Hilbert space of all sequences ¢ with > |cjPw; < oo.
Show that H is isomorphic to £2(.J,w) by the isomorphism that sends f to
c given by ¢; = (uj, f). Find the inverse isomorphism. Check that both
isomorphisms preserve the norm.

—%, é] be the circle of length L, and
NP

,A) with norm squared equal to

9. This is a continuation. Let T = (
consider the Hilbert space H = L(

12 = /T (@) de (2.46)

Let k£ be an integer multiple of 27“ Let uy be the element of H defined by
ug(z) = exp(—ikx). According to the theory of Fourier series the finite
linear combinations of these vectors are dense in H. These vectors are
orthogonal but not orthonormal. Do not normalize them! Instead, find
the weights w; = 1/(uj, u;). (a) Write explicitly the formula for the coef-
ficients ¢ in the space ¢2(2%Z, w) of a function f in H. (b) Write explicitly
the formula for f in terms of the coefficients ¢. (c¢) Write explicitly the
equation that expresses the equality of norms (squared) in the two Hilbert
spaces.

10. This is a continuation. Fix f smooth with compact support. Let L — oo.
What are the limiting formulas corresponding to (a),(b),(c) above. Why
was it important not to normalize the vectors?
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Chapter 3

Differentiation

3.1 The Lebesgue decomposition

Consider a measurable space X, F. Here F can stand for a o-algebra of subsets,
or for the corresponding o-algebra of real measurable functions. Let v be a
measure. As usual we write the integral of a measurable function f > 0 as
v(f) > 0. We also write the measure of a measurable subset F as v(F) = v(1g).

Consider two such measures v and pu. Then v is said to be absolutely con-
tinuous with respect to p if every measurable subset E with p(E) = 0 also has
v(E) = 0. In that case we write v < v.

Consider two such measures v and p. Then v and p are said to be singular
if there exists a measurable set A with complement A° = X \ A such that pu(A)
= 0 and v(A°) = 0. In that case we write v L pu.

Theorem 3.1 (Lebesgue decomposition) Let X, F be a measurable space.
Let p and v be finite measures. Then v = v, + Vs, where vge < i and vs L .

Proof: This Hilbert space proof is due to von Neumann. The trick is to
compare v not directly with g but with p+ v instead. In fact, it is also possible
to compare p to g + v in the same way.

The main technical device is to look at v as a linear functional on the real
Hilbert space L*(X,F,u+ v). We have

(NI <v(f) < (+)(f]) = 1L [fD- (3.1)

By this Schwarz inequality and the fact that p + v is a finite measure we have
the continuity

(O < [l2llFll2- (3.2)

It follows from the Riesz-Fréchet theorem that there exists a function ¢ in
L?(X,F,u+ v) so that v is given by the inner product by v(f) = (g, f). In
other words

v(f) = (n+v)(gf)- (3-3)

27
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A little algebra gives
u(f) = (p+v)((1 = g)f). (3.4)

Let E be the set where g < 0. If (u+v)(E) > 0, then v(E) = (u+v)(glg) <0,
which is a contradiction. Thus (1 + v)(E) = 0 and so 0 < g almost everywhere
with respect to u + v. Let F be the set where g > 1. If (u+ v)(F) > 0, then
w(F) = (p+v)((1—g)lp) < 0, which is a contradiction. So also (u+v)(F) = 0.
So we may as well assume that 0 < g < 1.

One consequence of this result is that the last two displayed equations hold
for all measurable functions f > 0, by the monotone convergence theorem.

Let A be the set where g = 1. Let A° = X \ A be its complement, so
0<g<1lon A° Let vs(f) =v(f1la) and let v4.(f) = v(f1lac). Since u(A) =0
and vs(A°) =0, we have vs L p. If u(E) =0, let E' = ENA°. Then u(E') =0
and so (p+v)((1—g)lg) =0. Since 1 — g > 0 on E’, we have (u+v)(E') =0
and so ¥(E') = 0. Thus v,.(E) = 0. This proves that v, < p. O

The Lebesgue decomposition also holds true when v and p are o-finite mea-
sures. It also holds true in the context when v is a finite signed measure (a
difference of two finite measures) and p is a o-finite measure.

3.2 The Radon-Nikodym theorem

Theorem 3.2 (Radon-Nikodym) Let X, F be a measurable space. Let j1 and
v be finite measures. Suppose v < p. Then there exists a relative density h > 0
with p(h) < oo and with v(f) = p(hf) for all f > 0.

Proof: This is the von Neumann method of proof again. Suppose that
v < p. Then from the Hilbert space argument above we find g with 0 < g <1
such that v(u) = (u+v)(gu) and pu(u) = (u+v)((1 — g)u). These identities are
valid for all measurable functions v > 0. Le