
PROBLEM SET 2

Problem 1

Prove that the closed unit ball in L1(R) does not contain extremal points. Does
the statement remain true if one replaces R (with the Lebesgue measure) by an
arbitrary measure space? Try to find a reasonable condition on (X,B, µ) that would
guarantee that the closed unit ball in L1(X) does not contain extremal points.

Problem 2

Let W 1,p([0, 1]) be the space of absolutely continuous functions on [0, 1] for which

||u||1,p =

(∫ 1

0

|u(x)|pdx
)1/p

+

(∫ 1

0

|u′(x)|pdx
)1/p

<∞,

and let Cα([0, 1]), 0 < α < 1 be the space of continuous function on [0, 1] for which

||u||Cα = |u(0)|+ sup
0≤x<y≤1

|u(x)− u(y)|
|x− y|α

<∞.

Show that W 1,p([0, 1]) and Cα([0, 1]) are Banach spaces and W 1,p([0, 1]) is embed-
ded into Cα([0, 1]) when α ≤ (p− 1)/p.

Problem 3

Let W 1,p(Rn) be the closure of the space of continuously differentiable compactly
supported functions in Rn with respect to the norm

||u||1,p =

(∫
|u(x)|pdx

)1/p

+

n∑
j=1

(∫ ∣∣∣∣ ∂u∂xj
∣∣∣∣pdx)1/p

<∞.

Prove that the space W 1,p(Rn) is embedded into the space Cb(Rn) of continuous,
bounded functions with the norm

||u||Cb(Rn) = sup |u(x)|

when p > n.

Typeset by AMS-TEX
1


