
Sum of lowest eigenvalues of the Discrete

Laplacian

by

Grethe Hystad

Copyright c© Grethe Hystad 2006

A Dissertation Submitted to the Faculty of the

Department of Mathematics

In Partial Fulfillment of the Requirements
For the Degree of

Masters of Science

In the Graduate College

The University of Arizona

2 0 0 6



2

Get the official approval page

from the Graduate College

before your final defense.



3

Statement by Author

This dissertation has been submitted in partial fulfillment of requirements for an
advanced degree at The University of Arizona and is deposited in the University
Library to be made available to borrowers under rules of the Library.

Brief quotations from this dissertation are allowable without special permission,
provided that accurate acknowledgment of source is made. Requests for permission
for extended quotation from or reproduction of this manuscript in whole or in part
may be granted by the copyright holder.

Signed:

Approval by Dissertation Director

This dissertation has been approved on the date shown below:

Daniel Ueltschi
Professor of Mathematics

Date



4

Acknowledgments

I would like to thank my advisor Dr. Daniel Ueltschi for his help, patient and ex-
pertise. I will also thank my committee members Dr. Leonid Friedlander and Dr.
Thomas G. Kennedy for their advice and corrections. Further, I will thank Arthur
Lim for his help with the drawings. I will also thank Jim, Tina and my family for
their support.



5

Dedication

to

* my grandmother Gudrun Schie

* my grandmother Lise Hystad

* my aunt Ruth Westlie



6

Table of Contents

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.1. Brief history . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2. Motivation and introduction . . . . . . . . . . . . . . . . . . . . 14

2. The Continuum Laplacian. . . . . . . . . . . . . . . . . . . . . . . . 17

3. The Discrete Laplacian . . . . . . . . . . . . . . . . . . . . . . . . . 20

4. Convergence of lattice eigenvalues. . . . . . . . . . . . . . . . . 24

5. On the lower bound for the sum of lowest eigenvalues. . . . 40

6. Application of the bathtub principle with gradient to the

paper of Melas. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

7. The discrete Laplacian on a subset of a finite torus . . . . . . 55

8. Lower bound involving the boundary for low densities . . . . 59

9. Lower bound involving the boundary . . . . . . . . . . . . . . . . 68

10. conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78



7

List of Figures

Figure 3.1. This picture shows the domain D and the lattice in two dimen-
sions. We can put a unit cube of size 2a centered around x ∈ D. That
means that Λ must be placed to the right for the point x. . . . . . . . . 21

Figure 4.1. This picture shows the domain D and the lattice in two dimen-
sions. We can place a unit cube of size 2a centered around the point x. In
this case the point x is located on the lattice which means that this is the
closest we can put any of the points of Λ to the boundary of D. For the
right part of the picture; if the point is located at the black dot in region
B, the value of ϕ(a) at that point is defined as the average value of ϕ on
the region A,B,C,D. The value of ϕ(a) defined at the boundary point z
will be zero since the unit cube centered around z will not intersect any
unit cube centered around points in Λ. . . . . . . . . . . . . . . . . . . . 33

Figure 5.1. Bathtub principle. The figure shows the minimizer %min(k) in
one dimension. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

Figure 6.1. These pictures show the minimizer g in one dimension. The
first picture is the case Gαd ≤ |Sd−1|

d(d+1)
. The second picture is the case

Gαd > |Sd−1|
d(d+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
Figure 6.2. Bathtub Principle with gradient: The figure shows the minimizer

g(x) in one dimension for the problem in the corollary to Theorem 3. Here,

s′
1
2 = r2 and s

1
2 = r1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51



8

Abstract

In this paper, we will explore the lower bound for the sum of the N lowest eigenvalues

of the Discrete Laplacian defined on a finite subset of the infinite lattice. We will see

the connection between the Discrete and Continuum Laplacian. We will show that

the sum of the N lowest eigenvalues of the Discrete Laplacian converges to the sum

of the N lowest eigenvalues of the Continuum Laplacian in the continuum limit.
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1. Introduction

1.1. Brief history

In 1912, H. Weyl proved that

λk ' 4πΓ

(
d

2
+ 1

) 2
d
(
k

|D|

) 2
d

as k → ∞ where λk is the k-th eigenvalue for the Dirichlet boundary problem on a

bounded domain D in Rd with volume |D| [1]. In 1960, Pólya followed by proving

that,

λk ≥ 4πΓ

(
d

2
+ 1

) 2
d
(
k

|D|

) 2
d

for any k and for any domain D that tiles Rd [1]. Subsequently, in 1983, Li and Yau

[1] proved that for any bounded domain D in Rd,

N∑

i=1

λi ≥ 4πΓ

(
d

2
+ 1

) 2
d

|D|− 2
d

d

d+ 2
N1+ 2

d . (1.1)

The last inequality can also be written as

SN =
N∑

i=1

λi ≥ |D|e(ρ)

where e(ρ) denotes the ground state energy density of non-interacting electrons in

the continuum with density ρ = N
|D| .

In 1955 and 1956, Payne, Polya and Weinberger proved that the ratio of the first

two eigenvalues for the Dirichlet problem on a bounded domain in the plane is given

by

λ2

λ1
≤ 3. (1.2)
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[2]. Further, they conjectured that

λ2

λ1

≤ λ2

λ1

|D=disk ≈ 2, 539. (1.3)

Later, Thompson generalized the result in (1.2) to dimension d. He obtained

λ2

λ1

≤ 1 +
4

d

[2]. Thompson also extended their conjecture in (1.3) to

λ2

λ1

≤ λ2

λ1

||D|=d−dim.ball = (jd/2,1/jd/2−1,1)
2

[2]. Here jp,k denotes the kth positive zero of the Bessel function Jp(x). In 1992,

Ashbaugh and Benguria [2] proved the general Payne-Polya-Weinberger conjecture.

They proved that the ratio of the first two Dirichlet eigenvalues of the Laplacian on

a domain D ⊂ Rd is given by

λ2

λ1

≤ λ2

λ1

||D|=d−dim.ball =
j2
d/2,1

j2
d/2−1,1

.

Later, in 1994, Ashbaugh and Benguria [3] proved that for any integer, k ≥ 1,

λ2k

λ1
<

(
λ2

λ1
||D|=d−dim.ball

)k

=

(
j2
d/2,1

j2
d/2−1,1

)k

. (1.4)

This result is much better than the bound

λm+1

λm

≤ 1 +
4

d

and
λm

λ1

≤
(

1 +
4

d

)m−1

of Payne-Polya-Weinberger (for two dimensions) and Thompson (for d dimensions)

[3], [4]. The ratio result in (1.4) also gives lower bounds for the counting function

N(λ). N(λ) denotes the number of eigenvalues less than or equal to λ. For λ ≥ λ1,

d ≥ 2 one obtains from (1.4) [3]

N(λ) ≥ 2blog(λ/λ1)/log(j2
n/2,1

/j2
n/2−1,1

)c.
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Here bxc denotes the largest integer less than or equal to x.

We also have the celebrated Faber-Krahn inequality which is concerning the lowest

eigenvalue of the Laplacian with Dirichlet boundary condition, on a bounded domain

in Rd(d ≥ 2) : In d dimensions the inequality is

λ1 ≥
(
Bd

|D|

) 2
d

j2
d/2−1,1,

where Bd is the volume of the d- dimensional unit ball [4], [5].

In 1991, Laptev [6] proved that for an open set D ⊂ Rd of finite measure, |D| <∞,

N(λ) ≤ λ
d
2Lcl

d

(
1 +

2

d

) d
2

|D|

with

Lcl
d = 2−dπ− d

2/Γ

(
1 +

d

2

)
.

He noticed that this is equivalent to (1.1) proved by Li and Yau. Let ω1, ω2, .... be

the orthonormal basis of eigenfunctions of the Dirichlet Laplacian with respective

eigenvalues 0 < λ1 < λ2 ≤ .... Consider the convex function

ϕλ(t) = (λ− t)+ =

{
λ− t, if t < λ;
0, if t ≥ λ;

}

Laptev [6] proved that for λ > 0,

∑

k

(λ− λk)+ ≥ (λ− λ1)
1+ d

2
+ Lcl

d

2

d+ 2
ω−2,

where ω = supx∈D |ω1(x)|. When λ = λ2, Laptev [6] showed that

λ2 − λ1 ≤
(
Lcl

d

2

d+ 2

)−2
d

ω
4
d .

Furthermore, Laptev [6] showed that for any λ > λ1,

N(λ) ≥ (λ− λ1)
d
2Lcl

d

2

d+ 2
ω−2.



12

In 2002, Melas [7] improved the lower bound in (1.1) of Li and Yau . He proved

that

SN ≥ |D|e(ρ) +MdN
|D|
I(D)

,

where Md is a constant that depends only on the dimension and

I(D) = min
a∈D

∫

D

|x− a|2dx

is the ‘moment of inertia of D.’

Richardson [8] developed in his work in 1917 a new method to deduce results

of boundary problems for ordinary elliptic partial equations and tried this method

on new boundary problems for the hyperbolic equation. In his method he divided

the region into equal rectangles by a lattice and studied the difference equations

approximating to the differential equation at the lattice points. He let the mesh of

the lattice approach smaller and smaller values. He showed for the elliptic partial

differential equation that the lattice functions approach uniformly a function that

is continuous with continuous derivatives of as high order as those possessed by the

coefficients of the equation.

Weinberger [9] found in 1956 upper and lower bounds for the lowest eigenvalue,

λ, of the Laplacian on the membrane D with Dirichlet boundary conditions, by fi-

nite difference methods. He considered the square lattice with mesh size a > 0. He

obtained the lower bound on a grid that was slightly larger than the domain D and

the upper bound on a grid that was smaller than or equal to D. He found arbitrary

close upper and lower bound for λ on certain domains. He did this by solving a single

finite difference problem with the mesh size a, sufficiently small. In other words, the

lower and upper bound of λ were the lowest lattice eigenvalues.

Lyusternik [10] considered in 1958 questions related to difference approximations

of the Laplace operator in two dimensions. He studied the convergence of eigenvalues
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and eigenvectors of the Laplacian with zero boundary condition for arbitrary parallel-

ogram network approximations. The convergence is in terms of uniform convergence

on the closure of the domain. He also extended the simplest difference approximations

to more general difference approximations. In this sense he showed that the solutions

of the difference approximation of the Dirichlet’s problem converges to the solution

of the corresponding boundary value problem for the differential equation.

Courant, Friedrichs and Lewy [11] treated in 1928 the boundary and eigenvalue

problems for elliptic difference equations and the initial value problem for hyperbolic

parabolic difference equations. They showed that the solutions of the difference equa-

tions converge to the solutions of the differential equations. They also showed that

the elliptic equations, i.e. difference quotients of arbitrary high order converge to the

differential quotients.

Freericks, Lieb, Ueltschi [12] proved in 2002 and Ueltschi [13] in 2004 that the

sum, S
(a)
N , of the N lowest eigenvalues of the Discrete Laplacian defined on a finite

subset Λ ⊂ (aZ)d, where a > 0 is the mesh of the lattice, is bounded below by a term

proportional to the volume of the domain, Λ, (‘bulk term’) and a term proportional

to the boundary of Λ (‘boundary correction’). Ueltschi’s [13] paper in 2004 was an

improvement of the ‘boundary correction’ in [12].

They proved that for every N ≥ 1,

S
(a)
N ≥ |Λ|ade(a)(ρ(a)) + C B(Λ)ad(ρ(a))

2
d
+1
, (1.5)

where B(Λ) = |{(x, y) : x ∈ Λ, y ∈ ΛC , |x − y| = a}|, ρ(a) = N
|Λ|ad denotes the lattice

density, e(a)(ρ(a)) is the ground state energy density of non-interacting electrons with

density, ρ, in (aZ)d, and C is a constant. They proved that C is strictly positive for

all densities. They found an explicit value of C only for small densities.

Electrons on solid are described by wave functions, ϕ(x), which are normalized

complex valued functions in the state space l2(Λ), where Λ is a subset of the infinite
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lattice. The Discrete Laplacian, −∆(a), represents their kinetic energy. The eigenvalue

equation for one particle at site x is given by −∆(a)ϕ(x) = Eϕ(x), where E represents

the eigenvalues and ϕ(x) the respective eigenfunctions of −∆(a). The lowest eigenvalue

represents the ground state energy of the electron. When we have N non-interacting

electrons, the state space is l2(ΛN ) and the kinetic energy is given by −
∑N

j=1 ∆
(a)
j ,

where −∆
(a)
j is the Discrete Laplacian. It turns out that to minimize the ground

state energy of N non-interacting electrons amounts to minimizing the sum of the N

lowest eigenvalues of the Discrete Laplacian defined on Λ.

1.2. Motivation and introduction

The motivation for this thesis is to explore the lower bound in (1.5) and to see the

connection between the discrete case and the continuum case. In chapter 4 we will

be looking at the sum of the N lowest eigenvalues of the Discrete Laplacian and we

will show that it converges to the sum of the N lowest eigenvalues of the Continuum

Laplacian in the continuum limit. In chapter 5 we will see that when we take the

continuum limit of the bound in (1.5) we recover the ‘bulk term’ in the continuum,

while the ‘boundary correction’ unfortunately tends to zero. The discrete case is,

therefore, more general than the continuum case. In the future we hope that we can

find a lower bound for the sum of the N lowest eigenvalues of the Discrete Laplacian

that involves a ‘boundary correction’ that is different from zero in the continuum

limit. In other words, one of the reasons for looking at the discrete case is that we

hope to find a ‘boundary correction’ for the continuum case in the continuum limit.

This problem is still open.

In chapter 6 we will use the bathtub principle [14] with gradient to prove one of

the lemmas in the paper of Melas [7](lemma 1). Melas improved the lower bound in

the continuum. The use of the bathtub principle will somewhat simplify the proof

of the lemma he applied to prove the lower bound. We obtained the same results as



15

Melas. In chapter 7 we will follow the paper of [12] and [13] to show that the sum

of the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset, Λ,

of the torus is bounded below by a term proportional to the volume of Λ. In chapter

8 we will show for small densities and for L large enough, where L is the size of the

torus, that the lower bound also involves a term proportional to the boundary of Λ.

In chapter 9 we will use the results of Goldbaum [15] to discuss a method to find an

explicit value of the ‘boundary correction’ for all densities for the Discrete Laplacian

defined on a finite subset of the torus. This problem is still unsolved.

Remark: In chapter 8, page 61 we have not proved lemma 12(b) yet, due to lack

of time. In chapter 9, page 68 we have not proved the bound for the terms in lemma

13 yet, due to lack of time.



Part I
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2. The Continuum Laplacian.

Let D ⊂ Rd be an open, bounded domain. Let ∆ denote the Laplace operator
d∑

i=1

∂2

∂x2
i

. We are interested in the Dirichlet problem on D. We have that λ is a

Dirichlet eigenvalue of D if there exists a function f ∈ C2(D) ∩C0(D) satisfying the

equation:

−∆f = λf in D

f = 0 on ∂D,

where ∂D is the boundary of D [16].

Recall that the Sobolev space, H1(D), is the space of L2(D) functions with distri-

butional gradient, ∇f , in L2(D). We also recall that the subspace, H1
0 (D), of H1(D),

is the completion of C∞
c (D), the space of smooth functions with compact support, in

the H1-norm. That means that we can interpret H1
0 (D) as the space of functions in

H1(D) that vanish on the boundary of D [17]. Equivalently, we have

H1
0 (D) = {f ∈ L2(D) : |k|f̂(k) ∈ L2(Rd)}.

The eigenvalues of the above defined problem are characterized [14] by the following

minimization criterion.

λ1 = inf

∫

D

|∇φ(x)|2 dx.

Here the infimum is taken over all normalized functions in H1
0 (D) in the L2-norm. Let

us denote the first (k − 1) eigenfunctions by f1, ..., fk−1 ∈ H1
0 (D). The kth eigenvalue

exists as a minimizer of the Dirichlet integral

λk = inf

∫

D

|∇φ(x)|2 dx,

where the infimum is taken over all normalized functions φ ∈ H1
0(D) in the L2-norm

which are perpendicular to f1, ...., fk−1. For f ∈ L1(D), the Fourier transform is given
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by

f̂(k) =

∫

D

f(x)eikx dx, k ∈ Rd.

and the Inverse Fourier transform is

f(x) =
1

(2π)d

∫

Rd

f̂(k)e−ikx dk, x ∈ D.

Note that by Schwarz’s inequality L2(D) ⊆ L1(D).

We can for f ∈ H1
0 (D) define the total energy E(f) to be the kinetic energy E(f) =

∫
D
|∇f(x)|2 dx [14]. We have for any f ∈ H1

0 (D),

E(f) =

∫

D

|∇f(x)|2 dx =
1

(2π)d

∫

Rd

|k|2|f̂(k)|2 dk.

The second equality is proved by applying Plancherel’s identity. The proof can be

found in [1] or in [14].

We denote the sum of the N lowest eigenvalues by SN =
N∑

1=1

λi.

Let the density, ρ, ofN non-interacting electrons in the continuum be given by ρ = N
|D| ,

where |D| is the volume of D.

Let εF (ρ) denote the Fermi level which is determined by the relation

ρ =
1

(2π)d

∫

|k|2<εF (ρ)

dk.

Let e(ρ) denote the ground-state energy density of non-interacting electrons with

density, ρ, in the limit of infinite volume. It is given by

e(ρ) =
1

(2π)d

∫

|k|2<εF (ρ)

|k|2 dk.

This expression can be understood as follows: In the continuum limit a → 0, we

define the torus, TL, of length L > 1 for even L, by

TL =

{
x ∈ Rd : −L

2
≤ xj ≤

L

2
∀j = 1, ..., d

}

[18]. The dual, T ∗
L, of TL is defined by

T ∗
L =

{
k ∈ 2π

L
Zd : −∞ < kj <∞ ∀j = 1, ..., d

}
.
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Let D = TL. Define KL,N ′ as the set with N ′ elements with lowest |k|2. The energy

per site of a density ρ = N ′

Ld of free electrons in TL is given by eL(ρ), where

eL(ρ) =
1

Ld

∑

KL,N ′

|k|2.

When we take the thermodynamic limit L→ ∞ we get the following Riemann sum,

lim
L→∞

eL(ρ) = lim
L→∞

1

(2π)d

∑

KL,N ′

(
2π

L

)d

|k|2

=
1

(2π)d

∫

|k|2<εF (ρ)

|k|2, dk

= e(ρ)

It can be checked that

εF (ρ) = 4πρ
2
d Γ
(

d
2

+ 1
) 2

d and

e(ρ) = 4πρ1+ 2
d

d
d+2

Γ
(

d
2

+ 1
) 2

d ,

We notice that εF (ρ) = d
dρ
e(ρ).
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3. The Discrete Laplacian

The results we obtain for the Discrete Laplacian are more general than those for the

Continuum Laplacian since we will recover the results for the Continuum Laplacian

in the continuum limit.

Define Λ = (aZ)d
⋂
D0, where a > 0 is the mesh of the lattice and where D0 is

the set of all x ∈ D where we can place a cubic cell of size 2a centered around x

such that the cubic cell is contained in D. That means that the lattice, Λ, is excluded

around the boundary of D with a width of at least a.

Let ∆(a) denote the Discrete Laplacian. Let ϕ be a normalized, complex valued

function in l2(Λ).

Definition. For ϕ ∈ l2(Λ), the Discrete Laplace operator −∆(a) can be written

[−∆(a)ϕ](x) = − 1

a2

∑

y∈Λ,|x−y|=a

ϕ(y) +
2dϕ(x)

a2
, ∀x ∈ Λ.

Here it is understood that ϕ(x) = 0 outside Λ. In 1-dimension, the Lattice Laplacian

can be represented by the following (|Λ|×|Λ|)- matrix with respect to the basis 1
a
δx(y)

for x, y ∈ Λ:

1

a2




2 −1 0 ... 0
−1 2 −1 ... ...
0 ... ... ... 0
: ... −1 2 −1
: ... 0 −1 2



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2a

a

xz

Figure 3.1. This picture shows the domain D and the lattice in two dimensions.
We can put a unit cube of size 2a centered around x ∈ D. That means that Λ must
be placed to the right for the point x.

Definition. For ϕ ∈ lp(Λ),we define the lp norm by

‖ϕ‖lp(Λ) =

(
ad
∑

x∈Λ

|ϕ(x)|p
) 1

p

.

The factor ad is a scaling factor such that in the continuum limit we will get the Lp-

norm. For ϕ ∈ l2(Λ), the Fourier transform is given by

ϕ̂(k) = ad
∑

x∈Λ

ϕ(x)eikx, k ∈
[
−π
a
,
π

a

]d

and the inverse transform is

ϕ(x) =
1

(2π)d

∫

[−π
a

, π
a
]d
ϕ̂(k)e−ikxdk, x ∈ Λ.
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It can be checked that for ϕ ∈ l2(Λ)

〈ϕ,−∆(a)ϕ〉 = ad−2
∑

{x,y}⊂(aZ)d

|x−y|=a

|ϕ(x) − ϕ(y)|2 (3.1)

which shows that −∆(a) ≥ 0. It is obvious that −∆(a) is a self adjoint operator on

l2[(aZ)d]. Define

ε
(a)
k =

1

a2

d∑

v=1

[2 − 2 cos(akv)], k ∈
[
−π
a
,
π

a

]d
.

Notice that ε
(a)
k → |k|2 as a→ 0. For ϕ ∈ l2(Λ), we have

〈ϕ,−∆(a)ϕ〉 =
1

(2π)d

∫

[−π
a

, π
a ]

d
ε
(a)
k |ϕ̂(k)|2 dk.

Since

[(−̂∆(a)ϕ)(k)] = ε
(a)
k ϕ̂(k),

we obtain the result above by applying Plancherel’s identity.

The spectrum of −∆(a) on Λ is contained in [0, 4d
a2 ] [12]. We denote the eigenvalues of

−∆(a) on Λ by λ
(a)
1 ≤ λ

(a)
2 ≤ ... ≤ λ

(a)
|Λ| .

Define S
(a)
N to be the ground state energy of N electrons on Λ, which corresponds

to the sum of the N lowest eigenvalues of the Discrete Laplace operator on Λ, i.e

S
(a)
N =

N∑

j=1

λ
(a)
j .

We let ρ(a) = N
ad|Λ| denote the lattice density, where |Λ| is the number of sites of Λ.

Notice that ρ(a) ↓ ρ as a→ 0, where we recall that ρ is the density in the continuum.

Let ε
(a)
F (ρ(a)) denote the lattice Fermi level which is determined by the relation

ρ(a) =
1

(2π)d

∫

ε
(a)
k <ε

(a)
F (ρ(a))

dk, k ∈
[
−π
a
,
π

a

]d
.

Let e(a)(ρ(a)) denote the ground-state energy density of non-interacting electrons in

the infinite volume (aZ)d with density, ρ(a), which is given by

e(a)(ρ(a)) =
1

(2π)d

∫

ε
(a)
k <ε

(a)
F (ρ(a))

ε
(a)
k dk, k ∈

[
−π
a
,
π

a

]d
.
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It can be checked that ε
(a)
F (ρ(a)) = d

dρ(a) e
(a)(ρ(a)).
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4. Convergence of lattice eigenvalues.

In this chapter we will show that for any open, bounded domain D, the sum of the

N lowest eigenvalues of the Discrete Laplacian defined on Λ converges to the sum of

the N lowest eigenvalues of the Continuum Laplacian defined on D.

Recall from chapter (2) that the Dirichlet eigenvalues are characterized by

λk = inf

∫

D

|∇φ(x)|2 dx

where the infimum is taken over all normalized functions φ ∈ H1
0 (D) in the L2-norm,

perpendicular to the first (k− 1) eigenfunctions f1, ..., fk−1 ∈ H1
0 (D). The sum of the

N lowest eigenvalues in the continuum is given by

SN = inf
φ1,...,φN

‖φj‖L2=1,〈φi,φj〉=0

N∑

j=1

∫

D

|∇φj |2 dx.

where the infimum is taken over N orthonormal functions in H1
0 (D) in the L2-norm.

Similarly, the sum of the N lowest eigenvalues on the lattice is given by

S
(a)
N = inf

ϕ1,...,ϕN
‖φj‖l2=1,〈ϕi,ϕj〉=0

N∑

j=1

〈ϕj,−∆(a)ϕj〉,

where the infimum is taken over N orthonormal functions in l2(Λ).

Theorem 1. For any open, bounded domain D, and any N ≥ 1,

lim
a→0

S
(a)
N = SN .

In this chapter we will prove this theorem. The proof of this theorem will be done in

two stages. First we will prove that SN ≥ lim sup
a→0

S
(a)
N . We will do this by defin-

ing a lattice function f (a) ∈ l2(Λ) from a given function f ∈ H1
0 (D) such that
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lim
a→0

〈f (a),−∆(a)f (a)〉 =

∫

D

|∇f |2. The value of
∫

D
|∇f |2 is larger than the minimum

eigenvalue on the lattice. When we have N such eigenfunctions f1, ...., fN in H1
0 (D)

such that SN =
∑N

j=1

∫
D
|∇fj |2, we will need to orthonormalize the corresponding

lattice functions f
(a)
1 , ..., f

(a)
N . We will do this by applying the Gram-Schmidt process.

By combining these results, we will obtain a lower bound.

The second stage is to prove that SN ≤ lim inf
a→0

S
(a)
N . We will do this by defin-

ing a function ϕ(a) in H1
0 (D) from a given function ϕ ∈ l2(Λ). Now, 〈ϕ,−∆(a)ϕ〉

is larger than the minimum eigenvalue in the continuum so we will obtain an up-

per bound. When we have N such eigenfunctions ϕ1, ...., ϕN in l2(Λ) such that

S
(a)
N =

∑N
j=1〈ϕj,−∆(a)ϕj〉 we will need to orthonormalize the corresponding func-

tions ϕ(a), ...., ϕ
(a)
N in the continuum. Again we will apply the Gram-Schmidt process.

By combining these results, we will obtain an upper bound.

Proposition 1. For any open, bounded domain D, and any N ≥ 1,

SN ≥ lim sup
a→0

S
(a)
N .

The strategy is to construct a function f (a) ∈ l2(Λ) from a given function

f ∈ H1
0 (D) such that

lim
a→0

‖f (a)‖l2 = ‖f‖L2 (4.1)

and

lim
a→0

〈f (a),−∆(a)f (a)〉 = ‖∇f‖L2 . (4.2)

Before giving the proof of proposition 1, we will define the function f (a) and prove

that f (a) satisfies (4.1) and (4.2).

Definition. For a given function f ∈ L1(D), we define a function f (a) ∈ l2(Λ) by

f (a)(x) =
1

ad

∫

C(a)(x)

f(y) dy, x ∈ Λ,

where Ca(x) is a cubic cell of size a > 0 centered around x ∈ (aZ)d.
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Let f (a)(x) = 0 for x ∈ (aZ)d \ Λ. We extend f (a) ∈ l2(Λ) to a piecewise constant

function in L2(D) by letting f (a)(y) = f (a)(x) for all y ∈ C(a)(x). Note that

‖f (a)‖2
l2(Λ) =

∑

x∈Λ

∫

Ca(x)

|f (a)(y)|2 dy = ‖f (a)‖2
L2(D).

Recall that we defined Λ = (aZ)d
⋂
D0, where D0 is the set of all x ∈ D where we can

place a cubic cell of size 2a centered around x such that the cubic cell is contained

in D. That means that there exists z ∈ D such that z is not included in a unit cube,

Ca(x), centered around x ∈ Λ.

Let D′ be the set of all y ∈ D such that y is included in a unit cube, Ca(x), centered

around x ∈ Λ. The distance from y in D′ to the boundary of D is at least a
2
.

Lemma 1. If f ∈ L2(D) then,

‖f (a)‖l2(Λ) ≤ ‖f‖L2(D).

Proof. By Schwarz’s inequality,

|f (a)(x)|2 ≤ 1

a2d

∫

Ca(x)

|f(y)|2 dy
∫

Ca(x)

dy

=
1

ad

∫

Ca(x)

|f(y)|2 dy.

Hence

‖f (a)‖2
l2(Λ) ≤

∫

D′

|f(y)|2 dy ≤ ‖f‖2
L2(D).

Lemma 2. If f ∈ L2(D), then

lim
a→0

‖f (a)‖l2(Λ) = ‖f‖L2(D).

Proof. Since L2(D) is the closure of C∞
c (D) in the L2-norm, we will first prove

this lemma for a smooth function with compact support. For a general function

f ∈ L2(D), we will approximate f with a function g in C∞
c (D).
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Since ‖f (a)‖l2(Λ) = ‖f (a)‖L2(D), we can prove the lemma if we can show that

lim
a→0

‖f (a)‖L2(D) = ‖f‖L2(D).

First, let f ∈ C∞
c (D). We have

‖f (a) − f‖L2(D) = ‖f (a) − f‖L2(D′) + ‖f (a) − f‖L2(D\D′). (4.3)

The latter term converges to 0 when a→ 0 since D′ \D tends to 0. We calculate the

first term in (4.3). By Schwarz’s inequality,

|f (a)(x) − f(x)|2 ≤ 1

a2d

∫

Ca(x)

|f(y) − f(x)|2 dy
∫

Ca(x)

dy

=
1

ad

∫

Ca(x)

|f(y) − f(x)|2 dy

≤ 1

ad

∫

Ca(x)

a2 sup
y′∈Ca(x)

|∇f(y′)|2 dy.

Then

‖f (a) − f‖2
L2(D′) ≤ a2 sup

y′∈Ca(x)

|∇f(y′)|2|D′|.

The latter term converges to 0 when a → 0. Hence for f ∈ C∞
c (D) we obtain

lim
a→0

‖f (a)‖L2(D) = ‖f‖L2(D).

Now let f be any function in L2(D). We have

‖f (a) − f‖L2(D) ≤ ‖f (a) − g(a)‖L2(D) + ‖g(a) − g‖L2(D) + ‖g − f‖L2(D),

where g ∈ C∞
c (D) is the L2-norm approximation of f, i.e ‖f − g‖L2(D) < ε for ε > 0.

By Lemma 1, ‖f (a) − g(a)‖L2(D) = ‖f (a) − g(a)‖l2(Λ) ≤ ‖f − g‖L2(D) < ε. Furthermore,

we proved above that lim
a→0

‖g(a)‖L2(D) = ‖g‖L2(D). This implies that ‖f (a)−f‖L2(D) → 0

as a→ 0. Hence for any function f ∈ L2(D) we obtain lim
a→0

‖f (a)‖L2(D) = ‖f‖L2(D).

Let ∇(a) denote the discrete gradient, where ∇(a)ϕ = (∇(a)
1 ϕ, ....,∇(a)

d ϕ) for ϕ ∈ l2(Λ).

Define

Λ′ ≡ {y ∈ (aZd) : dist(y,Λ) ≤ a}.
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The ith directional gradient is given by

∇(a)
i ϕ(x) =

ϕ(x+ a ei) − ϕ(x)

a
,

where ei is the unit vector in the ith direction and x ∈ Λ′. For ϕ ∈ l2(Λ′), we have

〈ϕ,−∆(a)ϕ〉 =
d∑

i=1

‖∇(a)
i ϕ‖2

l2(Λ′) = ‖∇(a)ϕ‖2
l2(Λ′).

This can be shown by letting y = x+ aei. Since ϕ(x) is zero outside Λ, we have

d∑

i=1

‖∇(a)
i ϕ‖2

l2(Λ′) =
d∑

i=1

ad
∑

x∈Λ′

|ϕ(x+ aei) − ϕ(x)|2
a2

= ad−2
∑

{x,y}⊂(aZ)d

|x−y|=a

|ϕ(y) − ϕ(x)|2

= 〈ϕ,−∆(a)ϕ〉.

For f ∈ H1
0 (D) we denote the ith directional gradient by ∇if.

Lemma 3. If f ∈ H1
0 (D), then

lim
a→0

‖∇(a)f (a)‖2
l2(Λ′) = ‖∇f‖2

L2(D).

Proof. We need to show that for each i = 1, ...., d,

lim
a→0

‖∇(a)
i f (a)‖l2(Λ′) = ‖∇if‖L2(D).

From lemma 2, we have

lim
a→0

‖(∇if)(a)‖l2(Λ) = ‖∇if‖L2(D),

so we need to show that for each i = 1, ..., d,

lim
a→0

‖(∇(a)
i f (a))‖l2(Λ′) = lim

a→0
‖(∇if)(a)‖l2(Λ). (4.4)
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We will first prove (4.4) for a smooth function with compact support, since H1
0 (D)

is the closure of C∞
c (D) in the H1-norm. For a general function f ∈ H1

0 (D), we will

approximate f with a function g in C∞
c (D). Notice that Λ′ \ Λ → 0 as a→ 0.

First, let f ∈ C∞
c (D). We have for x ∈ Λ,

∇(a)
i f (a)(x) =

f (a)(x+ a ei) − f (a)(x)

a
=

1

ad

∫

Ca(x)

f(y + a ei) − f(y)

a
dy,

so we get

|∇(a)
i f (a)(x) − (∇if)(a)(x)| =

1

ad

∣∣∣∣
∫

Ca(x)

[
f(y + a ei) − f(y)

a
−∇if(y)

]
dy

∣∣∣∣ .

By applying the first order Taylor’s formula we obtain

lim
a→0

‖∇(a)
i f (a)‖l2 = lim

a→0
‖(∇if)(a)‖l2 for f ∈ C∞

c (D).

Now, let f be any function in H1
0 (D) and suppose that g ∈ C∞

c (D) is the approxi-

mation of f in the H1-norm. Recall that the H1-norm is given by

‖f‖H1(D) =

(∫

D

|f(x)|2dx+

∫

D

|∇f(x)|2dx
) 1

2

.

Then ‖∇f −∇g‖L2(D) < ε for ε > 0. By lemma 1,

‖(∇if)(a) − (∇ig)
(a)‖l2(Λ) ≤ ‖∇if −∇ig‖L2(D) ≤ ‖∇f −∇g‖L2(D) < ε.

Furthermore, by Jensen’s inequality and the Fundamental theorem of calculus for

distributions,

∣∣∣∇(a)
i f (a)(x) −∇(a)

i g(a)(x)
∣∣∣
2

≤ 1

ad

∫

Ca(x)

∣∣∣∣
f(y + a ei) − f(y) − (g(y + a ei) − g(y))

a

∣∣∣∣
2

dy

=
1

ad

∫

Ca(x)

∣∣∣∣
∫ 1

0

[∇if(y + t a ei) −∇ig(y + t a ei)] dt

∣∣∣∣
2

dy

≤ 1

ad

∫

Ca(x)

∫ 1

0

|∇if(y + t a ei) −∇ig(y + t a ei)|2 dt dy

.
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Next,

‖∇(a)
i f (a) −∇(a)

i g(a)‖2
l2(Λ)

≤
∫

D

∫ 1

0

|∇if(y + t a ei) −∇ig(y + t a ei)|2 dt dy

=

∫ 1

0

∫

D

|∇if(y + t a ei) −∇ig(y + t a ei)|2 dy dt < ε2.

Here ∇if(y + t a ei) = ∇ig(y + t a ei) = 0 for (y + t a ei) located outside D. Now, by

proceeding as in lemma 2, the lemma is proved for any function f ∈ H1
0 (D).

Proof of proposition 1. We will first prove the proposition for N = 1.

Let f1 ∈ H1
0 (D) be the eigenvector of −∆ with minimum eigenvalue (which is equal to

S1), and let f
(a)
1 be the function in l2(Λ) as defined above. The minimum eigenvalue

on the lattice is equal to S
(a)
1 . By lemma 3,

S1 = ‖∇f1‖2
L2(D) = lim

a→0
‖∇(a)f

(a)
1 ‖2

l2(Λ′) = lim
a→0

‖∇(a)f
(a)
1 ‖2

l2(Λ′)

‖f (a)
1 ‖2

l2(Λ′)

‖f (a)
1 ‖2

l2(Λ′).

By lemma 2,

lim
a→0

‖f (a)
1 ‖2

l2(Λ′) = ‖f1‖2
L2(D) = 1

while
‖∇(a)f

(a)
1 ‖2

l2(Λ′)

‖f (a)
1 ‖2

l2(Λ′)

≥ S
(a)
1 .

We take lim sup since we do not know yet if S
(a)
1 converges as a→ 0. We obtain

S1 ≥ lim sup
a→0

S
(a)
1 ,

so the proposition is proved for N = 1.

Now let λ1, ..., λN denote the N lowest eigenvalues of −∆ with corresponding

eigenfunctions f1, ..., fN ∈ H1
0 (D) respectively. Let f

(a)
1 , ..., f

(a)
N be functions in l2(Λ)

obtained from the continuum functions f1, ..., fN respectively as defined in this section.

We will use the Gram-Schmidt process in order to orthonormalize the lattice functions

f
(a)
1 , ..., f

(a)
N .
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Define

ψ
(a)
1 =

f
(a)
1

‖f (a)
1 ‖l2(Λ)

. Having defined ψ
(a)
1 , ..., ψ

(a)
N−1 set

ψ
(a)
N =

ψ
′(a)
N

‖ψ′(a)
N ‖l2(Λ)

with ψ
′(a)
N = f

(a)
N −

N−1∑

i=1

〈f (a)
N , ψ

(a)
i 〉ψ(a)

i .

Then ψ
(a)
1 , ..., ψ

(a)
N are orthonormal functions in l2(Λ). We will need the following

lemma:

Lemma 4. ∀N ∈ N,

(a) lim
a→0

‖ψ′(a)
i ‖l2(Λ) = 1 ∀i ≤ N.

(b) lim
a→0

〈f (a)
i , ψ

′(a)
j 〉 = 0 ∀i > j ≤ N.

(c) lim
a→0

‖∇(a)ψ
′(a)
i ‖l2(Λ′) = lim

a→0
‖∇(a)f

(a)
i ‖l2(Λ′) ∀i ≤ N.

Proof. We will prove the lemma by induction. The statement is true for N = 1.

Suppose the statement is true for N = M.

Part (a). Recall that ‖f (a)‖l2(Λ) = ‖f (a)‖L2(D). We have,

∣∣∣‖ψ′(a)
M+1‖l2(Λ) − 1

∣∣∣ =
∣∣∣‖ψ′(a)

M+1‖l2(Λ) − ‖fM+1‖L2(D)

∣∣∣

≤ ‖f (a)
M+1 − fM+1‖L2(D) −

M∑

i=1

∣∣∣〈f (a)
M+1, ψ

(a)
i 〉
∣∣∣ ‖ψ(a)

i ‖L2(D).

The latter term converges to 0 as a→ 0 by lemma 2 and by the assumption.

Part (b). We have for i > M + 1,

〈f (a)
i , ψ

′(a)
M+1〉 ≤ 〈f (a)

i , f
(a)
M+1〉 − 〈f (a)

i ,
M∑

k=1

〈f (a)
M+1, ψ

(a)
k 〉ψ(a)

k 〉.

The latter term converges to 0 as a → 0 by the polarization identity and by the

assumption.

Part (c). We have

∣∣∣‖∇(a)ψ
′(a)
M+1‖l2(Λ′) − ‖∇(a)f

(a)
M+1‖l2(Λ′)

∣∣∣ ≤
M∑

j=1

∣∣∣〈f (a)
M+1, ψ

(a)
j 〉
∣∣∣ ‖∇(a)ψ

(a)
j ‖l2(Λ′).
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The latter term converges to 0 as a→ 0 by the assumption.

Now we will prove the proposition for any N ≥ 1. By using the same method as for

the case N = 1 and applying lemma 4 we obtain

SN =
N∑

i=1

λi =
N∑

i=1

‖∇fi‖2
L2(D) = lim

a→0

N∑

i=1

‖∇(a)f
(a)
i ‖2

l2(Λ′)

= lim
a→0

N∑

i=1

‖∇(a)ψ
(a)
i ‖2

l2(Λ′)

where
N∑

i=1

‖∇(a)ψ
(a)
i ‖2

l2(Λ′) ≥ S
(a)
N .

We do not know yet if S
(a)
N converges so we take lim sup . Hence we obtain

SN ≥ lim sup
a→0

S
(a)
N .

Proposition 2. For any open, bounded domain D, and any N ≥ 1,

SN ≤ lim inf
a→0

S
(a)
N .

The strategy is as follows. For a given function ϕ ∈ l2(Λ), we will construct a function

ϕ(a) ∈ H1
0 (D) such that lim

a→0
‖ϕ(a)‖L2 = 1 and ‖∇ϕ(a)‖L2 ≤ ‖∇(a)ϕ‖l2. Before we give

the proof of Proposition 2, we will construct the function ϕ(a).

Let Ca(x) be a cubic cell of size a > 0, centered around x ∈ D. For any ϕ ∈ l2(Λ),

we will extend ϕ to a piecewise constant function in L2(D) by letting ϕ(y) = ϕ(x) for

x ∈ Λ and for all y ∈ Ca(x). We will let ϕ vanish on (aZ)d \Λ. In order to smoothen

the function ϕ, we will define the following convolution:

Definition. For any x ∈ D, and ϕ ∈ l2(Λ) we define

ϕ(a)(x) =
1

ad

∫

Ca(x)

ϕ(y) dy =

[
1

ad
χCa(0) ∗ ϕ

]
(x), (4.5)

where χCa(0) is the characteristic function on Ca(0).
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Note that ϕ(a)(x) = ϕ(x) when x ∈ Λ. We also note that by the definition of Λ,

ϕ(a)(x) vanishes on the boundary of D and outside D. In addition, ϕ(a)(x) will tend

to zero when x approaches the boundary of D. It is proved in [19] that ϕ(a) is jointly

continuous in a > 0 and x.
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2a
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xz

Region D

Region C

Region B

Region A

Figure 4.1. This picture shows the domain D and the lattice in two dimensions.
We can place a unit cube of size 2a centered around the point x. In this case the
point x is located on the lattice which means that this is the closest we can put any
of the points of Λ to the boundary of D. For the right part of the picture; if the
point is located at the black dot in region B, the value of ϕ(a) at that point is defined
as the average value of ϕ on the region A,B,C,D. The value of ϕ(a) defined at the
boundary point z will be zero since the unit cube centered around z will not intersect
any unit cube centered around points in Λ.
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Lemma 5.

ϕ(a) ∈ H1
0(D) for any a > 0.

Proof of lemma 5. We have that ϕ(a)(x) is jointly continuous in a > 0 and x, and

that ϕ(a)(x) goes to zero when x approaches the boundary of D. Therefore, it is enough

to show that ϕ(a) ∈ H1(D). We also have that ϕ(a) ∈ L2(D), so we only have to prove

that
1

(2π)d

∫

Rd

|k|2|ϕ̂(a)(k)|2 <∞.

The Fourier transform of ϕ(a) is given by

ϕ̂(a)(k) =
1

ad
χ̂Ca(0)(k)ϕ̂(k), (4.6)

where
1

ad
χ̂Ca(0)(k) =

d∏

i=1

(
sin
(

a ki

2

)
a ki

2

)
. (4.7)

Now suppose that we can prove that if 0 ≤ ai ≤ bi, i = 1, ..., d then

d∏

i=1

ai

bi
≤
∑d

i=1 ai∑d
i=1 bi

. (4.8)

Then by letting ai = | sin aki

2
|2 and bi =

∣∣aki

2

∣∣2 , we obtain from (4.7)

|k|2
d∏

i=1

∣∣sin
(

a ki

2

)∣∣2
∣∣a ki

2

∣∣2 ≤ 4

a2

d∑

i=1

∣∣∣∣sin
aki

2

∣∣∣∣
2

≤ 4d

a2
. (4.9)

By Parseval’s identity and (4.6), (4.7), (4.9), we have

1

(2π)d

∫

Rd

|k|2 |ϕ̂(a)(k)|2 dk =
1

(2π)d

∫

Rd

|ϕ̂(k)|2|k|2
d∏

i=1

∣∣sin
(

a ki

2

)∣∣2
∣∣a ki

2

∣∣2 dk

≤ 4d

a2

∫

D

|ϕ(x)|2 dx.

Hence, ϕ(a) ∈ H1
0 (D) for any a > 0.

Now will prove the statement in (4.8)
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Lemma 6. Suppose that 0 ≤ ai ≤ bi for i = 1, ..., d. Then

d∏

i=1

ai

bi
≤
∑d

i=1 ai∑d
i=1 bi

.

Proof. Since ai

bi
≤ 1, the logarithm is negative. By using that fact and Jensen’s

inequality we obtain

log

d∏

i=1

ai

bi
=

d∑

i=1

log
ai

bi
≤

d∑

i=1

bi∑
j bj

log
ai

bi

≤ log
d∑

i=1

bi∑
j bj

ai

bi

= log

∑
i ai∑
i bi

.

Recall that for ϕ ∈ l2(Λ), ‖ϕ‖l2(Λ) = ‖ϕ‖L2(D).

Lemma 7. If ϕ ∈ l2(Λ), then

‖ϕ− ϕ(a)‖2
L2(D) ≤ ad

∑

x,y∈Λ
|x−y|∞=a

|ϕ(x) − ϕ(y)|2 ≤ a2Cd〈ϕ,−∆(a)ϕ〉, (4.10)

where the constant Cd depends on the dimension.

Proof of lemma 7. The first inequality in (4.10) can be calculated by applying

Jensen’s inequality. We obtain

‖ϕ− ϕ(a)‖2
L2(D) =

∫

D

∣∣ϕ(x) − ϕ(a)(x)
∣∣2 dx

=

∫

D

∣∣∣∣
1

ad

∫

Ca(x)

[ϕ(x) − ϕ(y)] dy

∣∣∣∣
2

dx

≤
∫

D

∫

Ca(x)

1

ad
|ϕ(x) − ϕ(y)|2 dy dx

=
∑

x,y∈Λ

|ϕ(x) − ϕ(y)|2 1

ad

∫

Ca(x)

∫

Ca(y)

χ[|x′−y|′∞≤a
2 ]
dx′ dy′

≤ ad
∑

x,y∈Λ
|x−y|∞=a

|ϕ(x) − ϕ(y)|2.
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We will calculate C2; Recall that

〈ϕ,−∆(a)ϕ〉 = ad−2
∑

{x,y}⊂(aZ)d

|x−y|=a

|ϕ(x) − ϕ(y)|2.

We have

∑

x,y∈Λ,|x−y|∞=a

|ϕ(x) − ϕ(y)|2 =
∑

x,y∈Λ
|x−y|=a

|ϕ(x) − ϕ(y)|2

+
∑

x,y∈Λ
|x−y|2=

√
2a

|ϕ(x) − ϕ(y)|2. (4.11)

Since

|m+ n|2 ≤ 22 max{|m|2, |n|2} ≤ 22(|m2| + |n|2),

we have

|ϕ(x) − ϕ(y)|2 ≤ 22
(
|ϕ(x) − ϕ(z)|2 + |ϕ(z) − ϕ(y)|2

)
.

By using this, the term in (4.11) can be calculated:

∑

x,y∈Λ
|x−y|2=

√
2a

|ϕ(x) − ϕ(y)|2

≤ 22
∑

x,z,y∈Λ
|x−z|=a,|z−y|=a

[
|ϕ(x) − ϕ(z)|2 + |ϕ(z) − ϕ(y)|2

]

≤ 4 · 22



∑

x,z∈Λ
|x−z|=a

|ϕ(x) − ϕ(z)|2 +
∑

z,y∈Λ
|y−z|=a

|ϕ(z) − ϕ(y)|2




≤ 16 · 2




∑

{x,z}⊂(aZ)d

|x−z|=a

|ϕ(x) − ϕ(z)|2 +
∑

{z,y}⊂(aZ)d

|y−z|=a

|ϕ(z) − ϕ(y)|2


 .

Hence, we obtain C2 = 66. We can use the same method to find Cd for other dimen-

sions than d = 2.
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Lemma 8. If ϕ ∈ l2(Λ), then

‖∇iϕ
(a)‖L2(D) ≤ ‖∇(a)

i ϕ‖L2(D) ∀ 1 ≤ i ≤ d.

Proof of lemma 8. We will prove the lemma for i = 1. Let Ca
1 (x) be the (d − 1)

dimensional cube centered at x in the direction perpendicular to e1. We have for

ϕ ∈ l2(Λ),

[∇1ϕ
(a)](x) =

1

ad

∫

Ca
1 (x)

[
ϕ

(
y +

1

2
a e1

)
− ϕ(y − 1

2
ae1)

]
dy2...dyd.

By Jensen’s inequality,

‖∇1ϕ
(a)‖2

L2(D) =

∫

D

∣∣∣∣∣

∫

Ca
1 (x)

[
ϕ(y + 1

2
ae1) − ϕ(y − 1

2
ae1)

]

a

dy2...dyd

ad−1

∣∣∣∣∣

2

dx

≤
∫

Rd

∫

Ca
1 (x)

∣∣∣∣∣

[
ϕ(y + 1

2
ae1) − ϕ(y − 1

2
ae1)

]

a

∣∣∣∣∣

2
dy2...dyd

ad−1
dx

=

∫

Rd

∣∣∣[∇(a)
1 ϕ](y)

∣∣∣
2

dy

∫

Ca
1 (y)

dx2...dxd

ad−1

= ‖∇(a)
1 ϕ‖2

L2(D).

Proof of proposition 2. We will prove

SN ≤ lim inf
a→0

S
(a)
N .

We will first prove the proposition for N = 1. Let ϕ ∈ l2(Λ) be the eigenvector of

−∆(a) with minimum eigenvalue (which is equal to S
(a)
1 ), and let ϕ(a) be the function

in H1
0 (D) as defined above. The minimum eigenvalue in the continuum is equal to

S1. Then by lemma 8,

S
(a)
1 = ‖∇(a)ϕ1‖2

l2(Λ′) ≥ ‖∇ϕ(a)
1 ‖2

L2(D)

=
‖∇ϕ(a)

1 ‖2
L2(D)

‖ϕ(a)
1 ‖2

L2(D)

‖ϕ(a)
1 ‖2

L2(D)

≥ S1‖ϕ(a)
1 ‖2

L2(D).
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The term ‖ϕ(a)
1 ‖2

L2(D) converges to 1 as a→ 0 : By lemma 7,

∣∣∣‖ϕ(a)
1 ‖L2(D) − 1

∣∣∣ =
∣∣∣‖ϕ(a)

1 ‖L2(D) − ‖ϕ1‖l2(Λ)

∣∣∣ ≤ ‖ϕ(a)
1 − ϕ1‖L2(D) ≤ a

√
Cdλ

(a)
1 .

By proposition 1,

lim sup
a→0

∣∣∣‖ϕ(a)
1 ‖L2(D) − 1

∣∣∣ ≤ lim
a→0

a
√
Cdλ1 = 0.

So the proposition is proved for N = 1.

Now, let λ
(a)
1 , ..., λ

(a)
N denote the N lowest lattice eigenvalues with corresponding

eigenfunctions ϕ1, ..., ϕN ∈ l2(Λ) respectively. Let ϕ
(a)
1 , ..., ϕ

(a)
N be functions in H1

0 (D)

obtained from the lattice functions ϕ1, ..., ϕN respectively as defined is this section.

We will use the Gram-Schmidt process in order to orthonormalize the continuum

functions ϕ
(a)
1 , ...., ϕ

(a)
N . Define

ψ
(a)
1 =

ϕ
(a)
1

‖ϕ(a)
1 ‖L2(D)

. Having defined ψ
(a)
1 , ..., ψ

(a)
N−1, set

ψ
(a)
N =

ψ
′(a)
N

‖ψ′(a)
N ‖L2(D)

with ψ
′(a)
N = ϕ

(a)
N −

N−1∑

i=1

〈ϕ(a)
N , ψ

(a)
i 〉ψ(a)

i .

Then ψ
(a)
1 , ..., ψ

(a)
N are orthonormal functions in H1

0 (D). We will need the following

lemma:

Lemma 9. ∀N ∈ N,

(a) lim
a→0

‖ψ′(a)
i ‖L2(D) = 1 ∀i ≤ N.

(b) lim
a→0

〈ϕ(a)
i , ψ

′(a)
j 〉 = 0 ∀i > j ≤ N.

(c) lim
a→0

‖∇ψ′(a)
i ‖L2(D) = lim

a→0
‖∇ϕ(a)

i ‖L2(D) ∀i ≤ N.

Proof. We will prove the lemma by using induction. The statement is true forN = 1.

Suppose the statement is true for N = M.
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Part (a). We have

∣∣∣‖ψ′(a)
M+1‖L2(D) − 1

∣∣∣ =
∣∣∣‖ψ′(a)

M+1‖L2(D) − ‖ϕM+1‖l2(Λ)

∣∣∣

≤ ‖ϕ(a)
M+1 − ϕM+1‖L2(D) −

M∑

i=1

∣∣∣〈ϕ(a)
M+1, ψ

(a)
i 〉
∣∣∣ ‖ψ(a)

i ‖L2(D).

The latter term converges to 0 as a→ 0 by proposition 1 and by the assumption.

Part (b). We have for i > M + 1,

〈ϕ(a)
i , ψ

′(a)
M+1〉 ≤ 〈ϕ(a)

i , ϕ
(a)
M+1〉 − 〈ϕ(a)

i

M∑

k=1

〈ϕ(a)
M+1, ψ

(a)
k 〉ψ(a)

k 〉.

The latter term converges to 0 as a → 0 by the polarization identity and by the

assumption.

Part (c). We have

∣∣∣‖∇ψ′(a)
M+1‖L2(D) − ‖∇ϕ(a)

M+1‖L2(D)

∣∣∣ ≤
M∑

j=1

∣∣∣〈ϕ(a)
M+1, ψ

(a)
j 〉
∣∣∣ ‖∇ψ(a)

j ‖L2(D).

The latter term converges to 0 as a→ 0 by proposition 1 and by the assumption.

Now we will prove proposition 2 for any N ≥ 1. We have by lemma 8,

S
(a)
N =

N∑

i=1

λ
(a)
i =

N∑

i=1

‖∇(a)ϕi‖2
l2(Λ′)

≥
N∑

i=1

‖∇ϕ(a)
i ‖2

L2(D).

When we take the lim inf of the expression above we obtain, by applying the same

method as for the case N = 1, and lemma 9:

lim inf
a→0

S
(a)
N ≥ lim inf

a→0

N∑

i=1

‖∇ψ(a)
i ‖2

L2(D) ≥ SN .
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5. On the lower bound for the sum of lowest eigenvalues.

Freericks, Lieb, Ueltschi [12] proved in 2002, that the sum of the N lowest eigenvalues

of the Discrete Laplacian defined on a finite subset, Λ, of the infinite lattice is bounded

below by a term proportional to the volume of the domain (‘bulk term’) and a term

proportional to the boundary (‘boundary correction’). In 2004, Ueltschi [13] improved

the ‘boundary correction’.

Freericks, Lieb, Ueltschi [12] and Ueltschi [13] proved the following theorem :

Theorem 2. For every N ≥ 1,

S
(a)
N ≥ |Λ|ade(a)(ρ(a)) + C B(Λ)ad(ρ(a))

2
d
+1
,

where B(Λ) = |{(x, y) : x ∈ Λ, y ∈ ΛC , |x − y| = a}|, ρ(a) = N
|Λ|ad denotes the lattice

density, e(a)(ρ(a)) denotes the lattice energy density of non-interacting electrons with

density ρ, in the limit of infinite volume, |Λ| is the volume of Λ and C is a constant.

They proved that the constant, C, is strictly positive for all densities, but only for

small densities do they have an explicit value of C.

In this section we will give the proof of the ‘bulk term,’ i.e we will show that for

any N ≥ 1

S
(a)
N ≥ |Λ|ade(a)(ρ(a)).

Furthermore, we will show that the ‘bulk term’ in the lower bound for the sum of

the N lowest eigenvalues of the Discrete Laplacian converges to the ‘bulk term’ in

the lower bound for the sum of the N lowest eigenvalues of the Continuum Laplacian

when a → 0 while the ‘boundary correction’ tends to zero. The Discrete case is,

therefore, more general than the continuum case. Recall from the previous chapter

that we recovered SN from S
(a)
N in the continuum limit. In other words, we will recover
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SN ≥ |D|e(ρ) in the continuum limit a→ 0 where e(ρ) denotes the energy density in

the continuum of density ρ = N
|D| , in the limit of infinite volume.

Proof of Theorem 2 without the boundary correction . The proof follows

that of Freericks, Lieb and Ueltschi’s [12] and Lieb and Loss’s [14].

Recall that the Fourier transform of ϕ ∈ l2(Λ) is defined by:

ϕ̂(k) = ad
∑

x∈Λ

eikxϕ(x), k ∈
[
−π
a
,
π

a

]d
.

and the inverse-transform is

ϕ(x) =
1

(2π)d

∫

[−π
a

, π
a
]d
ϕ̂(k)e−ikx dk, x ∈ Λ

A function ϕ ∈ l2(Λ) can be considered to be in l2[(aZ)d] by letting ϕ = 0 outside Λ.

The energy of a particle in a state ϕi ∈ l2(Λ) is given by

λ
(a)
j = 〈ϕj ,−∆(a)ϕj〉 =

1

(2π)d

∫

[−π
a

, π
a
]d
ε
(a)
k |ϕ̂j(k)|2 dk.

This can be proved by applying Plancherel’s identity, since we have

[− ̂(∆(a)ϕj)(k)] = ε
(a)
k ϕ̂j(k).

Eigenfunctions with different eigenvalues are orthonormal and we can take the

eigenfunctions with the same eigenvalues to be orthonormal so that we have an or-

thonormal set. We have that the energy S
(a)
N (ϕ1, ..., ϕN ) of N orthonormal functions

ϕ1, ...., ϕN ∈ l2(Λ) is given by

S
(a)
N (ϕ1, ..., ϕN ) =

1

(2π)d

∫

[−π
a

, π
a ]

d
ε
(a)
k %(k),

where

%(k) =
N∑

j=1

|ϕ̂j(k)|2.

The function %(k) satisfies the following equations:

1

(2π)d

∫

[−π
a

, π
a
]d
%(k)dk = N. (5.1)
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0 ≤ %(k) ≤ ad|Λ|. (5.2)

The first equation follows from Parseval’s identity and the fact that ϕj is a normalized

function.

Since the eigenfunctions, ϕi, are orthonormal in l2(Λ), they can be completed to

form an orthonormal basis, {ϕi}∞i=1, in l2[(aZ)d]. Define the function fk : (aZ)d → C

by fk(x) = e−ikxχΛ(x), where χΛ(x) is the characteristic function on Λ and k ∈
[−π

a
, π

a
]d. Then ϕ̂j(k) = 〈ϕj , fk〉. The upper bound of % can be found by using

Bessel’s inequality. We have

%(k) =
N∑

j=1

|ϕ̂j(k)|2 =
N∑

j=1

|〈ϕj , fk〉|2 ≤ ‖fk‖2
l2(Λ) = ad|Λ|.

We minimize S
(a)
N (ϕ1, ..., ϕN ) over all % that satisfies the two conditions (5.1) and

(5.2). Thus the ground state energy, S
(a)
N , of N orthonormal functions ϕ1, ...., ϕN is

bounded below by

S
(a)
N ≥ inf

%:0≤%≤|Λ|ad

1

(2π)d

R

[−π
a , π

a ]d
%(k)=N

1

(2π)d

∫

[−π
a

, π
a
]d
%(k) ε

(a)
k dk. (5.3)

By applying the ‘bathtub principle’ [14] (See figure 5.1), we find the minimizer %min.

It is given by

%min(k) =

{
|Λ|ad, if ε

(a)
k < ε

(a)
F (ρ(a))

0, elsewhere
(5.4)

Recall that the lattice Fermi level ε
(a)
F (ρ(a)) is given by the following identity

ρ(a) =
1

(2π)d

∫

ε
(a)
k <ε

(a)
F (ρ(a))

dk.

Recall that the energy per site of a density ρ(a) of free electrons in (aZ)d is given by

e(a)(ρ(a)) =
1

(2π)d

∫

ε
(a)
k <ε

(a)
F (ρ(a))

ε
(a)
k dk. (5.5)
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− π
a

π
a

εa
F

da |Λ|

ρ
min(k)

ρ (k) εa
k

k
0

Figure 5.1. Bathtub principle. The figure shows the minimizer %min(k) in one
dimension.

By (5.3), (5.4) and (5.5) we get

S
(a)
N ≥ |Λ|ade(a)(ρ(a)).

Now we will show that when we take the continuum limit a → 0 of the right hand

side of the inequality

S
(a)
N ≥ |Λ|ade(a)(ρ(a)) + C B(Λ)ad(ρ(a))

2
d
+1
,

we obtain e(ρ)|D|. To show this, we will need the next lemma which gives the rela-

tionship between e(ρ(a)) and e(a)(ρ(a)) and between εF (ρ(a)) and ε
(a)
F (ρ(a)).

Lemma 10. For any ρ(a) such that 1
3
a2ε

(a)
F (ρ(a)) ≤ 1,we have

(a) εF (ρ(a)) − 1
12
a2ε2

F (ρ(a)) ≤ ε
(a)
F (ρ(a)) ≤ εF (ρ(a)).

(b) e(ρ(a)) − 4
3
a2π2 d

d+4
Γ
(

d
2

+ 1
) 4

d ρ(a)1+ 4
d ≤ e(a)(ρ(a)) ≤ e(ρ(a)).
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Proof of lemma 10 (a). It can be checked that k2 − 1
12
k4 ≤ 2 − 2 cos k ≤ k2 and

|k|4 ≥∑d
i=1 k

4
i . Then |k|2 − a2

12
|k|4 ≤ ε

(a)
k ≤ |k|2. Recall that

εF (ρ(a)) = 4π Γ

(
d

2
+ 1

) 2
d

ρ(a)
2
d (5.6)

and

ρ(a) =
1

(2π)d

∫

ε
(a)
k <ε

(a)
F (ρ(a))

dk.

We have

1

(2π)d

∫

|k|2<ε
(a)
F (ρ(a))

dk ≤ ρ(a) ≤ 1

(2π)d

∫

|k|2−a2

12
|k|4<ε

(a)
F (ρ(a))

dk. (5.7)

From the first inequality in (5.7) it follows that

ε
(a)
F (ρ(a)) ≤ εF (ρ(a)).

In the latter integral in (5.7) we integrate over those k′s such that

|k|2 ≤
1 −

√
1 − 1

3
a2ε

(a)
F (ρ(a))

a2

6

,

provided that 1
3
a2 ε

(a)
F (ρ(a)) ≤ 1. Then

1 −
√

1 − 1
3
a2ε

(a)
F (ρ(a))

a2

6

≥ εF (ρ(a))

which implies that

−1 +
1

3
a2 εF (ρ(a)) − 1

36
a4ε2

F (ρ(a)) ≤ a2 1

3
ε
(a)
F (ρ(a)) − 1.

This proves (a).

Proof of lemma 10 (b). By part (a), we have

e(a)(ρ(a)) =

∫ ρ(a)

0

ε
(a)
F (t) dt ≤

∫ ρ(a)

0

εF (t) dt = e(ρ(a)).
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We also have that

e(a)(ρ(a)) ≥
∫ ρ(a)

0

[
εF (t) − 1

12
a2 ε2

F (t)

]
dt.

By using the expression for εF (t) given in (5.6), we obtain (b).

Recall that Freericks, Lieb, Ueltschi [12] and Ueltschi [13] proved that for any open,

bounded domain D, and for every N ≥ 1, and density ρ(a),

S
(a)
N ≥ e(a)(ρ(a))|Λ|ad + C B(Λ)ad(ρ(a))

2
d
+1

(5.8)

where B(Λ) = |{(x, y) : x ∈ Λ, y ∈ ΛC , |x − y| = a}|, and C is a constant. When we

take the continuum limit a→ 0 of (5.8) we obtain

SN ≥ e(ρ)|D|.

This is shown as follows: Since ρ(a) → ρ we obtain by applying lemma 10,

lim
a→0

e(a)(ρ(a)) = e(ρ).

Hence, in the continuum limit a→ 0 we obtain

e(a)(ρ(a))|Λ|ad → e(ρ)|D|

and

C (ρ(a))
2
d
+1B(Λ)ad = C (ρ(a))

2
d
+1

[ |∂D|
ad−1

− o(1)

]
ad → 0.

We proved in Theorem 1 in section 4 that S
(a)
N → SN when a → 0. Thus, when we

take the continuum limit a→ 0 of (5.8) we obtain SN ≥ e(ρ)|D|.
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6. Application of the bathtub principle with gradient to the paper

of Melas.

In 2002, Melas [7] improved the lower bound for the sum of the N lowest eigenvalues

of the continuum Laplacian. Melas [7] proved that for any open bounded set D ⊆ Rd

and any k ≥ 1,

SN ≥ |D|e(ρ) +MdN
|D|
I(D)

,

where I(D) denotes the ‘moment of inertia of D,’ that is I(D) = min
a∈D

∫

D

|x− a|2 dx,
and the constant, Md, depends on the dimension.

Let %(k) =
N∑

j=1

|ϕ̂j(k)|2, where ϕj(k) are the eigenfunctions of −∆ with corre-

sponding eigenvalues λj. Recall from chapter 5 that in the discrete case we have

0 ≤ %(k) ≤ ad|Λ| and
1

(2π)d

∫

[−π
a

, π
a ]

d
%(k) dk = N. We also recall that

S
(a)
N ≥ inf

%

1

(2π)d

∫

[−π
a

, π
a ]

d
%(k)ε

(a)
k dk,

where the infimum is taken over all % that satisfy these two constraints above. In the

continuum case, the analog results are

0 ≤ %(k) ≤ 1

(2π)d
|D| (6.1)

and ∫

Rd

%(k) dk = N. (6.2)

Melas [7] also proved that

|∇%(k)| ≤ 2

(2π)d

√
|D|I(D) (6.3)

which is the key-idea in improving the lower bound for SN .

Melas [7] found and proved a lower bound for SN under the constraint in (6.1),

(6.2) and (6.3). In his proof, Melas applied and proved a lemma finding a lower
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bound for the infimum
∫

Rd |x|2g(x) dx over nonnegative, measurable functions g on

Rd under the constraint 0 ≤ g(x) ≤ 1, |∇g(x)| ≤ α,
∫

Rd g(x) dx = G, where α,G

are positive constants.

In this chapter, the problem will be solved in a somewhat different way by using the

bathtub principle with gradient [14]. The use of the bathtub principle will somewhat

simplify the proof of the lemma done in the paper of Melas [7]. We will use the

bathtub principle since the problem we are trying to solve is a minimization problem

satisfying the conditions given therein.

We will first explain and give the proof of the bathtub principle with gradient.

We will need the following lemma.

Lemma 11. Let (Ω,
∑
, µ) be a measure space and let f be any nonnegative, measur-

able function on Ω. Then for any t ≥ 0

∫

Ω

f(x) dµ(x) =

∫ ∞

0

µ({x : f(x) > t}) dt.

Proof. We can write

f(x) =

∫ ∞

0

χ[0,f(x)](t) dt.

Then by Tonelli, we have

∫

Ω

f(x) dµ(x) =

∫

Ω

∫ ∞

0

χ[0,f(x)](t) dt dµ(x) (6.4)

=

∫ ∞

0

∫

Ω

χ[0,f(x)](t) dµ(x) dt (6.5)

=

∫ ∞

0

µ{x : f(x) > t} dt. (6.6)

We consider a measurable function f : [0,∞) → [0,∞) such that rd−1f(r) is strictly

increasing; we define the functional

F (g) =

∫

Rd

f(|x|)g(x) dx.
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We are looking for the minimum of F over nonnegative, measurable functions g on

Rd satisfying the constraint

0 ≤ g(x) ≤ 1, |∇g(x)| ≤ α,

∫

Rd

g(x) dx = G,

where α and G are given constants.

Theorem 3 (Bathtub principle with gradient). There exists a unique minimizing

function g to the problem above. It is spherically symmetric. It is given by one of the

following alternatives, where we let |Sd−1| denote the volume of the unit sphere in d

dimensions.

(a)If Gαd ≤ |Sd−1|
d(d+1)

, we have

g(x) =

{
α(r2 − |x|), if |x| ≤ r2;
0, if |x| ≥ r2;

}

and r2 satisfies rd+1
2 = d(d+1)G

α|Sd−1| .

(b)If Gαd >
|Sd−1|
d(d+1)

, we have

g(x) =





1, if |x| ≤ r1;
1 − α(|x| − r1), if r1 ≤ |x| ≤ r2;
0, if |x| ≥ r2





and r1, r2 satisfy r2 = r1 + 1
α
, and

∫
Rd g(x) dx = G.
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Figure 6.1. These pictures show the minimizer g in one dimension. The first picture
is the case Gαd ≤ |Sd−1|

d(d+1)
. The second picture is the case Gαd > |Sd−1|

d(d+1)
.

Proof. Given g, let g′ be the spherically symmetric function obtained by averaging

g over angular variables.

The averaged function, g′, satisfies the same conditions as g, and F (g) = F (g′). It

is therefore enough to minimize F over spherically symmetric functions. In spherical

coordinates, we have

F (g) = |Sd−1|
∫ ∞

0

rd−1f(r)g(r) dr.

Now we will follow the structure in the proof of the bathtub principle given in [20].

Given g : [0,∞) → [0, 1], we define the measure dµg = |Sd−1|g(r)rd−1µ, where µ is

the Lebesgue measure. Then µg([0,∞)) = |Sd−1|
∫∞
0
g(r)rd−1dµ(r) = G.

By lemma 11 we have,

F (g) =

∫
f(r) dµg(r) =

∫ ∞

0

µg({r : f(r) > t}) dt

=

∫ ∞

0

[G− µg({r : f(r) ≤ t})] dt.

To minimize F it is sufficient to minimize the decreasing function

µg({r : f(r) > t}) for each t. That is equivalent to maximize the increasing function
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µg({r : f(r) ≤ t}), i.e we want to maximize the integral of

µg({r : f(r) ≤ t}) = |Sd−1|
∫ r(t)

0

rd−1g(r) dr.

The maximizing measure is obtained when g = 1 so we would like to have g = 1 on

a large set as possible. On the other hand we need g to satisfy |∇g(x)| ≤ α. For any

t, the function, g, given in the theorem is the optimal function, and it is the unique

optimizer.

There cannot exist an optimizer that is not spherically symmetric; Suppose g is

not spherically symmetric, then

sup
x∈Rd

|∇g′(x)| < sup
x∈Rd

|∇g(x)|.

The maximal gradient of g′ is then strictly less than α so g′ cannot be a minimizer.

But since F (g) = F (g′), g is not a minimizer either.

Define the class, ζ, of measurable functions, g, on Rd by,

ζ =

{
g : 0 ≤ g(x) ≤ 1, |∇g(x)| ≤ α,

∫

Rd

g(x) = G

}
.

Corollary 1. We have that

I = inf
g∈ζ

∫

Rd

|x|2g(x) dx,

is given by one of the following alternatives.

(a) If Gαd ≤ |Sd−1|
d(d+1)

, then

I =
(|Sd−1|α)

−2
d+1

(d+ 2)(d+ 3)
[Gd(d+ 1)]

d+3
d+1 ,

where |Sd−1| is the volume of the unit sphere in d dimensions.

(b) If Gαd > |Sd−1|
d(d+1)

, then

I ≥ |Sd−1|
−2
d

1

d+ 2
(dG)

d+2
d +

G

6(d+ 2)α2
,

where |Sd−1| is the volume of the unit sphere in d dimensions.
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f(x)=x2

Slope = α Slope = − αs

s’

0

g(x)

1/α 1/α

−(s)  (s) (s’) 1/2−(s’)  1/2

1

    1/2   1/2

Figure 6.2. Bathtub Principle with gradient: The figure shows the minimizer g(x)

in one dimension for the problem in the corollary to Theorem 3. Here, s′
1
2 = r2 and

s
1
2 = r1.

Proof of corollary 1(a). The minimizer g is given by

g(x) = [α (r2 − |x|)]χ(0,r2)|x|.

We have

I =

∫

Rd

|x|2g(x) dx

= |Sd−1|
∫ r2

0

r2rd−1α(r2 − r) dr

=
|Sd−1|α

(d+ 2)(d+ 3)
rd+3
2 .

By inserting r2 =
(

Gd(d+1)
|Sd−1|α

) 1
d+1

into the equation above we obtain

I =
(|Sd−1|α)

−2
d+1

(d+ 2)(d+ 3)
(Gd(d+ 1))

d+3
d+1 .
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Proof of corollary 1(b). The minimizer g is given by

g(x) = χ(0,r1)|x| + [1 − α(|x| − r1)]χ(r1,r2)|x|.

We have

G =

∫

Rd

g(x) dx

= |Sd−1|
∫ r1

0

rd−1 dr + |Sd−1|
∫ r2

r1

(−αr + α r1 + 1)rd−1 dr

=
|Sd−1|
d

rd
1 + |Sd−1|

[ −α
d+ 1

(rd+1
2 − rd+1

1 ) +
α r1 + 1

d
(rd

2 − rd
1)

]
.

By simplifying

G =
|Sd−1|α
d(d+ 1)

(
rd+1
2 − rd+1

1

)
. (6.7)

Next,

I =

∫

Rd

|x|2g(x) dx

= |Sd−1|
∫ r1

0

r2rd−1 dr + |Sd−1|
∫ r2

r1

r2(−α r + α r1 + 1)rd−1 dr

= |Sd−1|
[
rd+2
1

d+ 2
− α

d+ 3
(rd+3

2 − rd+3
1 ) +

(α r1 + 1)

d+ 2
(rd+2

2 − rd+2
1 )

]
.

By simplifying the expression above we obtain:

I =
|Sd−1|α

(d+ 2)(d+ 3)

[
rd+3
2 − rd+3

1

]
. (6.8)

From (6.7), we have

dG = |Sd−1|
∫ r2

r1

rdα dr. (6.9)

Similarly, from (6.8), we have

I(d+ 2) = |Sd−1|
∫ r2

r1

rd+2α dr (6.10)

Now, by following Melas paper [7], we let τ > 0 be chosen later and integrate the

inequality

αdrd+2 − α(d+ 2)τ 2rd + α2τ d+2 ≥ α2τ d(r − τ)2
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over [r1, r2] with respect to r to get, where we use (6.9) and (6.10):

d(d+ 2)
I

|Sd−1|
− (d+ 2)τ 2 dG

|Sd−1|
+ 2τ d+2 ≥ α2τ d

∫ r1+
1
α

r1

(r − τ)2 dr

≥ α2τ d

∫ 1
2α

− 1
2α

t2 dt

=
τ d

6α2
,

Now, choosing τ =
(

dG
|Sd−1|

) 1
d
,

I ≥ |Sd−1|
−2
d

1

d+ 2
(dG)

d+2
d +

G

6(d+ 2)α2
.

We obtain the same lower bound as Melas [7] for the case Gαd > |Sd−1|
d(d+1)

.



Part II
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7. The discrete Laplacian on a subset of a finite torus

In this chapter we want to show that the sum of the N lowest eigenvalues of the

Discrete Laplacian on a subset, Λ, of a finite torus is bounded below by a term

proportional to the volume of the domain Λ. The proof will follow that of Freericks,

Lieb, Ueltschi’s [12] in the case of the infinite lattice and Lieb and Loss’s [14] in the

case of the continuum. For simplicity we will let a = 1.

We will introduce some new notations. Let L > 1, be the size of the d-dimensional

torus, where L is even. The torus can be defined as the following set [18]:

TL =

{
x ∈ Zd : −L

2
≤ xj ≤

L

2
, ∀j = 1, ..., d

}
.

The dual T ∗
L of TL is given by

T ∗
L =

{
k ∈ 2π

L
Zd : −π ≤ ki ≤ π ∀i = 1, ..., d

}
.

We will define the Discrete Laplacian, −∆, whose action on a normalized function ϕ

in l2(Λ) is

−∆ϕ(x) = −
∑

y∈Λ,|x−y|=1

ϕ(y) + 2dϕ(x), x ∈ Λ.

Define SN to be the ground state energy of N non-interacting electrons in Λ, which

corresponds to the sum of the N lowest eigenvalues of the Discrete Laplacian on Λ.

Define eL(ρ) to be the ground state energy density of non-interacting electrons on the

torus with density ρ = N
|Λ| , where |Λ| is the volume of Λ.

Theorem 4. For every N ≥ 1 and even L > 1,

SN ≥ eL(ρ)|Λ|.

Proof. Let λ1 ≤ λ2 ≤ .... ≤ λ|Λ| denote the eigenvalues of −∆ with corresponding

eigenfunctions ϕ1, ..., ϕ|Λ|.
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For Λ = TL, it is well known that the eigenvalues are given by

εk =
d∑

v=1

[2 − 2 cos(kv)]

with corresponding normalized eigenfunctions ϕk(x) = 1

L
d
2
eikx, where k ∈ T ∗

L and

x ∈ Λ.

Let N ′ = bρLdc which is the integer part of ρLd. Here N ′ denotes the number of

eigenvalues defined on the torus, TL.

Define KL,N ′ ⊂ T ∗
L as the set containing N ′ elements with lowest εk.

The energy per site of a density, ρ, of free electrons on TL is given by eL(ρ), where

eL(ρ) =
∑

k∈KL,N ′

1

Ld
εk for ρ =

N ′

Ld

and in the case where Ldρ is not an integer, we define eL(ρ) by letting

eL(ρ) = eL

(
N ′

Ld

)
if

N ′

Ld
≤ ρ <

N ′ + 1

Ld
.

Let e(s) denote the ground state energy density of non-interacting electrons in the

infinite volume Zd. In the thermodynamic limit L→ ∞ we get the following Riemann

sum:

lim
L→∞

eL(s) = lim
L→∞

1

(2π)d

∑

k∈KL,N ′

(
2π

L

)d

εk

=
1

(2π)d

∫

[−π,π]d,εk<ε1
F (s)

εk dk

= e(s).

The lattice Fermi level, ε1
F (s), is chosen such that s = 1

(2π)d

∫
εk<ε1

F (s)
dk.

For φ̂, ψ̂ : T ∗
L → C, we define

〈φ̂, ψ̂〉T ∗
L

=
1

Ld

∑

k∈T ∗

L

φ̂(k)ψ̂(k).

From [18] we have

〈φ̂, ψ̂〉T ∗
L

= 〈φ, ψ〉l2(Λ). (7.1)
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The Fourier transform of ϕ ∈ l2(Λ) is given by

ϕ̂(k) =
∑

x∈Λ

eikxϕ(x), k ∈ T ∗
L

and the inverse transform is

ϕ(x) =
1

Ld

∑

k∈T ∗

L

ϕ̂(k)e−ikx, x ∈ Λ.

A function ϕ ∈ l2(Λ) can be considered to be in l2(TL) by letting ϕ = 0 outside Λ.

The energy of a particle in a state ϕj ∈ l2(Λ) is given by

λj = 〈ϕj,−∆ϕj〉 =
1

Ld

∑

k∈T ∗

L

εk |ϕ̂j(k)|2 dk.

This can be showed as follows. We have [−(̂∆ϕj)(k)] = εkϕ̂j(k). Then from (7.1)

〈ϕj,−∆ϕj〉 = 〈ϕ̂j,−∆̂ϕj〉T ∗

L

=
1

Ld

∑

k∈T ∗

L

εk |ϕ̂j(k)|2 dk.

Eigenfunctions with different eigenvalues are orthonormal and we can take the

eigenfunctions with the same eigenvalues to be orthonormal so that we have an or-

thonormal set. We have that the energy SN(ϕ1, ..., ϕN ) of N orthonormal functions

ϕ1, ...., ϕN ∈ l2(Λ) is given by

SN (ϕ1, ..., ϕN ) =
1

Ld

∑

k∈T ∗

L

εk %(k),

where

%(k) =

N∑

j=1

|ϕ̂j(k)|2.

The function %(k) satisfies the following two expressions:

1

Ld

∑

k∈T ∗

L

%(k) dk = N. (7.2)
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0 ≤ %(k) ≤ |Λ|. (7.3)

Equation (7.2) follows from Parseval’s identity and the fact that ϕj is a normalized

function.

Equation (7.3) can be proved as follows. Since the eigenfunctions, ϕi, are or-

thonormal in l2(Λ), they can be completed to form an orthonormal basis, {ϕi}∞i=1, in

l2(TL). Define the function fk : (TL) → C by fk(x) = e−ikxχΛ(x), where χΛ(x) is the

characteristic function on Λ and k ∈ T ∗
L. Then ϕ̂j(k) = 〈ϕj , fk〉. The upper bound of

% can be found by using Bessel’s inequality. We have

%(k) =
N∑

j=1

|ϕ̂j(k)|2 =
N∑

j=1

|〈ϕj, fk〉|2 ≤ ‖fk‖2
l2(Λ) = |Λ|.

We minimize SN(ϕ1, ..., ϕN ) over all % that satisfies the two conditions in (7.2) and

(7.3). Thus, the ground state energy, SN , of N orthonormal functions ϕ1, ...., ϕN is

bounded below by

SN ≥ inf
%:0≤%≤|Λ|

1

Ld

P

k∈T∗

L
%(k)=N

1

Ld

∑

k∈T ∗

L

%(k) εk dk.

Let δ = ρLd − N ′. Then 0 ≤ δ < 1. By the ‘bathtub principle’ [14], we find the

minimizer to be given by:

%min(k) =





|Λ|, if k ∈ KL,N ′

δ|Λ|, if k ∈ KL,N ′+1\KL,N ′ where 0 ≤ δ < 1

0, else

.

Therefore, the sum of the N lowest eigenvalues, SN , with density, ρ = N
|Λ| , is bounded

below by the following term:

SN ≥ |Λ| 1

Ld

∑

k∈KL,N ′

εk = eL(ρ)|Λ|.
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8. Lower bound involving the boundary for low densities

In the previous section we proved that the sum, SN , of the N lowest eigenvalues of

−∆ defined on a finite subset, Λ, of the torus is bounded below by a term proportional

to the volume of the domain Λ (‘bulk term ’). Now we want to strengthen the lower

bound and show that if the density is small enough and L large enough, the lower

bound also involves a term proportional to the boundary of the domain Λ (‘boundary

correction’).

We want to find a lower bound for SN on the form

SN ≥ e(ρ)|Λ| + C1ρ
2
d
+1B(Λ) − C2

|Λ|
L2
,

where

B(Λ) = |{(x, y) : x ∈ Λ, y ∈ ΛC , |x− y| = 1}|

is the number of bounds connecting Λ with Λc, and C1, C2 are constants. Recall that

e(ρ) represents the energy density on the lattice in the limit of infinite volume.

Theorem 5. If ρ ≤ [8π(1+ 1
32d3 )]

−
d
2

Γ( d
2
+1)

, we have for N ≥ 1 and L large enough,

SN ≥ e(ρ)|Λ| + 1

2(4d)3
ξ(ρ)B(Λ) −

(
1 − 1

2(4d)3

B(Λ)

|Λ|

)
d4π2 |Λ|

L2
,

where ξ(ρ) = ρεF (ρ) − e(ρ).

The proof is inspired by the papers of Freericks, Lieb, Ueltschi [12] and Ueltschi [13]

in the case of the infinite lattice.

Proof. Let λj be the jth eigenvalue of −∆ corresponding to the eigenfunction, ϕj,

and let ϕ̂j be the Fourier transform of ϕj. Recall that the sum SN (ϕ1, ...., ϕ|Λ|) of N

orthonormal functions is given by

SN (ϕ1, ...., ϕ|Λ|) =
1

Ld

∑

k∈T ∗

L

%(k) εk
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with

%(k) =
N∑

j=1

|ϕ̂j(k)|2.

We proved in the last section that

0 ≤ %(k) ≤ |Λ|.

We want to strengthen the lower bound of SN by strengthening the upper bound of

%(k) to

%(k) ≤ |Λ| − const · B(Λ).

By letting y = x+ e, where e is the unit vector, we can write the Discrete Laplacian,

which acts on a normalized square summable, complex-valued function ϕ on Λ as

−∆ϕ(x) = −
∑

e:x+e∈Λ

ϕ(x+ e) + 2dϕ(x), x ∈ Λ.

We have the eigenvalue equation

−∆ϕj(x) = λjϕj(x) ∀x ∈ Λ.

A function in l2(Λ) can be considered to be in l2(TL) by letting ϕ(x) be zero outside

Λ. The following equation is then valid ∀x ∈ TL:

−
∑

e:x+e∈TL

ϕj(x+ e) + χΛC (x)
∑

e:x+e∈Λ

ϕj(x+ e) + 2dϕj(x) = λjϕj(x), (8.1)

where χΛC (x) is the characteristic function on Λc. The middle term is necessary in

order for the equation to be zero on both sides for sites outside Λ that are neighbors

of sites in Λ.

Let ∂Λ be the set of sites of Λ that are neighbors to the complement of Λ.

∂Λ = {x ∈ Λ : dist(x,ΛC) = 1}.

By taking the Fourier transform of both sides of the equation (8.1), we get

εkϕ̂j(k) + 〈bk, ϕj〉 = λjϕ̂j(k), (8.2)
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where bk is the boundary vector:

bk(x) = χ∂Λ(x)e−ikx
∑

e:x+e/∈Λ

e−ik e

Define Kρ = {k ∈ [−π, π]d : εk < εF (ρ}.

Lemma 12.

(a) If ρ ≤ |Bd|
(2
√

2π)d , where |Bd| denotes the volume of the unit ball in d dimensions,

then

Kρ ⊂
(
−π

4
, π

4

)d
.

(b) If ρ ≤ |Bd|
(2
√

2π)d −CL,ρ, where |Bd| denotes the volume of the unit ball in d dimen-

sions, then KL,N ′ ⊂
(
−π

4
, π

4

)d
, where CL,ρ is a constant such that CL,ρ → 0 as

L→ ∞.

(No proof of lemma (12(b) yet.)

Proof of lemma 12 (a). We have that

|Bd|
(2
√

2π)d
≥ ρ ≥ 1

(2π)d
|Bd|εF (ρ)

d
2 .

Hence

εF (ρ) ≤ 1

2
. (8.3)

We have that 1 − x2

2
≤ cos(x) ≤ 1 − 4

π2x
2, which implies that

8

π2
|k|22 ≤ εk ≤ |k|22, (8.4)

where |k|22 = k2
1 + ....+ k2

d. From (8.3) and (8.4), we obtain

8

π2
|k|22 ≤ εk <

1

2

Therefore,

|k|∞ ≤ |k|2 <
π

4
.
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It can be checked that

B(Λ) ≤ ‖bk‖2 ≤ 2dB(Λ), (8.5)

where the lower bound holds at least when |k|∞ ≤ π
4
.

By completeness of the set of eigenvectors, {ϕj}, we have

%(k) =
N∑

j=1

|ϕ̂j(k)|2 = |Λ| −
|Λ|∑

j=N+1

|ϕ̂j(k)|2. (8.6)

From equation (8.2) we obtain

|ϕ̂j(k)|2 =
|〈bk, ϕj〉|2
(λj − εk)2

≥ 1

(4d)2
|〈bk, ϕj〉|2 where λj ≤ 4d. (8.7)

Recall from (3.1) that we have

〈bk,−∆bk〉 =
∑

{x,y}⊂Z
d

|x−y|=1

|bk(x) − bk(y)|2. (8.8)

By noticing that each site x of ∂Λ has at least one neighbor y outside Λ and the

boundary vector, bk, is zero there, it can be checked that

∑

{x,y}⊂Z
d

|x−y|=1

|bk(x) − bk(y)|2 ≥ ‖bk‖2. (8.9)

Now consider all domain Λ and all N o such that λNo ≤ 1
2

and λNo+1 >
1
2
. Let us first

consider the case N ≤ N o. By using (8.8) and (8.9) we obtain

4d

|Λ|∑

j=No+1

|〈bk, ϕj〉|2 ≥
|Λ|∑

j=No+1

|〈bk, ϕj〉|2λj (8.10)

≥ 〈bk,−∆bk〉 −
No∑

j=1

|〈bk, ϕj〉|2λj (8.11)

≥ ‖bk‖2

2
. (8.12)

From the first part of (8.5) and the result above, we obtain for |k|∞ ≤ π
4

|Λ|∑

j=N+1

1

(4d)2
|〈bk, ϕj〉|2 ≥

‖bk‖2

2(4d)3
≥ B(Λ)

2(4d)3
. (8.13)
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Hence, from (8.6), (8.7) and (8.13), we get

%(k) ≤ |Λ| − B(Λ)

2(4d)3
.

Now, define α = 1
2(4d)3

B(Λ)
|Λ| . Then we can write

%(k) ≤ (1 − α)|Λ|.

We will now go through the same steps as we did in chapter 7. We will find a

minimizer for the lower bond of SN , given by

SN ≥ inf
0≤%≤|Λ|(1−α)

1

Ld

P

k∈T∗

L
%(k)=N

1

Ld

∑

k∈T ∗

L

%(k) εk. (8.14)

Define KL,M ′ ⊂ T ∗
L as the set containing M ′ elements with lowest εk. We choose M ′

to be the largest integer such that M ′ ≤ ρLd

1−α
, i.e M ′ = b ρLd

1−α
c.

Let δ = ρLd

1−α
−M ′. Then 0 ≤ δ < 1. By applying the ‘bathtub principle’ [14] we obtain

the following minimizer:

%min(k) =





(1 − α)|Λ|, if k ∈ KL,M ′

δ(1 − α)|Λ|, if k ∈ KL,M ′+1\KL,M ′ , for 0 ≤ δ < 1

0, else

.

We define the energy per site of density ρ
1−α

of free electrons in TL by

eL( ρ
1−α

) =
1

Ld

∑

k∈KL,M ′

εk for
M ′

Ld
≤ ρ

(1 − α)
<
M ′ + 1

Ld
.

When we take the thermodynamic limit L → ∞ of eL( ρ
1−α

), we obtain the energy

density in the infinite lattice which is given by

e( ρ
1−α

) =
1

(2π)d

∫

[−π,π]d,εk<εF (
ρ

1−α
)

εk dk.

We will write the sum in (8.14) in terms of integrals which will give us an expression

that it is easier to work with. We will do this in the following way. We will decompose
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the dual T ∗
L of TL into cells of volume

(
2π
L

)d
, centered around elements of T ∗

L.We let Ck

denote the cell around k, where we have ε(k) = εk. We will extend εk to be constant

on the entire cell, Ck. Let us call this extended function εL(k). Thus εL(k) = ε(k)

whenever k ∈ T ∗
L. Then we have from (8.14):

SN ≥ 1

(2π)d

∑

k∈T ∗

L

%min(k)

∫

Ck

εL(ξ) dξ. (8.15)

Replace the piecewise constant function, εL(ξ), by a linear approximation for ε(ξ)

inside Ck. Let us call this function ε̃L(ξ). We have

1

(2π)d

∑

k∈T ∗

L

%min(k)

∫

Ck

εL(ξ) dξ =
1

(2π)d

∑

k∈T ∗

L

%min(k)

∫

Ck

ε̃L(ξ) dξ.

The error is of second order;

∣∣∣∣
∫

Ck

[ε̃L(ξ) − ε(ξ)] dξ

∣∣∣∣ ≤ R1(ξ, k)|Ck|,

where R1(ξ, k) is the remainder in the first order Taylor’s formula. We have for

v = 1, ..., d,
∂2ε(ξ)

∂ξ2
v

= 2 cos(a ξv).

∂2ε(ξ)

∂ξi∂ξv
= 0 for i 6= v.

Since | cos(ξv)| is bounded by 1 for all ξv, we have

|R1(ξ, k)| ≤
1

2

d∑

v=1

2(ξv − kv)
2 ≤ d

(
2π

L

)2

= d
4π2

L2
.

We have

∣∣∣∣
∫

Ck

ε̃L(ξ) − ε(ξ) dξ

∣∣∣∣ ≤
∫

Ck

|R1(ξ, k)| dξ ≤ d 4π2 |Ck|
L2

, (8.16)

where |Ck| =
(

2π
L

)d
. Now by (8.16) we obtain
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SN ≥ 1

(2π)d

∑

k∈T ∗

L

%min(k)

∫

Ck

ε̃L(ξ) dξ (8.17)

≥ 1

(2π)d

∑

k∈T ∗

L

%min(k)

∫

Ck

ε(ξ) dξ − 1

(2π)d

∑

k∈T ∗

L

%min(k) d4π2 |Ck|
L2

(8.18)

The last term in (8.18) can be calculated as follows:

1

(2π)d

∑

k∈T ∗

L

%min(k)d4π2 |Ck|
L2

≤ |Λ|(1 − α)d4π2 1

L2
. (8.19)

Thus by combining (8.18) and (8.19) we obtain the following lower bound:

SN ≥ 1

(2π)d

∫

[−π,π]d
%min(k) εk dk − d 4π2 1

L2
|Λ|(1 − α) (8.20)

≥ |Λ|(1 − α)e

(
ρ

1 − α

)
− d 4π2 1

L2
|Λ|(1 − α).

We are interested in finding a lower bound for SN for density, ρ, so we need to

convert e( ρ
1−α

) into an expression involving e(ρ). We start by introducing the function

ξ(ρ) which is given by

ξ(ρ) = ρεF (ρ) − e(ρ).

Let

ψ(α) = (1 − α)e( ρ
1−α

).

We have that the derivative, ψ′, of ψ is given by

ψ′(α) = ξ( ρ
1−α

),

where we used that the derivative of e(s) is equal to εF (s). Since ψ(α) is convex as a

function of α, we have a supporting line at 0, i.e

ψ(α) ≥ ψ(0) + ψ′(0)(α− 0) = e(ρ) + ξ(ρ)(α− 0).

Thus from (8.20) and the equation above we obtain

SN ≥ e(ρ)|Λ| + αξ(ρ)|Λ| − (1 − α)d4π2 |Λ|
L2
,
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where

α =
1

2(4d)3

B(Λ)

|Λ| .

So we have shown that for all domains Λ and for all N ≤ N o, such that λNo ≤ 1
2

and

λNo+1 >
1
2

that we have

SN ≥ e(ρ)|Λ| + 1

2(4d)3
ξ(ρ)B(Λ) −

(
1 − 1

2(4d)3

B(Λ)

|Λ|

)
d4π2 |Λ|

L2
. (8.21)

Now consider the situation where we have (8.21) proved but N ≥ N o. Write

ρo = No

|Λ| . Then

SN =
No∑

j=1

λj +
N∑

j=No+1

λj

= e(ρo)|Λ| + 1

2(4d)3
ξ(ρo)B(Λ) −

(
1 − 1

2(4d)3

B(Λ)

|Λ|

)
d4π2 |Λ|

L2

+
1

2
|Λ|(ρ− ρo),

where we bound the second sum by using λj ≥ 1
2
. The right side of the expression

above is larger than

e(ρ)|Λ| + 1

2(4d)3
ξ(ρ)B(Λ) −

(
1 − 1

2(4d)3

B(Λ)

|Λ|

)
d4π2 |Λ|

L2

provided that

e(ρo) +
1

2(4d)3
ξ(ρo)

B(Λ)

|Λ| +
1

2
(ρ− ρo)

≥ e(ρ) +
1

2(4d)3
ξ(ρ)

B(Λ)

|Λ| .

Let f(ρ) = 1
2
ρ − e(ρ) − 1

64d2 ξ(ρ). (Notice that 1
64d2 is an upper bound for α since

B(Λ)
|Λ| ≤ 2d.) It is enough to check that the function f(ρ) is increasing in ρ. Recall

from lemma 10 in chapter 5 that

ε1
F (ρ) ≤ εF (ρ) = 4πρ

2
d Γ

(
d

2
+ 1

) 2
d

, (8.22)
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where εF (ρ) denotes the Fermi level in the continuum. Then

d

dρ
ε1

F (ρ) ≤ 8π

d
ρ

2
d
−1Γ

(
d

2
+ 1

) 2
d

. (8.23)

By inserting (8.22) and (8.23) into (8.24), we obtain

d

dρ
f(ρ) =

1

2
− ε1

F (ρ) − 1

64d2
ρ
d

dρ
ε1

F (ρ) (8.24)

≥ 1

2
− 4πΓ

(
d

2
+ 1

) 2
d

ρ
2
d

(
1 +

1

32d3

)
. (8.25)

Thus, for ρ ≤ [8π(1+ 1
32d3 )]

−
d
2

Γ( d
2
+1)

the function, f(ρ), is increasing. Thus, we have proved

for all N ≥ 1 and for ρ ≤ [8π(1+ 1
32d3 )]

−
d
2

Γ( d
2
+1)

with L large enough,

SN ≥ e(ρ)|Λ| + 1

2(4d)3
ξ(ρ)B(Λ) −

(
1 − 1

2(4d)3

B(Λ)

|Λ|

)
d4π2 |Λ|

L2
.
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9. Lower bound involving the boundary

In this chapter we will describe a different method for finding the lower bound for

the sum, SN , of the N lowest eigenvalues. Again we will show that SN is bounded

below by a term proportional to the volume of the domain of Λ (‘bulk term’). The

‘bulk term’ depends on the size of the torus. We will explain a method to show that

the lower bound also involves a term proportional to the boundary of Λ (‘boundary

term ’).The method will work for all densities, but so far we are unable to prove this.

We will follow the paper of Goldbaum [15] where he considered the case ρ = 1
2

for

the infinite lattice.

Let λ1 ≤ λ2 ≤ ... ≤ λ|Λ|, be the eigenvalues of the Discrete Laplacian ,−∆, with

corresponding eigenfunctions ϕ1, ...., ϕ|Λ|.

Let bk(x) = χ∂Λ(x)e−ikx
∑

e:x+e/∈Λ

e−ike be the boundary vector.

Recall that the energy density of free electrons on the torus is given by

eL(ρ) =
1

Ld

∑

k∈KL,N ′

εk, where KL,N ′ denotes the set of N ′ elements of T ∗
L with lowest

εk. We have lim
L→∞

eL(ρ) = e(ρ). Recall that ε1
F (ρ) denotes the lattice Fermi level

determined from the relation ρ = 1
(2π)d

∫
εk<ε1

F (ρ)
dk.

Lemma 13. For N ≥ 1 and even L > 1,

SN ≥ eL(ρ)|Λ| + 1

2

1

(4d)4

1

Ld

∑

k∈T ∗

L

|εk − ε1(L)
F (ρ)| ‖(−∆ − λN)bk‖2 (9.1)

− 1

2

1

(4d)3

1

Ld

∑

k∈T ∗

L

(εk − ε1L
F (ρ))〈bk, (−∆ − λN )bk〉,

Proof of lemma 13. Recall from the previous chapter that we have

|ϕ̂(k)|2 =
|〈bk, ϕj〉|2
(λj − εk)2

≥ 1

(4d)2
|〈bk, ϕj〉|2. (9.2)
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Let

%(k) =
N∑

j=1

|ϕ̂j(k)|2.

We have

SN − |Λ|eL(ρ) =
1

Ld

∑

k∈T ∗

L

εk[%(k) − |Λ|χKL,N ′ (k)]. (9.3)

Since
∑
%(k) =

∑
χKL,N ′ (k), we can shift εk by any constant in (9.3). Replacing εk

by εk − ε1L
F (ρ), we obtain

SN − |Λ|eL(ρ) =
1

Ld

∑

k∈T ∗

L

∣∣∣εk − ε1L
F (ρ)

∣∣∣ (∆+(k) + ∆−(k)) , (9.4)

where

∆+(k) = (|Λ| − %(k))χ[KL,N ′ ](k)

and

∆−(k) = %(k)χ[T ∗

L\KL,N ′ ](k).

From (9.2) we obtain

∆+(k) ≥ 1

(4d)2
‖P+bk‖2 if k ∈ KL,N ′ .

∆−(k) ≥ 1

(4d)2
‖P−bk‖2 if k ∈ T ∗

L \KL,N ′ ,

where P−bk and P+bk denote the projectors onto the subspace spanned by the eigen-

functions ϕ1, ..., ϕN and ϕN+1, ..., ϕ|Λ| respectively. From Goldbaum [15] we have the

following estimates of ‖P+bk‖ and ‖P−bk‖.

‖P+bk‖2 =

|Λ|∑

j=N+1

|〈bk, ϕj〉|2 ≥
|Λ|∑

j=N+1

|〈bk, ϕj〉|2
λj − λN

4d− λN

(9.5)

=
1

2




|Λ|∑

j=1

|〈bk, ϕj〉|2
|λj − λN |
4d− λN

+

|Λ|∑

j=1

|〈bk, ϕj〉|2
λj − λN

4d− λN


 (9.6)

≥ 1

2

∥∥∥∥
−∆ − λN

4d− λN
bk

∥∥∥∥
2

+
1

2

〈
bk,

−∆ − λN

4d− λN
bk

〉
. (9.7)
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Similarly we obtain

‖P−bk‖2 ≥ 1

2

∥∥∥∥
−∆ − λN

λN
bk

∥∥∥∥
2

− 1

2

〈
bk,

−∆ − λN

λN
bk

〉
.

Then we obtain the lower bound

SN − |Λ|eL(ρ)

≥ 1

2

1

(4d)4

1

Ld

∑

k∈T ∗

L

∣∣∣εk − ε1L
F (ρ)

∣∣∣ ‖(−∆ − λN)bk‖2

− 1

2

1

(4d)3

1

Ld

∑

k∈T ∗

L

(
χ[εk<ε1L

F (ρ)](k) − χ[εk>ε1L
F (ρ)](k)

)
|εk − ε1L

F (ρ)|〈bk, (−∆ − λN)bk〉

with (
χ[εk<ε1L

F (ρ)](k) − χ[εk>ε1L
F (ρ)](k)

) ∣∣∣εk − ε1L
F (ρ)

∣∣∣ = −(εk − ε1L
F (ρ)),

so the lemma is proved.

Now we will explain how we can use lemma 13. We will explain the situation L→ ∞
but the boundary term can be calculated for all even L > 1.

When we take the limit L→ ∞ of the expression in (9.1) we obtain

SN ≥ e(ρ)|Λ| + 1

2

1

(4d)4

1

(2π)d

∫

[−π,π]d
|εk − ε1

F (ρ)|‖(−∆ − λN)bk‖2 dk

− 1

2

1

(4d)3

1

(2π)d

∫

[−π,π]d
(εk − ε1

F (ρ))〈bk, (−∆ − λN)bk〉 dk.

We will now follow Goldbaum’s paper [15]. The boundary term can be calculated

if we can show that the terms ‖(−∆−λN)bk‖2 and 〈bk, (−∆−λN)bk〉 are proportional

to the boundary of Λ for k in a strip that contains the Fermi surface, ε1
F (ρ), of ρ.

We will first explain how we can show that the term |(−∆− λN)bk‖2 is proportional

to the boundary of Λ for k in a strip that contains the Fermi surface, ε1
F (ρ), of ρ.

A bound for ‖(−∆ − λN )bk‖2.

We would like to show that there exists some k in the Fermi surface, εk = ε1
F (ρ),

of ρ such that ‖(−∆ − λN)bk‖2 does not vanish. Yet, we are not able to find these
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k′s for all densities and all dimensions. We are able to find k for d=2 for part of the

intermediate density. For higher dimensions it is even harder to find the correct k ′s.

We will here look at the case d = 2. We will follow Goldbaum’s paper [15]. He

considered the case ρ = 1
2

(ε1
F = 2d). We have

[(−∆ − λN)bk](x)

= −
∑

e

bk(x+ e) + (2d− λN)bk(x)

= e−ikx

[
(2d− λN )χ∂Λ(x)

∑

e′:x+e′ /∈Λ

e−ike′ −
∑

e:x+e∈∂Λ

∑

e′:x+e+e′ /∈Λ

e−ik(e+e′)

]
.

We sum over exponentials over some of the nearest neighbors x+ e′ and over some of

the second nearest neighbors x + e + e′. The diagrams on page 72 and 73 illustrate

which terms which will be in the sum. They show the real part of the terms for each

site, for particular values of k. We will try to find values of k such that all of the

terms have either positive or negative real part such that they are not cancelled out

by each other. Note that we do not consider the imaginary part of the terms since

these terms will cancel each other out.

Because of symmetry, we can calculate the bound for density ρ or 1 − ρ. We will

calculate the bound for density 1 − ρ which will make λN ≥ 2d.

Let the notation e‖i means that e is parallel to the ith direction. For x ∈ Λ let us

introduce the matrix [Qx]ij with integer entries qx,ij .

[Qx]ij = qx,ij = ]{(e, e′) : e‖i, e′‖j, x+ e ∈ ∂Λ, x+ e+ e′ /∈ Λ.}

We will consider the two cases; tr Qx 6= 0 and tr Qx = 0, Qx 6= 0.

For the case d = 2, and density, ρ, such that 4 < εF (ρ) < 6, we will average

‖(−∆− λN )bk‖2 over two different values of k; k1, k2 in the Fermi surface. The value

of k2 is obtained by inversion of coordinates of k1. By considering the average value,

we can, for the case tr Qx 6= 0, cancel out the terms which involve the second nearest

neighbors when e is not equal to e′, and control the sign of the other terms (see
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diagram 9.3). When tr Qx = 0, we can control the signs of the terms which involve

the nearest neighbors (see diagram 9.4).

We have

1

2

2∑

i=1

|[(−∆ − λN)bki
](x)|2 ≥

∣∣∣∣
1

2

2∑

i=1

[(−∆ − λN )bki
](x)

∣∣∣∣
2

.

When tr Qx 6= 0, we sum over the vectors k1 = (π
2
, π

2
+ y) and k2 = (π

2
+ y,−π

2
) for

0 ≤ y < π
2
, where y is determined by the density. We obtain

1

2

2∑

i=1

|[(−∆ − λN)bki
](x)|2 ≥ 1

4
| − 1 − cos(2y)|2.

When tr Qx = 0 while Qx 6= 0, we sum over the vectors k1 = (π, π − y) and k2 =

(π − y, π) for π
2
< y ≤ π, where y is determined by the density. We obtain

1

2

2∑

i=1

|[(−∆ − λN)bki
](x)|2 ≥ | cos(y)|2.

The results are illustrated in the diagrams 9.1-9.4. We obtain for d = 2 and density,

ρ, such that 4 < ε1
F (ρ) < 6, the following diagrams. We first consider the case when

tr Qx 6= 0.
◦ − cos(2y)

+ cos(y) ◦ ◦ − sin(y) ◦ − cos(y)
−1 ◦ 0 ◦ • x ◦ 0 ◦ − 1

− cos(y) ◦ ◦ − sin(y) ◦ + cos(y)
◦ − cos(2y)

Figure 9.1

◦ − 1
− cos(y) ◦ ◦ 0 ◦ + cos(y)

− cos(2y) ◦ − sin(y) ◦ • x ◦ − sin(y) ◦ − cos(2y)
+ cos(y) ◦ ◦ 0 ◦ − cos(y)

◦ − 1

Figure 9.2
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◦ − 1 − cos(2y)
0 ◦ ◦ − sin(y) ◦ 0

−1 − cos(2y) ◦ − sin(y) ◦ • x ◦ − sin(y) ◦ − 1 − cos(2y)
0 ◦ ◦ − sin(y) ◦ 0

◦ − 1 − cos(2y)

Figure 9.3

Figure 9.1 Diagram of nearest and second nearest neighbors when k1 =
(

π
2
, π

2
+ y
)

for 0 ≤ y < π
2
.

Figure 9.2 Diagram of nearest and second nearest neighbors when k2 =
(

π
2

+ y,−π
2

)

for 0 ≤ y < π
2
. Figure 9.3 Diagram of nearest and second nearest neighbors when we

add together the entries in diagram 9.1 and 9.2.

Since tr Qx 6= 0, then at least one of the terms with −1 − cos(2y) in diagram 9.3

must exists. Since the entries (except the zero ones) in the diagram 9.3 are negative

for 0 ≤ y < π
2
, they are not cancelled out by each other.

Next, consider the case when tr Qx = 0 while Qx 6= 0. By adding the diagrams for

the vectors k1 = (π, π− y) and k2 = (π− y, π) for π
2
< y ≤ π we obtain the following

diagram:
◦

2 cos(y) ◦ ◦ − 1 − cos(y) ◦ 2 cos(y)
◦ −1 − cos(y) ◦ • x ◦ − 1 − cos(y) ◦

2 cos(y) ◦ ◦ − 1 − cos(y) ◦ 2 cos(y)
◦

Figure 9.4
Figure 9.4 Diagram of the nearest and second nearest neighbors when we add together

the vectors k1 = (π, π − y) and k2 = (π − y, π) for π
2
< y ≤ π.

Since Qx 6= 0, then at least one of the terms in diagram 9.4 with 2 cos(y) must

exists. Since all the entries in the diagram 9.4 are negative for π
2
< y ≤ π, they are

not cancelled out by each other.

When other densities or dimensions are considered, we might have to average over
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more than two combinations of inversions of the coordinates of k in the Fermi surface.

If we average over all combinations of inversions of ki in the Fermi surface we obtain

1

2d

2d∑

i=1

|[(−∆ − λN )bki
](x)|2 ≥

∣∣∣∣∣∣
1

2d

2d∑

i=1

[(−∆ − λN)bki
](x)

∣∣∣∣∣∣

2

.

Goldbaum [15] then conclude that if we can find such ki in the Fermi surface as

described in this section, and if tr Qx 6= 0 we have

‖(−∆ − λN )bki
‖2 ≥ const · #{x ∈ Λ, tr Qx 6= 0}.

Similarly, if tr Qx = 0, Qx 6= 0 we have

‖(−∆ − λN)bki
‖2 ≥ const · #{x ∈ Λ, tr Qx = 0 and Qx 6= 0}.

From [15] we also have

#{x ∈ Λ, Qx 6= 0} ≥ α|∂Λ|,

where α is a constant and ∂Λ is the boundary of Λ. Now, from lemma A.1 in [12] we

have
∥∥∇‖(−∆ − λN)bk‖2

∥∥ ≤ 29d
11
2 |∂Λ|.

Hence, for k in a strip that contains the Fermi surface, ε1
F (ρ) of ρ, we obtain

‖(−∆ − λN)bk‖2 ≥ C1|∂Λ|,

where C1 is a constant. Recall

SN ≥ e(ρ)|Λ| + 1

2

1

(4d)4

1

(2π)d

∫

[−π,π]d
|εk − ε1

F (ρ)|‖(−∆ − λN )bk‖2dk

− 1

2

1

(4d)3

1

(2π)d

∫

[−π,π]d
(εk − ε1

F (ρ))〈bk, (−∆ − λN )bk〉 dk.

Now the first term in the expression above can be written:

1

2

1

(4d)4

1

(2π)d

∫

[−π,π]d
|εk − ε1

F (ρ)|‖(−∆ − λN)bk‖2dk

≥ 1

2

1

(4d)4

1

(2π)d
C1|∂Λ|

∫

S1

|εk − ε1
F (ρ)| dk,
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where we integrate over a strip, S1, that contains the Fermi surface, ε1
F (ρ), of ρ. The

integral

∫

S1

|εk − ε1
F (ρ)| dk is uniformly bounded in Λ. (Due to lack of time we have

not calculated this integral yet.)

Now suppose that we can find a vector k, such that, for density, ρ, we have

εk = ε1
F (ρ) and ‖(−∆ − λN )bk‖2 ≥ α|∂Λ|, for some constant α. Then we have to

consider two possible cases:

−1

2

1

(4d)3

1

(2π)d

∫

[−π,π]

(εk − ε1
F (ρ))〈bk, (−∆ − λN )bk〉 dk ≥ 0

−1

2

1

(4d)3

1

(2π)d

∫

[−π.pi]

(εk − ε1
F (ρ))〈bk, (−∆ − λN)bk〉 dk < 0.

We should be concerned with the last case since the value of this term could cancel

out the contribution from the term

1

2

1

(4d)4

1

(2π)d

∫

[−π,π]d
|εk − ε1

F (ρ)|‖(−∆ − λN)bk‖2dk.

We have not worked out this yet due to lack of time. Goldbaum [15] consider the

case ρ = 1
2

(ε1
F (ρ) = 2d). He let k′ = k + (π, π, ...., π). Then he proves that

εk′ = 2d.

‖(−∆ − 2d)bk‖2 = ‖(−∆ − 2d)bk′‖2.

〈bk, (−∆ − 2d)bk〉 = −〈bk′ , (−∆ − 2d)bk′〉 ≥ 0.

He shows that ∥∥∥∥
∂

∂kj

〈bk, (−∆ − 2d)bk〉
∥∥∥∥ ≤ 6αd3|∂Λ|,

where α is a constant. Then he shows that

C2‖(−∆ − 2d)bk‖2 + C3〈bk, (−∆ − 2d)bk〉 ≥ C4|∂Λ|

for k in a strip that contains the Fermi surface εF = 2d, where C2, C3, C4 are constants.
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10. conclusion

In this paper, we showed that the sum of the N lowest eigenvalues of the Discrete

Laplacian converges to the sum of the N lowest eigenvalues of the Continuum Lapla-

cian in the continuum limit.

(Freericks, Lieb, Ueltschi) [12] and (Ueltschi)[13] showed that the sum of the N

lowest eigenvalues of the Discrete Laplacian defined on a finite subset of the infinite

lattice is bounded below by a term proportional to the volume of the domain (‘bulk

term’) plus a term proportional to the boundary (‘boundary correction’). They found

an explicit value of the ‘boundary correction’ for small densities.

We showed that the ‘bulk term’ in the lower bound for the sum of the N low-

est eigenvalues of the Discrete Laplacian converges to the ‘bulk term ’ in the lower

bound for the sum of the N lowest eigenvalues of the Continuum Laplacian while the

‘boundary correction’ tends to zero.

In the future, we hope that we can find an explicit value of the ‘boundary correc-

tion ’ for all densities. We also hope that we can find a lower bound for the sum of

the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset of the

infinite lattice that involves a ‘boundary correction’ that is different from zero in the

continuum limit.

When we started looking at the paper of Melas [7] we hoped that proving lemma

1 in [7] by using the bathtub principle with gradient would give us a better lower

bound for the sum of the N lowest eigenvalues of the Continuum Laplacian than the

one Melas [7] found. Instead, we got the same result as Melas [7].

Goldbaum [15] found an explicit value of the ‘boundary correction’ for the sum

of the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset of

the infinite lattice. He found this for two dimensions and for density equal to 1
2
. He

claimed that this method would work for all densities and all dimensions. However,
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to find the correct vectors on the Fermi-level for all densities and all dimensions

turned out to be a difficult task. On the other hand, to find these vectors will be the

main task that remains before we can compute the value of the ‘boundary correction’

explicitly for all densities and all dimensions.
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[11] R.Courant, K. Friedrichs, H. Lewy, Über die partiellen Differenzengleichungen
der mathematischen Physik, Mathematische Annalen 100. 32-74 (1928).

[12] J.K.Freericks, E.H.Lieb, D.Ueltschi, Segregation in the Falicov-Kimball model,
Commun.Math.Phys. 227, 243-279 (2002).

[13] D.Ueltschi, Segregation in the asymmetric Hubbard model, J.Statist Phys, 116,
681-697 (2004).



79

[14] E.H Lieb, M Loss, Analysis, second edition Graduate Studies in mathematics,
Volume 14, American Mathematical Society (2001).

[15] P.S.Goldbaum, A lower bound for the segregation energy in the Falicov-Kimball
model, J. Physics A: Math. Gen. 36, 2227-2234 (2003).

[16] R.D Benguria, Dirichlet Eigenvalue, In Encyclopaedia of Mathematics, Supple-
ment III, Managing Editor: M. Hazewinkel, Kluwer Academic Publishers, 130-
132 (2001).

[17] L.C Evans, Partial Differential Equations Graduate Studies in mathematics,
Volume 19, American Mathematical Society (1998).

[18] M. Salmhofer, Renormalization, An introduction, Springer (1999).

[19] G.B Folland, Real Analysis, Modern Techniques and Their Applications, Second
Edition, Pure and Applied Mathematics: A Wiley-Interscience series of Texts,
Monographs, and Tracts (1999).

[20] S. Zelditch, Lecture7: Fubini theorem and its applications, Department of Math-
ematics, Johns Hopkins University, Baltimore
http://mathnt.mat.jhu.edu/zelditch/Teaching/110.605%20(’03)
/PDF%20Lectures/605Lec7.pdf (2005)


