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Abstract

Using Lie-transform techniques, we derive higher-order corrections to the path-averaged model governing evolution of
dispersion-managed solitons in the spectral domain. The result holds in the case of arbitrary (including moderate and strong)
dispersion. The general theory is illustrated by deriving the exact formulas + for a specific symmetric dispersion map.
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Development of ultrafast high-bit-rate optical
communication lines is in the focus of extensive
research because of the present growing demands on
the capacity of transmission systems. High capacity
communication system design has two objectives: (i)
long-haul transmission systems using low dispersion
fibers (dispersion shifted fibers) and (ii) upgrading
existing fiber links based on highly dispersive (in the
main fiber transparency window at 1.55pm wave-
length) standard telecommunication fibers.

The main factor that limits the bit-rate is pulse-
broadening due to the chromatic dispersion of the
optical fiber. This broadening is characterized by the
dispersion length Z;, ~ (d X (BR)?)"!. Here, d is
the fiber chromatic dispersion and BR is the bitrate.
The dispersion length Z; is the distance at which
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the pulse-width approximately doubles due to disper-
sive broadening. This distance decreases as inverse
sguare of the bit-rate. Another important factor which
limits capacity of the fiber linksis the nonlinearity of
the fiber refractive index (Kerr nonlinearity) n=n,
+ al (where n, islinear part of the refractive index,
| is pulse intensity, and « is coefficient of the Kerr
nonlinearity). The spectrum of an optical pulse with
characteristic power P, will experience noticeable
nonlinear distortion at distances greater than the
characteristic nonlinear length, Z, = (aPy) 1.

In traditional long-haul systems using low disper-
sion fibers the distance between optical amplifiers
required for compensating fiber losses is consider-
ably shorter than that of both the characteristic dis-
persion length Z;, and the characteristic nonlinear
length Z,. In other words, both dispersion and non-
linearity can be treated as perturbations on the scale
of the distance between amplifiers and, to first order,
only the fiber losses and periodic amplification are
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significant factors. These factors cause amplitude
oscillations, but the shape of the pulse remains ap-
proximately unchanged. At the large-scales, pulse
propagation in these communication systems is de-
scribed by the well-established guiding-center (path-
average) theory [1-4]. The nonlinear Schrodinger
equation (NLSE) is the basis for path-averaged prop-
agation model.

For the well-known case of upgrading existing
optical links, based on standard mono-mode fiber
(SMP), different physical scenarios and modeling
equations are valid. SMF has rather high (approxi-
mately ~ 17 ps/nm - km) dispersion in the 1.55u.m
window of optical transparency. As a comparison,
the dispersion value for dispersion shifted fiber used
in long haul transmission links is ~ 1ps/nm - km.
The negative impact of fiber chromatic dispersion on
the data stream for the same value of bitrate is
differs by more greater than order of magnitude for
these two values of dispersion. For increasing bit-
rates system performance degrades as quadratic func-
tion of the bitrate value. For multigigabit transmis-
sion at 1.55u.m, the corresponding dispersion length
in SMF is approximately equal to the amplification
distance in the existing networks. Consequently tra-
ditional guiding-center (path-averaged) soliton the-
ory can not be applied. The limitations caused by
fiber chromatic dispersion can be minimized by dis-
persion compensation, using pieces of fiber with
high dispersion of the opposite sign to the dispersion
of the original transmission fiber [5]. Dispersion
compensation is an attractive technique to enhance
the transmission capacity of fiber communication
lines. The master equation for dispersion-managed
systems is the perturbed NLSE with fast periodic
dispersion variations. Stable propagation of disper-
sion-managed (DM) soliton is possible in such sys-
tems [6-10]. The true DM soliton is a periodic
solution of the master equation that is entirely recov-
ered after each compensation period [8-10]. In the
case of weak dispersion, the Lie transform is a
powerful method which can be used to average the
basic equation directly [11]. For strong dispersion,
however, direct averaging is not possible due to the
large variations of the coefficient of dispersion. Dif-
ferent theoretical approaches have been developed to
describe path-averaged propagation of DM soliton:
multi-scale anaysis [12,13]; different averaging

methods [11,14,15], including averaging in the spec-
tral domain [9,10,16,17] and an expansion of DM
soliton in the basis of the chirped Gauss—Hermite
functions [15,18].

Due to the practical importance of the problem, it
is very useful to develop different anaytical methods
to describe the properties of DM soliton. A variety of
complementary mathematical approaches can be ad-
vantageously exploited to find an optimal and eco-
nomical description of any specific practical applica-
tion. Note that the problem treated is not only of a
high practical interest, but it is aso an interesting
fundamental mathematical problem. To determine
the limitations of the averaged models it is important
to further develop and extend averaging methods to
derive first-order corrections to the averaged equa-
tions. The averaging approaches considered to date
have much in common.

To make the averaging procedure possible, one
should first eliminate the large variations of the
coefficient of the dispersion. In other terms, it is
necessary to rewrite the master equation in a differ-
ent form before applying Lie techniques. This can be
done in two ways. One possibility is to make the lens
transform accounting for the dynamics of self-similar
pulse core. The lens transformation was introduced
for the first time for the description of light focusing
in cubic media [19]. For optical telecommunication
models it was independently applied in [20]. This
approach is appropriate for describing the single
optical pulse dynamics. A second method [9,10] isto
apply a Fourier transform in order to remove rapid
variations from the basic equation, thus preparing the
equation for averaging. This approach, in addition to
single pulse dynamics, can be applied for the analy-
sis of pulse interactions for wavelength division mul-
tiplexing techniques (WDM), when severa data
streams with different carrier frequencies propagate
through the same fiber. Presently, the WDM tech-
nigque is the main approach for optical fiber commu-
nications.

In this Letter, we extend the anaysis of Ref.
[9,20] and using Lie-transforms, we derive higher-
order corrections for the path-averaged model in the
frequency domain [21]. We start our anaysis from
the master equation

ig, +3d(z)q, +9°q" =Rq. (1)
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Here, d(z) measures dispersion variations, z is a
distance normalized with respect to the soliton pe-
riod found for the equivalent uniform-dispersion line
with the same average dispersion as in the system
under consideration. The right-hand-term, Rg, mod-
els fast pulse amplitude variations, due to the
losses/gain, that could be present in addition to the
dispersion variations, we assume that z, <1 is a
fast scale for both dispersion and loss/gain varia
tions.

When dispersion variations are moderate in size,

fozadzd( 7) <1, (2)

then, the averaging method [11], based on the Lie
transform, can be applied to (1) and the resulting
‘averaged’ system represents an almost ‘ pure’ NLSE
with small second order (in z,) correction, provided
resonances are absent. These results confirm the
stability of solitons under small periodic amplitude
perturbations. When dispersion variations are strong,

fozadzd( 2)>1, (3)

then the averaging method [11] can not be applied
directly to (1). Nevertheless, by applying simpler
means, an averaged system was derived [9,10] for
the case (3). This system, which, in general, is no
longer a NLSE, was obtained [9,10] in the zeroth
order (in z,) only, because the calculation of impor-
tant higher order corrections (in z,) could not be
done by simple means.

We present a generalization of the averaging
method, based on the Lie transform, can be used for
the general case (3) as well. Our method makes it
possible to derive the averaged system to any order.

The problem of pulse propagation in an optical
transmission line composed of optica fibers with
aternating dispersion characteristics (dispersion
management) is one important example of a system
modeled by (1). Here
Ra=iyq+iG(2)q, (4)
where y < 0 is the damping constant. The amplifica-
tion necessary to compensate losses, is defined by
G(2)

N

G(z) =G, X 8(z—nz,), ©)

n=0

i.e. a periodic sequence of é-functions. The small
parameter z, is the amplifier spacing. For many
practical cases, damping term and dispersion terms
are not small at all, while the nonlinear term, q2q*,
can be treated as a small perturbation. Before apply-
ing the averaging method one needs to prepare the
system (1) by reducing it to the standard form with a
small right hand side [22]

dx/dZ = ef( x,2) (6)
in two steps. First, by performing the transformation
q(t,z) =a(z)w(t,z),

the large damping coefficient y and the &-function
amplification term from the system (1) are removed.
We then obtain a system with a variable nonlinearity
coefficient a?(z)

ida/dz= Ra, (7)

iw, + 3d( 2) W, + a2( z)w?w* =0. (8)

The rapidly varying coefficients d(z) and a?(z) can
be split into two parts

d(z)=(d)+d, a(2)=1(z)=C1)+I.
(9)

Here, the mean values (d), (| ) and the periodic
function | are of order 1, while the variable part d of
the dispersion can be much greater than 1 for strong
dispersion variations. To eliminate this large coeffi-
cient from the model system (8), we need to perform
the second step of applying a Fourier transform —
based reformulation:

w(t,z) = z—j;Tfmmdw u,(w,z)

i dy
xexp| —iot= S wid; +iet o
(10)
where
d . - ~ z ~
Edlzd—) d1=j;)d2d(z)+d10' (11)

and the integration constant (over z) dy, is fixed by
the condition that the function d, has zero mean. As
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a result, we have an integro-differential equation in

the frequency domain for u,

i%—l<d>w2u +J,=0 (12)
dz 2 @ Te

with the integral term J, given by

1 o
J(w,2) = W’[iwdwldwzdw3
X 8(w+ w,—w3—w)Fu,u, U, .
(13)
The kernel F depends on &l frequencies and the
distance

F(w,,0,,0;,0;2)

i . dy
=1(z)exp _E'Bdl+|3<2l> , (14)

B=wi+ 05— w;— w?. (15)
Note that u,, is not exactly the Fourier transform of
w due to the presence of the terms w?d; and
0?{1d,» /{21 in (10).

_ In the second step (whose aim is to eliminate the
d, coefficient from (8)), we do not really need to use
the integration constants d,, and {Id;) /{21 in
(10). We use these constants only for the purpose of
‘“tuning up’ the kernel F in (14), so that our final
averaged system is consistent with the results of [23].
Consistency means that our results must agree with
those of [23] in the limit of moderate dispersion
variations. (See below). Finaly, by scaling the dis-
tance z:z= Z/z, one can reduce (12) to the form (6)
and prepare for the averaging method. To simplify
notations we keep the ‘old’ variable z as the dis-
tance. To do the averaging based on the Lie-trans-
form, we also have to rewrite (12) in the time-do-
main by taking the inverse Fourier transform

du i )
E=X[u,u*;z]=§<d>un+|\], (16)

where u is the inverse Fourier transform of u,,
1 - _
u(t,z) = Z_Wf_mdw u,(w,z)exp[ —iwt]. (17)
The term J is given by
I=F(id,,id,;—19,,— 18, =i(d, +d,+4,):2)

X {u(t ) u(t)u (t3) He =1, (18)

where the operator F is obtained by taking (14) and
substituting w — id,. The first derivative, i, , in the
operator, F, acts on the first multiplier, u(tlk), only,
etc..... After performing all differentiations, we set
t;=t,i = 1,2,3. One can expand the exponential ex-
pression (14) into a Taylor series over 8. As aresult,
one will have J as a differential series. Now we are
ready to do the averaging.

The basic idea of the averaging method is to
simplify a system, like (16), by eliminating the ex-
plicit dependence on z and expressing the simplified
system in terms of a new variable v,

dv .
E=Y[U,U ], (19)

where the right hand side (rhs) Y is yet to be
calculated. To reach this goal one uses a near-iden-
tity transformation: u — v, generalized for the case
of an infinite number of degrees of freedom [23,24]
represented by ov,0* and al its derivatives
Vol Ui Uity - - - When this a transformation is
written in exponentia form (Lie-transform) [25]

u=e"v=v+¢+3Vdp+ -, (20)

all calculations can be elegantly performed. The rhs
of (20) is obtained by a formal expansion of the
exponent e in a Taylor series over ¢V. The direc-
tional derivative ¢V is defined as

> d 0
¢V= Z [¢nta_ + (bn*t?} ' (21)
n=0 Unt

nt

where ¢, = 9"¢/t", v, = 3"v/adt", and the func-
tional ¢ depends on v,v*, al its t derivatives, and
the distance z. Before applying these general ideas to
our particular case (16), we would like to point out
the first major difference between our problem of
strong dispersion variations and that of moderate
dispersion variations [23]. In a moderate case, the rhs
of (16) is nothing but a differential polynomial,
whereas in our case we have to deal with the differ-
ential series J. Luckily this complication does not
prohibit the use of the ‘old’ definitions of the Lie-
transform and of the directional derivative.
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By inserting (20) into (16), one obtains in com-
pact form the genera rule for transformations of X
(16) into Y (19) under a Lie-transformations [23]

d
YV + (a—zew)e‘d’V:eWXVe“ﬁV, (22)
where according to the Campbell-Baker—Hausdorff
formula

e’ xve v
(Zni[ [ -[¢,><]]])V
1
X+ [6.X]+ 5606, X] + - |7,
(23)
Also
id’V -V —
(aze )e = | gtaloddr 5 [¢[¢>¢z]]
) -

Egs. (22)—(24) can be used to simplify greatly the
following calculations. By expanding both Y and ¢
into a series in the small parameter, z, 'Y Yot Y,
Yo+ =+ b+ Pyt Yor®n = O(Zn)
and collecting common terms in (22) one obtains
expressions for the unknowns Y, and ¢,. Note,
differentiation by z lowers the order of ¢, by one:
a¢,/9z=0(z)~1). At the zeroth order, one gets

d
Y, + ﬂ =X,

0z
where X (16) is of order 1. Note that all ¢,'s are
periodic functions of z. So by averaging (25) one
gets

(25)

Y0=(X>=|5<d>un+

()= <F>{U(t1)v(t2)U*(ta)}|t‘:tv

where the brackets denote averaging over the fast
scae, z,

i<J), (26)

(27)

1 .2
<f>=;f0 dzf( z). (28)

As aresult

ap .

8_21= —i{J), P1=yptidk, (29)
where

0 ~

a—ZJ~l=J, (J)=0. (30)

The integration constant ¢ [ v,v "] will be fixed in
the next order. This concludes the zeroth order, Y,,
calculations. Note that the zeroth order term Y, was
calculated in [9,10] by directly integrating (12) over
the amplifier spacing z,.

Before proceeding to the next order, we would
like to point out a few important properties of the
zeroth order system

dv v
dz °
which we would like to formulate in terms of v, the

Fourier transform of v». System (31) conserves the
number of particles |, and the momentum 1,

(31)

Il=f doov,v. , |2=f dowuv,v, (32)
It is also a Hamiltonian system
Lo OF H=H,+H, 33
- = L] + ]
dz (SUJ int ( )
(d) (=
Ho= T/;wdw w’v,v) (34)
1 1
=7 (277_) f dwlda)zdw3dw4
X6(w,+ w,— wy3—w,), (35)
<F>(a)1’a)2 (,()3,(,()4)le wzuwauw4 (36)

All these important properties are due to the fact that
the averaged kernel (F)(w;,w,;w;, »,), obtained
by integrating expression (14) over the amplifier
spacing z,, is symmetric with respect to two differ-
ent types of permutations

WO Wy, W39 W,

(37)

(F}(w3,w4;wl,w2) = <F>*(w1,w2;w3,w4).
(38)
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Due to (38), the interaction term H,,, can be rewrit-
tenin a symmetric way

1
int — 4 (277_) / dwldwzdw3dw4
X 6(w;+ w,— w;— w,), (39)
[<F>(wl,w2;w3,w4)uwluwzu v, +CC] (40)

The fact that system (31) is Hamiltonian is not
surprising because the original, unaveraged system
(8) is Hamiltonian as well. Path-averaged solitons of
the form v(z ) = vy(w)exp(ikz) is an extremum
of the H for fixed E

8(H+KE) =0. (41)

The results we presented are valid for any dispersion
profile (including the case of large loca dispersion
variations) over the period z,.

Next, we calculate the first order term Y, in the
averaged system (19)

5¢2 = E[¢1’L¢1

Y, +—2 =
Yoaz 2

+[6:1.(X0] (42)

By averaging (42), we obtain an expression for the
first order correction, Y,

1
<[¢1, b >+ [(h) (O] (43)

The only freedom we have in the expression (43) is
b1 (see (29)). In the case of weak dispersion varia-
tions [23], we can easily find ¢,,, and it is possible
to set Y, to be zero. This is the mgjor practical
difference between the more general case of strong
dispersion variations and that of modest ones.

If dispersion variations are absent, then d =0,
and the kernel F (14) is drastically smplmed F=
I(2), its dependence on frequency is gone, and, by
taking the inverse Fourier transform, we reduce (33)
to the NLSE. The primary model system for nonlin-
ear fiber optics, the NLSE, is a partial differential
equation due to the simple physical fact [26] that the
nonlinear part of the refractive index does not de-
pend on the signal frequency (over reasonable fre-
quency range.) Notice that in the averaged system
(33) the effective nonlinear coefficient (i.e. the ker-
nel F) does depend on the frequency due to strong
dispersion variations. There are various physical sys-

tems which have an inherent frequency-dependent
nonlinear response.

We would like to demonstrate that our results
contain the known case [23] and, in the limit of
modest dispersion variations (2), that one can €limi-
nate the first order correction. We do this in two
steps. Note, that due the fact that now d, is aso a
small parameter of the order of z,, all expressions
are changed drastically. First, we need to verify that
the first order correction (43) in our limiting case is
reduced, in fact, to second order,

-0(22). (44)

When Jl is a small parameter, we can expand F
(14) into a Taylor series in d; keeping only the
zeroth and the first orders:

i . dy
F=1 1—Eﬁdl+|,8<2|l> +0(2), (45)
(Fy=<1)+0(Z). (46)
From the definition of ¢,, it follows that
d
:;l =ilv?* +0(z),
by = by +ilp?o" +0(22), (47)

where dl~l/d2= ¢ I~1> =0. By using expressions
(45) - (47) in the definition of Y, (43) and taking
¢ =0, we obtain the final result (44). Finaly, we
should also check that the term, Y,,, does not gener-
ate any first order z-input when d; is a small
parameter. This follows directly from (46) and is
guaranteed by the special ‘tuning’ of the kernel (14)
performed at the very beginning.

Let us now consider the general case of strong
dispersion management when d, is not a small pa
rameter anymore. We apply a specific two-step dis-
persion map and calculate ¢, explicitly for this map.
Without loss of generality, We choose a symmetric
map d(z)=d for 0<z<2 and d(z)— —d for
1<z< ThIS |mmed|ately ylelds dl( z) =dz—¢
for 0<z<?and d(z)=—dz+ % for L<z< 1
To describe first order corrections to the averaged
model, one should calculate the oscillating part of
b=t |J In order to carry out our calculations
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explicitly, we consider the special case (the so-called
lossless model) 1(z) = const. = |,. The equation for
J, is

~

J1_~_ Iy =
—=J=1-(». dp=o. (48)

In order to integrate this explicitly, we once again
make use of the Fourier transform of u(t;) and write

(277)'[ dw,dw, do,

XF(w,,0,,05,0; + 0, — w3) U, U, U

xXexp(—it(w; + w, — w3)).
We shall look only a the parts depending on z.
Since 1,= (1) and (d,) = 0, we find that
F(w, 0,050, +0,— 0;) = Ioexp(IBdl),
B=—(w;—w;)(0w;—w,). (49)
Let us determine the function F; with the properties
OF;/9z=F = F—(F) and (F;)=0. Once F; is
found, we obtain Jl immediately from

~

J =

1Mo w,y, ws

B )f dw,dw,dw; F;u, u, u;
T

xexp(—it(w; + w, — w3)). (50)
Since Jl depends linearly of z, we can calculate all
the integrations analytically. The results are:

(F) e‘Q—e"Q sin@ Bd
<|Bd> . — , @:_

Ty iBd 2] 4

F sin®

—=exp[i®(4z-1)] - —, z<3,

ly 0

F sin®

I—=exp[—i@(4z—3)]—7, ZZ%. (51)

0

For F; we obtain

Fi expli®@(4z—1)] snO®  exp[—-iO]
T 4i0 e T aie
z< 3, (52)
F, exp[—i® (4z—3)] sinO
I 410 T e °
2exp[i @ | —exp[—i O ]

* 4i 0 '

z>13 (53)

These formulas contain first-order corrections to the
path-averaged model. Note that in contrast to the
case of a weak dispersion management discussed
above, We are now able to recognize that F; is zero
a z= 3 and therefore J is zero also.

In summary, the equation describing in the lead-
ing-order slow evolution of v, (2) is

_3Uw(2)_ 2<d> B 1
Tz T T e (2m)?

Xf da)ldw2<F>U

w w1+w2 w "

The solution of these integro-differential equa-
tions permits to calculate the function v,(2) giving a
zero-order path-averaged description for the disper-
sion-managed pulse. The physical interpretation of
this averaging is rather transparent: we separate the
rapid quasi-linear phase oscillations induced by large
variations of the dispersion from the slow evolution
of the pulse shape caused by nonlinearity and aver-
age dispersion. For the lossless two-step map, the
kernel has a rather simple expression: (F) =1, 3%
with 40 = — (0 — 0w — w,) d [13,16,17]. Using
this procedure, we obtain the first-order correction to
the field v,(2)

u,=v,+ 2
(2m)

X fjwdwldw2

><F~l(w1,w2,w1+ w,

—w,0) Ve, Vory Vv oy 0 3 (54)
where F~1 was derived above for the case of a
two-step map.

In conclusion, we have developed Lie-transform
averaging for the NL SE with varying periodic coeffi-
cients. Using the Lie-transform, we have derived the
path-averaged equation and the first-order correc-
tions to the averaged model in the spectral domain
for the case of arbitrary (including large) local dis-
persion.
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