
Glossary of Technical Terms

Verlet method: A second order centered difference method 
that does not require direct velocity integration.
Separation of Variables: A harmonic analysis method to 
simplify solutions into fast and slow equations of motion.
Attached Mass: The fluid that is dragged along with an object 
that is moving through the fluid.

Project Description

• Experiments have found that oscillating bubbles can sink, which is a very
contradictory phenomenon. This happens when the Archimedes force
acting on the bubbles is defeated by the gravitational force acting on the
attached mass.

• Attached mass is the primary reason that oscillating bubbles sink. The
mass of the water surrounding the bubble is dragged along and imparts
additional mass to the bubble proportional to the bubble’s kinetic energy.

• When the liquid that bubbles are generated in is subjected to vibrations,
the bubbles within that liquid oscillate and will sink under certain
frequencies [3]. An interesting phenomenon develops when plasmonic
nano-particles are added to a liquid. By heating the nano-particles, one
can cause the formation of bubbles and increase the internal
temperature of the bubble, thereby increasing its volume[2].

• The model shows when the equations are applicable, and if the solutions
fit the observed phenomenon.

• Our model was designed to simulate the bubble dynamics over a range
of varying frequencies and initial conditions. An additional temperature
term was added to show the effects of plasmonic nano-particles excited
by incident laser light.

Scientific Challenges

• The bubbles generated by nano-particles can, through the use of
vibrations, accumulate at a particular level in the liquid where they can
coalesce and form larger bubbles.

Potential Applications

• One of the many potential applications is the sterilization of water by
exciting nano-particles.
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This graph illustrates how changing the frequency and the addition of
temperature affects the bubble movement through the fluid. The larger
amplitude lines represent the addition of temperature. Red and orange are
200 rad/s (31.8 Hz), blues are 260.15 rad/s (41.4 Hz), and greens are 310
rad/s (49.3 Hz).

Results

1. Our models show that when the frequency is above 260.15 rads/sec,
and at the initial depth of 0.15 m used in the model, the bubbles will
sink.

2. When the nano-particles have plasmonic excitation they increase the
rate of sinking or rising by increasing the volume of the bubble through
the addition of steam inside the bubble.

3. The increasing temperature of the steam in the bubbles has an affect on
the kinematics of the bubbles.
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The stability regime depends on three parameters, the initial position
of the bubbles (X0), the frequency of oscillations (Omega), and the
final bubble position (XF). In this graph the red indicates rising
bubbles and blue indicates inking bubbles.
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Methods

1. The bubble kinematics are described via fluid mechanics, and a general 
equation of motion is developed [4].

𝑚 +𝑚𝑎𝑡𝑡  𝑥 +  𝑚𝑎𝑡𝑡  𝑥 = −𝐹  𝑥 + (𝑚 − 𝜌𝑉 𝑡 )(𝐴𝑤2 sin 𝜔𝑡 + 𝑔)

2. The attached mass is equal to one half the mass of the displaced 
fluid.[1], [5]
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3.  These solutions are split into “slow” and “fast” solutions [4].  We show 
that the fast solution time average to zero.  The slow solutions are 
unstable as shown by the bifurcation diagram.

4.  The differential equation of motion is integrated using the Verlet Method
in order to describe the full bubble dynamics.

5. An additional term for the volume of the bubbles was added based on 
the generation of heat by the nano-particles through the use of incident 
light, solar/laser [2], [3].  I is the incident intensity, σ is the cross 
sectional area of the nano-particle, and k is the thermal conductivity of 
gold.
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