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Abstract:

A theoretical and real model of total power flowing up and down a power grid is created using
different modeling tools. Original DistFlow ODEs are found by combining the equations for real
and reactive power with fundamental Kirchoff’s laws. By converting DistFlow ODE’s with
boundary conditions into an initial value problem with initial conditions shows the solution of
voltage with respect to length, and it is able to test not just one length but all length at the single
run of the rescaled equation. The graphs drawn by the DistFlow ODEs and rescaled equations,
show the desirable and undesirable scenario with multiple stable solutions. The undesirable
scenario will cause of power failure and other unexpected troubles. Planned future work will
include recreating ideal results from previous studies and creating a real life model to show
actual real results.
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1 Introduction and Background

1.1 Introduction

Total power, real and reactive, in an electrical grid is measured as the rate of flow of energy in an
electrical grid. Where real power is a combination of current and voltage, both are sinusoidal. If
the power load is entirely resistive, current and voltage will reverse polarity simultaneously.
When the product of current and voltage is positive in the grid, only real power is transferred.
Reactive power voltage and current will be 90° out of phase during each wave cycle. When this
happens, the product of current and voltage will be negative. During this phase of the wave
cycle, approximately as much power flows up the line as back down.

A power grid or network is traditionally used to deliver electricity from a main producer, a
power plant of some kind, to consumers. This model focuses on households and is an
interconnected grid consisting of generating stations, transmission lines, and distribution lines. In
an ideal case where none of the consumers are also producers the generating stations are large
and typically located next to a source of fuel and some distance away from densely populated
areas. The transmission lines are used to transport real and reactive power to the subgenerators or
substations. The distribution lines are then used to transport power to the consumers. In a non-
ideal case an amount, but typically not all, of the consumers will also produce power. This is
typically done with the use of solar panels or wind turbines which causes power to flow back up
the line at sporadic intervals which can cause power outages or shortages.

A better understanding of the effect self-producers have on the electrical grid is needed as more
consumers are also becoming producers. A recreation of the model, results, and a model of the
fluctuations of real and reactive power flowing randomly both up and down along an electrical

grid for real world application will be created and discussed.

1.2 Background

Real power is positive and represents energy which is consumed. Reactive power is negative
energy which is returned to the power source and stored in capacitors and inductors. Total power
is the combination of real and reactive power which is represented as a complex number. The
equations below, when combined with Kirchoff’s fundamental laws, lead to developing the
initial model.

S=P+jQ 1)
zZ=r+jx (2)

Where:
S is the apparent power
P is the real power
Q is the reactive power
z is the impedance
r is the resistance
X is the inductance



2 Developing the Model
2.1 DistFlow Equations (Discrete Form)

The system of DistFlow equations for real power, reactive power, and voltage are:
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k =0,...,N-1 enumerates buses of the feeder ( k=consumers)

Pk is real power flowing from bus k to bus k + 1

Qx is reactive power flowing from bus k to bus k + 1

Pk and gk are net consumption for consumers

Rk, Xk represent the resistance and inductance of the line element connecting bus k to bus k+1
with boundary condition

PN+1=QN+1=0, vo=1

Means the initial voltage is known; the voltage with which the feeder is supplied. Real power
and reactive power at the end of the feeder line is zero so all the power supplied in the beginning
is being consumed,; there is no leftover power in the line.

2.2 Homogenization

The discrete DistFlow equations will be converted into boundary value problem ODEs which
would be more convenient to solve for large amounts of consumers (e.g., for a million
consumers, three million equations would have to be solved if DistFlow equations were used.
With DistFlow ODEs, three equations will be solved.).

When the feeder line is long and the number of consumers assumed large (N>>1), the system of
equations can be simplified and represented in the continuous form with limit N— oo. To solve
for the standard homogenization, more assumptions and reduction of parameters are considered,
and more simplifications have been done to relate the differences of definition of derivatives
(Fx+1 - Fk= F'(2)Ik IL). Applying the derivatives to relative differences in the DistFlow equations,



a set of Ordinary Differential Equations (ODESs) are arrived at in the continuous homogenized
form

PZ_QZ
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with mixed boundary conditions

Vo =1, P(L) =Q(L)=0
This continuous homogenized ODE is a boundary value problem with mixed boundary
conditions. By solving this ODE for known length of feeder line, real and reactive power and
voltage along the given line can be evaluated.

2.3 Rescaled & Simplified Form

The original DistFlow ODEs can be rescaled and simplified into an initial value problem. The
difference between boundary value problems and initial value problems is that boundary value
problems have conditions given for integration on both sides of the feeder line, while initial
value problems have only one condition given for one side of the feeder line. Therefore, solving
initial value problems is easier than solving boundary value problems.

Assuming that p = constant, then define new dimensionless variables p, T, v and s to represent P,
Q, voltage, v, and position along the feeder, z, in term of s.
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There is no unit in p equation, thus this is a dimensionless variable. The same method proved t
and v are dimensionless variables.

When rescaling and simplifying the boundary value problem into an initial value problem, the
rescaling method changes the position of the feeder line and the end of the feeder line. Whether
voltage at the end of feeder line is the same as voltage at the beginning of the feeder line can then
be calculated.

The following equation illustrates the rescaled DistFlow ODEs
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With initial conditions
v(0) =1,p(0) =7(0) =0

To determine whether the original DistFlow ODEs are related to the rescaled DistFlow ODEs,
simply use the dimensionless variables in equation (7) in equation (8). .

From the original DistFlow ODEs, equation (8) is proposed to be an initial value problem.
Integrate from equation (8) to obtain s, where s, represent some stopping points. The result is
p(s,), 1(s,), v(s,). Then re-compute L, P(0), Q(0) and v(L) using the following equations:
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Overall, the computation appears to be efficient and reliable. Consider rescaling a non-
dimensional system each time when solving boundary value equations by selecting certain L
(length of the feeder line) because the boundaries need to be specified in order to solve the
equations. The solution of these equation domains are given without length. On the other hand,
when the problem is rescaled to create an initial value problem, as the initial value problem is
integrated to test every single length along the feeder line which also means solving every
possible boundary value problem up to that length. Thus, not only is the initial value problem
easier to solve than a boundary value problem, but also testing not only one length, but all
lengths at the single run of the equation is possible.



3 Theoretical Results

Two cases are included in this section. The re-scaled equation and Ordinary Differential
Equations (ODEs) are used to produce the graphs by Matlab. The solutions are used to calculate
the end voltage and power utilization. All the cases are based on r=x=1, and q=p/2.

Case 1 is a standard situation. Real power and reactive power are both negative along the feeder
line which means there is consistent consumption for each consumer. Figure 1 shows the
relation between the end voltage and the length of the line. The parameters p and g are -1 and -
0.5 which implies constant power consumption. Figure 1 shows an interesting phenomenon —-a
maximum length around L=0.6. The length of the line is limited because there is a limitation of
power consumption along the feeder. The amount of power drawn from the system cannot
exceed the threshold dependent on the system characteristics.
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Figure 1: Voltage at the end of the line versus the length of the line, for p=-1 and q =-0.5

Figure 2 shows the trade-off between the power utilization of the feeder. The line decreases
slowly at the beginning and the voltage drops at the end of the line. Since the parameters and
conditions of the system are the same as Figure 1, there is the same limitation of the length with
the constant consumption. Thus, the length to the maximum value is also around 0.6.



p=-1,q=-0.5

(@) ()

-P(0)IL
=

s RS

0 02 04 06 08
L

Figure 2: Power utilization versus length of the line, for p=-1, g=0.5

Figures 3 and 4 show the relation between voltage and position along the line. Figure 3 shows
the shape of the voltage curve which is decreasing during the entire interval because when the
power decreases along the line, the voltage will also decrease. The feeder is longer so the rate of
consumption is higher. Figure 4 shows the real and reactive power along the line for lengths
L=0.2 and L=0.5. Figure 4 is also decreasing across the entire interval, and at the end of the
line, real and reactive power equal 0. Since the boundary value is P(L)=Q(L)=0, all power will
be consumed and become 0 in the end.
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Figure 3: Voltage along the feeder L=0.2 and L=0.5, for p=-1 and q=-0.5
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Figure 4: Power along the line, L=0.2 and L=0.5, for p=-1 and g=-0.5

Figures 5 and 6 display a similar graph to Figures 1 and 2. The graphs have the same value p;
however, g has been changed from -0.5 to 0. This means there is no more reactive power
consumption along the feeder. Thus in Figure 5, the nose-curve shifts to the right a little. In
Figure 6, the rate of consumption is smaller. The maximum length is longer than the previous
one, around L=0.7.
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Figure 5: Voltage at the end of the line versus the length of the line, for p=-1 and q=0
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Figure 6: Voltage along the line, L=0.2 and L=0.5, for p=-1 and q=0

Case 2 considers all consumers are producing power, so real power and reactive power were set
to be positive and constant along the feeder. Figure 7 shows the relation between the end voltage
and the length of the line. The parameters p and q are 1 and 0.5. The graph shows an interesting
phenomenon that the line is increasing during the maximum length, but decreasing at the end.
After the last producer, there is no more power being produced which means the last producer
will also consume the power so the line decreases in the end. Furthermore, the graph shows all
buses will produce and consume power at the same time.
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Figure 7: Voltage at the end of the line versus the length of the line, for p=1 and g =0.5

Figure 8 shows an interesting curve. For the red line, the graph is the standard situation. Since
the buses are producing power, the voltage is increasing and power flow is negative. The green
line is not a typical linear line. During the interval [0,0.5] and [1.6,2], the graph is increasing and
power flow is negative. However, between 0.5 and 1.6, the graph is decreasing and the power
flow is positive. Since ODEs have different solutions, the graph will be different. The green line
shows the power flow directions will reverse several times along the feeder during the day. This
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IS an uncertain situation, and may cause some problems, such as power failure suddenly. Thus,
the graph shows a result with a hard to control and dangerous behavior.
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Figure 8: Voltage along the feeder with different length, for p=1 and g=0.5

4 Future Work

Based on research by Wang, Turitsyn, and Cherkov (2012), simulations were run with parameter
p set to a constant which indicates the feeder line is experiencing constant power consumption.
However, this is a theoretical situation which cannot be the case in a real life scenario where
power consumptions are certainly unable to remain constant, but fluctuate all the time.
Therefore, the primary goal of future work will be adding randomness into the system to imitate
the actual condition a power distribution system experiences.

A stochastic process will be introduced to the system in future simulations that perturb the real
power and reactive power independently. Multiple simulations of the feeder line will be
performed where parameter p will be following a random distribution with mean p, = —1, and
parameter g following a random distribution with mean g, = -0.5. The features of the solution
will be recorded and the boundary condition problem will be solved. Results will be analyzed for
similarities and differences to the theoretical results of Wang, Turitsyn, and Cherkov (2012).
Future work will focus on stochasticity involved in the system which may confirm the
plausibility of the research by Wang, Turitsyn, and Cherkov (2012).
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