
PROBLEM SET 5

Problem 1

Let f(x) be a bounded function on an interval [a, b], −∞ < a < b < ∞. Let
S = {a = x0 < x1 < · · · < xn = b} be a subdivision of the interval [a, b], and let

RS(f) =
n∑

j=1

f(x∗j )(xj − xj−1)

be a Riemann sum: here x∗j ∈ [xj−1, xj ]. Recall that a function f(x) is called
Riemann integrable on [a, b] if the limit limm(S)→0 RS(f) exists; here m(S) =
max{xj − xj−1}.

Let δ > 0 be a positive number. For every point x ∈ [a, b] we introduce a number

osc(f ;x, δ) = sup
y∈[a,b]∩[x−δ,x+δ]

f(y)− inf
y∈[a,b]∩[x−δ,x+δ]

f(y).

a) Prove that the limit
osc(f ;x) = lim

δ→0
osc(f ;x, δ)

exists.
b) Prove that a function f is continuous at a point x if and only if osc(f ;x) = 0.
Let µ∗ be an outer measure on R defined by the formula

µ∗(A) = inf
A⊂∪∞j=1(αj ,βj)

∞∑
j=1

(βj − αj).

c) Define Dε = {x : osc(f ;x) ≥ ε}; here ε is a positive number. Prove that if the
function f(x) is Riemann integrable then µ∗(Dε) = 0.
d) Let D be the set of all points where the function f(x) is discontinuous. Prove
that if the function f(x) is Riemann integrable then µ∗(D) = 0.
e) Prove that the sets Dε(f) are closed.
f) Suppose that µ∗(D) = 0. Prove that for every ε > 0 and for every η > 0 there
exist a finite set of mutually disjoint intervals [aj , bj ] ⊂ [a, b], j = 1, . . . , N such
that

[a, b] \Dε ⊂ ∪N
j=1[aj , bj ] and

N∑
j=1

(bj − aj) ≥ b− a− η.
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