
RIESZ PROJECTIONS

Let T be a bounded operator acting in a Hilbert space H. The resolvent RT (λ) =
(λI−T )−1 is a holomorphic operator-valued function in an open set ρ(T ) = C\σ(T )
of regular points of the operator T . Recall that {z ∈ C : |z| > ‖T‖} ⊂ ρ(T ). Let
Ω ⊂ C be a bounded domain with rectifiable boundary Γ = ∂Ω. Assume that
Γ ⊂ ρ(T ). We define a bounded operator

(1) PΩ =
1

2πi

∫
Γ

RT (λ)dλ.

First, we prove that PΩ is a projection.

Proposition 1. P 2
Ω = PΩ.

Proof. If ε > 0 is a sufficiently small number then Ωε = {z ∈ C : dist(x,Ω) < ε} is
also a domain with rectifiable boundary and Ω̄ε \ Ω ⊂ ρ(T ). Here I used the fact
that ρ(T ) is an open set. Let Γ′ be the boundary of Ωε. By Cauchy’s Theorem,

PΩ =
1

2πi

∫
Γ′

RT (λ)dλ.

Then
P 2

Ω =
1

(2πi)2

∫
Γ

∫
Γ′

RT (µ)RT (λ)dµdλ.

Hilbert’s identity tells us that RT (µ)RT (λ) = (RT (λ)−RT (µ))/(µ−λ). Therefore,

P 2
Ω =

1
(2πi)2

∫
Γ

∫
Γ′

RT (λ)−RT (µ)
µ− λ

dµdλ

=
1

(2πi)2

∫
Γ

R(λ)dλ

∫
Γ′

dµ

λ− µ

− 1
(2πi)2

∫
Γ′

R(µ)dµ

∫
Γ

dλ

λ− µ
= PΩ

because ∫
Γ′

dµ

λ− µ
= 2πi and

∫
Γ

dλ

λ− µ
= 0.

Operator PΩ is called the Riesz projection that correspond to the domain Ω. One
can easily extend the definition of the Riesz projection to the case of unbounded
domains with rectifiable boundary. Let R > ‖T‖ be an arbitrary number, and let
ΩR = Ω ∩ {z ∈ C : |z| < R}. We define

(2) PΩ = PΩR
.

Cauchy’s Theorem implies that the definition does not depend on the choice of
R > ‖T‖.
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2 RIESZ PROJECTIONS

Proposition 2. Let Ω be a domain with rectifiable boundary Γ ⊂ ρ(T ), and Ωc =
C \ Ω̄ be the complement of the closure of Ω. Then PΩ + PΩc = I.

Proof. Let R > ‖T‖, and let BR = {z ∈ C : |z| < R}. For λ ∈ Cr = ∂BR, the
resolvent RT (λ) can be expanded into the Neumann series

RT (λ)
I

λ
+

∞∑
k=1

T k

λk+1
.

This series converges in norm uniformly on CR, so it can be integrated term-by-
term. One gets PBR

= I. The statement of the Proposition 2 follows from this
fact.

Let HΩ be the range of PΩ. It is a closed subspace in H. It follows from
Proposition 2 that HΩ ∩ HΩc = {0} and HΩ + HΩc = H. We will combine these
two facts in the following notation H = HΩ+̇HΩc . Notice that H = HΩ and HΩc

need not be orthogonal to each other, so I use +̇ rather than ⊕.
The resolvent RT (λ) commutes with the operator T . Therefore, all Riesz pro-

jections associated with T commute with T . This implies that HΩ and HΩc are
invariant subspaces of T . Indeed, let x ∈ HΩ. Then PΩTx = TPΩx = Tx, which
means that Tx ∈ HΩ. Let TΩ be the restriction of the operator T to HΩ (HΩ is a
Hilbert space on its own right.)

Proposition 3.. Let Ω be a domain with rectifiable boundary Γ ⊂ ρ(T ). Then
σ(TΩ) ⊂ Ω, σ(TΩc) ⊂ Ωc, and σ(T ) = σ(TΩ) ∪ σ(TΩc).

Proof. The last statement follows from

λI − T = PΩ(λI − T )PΩ + PΩc(λI − T )PΩc ,

so λI − T is invertible if and only if both λI − TΩ and λI − TΩc are invertible.
To prove the first statement, let us take µ ∈ Ωc. In the case when the domain Ω

is bounded, I define an operator

S(µ) =
1

2πi

∫
Γ

RT (λ)
µ− λ

dλ.

If Ω is unbounded then I replace it by ΩR, with R > ‖T‖. The identity

(µI − T )RT (λ) = I + (µ− λ)RT (λ)

implies

(3) (µI − T )S(µ) = S(µ)(µI − T ) = PΩ.

Notice that HΩ is an invariant subspace for the operator S(µ). This is true because
HΩ is an invariant subspace for each operator RT (λ). Then, the identity (3) says
that the restriction of S(µ) to HΩ is the inverse to µI−TΩ. In particular, µ ∈ ρ(TΩ).


