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ABSTRACT

In this paper, we will explore the lower bound for the sum of the N lowest eigenvalues
of the Discrete Laplacian defined on a finite subset of the infinite lattice. We will see
the connection between the Discrete and Continuum Laplacian. We will show that
the sum of the N lowest eigenvalues of the Discrete Laplacian converges to the sum

of the N lowest eigenvalues of the Continuum Laplacian in the continuum limit.
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In this paper, we will explore the lower bound for the sum of the N lowest eigen-
values of the Discrete Laplacian defined on a finite subset of the infinite lattice. We
will see the connection between the Discrete and Continuum Laplacian. We will show
that the sum of the N lowest eigenvalues of the Discrete Laplacian converges to the

sum of the N lowest eigenvalues of the Continuum Laplacian in the continuum limit.



1. INTRODUCTION

1.1. Brief history

In 1912, H. Weyl proved that

2
d a/ k \d
A =4 | =+ 1 —
‘ ”(2*) <|D|>

as k — oo where \; is the k-th eigenvalue for the Dirichlet boundary problem on a

SN

that,

[SHIN]
ISUIN)

bounded domain D in R¢ with volume |D| [1]. In 1960, Pélya followed by proving
d
)\k Z 47’(’ F — —I— 1

L
2 | D
for any k and for any domain D that tiles R? [1]. Subsequently, in 1983, Li and Yau
[1] proved that for any bounded domain D in R?,

N
>N > 4nT <g+1) |D|‘3ﬁd2]\71+3. (1.1)
i=1

The last inequality can also be written as

N
Sy =D 2 IDle(p)
=1

where e(p) denotes the ground state energy density of non-interacting electrons in

N
|D|*

In 1955 and 1956, Payne, Polya and Weinberger proved that the ratio of the first

the continuum with density p =

two eigenvalues for the Dirichlet problem on a bounded domain in the plane is given
by

A2
— < 3. .
e (1.2)
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[2]. Further, they conjectured that

A2 Ay
22 22 e A 2,539, 1.3
N S, [p=disk (1.3)
Later, Thompson generalized the result in (1.2) to dimension d. He obtained

A2 4
S
AT +d

[2]. Thompson also extended their conjecture in (1.3) to

A A . .
)\—2 < _2||D\:d—dz’m.ball = (Jaj21/daj2-11)*
1 1

2]. Here j,x denotes the k™ positive zero of the Bessel function J,(x). In 1992,
Ashbaugh and Benguria [2] proved the general Payne-Polya-Weinberger conjecture.
They proved that the ratio of the first two Dirichlet eigenvalues of the Laplacian on

a domain D C R? is given by

2

A2 Ao Jaj2a

N < | ip|=d—dim.batt = —5 :
1 1 Jaj2-1.1

Later, in 1994, Ashbaugh and Benguria [3] proved that for any integer, k > 1,

L (Azl )k ) (14)
<~ ~ ||ID|=d—dimbatt | = | = . .
A1 A1 - 3521/2—1,1

This result is much better than the bound

)\m+1 4
<14
N, =g

)\m< 1+4 m—1
AT d

of Payne-Polya-Weinberger (for two dimensions) and Thompson (for d dimensions)

and

[3], [4]. The ratio result in (1.4) also gives lower bounds for the counting function
N(X). N()\) denotes the number of eigenvalues less than or equal to A\. For A > Ay,
d > 2 one obtains from (1.4) [3]

N(A) Z 2UOg()‘/)‘l)/lOg(ji/Q,l/ji/ziljl)J .
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Here |z | denotes the largest integer less than or equal to x.
We also have the celebrated Faber-Krahn inequality which is concerning the lowest
eigenvalue of the Laplacian with Dirichlet boundary condition, on a bounded domain

in RY(d > 2) : In d dimensions the inequality is

B\ .
At > (W) 33/2—1,17

where By is the volume of the d- dimensional unit ball [4], [5].
In 1991, Laptev [6] proved that for an open set D C R? of finite measure, | D| < oo,

d
2\ 2
N(\) < A2LE (1+3) D

with
d

L =2797% T (1 + 5) .

He noticed that this is equivalent to (1.1) proved by Li and Yau. Let wy,ws, .... be
the orthonormal basis of eigenfunctions of the Dirichlet Laplacian with respective

eigenvalues 0 < Ay < Ay < .... Consider the convex function

A—t, ift <)

Laptev [6] proved that for A > 0,

2 _,
w
d+2 ’

d
ST =M = (=) Ly

k

where @ = sup,.p |wi(x)]. When A\ = Xy, Laptev [6] showed that

9 \ 7
Ay — \p < (Lg’d+2> D

Furthermore, Laptev [6] showed that for any A > Aq,

Qs

2
N > (A= ALl "2,

Td+2
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In 2002, Melas [7] improved the lower bound in (1.1) of Li and Yau . He proved
that
|D|

> bl B
SN = |D|e(p) + MdNI(D),

where M, is a constant that depends only on the dimension and

(D) = 353/0 i — affdz
is the ‘moment of inertia of D.’

Richardson [8] developed in his work in 1917 a new method to deduce results
of boundary problems for ordinary elliptic partial equations and tried this method
on new boundary problems for the hyperbolic equation. In his method he divided
the region into equal rectangles by a lattice and studied the difference equations
approximating to the differential equation at the lattice points. He let the mesh of
the lattice approach smaller and smaller values. He showed for the elliptic partial
differential equation that the lattice functions approach uniformly a function that
is continuous with continuous derivatives of as high order as those possessed by the
coefficients of the equation.

Weinberger [9] found in 1956 upper and lower bounds for the lowest eigenvalue,
A, of the Laplacian on the membrane D with Dirichlet boundary conditions, by fi-
nite difference methods. He considered the square lattice with mesh size a > 0. He
obtained the lower bound on a grid that was slightly larger than the domain D and
the upper bound on a grid that was smaller than or equal to D. He found arbitrary
close upper and lower bound for A on certain domains. He did this by solving a single
finite difference problem with the mesh size a, sufficiently small. In other words, the
lower and upper bound of X\ were the lowest lattice eigenvalues.

Lyusternik [10] considered in 1958 questions related to difference approximations

of the Laplace operator in two dimensions. He studied the convergence of eigenvalues
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and eigenvectors of the Laplacian with zero boundary condition for arbitrary parallel-
ogram network approximations. The convergence is in terms of uniform convergence
on the closure of the domain. He also extended the simplest difference approximations
to more general difference approximations. In this sense he showed that the solutions
of the difference approximation of the Dirichlet’s problem converges to the solution
of the corresponding boundary value problem for the differential equation.

Courant, Friedrichs and Lewy [11] treated in 1928 the boundary and eigenvalue
problems for elliptic difference equations and the initial value problem for hyperbolic
parabolic difference equations. They showed that the solutions of the difference equa-
tions converge to the solutions of the differential equations. They also showed that
the elliptic equations, i.e. difference quotients of arbitrary high order converge to the
differential quotients.

Freericks, Lieb, Ueltschi [12] proved in 2002 and Ueltschi [13] in 2004 that the
sum, S](\?), of the N lowest eigenvalues of the Discrete Laplacian defined on a finite
subset A C (aZ)?, where a > 0 is the mesh of the lattice, is bounded below by a term
proportional to the volume of the domain, A, (‘bulk term’) and a term proportional
to the boundary of A (‘boundary correction’). Ueltschi’s [13] paper in 2004 was an
improvement of the ‘boundary correction’ in [12].

They proved that for every N > 1,

S > |AJa%e® (o) + C B )a(p) ", (L5)

where B(A) = [{(z,y) : 2 € A,y € AC, |v —y| = a}|, p'@ = ﬁ denotes the lattice
density, e (p(@)) is the ground state energy density of non-interacting electrons with
density, p, in (aZ)?, and C is a constant. They proved that C' is strictly positive for

all densities. They found an explicit value of C' only for small densities.

Electrons on solid are described by wave functions, ¢(z), which are normalized

complex valued functions in the state space [>(A), where A is a subset of the infinite
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lattice. The Discrete Laplacian, —A(@, represents their kinetic energy. The eigenvalue
equation for one particle at site x is given by —A@y(z) = Ep(x), where E represents
the eigenvalues and ¢(z) the respective eigenfunctions of —A(®. The lowest eigenvalue
represents the ground state energy of the electron. When we have N non-interacting
electrons, the state space is [2(A") and the kinetic energy is given by — Zjvzl Aga),
where —A§a) is the Discrete Laplacian. It turns out that to minimize the ground

state energy of N non-interacting electrons amounts to minimizing the sum of the N

lowest eigenvalues of the Discrete Laplacian defined on A.

1.2. Motivation and introduction

The motivation for this thesis is to explore the lower bound in (1.5) and to see the
connection between the discrete case and the continuum case. In chapter 4 we will
be looking at the sum of the NV lowest eigenvalues of the Discrete Laplacian and we
will show that it converges to the sum of the N lowest eigenvalues of the Continuum
Laplacian in the continuum limit. In chapter 5 we will see that when we take the
continuum limit of the bound in (1.5) we recover the ‘bulk term’ in the continuum,
while the ‘boundary correction’ unfortunately tends to zero. The discrete case is,
therefore, more general than the continuum case. In the future we hope that we can
find a lower bound for the sum of the N lowest eigenvalues of the Discrete Laplacian
that involves a ‘boundary correction’ that is different from zero in the continuum
limit. In other words, one of the reasons for looking at the discrete case is that we
hope to find a ‘boundary correction’ for the continuum case in the continuum limit.
This problem is still open.

In chapter 6 we will use the bathtub principle [14] with gradient to prove one of
the lemmas in the paper of Melas [7](lemma 1). Melas improved the lower bound in
the continuum. The use of the bathtub principle will somewhat simplify the proof

of the lemma he applied to prove the lower bound. We obtained the same results as
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Melas. In chapter 7 we will follow the paper of [12] and [13] to show that the sum
of the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset, A,
of the torus is bounded below by a term proportional to the volume of A. In chapter
8 we will show for small densities and for L large enough, where L is the size of the
torus, that the lower bound also involves a term proportional to the boundary of A.
In chapter 9 we will use the results of Goldbaum [15] to discuss a method to find an
explicit value of the ‘boundary correction’ for all densities for the Discrete Laplacian
defined on a finite subset of the torus. This problem is still unsolved.

Remark: In chapter 8, page 61 we have not proved lemma 12(b) yet, due to lack
of time. In chapter 9, page 68 we have not proved the bound for the terms in lemma

13 yet, due to lack of time.



Part 1
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2. THE CONTINUUM LAPLACIAN.

Let D C R be an open, bounded domain. Let A denote the Laplace operator

d_ 52
—.

— Ox;

Dirichlet eigenvalue of D if there exists a function f € C?(D) N C°(D) satisfying the

We are interested in the Dirichlet problem on D. We have that A is a

equation:
—Af=Af in D
f=0 on 0D,
where 0D is the boundary of D [16].
Recall that the Sobolev space, H!(D), is the space of L?*(D) functions with distri-
butional gradient, V f, in L?(D). We also recall that the subspace, H} (D), of H'(D),
is the completion of C2°(D), the space of smooth functions with compact support, in

the H'-norm. That means that we can interpret H}(D) as the space of functions in

H'(D) that vanish on the boundary of D [17]. Equivalently, we have
Hy(D) = {f € L*(D) : || f(k) € L*(R*)}.

The eigenvalues of the above defined problem are characterized [14] by the following

minimization criterion.
A\ = inf/ \V(z)|* da.
D
Here the infimum is taken over all normalized functions in H} (D) in the L?>-norm. Let

us denote the first (k — 1) eigenfunctions by fi, ..., fr_1 € H3(D). The k' eigenvalue

exists as a minimizer of the Dirichlet integral

A = inf/ Vo(z)| du,
D

where the infimum is taken over all normalized functions ¢ € HJ(D) in the L*-norm

which are perpendicular to fi, ..., fx_1. For f € L'(D), the Fourier transform is given
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by
flk) = / flx)e™ dz, ke R%
D
and the Inverse Fourier transform is

f(z) = ﬁ 5 Fk)e ™ dk, € D,

Note that by Schwarz’s inequality L*(D) C L'(D).
We can for f € H}(D) define the total energy F(f) to be the kinetic energy F(f) =
[ |V f(x)? dz [14]. We have for any f € Hj(D),

B = [ 1Vr@Pdr = g [ RRITRR

The second equality is proved by applying Plancherel’s identity. The proof can be

found in [1] or in [14].
N

We denote the sum of the N lowest eigenvalues by Sy = Z A
1=1

Let the density, p, of N non-interacting electrons in the continuum be given by p = -

|D|?

where |D| is the volume of D.

Let ep(p) denote the Fermi level which is determined by the relation

5,
p= dk.
(27)% Sk <ep (o)

Let e(p) denote the ground-state energy density of non-interacting electrons with

density, p, in the limit of infinite volume. It is given by

1
e(p) = o / k]2 d.
(2m)% Jirje <er (o)

This expression can be understood as follows: In the continuum limit a — 0, we
define the torus, T, of length L > 1 for even L, by

L
2
[18]. The dual, T}, of T, is defined by

L
TL:{xERd:— <a <5 ijl,...,d}

2
Tz:{ke%Zd:—oo<kj<oo ijl,...,d}.
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Let D = Ty. Define K, nv as the set with N’ elements with lowest |k|?. The energy

per site of a density p = ]LV—; of free electrons in T}, is given by ey (p), where

erlp) = 73 O Ik

KL,N’

When we take the thermodynamic limit L. — oo we get the following Riemann sum,

1
- o5 / [K[2, dk
|k[?<er(p)

It can be checked that
er(p) = 4wpal (¢+1)? and
) 2
e(p) = dmpti gl (5 +1)7,

d+2

We notice that ep(p) = %e(p).
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3. THE DISCRETE LAPLACIAN

The results we obtain for the Discrete Laplacian are more general than those for the
Continuum Laplacian since we will recover the results for the Continuum Laplacian

in the continuum limit.

Define A = (aZ)?( D, where a > 0 is the mesh of the lattice and where D° is
the set of all x € D where we can place a cubic cell of size 2a centered around x
such that the cubic cell is contained in D. That means that the lattice, A, is excluded

around the boundary of D with a width of at least a.

Let A denote the Discrete Laplacian. Let ¢ be a normalized, complex valued

function in I2(A).

Definition. For ¢ € [?(A), the Discrete Laplace operator —A(® can be written

CAOG@) =~ S )+ 22 e

2 a?
yEA7‘Z‘—y|:G/

Here it is understood that ¢(x) = 0 outside A. In 1-dimension, the Lattice Laplacian
can be represented by the following (|A| X |A|)- matrix with respect to the basis 6, (y)

for z,y € A:
2 -1 0 0
-1 2 -1
1
—1 o w0
a : -1 2 -1
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Ficure 3.1. This picture shows the domain D and the lattice in two dimensions.
We can put a unit cube of size 2a centered around x € D. That means that A must
be placed to the right for the point x.

Definition. For ¢ € [P(A),we define the [ norm by

el = <adz |g0(x)|p> ’ .

TEA

The factor a? is a scaling factor such that in the continuum limit we will get the LP-

norm. For ¢ € [?(A), the Fourier transform is given by

S(k) = d zkzz’ = [__7_}
p(k) =a ;eA p(z)e s
and the inverse transform is

1 -~ —ikx
o(r) = ) /[—’;,j;]d o(k)e "™ dk, x € A.
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It can be checked that for ¢ € I2(A)

(p, =AWy =a® ¥ Jp(x) - eyl (3.1)

{zy}C(az)
lz—yl=a

which shows that —A@ > 0. It is obvious that —A@ is a self adjoint operator on
12[(aZ)?]. Define

d

a 1 T

6123) = ? E [2—2COS<6L1{7U>], ke [—E,E} .
v=1

Notice that e\” — |k|2 as a — 0. For ¢ € I2(A), we have

1 a)| -~
(o, A0y = /[ R

(2m)4

Since

—

[(—A@) (k)] = e (k),

we obtain the result above by applying Plancherel’s identity.

The spectrum of —A(® on A is contained in [0, 2¢] [12]. We denote the eigenvalues of

—A@ on Aby A <A < <Ay

Define S](\?) to be the ground state energy of N electrons on A, which corresponds

to the sum of the N lowest eigenvalues of the Discrete Laplace operator on A, i.e

N
S =3
J=1

We let p(® = N denote the lattice density, where |A| is the number of sites of A.

aTlA]
Notice that p(® | p as a — 0, where we recall that p is the density in the continuum.
Let 5;‘3) (p'¥) denote the lattice Fermi level which is determined by the relation
1 d
@) — d/ dk, ke [_gq ‘
(27’(’) 5§ca)<€§:c-l)(P(a)) a a

Let (@ (p(®) denote the ground-state energy density of non-interacting electrons in

the infinite volume (aZ)? with density, p(®, which is given by

1 T ﬂ}d

(@) ( @)y — (a) [__ _
e = eYdk, ke ,
) (2m)? /s§:><sg;>(p<a>) g a’a




It can be checked that 5%)@(“))

_ _d
 dp@

e@) (pla)),

23
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4. CONVERGENCE OF LATTICE EIGENVALUES.

In this chapter we will show that for any open, bounded domain D, the sum of the
N lowest eigenvalues of the Discrete Laplacian defined on A converges to the sum of

the N lowest eigenvalues of the Continuum Laplacian defined on D.

Recall from chapter (2) that the Dirichlet eigenvalues are characterized by

Ak = inf/ Vo (2)|* d
D

where the infimum is taken over all normalized functions ¢ € Hj(D) in the L?-norm,
perpendicular to the first (k — 1) eigenfunctions fi, ..., fr_1 € Hj(D). The sum of the
N lowest eigenvalues in the continuum is given by

N
Sy = inf / Vo,|? dx.
N S1rdN Z | ¢]|
1l 2 =1,{¢s,5)=0 T=1

where the infimum is taken over N orthonormal functions in HJ(D) in the L?-norm.

Similarly, the sum of the N lowest eigenvalues on the lattice is given by

N
SV = b Y, —A@g)),

P10 PN -
l#5ll,2=1,{pip;)=0 j=1

where the infimum is taken over N orthonormal functions in [%(A).
Theorem 1. For any open, bounded domain D, and any N > 1,

lim S(a) = SN.

a—0

In this chapter we will prove this theorem. The proof of this theorem will be done in

two stages. First we will prove that Sy > limsup S](\?). We will do this by defin-

a—0

ing a lattice function £ € [?(A) from a given function f € H}(D) such that
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Cl}g(l)(f(“), —A@ @)y = /D |V f|?. The value of [, |V f|*is larger than the minimum
eigenvalue on the lattice. When we have N such eigenfunctions fi, ...., fy in H}(D)
such that Sy = Z;VZI J5 |V f;]?, we will need to orthonormalize the corresponding
lattice functions fl(a), ey f](\;l ). We will do this by applying the Gram-Schmidt process.
By combining these results, we will obtain a lower bound.

The second stage is to prove that Sy < liran _jglf S](\?). We will do this by defin-
ing a function ¢(® in H}(D) from a given function ¢ € I2(A). Now, (p, —A@y)
is larger than the minimum eigenvalue in the continuum so we will obtain an up-
per bound. When we have N such eigenfunctions ¢, ....,ox in [2(A) such that

S](\?) = Z;V:1<g0j, ~A@ep.) we will need to orthonormalize the corresponding func-

(a)
N

tions ¢, ..., in the continuum. Again we will apply the Gram-Schmidt process.

By combining these results, we will obtain an upper bound.

Proposition 1. For any open, bounded domain D, and any N > 1,

Sy > limsup SJ(\?).

a—0
The strategy is to construct a function (@ € I2(A) from a given function
f € H}(D) such that
lin £z = |1 £ (41)

and

lim (9, =A@ f@) = |V f]| 2. (4.2)

a—0
Before giving the proof of proposition 1, we will define the function f(® and prove

that f(® satisfies (4.1) and (4.2).

Definition. For a given function f € L'(D), we define a function f@ € [?(A) by

1
) = — fly)dy, =z €A,
av Jo (z)

where C%(z) is a cubic cell of size a > 0 centered around = € (aZ)®.
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Let f(z) = 0 for x € (aZ)?\ A. We extend f@ € [2(A) to a piecewise constant
function in L?(D) by letting f@(y) = f(@(z) for all y € C®(z). Note that
158y =3 [ W dy = 17
wen 7 O ()

Recall that we defined A = (aZ)?( D°, where D° is the set of all # € D where we can
place a cubic cell of size 2a centered around x such that the cubic cell is contained
in D. That means that there exists z € D such that z is not included in a unit cube,
C%(x), centered around x € A.

Let D’ be the set of all y € D such that y is included in a unit cube, C*(x), centered

around = € A. The distance from y in D’ to the boundary of D is at least .

Lemma 1. If f € L*(D) then,

1Nz < N Fllezen)-

Proof. By Schwarz’s inequality,

1
FO @) < L fyzdy/ dy
Ry L
1
== f(y)|?* dy.
5w

Hence

£l < [ 170 dy < 1oy

Lemma 2. If f € L*(D), then

im [| £ ey = [ fllz2()-

Proof. Since L?*(D) is the closure of C>°(D) in the L?norm, we will first prove
this lemma for a smooth function with compact support. For a general function

f € L*(D), we will approximate f with a function g in C2°(D).
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Since [|f |2y = || “|l12(p), we can prove the lemma if we can show that

ClLiB% ||f(a)||L2(D) = [|fllz2(p)-

First, let f € C2°(D). We have

1F9 = Fllzzoy = 1F9 = Fllzzon + 1FD = Fll2ovo- (4.3)

The latter term converges to 0 when a — 0 since D"\ D tends to 0. We calculate the

first term in (4.3). By Schwarz’s inequality,

@ () — 1 _
PO R < o [ 15— sy [
1
= o 1) = Ty
gi a® sup |V dy.

al Ca(z) y'€C(x)
Then

Hf(a) - f”%2(D/) < a? sup ‘Vf(y’)ﬂD'\.
y’EC“(:v)

The latter term converges to 0 when a — 0. Hence for f € C°(D) we obtain
lim [| ) z2(p) = | £l z2(o)-

Now let f be any function in L?*(D). We have

17 = Fllzy < 1Y = g9z oy + 19 = gll2) + g = Fllzzw),

where g € C°(D) is the L*-norm approximation of f, i.e ||f — g||r2(py < € for e > 0.
By Lemma 1, |[f — ¢l 2y = |/ = 9“Nli2a) < If = gll 20y < € Furthermore,
we proved above that liH(l) 19| z2(py = |9l £2()- This implies that || £ — f|| z2(py — 0

as a — 0. Hence for any function f € L?(D) we obtain hII(l) 1N z2y = | fllzepy. O

Let V(@ denote the discrete gradient, where V@ = (V% ..., Vo) for ¢ € 12(A).
Define
N ={y e (aZ?) : dist(y,A) < a}.
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The " directional gradient is given by

V() = p(z+ae;) — p(z)

Y

where e; is the unit vector in the " direction and z € A’. For € [?(A’), we have

d
(. =A%) = 319 ellbn = 1Vl

=1

This can be shown by letting y = = + ae;. Since p(z) is zero outside A, we have

d d
a p(z + ae;) — p(@)?
P ED DS o
=1 =1 zeN
=a®? D Jely) — (@)

{zy}C(aZ)?
lz—yl=a

= <907 _A(a)()D)'

For f € H}(D) we denote the i*" directional gradient by V;f.
Lemma 3. If f € Hj(D), then

lim IV N2y = IV 17200
Proof. We need to show that for each ¢t =1, ....,d,

lim ||V £l ary = 1V |20
From lemma 2, we have

lim [(Vif) ) = [Vif 2,

so we need to show that for each i =1, ..., d,

lim ||(Vz(a)f(a))”l?(A’) = lim (Vi) Nl)- (4.4)
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We will first prove (4.4) for a smooth function with compact support, since Hj(D)
is the closure of C>°(D) in the H'-norm. For a general function f € HJ(D), we will
approximate f with a function g in C'2°(D). Notice that A’ \ A — 0 as a — 0.

First, let f € C2°(D). We have for x € A,

v(a)f(a)<x> _ f(a)<x + aei) _ f(a)(x) _ i/ f(y + aei) B f(y)
' Co(x) a

dy,
a a? J
so we get

@ 1
VI F @) = (Vi) )| = —

- Vs dy‘ |

a

/ {f(y +ae)— fy)
Co(a)

By applying the first order Taylor’s formula we obtain
lim V(|2 = lim [ (Vi) for f e C2(D).

Now, let f be any function in H¢(D) and suppose that g € C°(D) is the approxi-

mation of f in the H'-norm. Recall that the H'-norm is given by

[ f 1l rp) = (/D|f(x)|2dx+/D|Vf(x)|2dx);.

Then ||V f — Vygl|l12(py < € for € > 0. By lemma 1,

(Vi) @ = (Vig) iza) < I Vif = Vigllzzy < |IVf = Ve < e

Furthermore, by Jensen’s inequality and the Fundamental theorem of calculus for

distributions,

2
VO @)~ Vg ()

2

1 fly+ae)—fly) —(g(y +ae) —g(y))

a” Joa(z) a
! 1 \Y t v tae;)]dt 2 d
- a Co(2) /0 [ zf(y + aez) zg(y +tae; ] Y

1 1
Sﬁ/ ()/ IVif(y+taei)—Vig(y+taei)|2 dt dy
a(g 0
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Next,
IV f@ — v @ g2,

1
S// Vif(y+tae) — Vigly+tae)| dtdy
pJo

1
:/ /|Vif(y+taei)—Vig(y—l—taei)\Q dy dt < €.
o Jb

Here V,f(y +tae;) = Vig(y +tae;) =0 for (y + tae;) located outside D. Now, by

proceeding as in lemma 2, the lemma is proved for any function f € H} (D). |

Proof of proposition 1. We will first prove the proposition for N = 1.
Let fi € Hy(D) be the eigenvector of —A with minimum eigenvalue (which is equal to
S1), and let fla) be the function in [?(A) as defined above. The minimum eigenvalue

on the lattice is equal to Sfa). By lemma 3,

2 o) pa) )2 VR B g
S = va1||L2(D) = (1113(1) IV fi HzZ(AI) = (lllf(l) )12 1f1 HzZ(A')-
1" 1 ary
By lemma 2,
lim ||f1(a)||122(/v) =1l 22y =1

while :
IV £ 7

LA N

We take lim sup since we do not know yet if Sf“) converges as a — 0. We obtain

> 5l

S; > limsup Sf“),

a—0
so the proposition is proved for N = 1.

Now let Aq,..., Ay denote the N lowest eigenvalues of —A with corresponding
eigenfunctions fi, ..., fy € HZ(D) respectively. Let f{, ..., f](\‘,l) be functions in [*(A)
obtained from the continuum functions f1, ..., fy respectively as defined in this section.

We will use the Gram-Schmidt process in order to orthonormalize the lattice functions

RN SO
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Define
(a)
wla) = ai Having defined wl . ](\?11 set
1A e
/(a) N-1
N = e with O = £ = (7 ).
[N [lza) —

Then 1/J§a), ...,w](\?) are orthonormal functions in [*(A). We will need the following

lemma:

Lemma 4. VN € N,
(a) Hm [0z = 1 Vi < N.

(b) im (£, ¢y =0 Vi>j<N.

a—0

(¢) lim [Vl ary = lim [V [ zary Vi < N.

Proof. We will prove the lemma by induction. The statement is true for N = 1.
Suppose the statement is true for N = M.
Part (a). Recall that || f@];2(a) = || f“|| z2(p). We have,

Il = 1| = [l e = 1l

M
< W5 = Pl = D0 |8 ¥ 182 N2
i=1
The latter term converges to 0 as a — 0 by lemma 2 and by the assumption.
Part (b). We have for i > M + 1,

M
00 < (2 A0 — O A o)),

k=1

The latter term converges to 0 as a — 0 by the polarization identity and by the
assumption.

Part (c¢). We have

IV @R arn — ||v(a)fM+1||l2(A’)‘ < Z‘ FAD S ) 7@ .
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The latter term converges to 0 as a — 0 by the assumption. [

Now we will prove the proposition for any N > 1. By using the same method as for

the case N = 1 and applying lemma 4 we obtain
N N N
Sy = Z No= D IVl = im Y IV £
i= i=1 i=1

N

_ T (a),,(a))2

—}g%ZHV Ui M2 an
i=1

where

N
DIVl = SV
i=1

We do not know yet if S](\?) converges so we take lim sup . Hence we obtain

Sy > lim sup S](\?).

a—0

Proposition 2. For any open, bounded domain D, and any N > 1,
Sy < liminf S\,

The strategy is as follows. For a given function ¢ € [?(A), we will construct a function
¢©@ € H}(D) such that lim 1@ |2 = 1 and ||V |2 < ||V @p]|;2. Before we give
the proof of Proposition 2, we will construct the function (.

Let C%(x) be a cubic cell of size a > 0, centered around z € D. For any ¢ € [2(A),
we will extend ¢ to a piecewise constant function in L?*(D) by letting p(y) = () for
x € A and for all y € C%(x). We will let ¢ vanish on (aZ)?\ A. In order to smoothen

the function ¢, we will define the following convolution:

Definition. For any x € D, and ¢ € [*(A) we define

() = [ ey = | v o] @), (45)

where yca(g) is the characteristic function on C'*(0).
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Note that ¢@(x) = ¢(x) when z € A. We also note that by the definition of A,
©'@(z) vanishes on the boundary of D and outside D. In addition, ®(z) will tend
to zero when x approaches the boundary of D. It is proved in [19] that ¢(® is jointly

continuous in a > 0 and z.

FIGURE 4.1. This picture shows the domain D and the lattice in two dimensions.
We can place a unit cube of size 2a centered around the point z. In this case the
point x is located on the lattice which means that this is the closest we can put any
of the points of A to the boundary of D. For the right part of the picture; if the
point is located at the black dot in region B, the value of ¢(®) at that point is defined
as the average value of ¢ on the region A, B,C, D. The value of ¢(®) defined at the
boundary point z will be zero since the unit cube centered around z will not intersect
any unit cube centered around points in A.
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Lemma 5.

0 e HY (D) for any a> 0.

Proof of lemma 5. We have that (® () is jointly continuous in @ > 0 and z, and
that (®)(x) goes to zero when x approaches the boundary of D. Therefore, it is enough

to show that p(® € H'(D). We also have that p(® € L?(D), so we only have to prove

1 —
that 2y /Rd k|?|o@ (B)|* < o0.

The Fourier transform of ¢(® is given by

—

FO(k) = —Rono) (WIEE), (16)

where

Now suppose that we can prove that if 0 < a; <b;, i=1,...,d then

Then by letting a; = | sin %2

B 2 , we obtain from (4.7)

2 and b; = ’a;“

aki
2

2
4d
<. (4.9)

sin

4 lsin (k)P 4 @
|k,’|2 H } ‘a(ki22) < @Z
i=1 5 i=1

By Parseval’s identity and (4.6), (4.7), (4.9), we have

i | PP = o [P [TEmCely,
(27T)d Rd 4 N (27T)d Rd 7 paley ‘GQM 2
4d
<% [ le@pds
a”Jp
Hence, ¢® € H}(D) for any a > 0. O

Now will prove the statement in (4.8)
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Lemma 6. Suppose that 0 < a; < b; fori=1,...,d. Then

d
| | =~ d .
i—1 bi > i1 bi

Proof. Since $* < 1, the logarithm is negative. By using that fact and Jensen’s

inequality we obtain

=1
b
[
Recall that for ¢ € I*(A), [|¢llizia) = ll¢llr2p)-
Lemma 7. If ¢ € I?(M), then
le — M52y <@ > lel@) = e(y)]” < a®Calp, —ADy), (4.10)
| x,yleA
T—Y|co=a

where the constant C; depends on the dimension.

Proof of lemma 7. The first inequality in (4.10) can be calculated by applying

Jensen’s inequality. We obtain

lo — 6@ 220 = /D o) — ¢ ()

g

<

}2 dx

2

1
dx

i L. [ ety

a?

D
/ L lo(e) — o)l dyd
—|P\T) — @y yax
D a(w)a/d
1
= Y Jola) — ()P~ / / Nl oy da dyf
2 a? Jooia) Jongy 1Y

z,yEN

<a® N Jel@) = ey

z,yEN
[z—yleo=a



36

We will calculate Cy; Recall that

(o, —AWp) =a® 3" p(r) — ()|

{zy}cC(aZ)?

lz—y|=a
We have
S Je@) —ew)P= ) lelx) —ey))
z,YEN |z—yloo=0a LRTI
lz—yl=a
+ Y (@) — e (4.11)
T,yEN
lz—yl2a=+2a
Since
Im +n|* < 22 max{|m[*, |n’} < 2°(Jm?| + |n]?),
we have

lo(z) — e)]* < 2% (Jo(z) — 9(2)]* + |o(2) — e(¥)]?) -

By using this, the term in (4.11) can be calculated:

> @) — o)

T, yeEA
|z—y|2=v2a

<2 X [l - P +Iele) - oP

z,2,yEA
\x—z\:a,|z—y|:a

<422 | 3 e(@) e+ Y le(z) — )l

T,zEA ERIISIN
|lz—z|=a ly—z|=a

<16-2 | > le@) —e@)P+ Y le(x) = e

{z,2}C(aZ)? {z,y}C(aZ)?
lo—zl=a Iy~ z/=a

Hence, we obtain (', = 66. We can use the same method to find Cy for other dimen-

sions than d = 2. O
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Lemma 8. If ¢ € [>(A), then
IVie 20y < IVP0ll2py ¥V 1<i<d.

Proof of lemma 8. We will prove the lemma for i = 1. Let C{(z) be the (d — 1)
dimensional cube centered at z in the direction perpendicular to e;. We have for
p € *(A),

1 1 1
(Vi) (z) = e /C?(m) [cp (y + 5@61) — oy — 3 ael)] dys...dy.

By Jensen’s inequality,

Vi = [
D

R4 @ (x)
/]Rd

= HVga)SOHZﬁ(D)-

2

dx

/ [go(y + %ael) — cp(y — %ael)} dyg...dyd
Ci(@) a att

dx

2
[Sp(y + %ael) - SO(y - %ael)} dygdyd
a ad—l

a 2 dxsy...dx
[Vg) ](y)‘ dy/ %

Ci(y)

Proof of proposition 2. We will prove
Sy < lim inf S\,

We will first prove the proposition for N = 1. Let ¢ € [*(A) be the eigenvector of
—A@ with minimum eigenvalue (which is equal to Sfl)), and let (@ be the function
in H}(D) as defined above. The minimum eigenvalue in the continuum is equal to

S1. Then by lemma 8,

Sl = ||V(a)<P1||l22(Af) 2 ||V‘P§a)||%2(D)
_ Vet ey

13”1122 )
> S0\ 122 p)-

1651122y
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The term H(pga)H%Q(D) converges to 1 as a — 0 : By lemma 7,

1620y = 1] = 1685200 = It lieeny| < 168 = @ullzamy < ay/ Cax(®.

By proposition 1,
lim sup ’||g0§a)||L2(D) - 1‘ < 1iII(l)CL\/Cd/\1 = 0.
a—0 a—

So the proposition is proved for N = 1.

Now, let Aﬁ“), o )\5\?) denote the N lowest lattice eigenvalues with corresponding
eigenfunctions ¢y, ..., oy € [2(A) respectively. Let ¢\", ... 0% be functions in H} (D)
obtained from the lattice functions ¢y, ..., o respectively as defined is this section.

We will use the Gram-Schmidt process in order to orthonormalize the continuum

functions goga), vy cpgf;). Define
(p(a)
%a) — # Having defined 1/1%“), ...,1/1](\?)_1, set
o1 L2y
/(a) N—-1
N SRR TR
H¢N HL2(D) i=1

Then ¢\, ..., ¢ are orthonormal functions in H(D). We will need the following

lemma:
Lemma 9. VN € N,
(@) i [ 120 = 1 ¥i < N.
(b) lim(p”, ¢y =0 Vi>j<N.
(©) lim V0 2oy = lim [V 2oy Vi < V.

Proof. We will prove the lemma by using induction. The statement is true for N = 1.

Suppose the statement is true for N = M.
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Part (a). We have

e lz2wy = 1] = I a2y - ||¢M+1||12(A>)
<||80M+1 eyl L2 o) — Z‘ <PM+17 ’W lL2(p)-
i=1

The latter term converges to 0 as a — 0 by proposition 1 and by the assumption.

Part (b). We have for i > M + 1,

M
(o unrly) < (e o8y = (S @ ).
k=1

The latter term converges to 0 as a — 0 by the polarization identity and by the
assumption.

Part (c¢). We have

(R PP A \<Z)wMH,w“>\nvw 2oy

The latter term converges to 0 as a — 0 by proposition 1 and by the assumption. [J

Now we will prove proposition 2 for any N > 1. We have by lemma 8§,

N
(a) Z/\ Z ||V(a)90z‘||122(/v)
=1
N
> IVe? 13-
=1

When we take the liminf of the expression above we obtain, by applying the same

method as for the case N = 1, and lemma 9:

N
T (@) < 150 ()12
hgi%lf Sy 2 llznjglf Z VY2 0y = S

i=1
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5. ON THE LOWER BOUND FOR THE SUM OF LOWEST EIGENVALUES.

Freericks, Lieb, Ueltschi [12] proved in 2002, that the sum of the N lowest eigenvalues
of the Discrete Laplacian defined on a finite subset, A, of the infinite lattice is bounded
below by a term proportional to the volume of the domain (‘bulk term’) and a term
proportional to the boundary (‘boundary correction’). In 2004, Ueltschi [13] improved
the ‘boundary correction’.

Freericks, Lieb, Ueltschi [12] and Ueltschi [13] proved the following theorem :

Theorem 2. For every N > 1,

S > |A|ae@ (p) + C B(A)ad(p@) ",

where B(A) = [{(z,y) : v € A,y € A, |z —y| = a}|, p'¥ = \Ajl\;d denotes the lattice
density, e (pl@) denotes the lattice energy density of non-interacting electrons with

density p, in the limit of infinite volume, |A| is the volume of A and C' is a constant.

They proved that the constant, C', is strictly positive for all densities, but only for
small densities do they have an explicit value of C.
In this section we will give the proof of the ‘bulk term,” i.e we will show that for
any N > 1
S > |Alae® (o).

Furthermore, we will show that the ‘bulk term’ in the lower bound for the sum of
the N lowest eigenvalues of the Discrete Laplacian converges to the ‘bulk term’ in
the lower bound for the sum of the N lowest eigenvalues of the Continuum Laplacian
when a — 0 while the ‘boundary correction’ tends to zero. The Discrete case is,
therefore, more general than the continuum case. Recall from the previous chapter

that we recovered Sy from S](\?) in the continuum limit. In other words, we will recover
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Sn > |Dle(p) in the continuum limit @ — 0 where e(p) denotes the energy density in

the continuum of density p = %, in the limit of infinite volume.

Proof of Theorem 2 without the boundary correction . The proof follows
that of Freericks, Lieb and Ueltschi’s [12] and Lieb and Loss’s [14].

Recall that the Fourier transform of ¢ € [?(A) is defined by:

(k) = a* Z e* (), ke [—z, E]d.
ze
and the inverse-transform is
1 ~(1 ik
o(x) = 2y /{_5%}(1 p(k)e " dk, reA

A function ¢ € [?(A) can be considered to be in (?[(aZ)?] by letting ¢ = 0 outside A.
The energy of a particle in a state ¢; € [*(A) is given by
1
(2m)
This can be proved by applying Plancherel’s identity, since we have
(M@, (k)] = e B3 (k).

Eigenfunctions with different eigenvalues are orthonormal and we can take the

MY = (i, —AD ;) = /[ r x4 ex [ (k)P dk.

eigenfunctions with the same eigenvalues to be orthonormal so that we have an or-
thonormal set. We have that the energy SJ(\?)(gol, ...,piy) of N orthonormal functions
01, .., on € I2(A) is given by

(a) _ 1 (@
SN (9017"'730]\7) - (27T)d /[_ k Q(k)a

z]d
‘a

SRE]

where N
o(k) = [@5(k)P.
j=1

The function g(k) satisfies the following equations:

(Qi)d /[_ o(k)dk = N. (5.1)

™d
o)

SRkl
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0 < o(k) < a®|Al. (5.2)

The first equation follows from Parseval’s identity and the fact that ¢; is a normalized
function.

Since the eigenfunctions, ;, are orthonormal in I2(A), they can be completed to
form an orthonormal basis, {¢;}32,, in [?[(aZ)?]. Define the function f; : (aZ)? — C
by fe(z) = e *®ya(z), where ya(z) is the characteristic function on A and k €
[—Z,Z]4. Then @;(k) = (¢;, fi). The upper bound of g can be found by using

Bessel’s inequality. We have
N N
Z R => " Ui f)l* < I fullfaay = a®lAL
7=1 7j=1

We minimize S](\?)(apl, ...,on) over all p that satisfies the two conditions (5.1) and

(5.2). Thus the ground state energy, S](\?), of N orthonormal functions 1, ...., py is

bounded below by

(@ inf ! / k) el dk
Sy > in o o(k)e;’ dk. (5.3)

0:0<0<|Ala?
@t Ji-5.pa d®=N

By applying the ‘bathtub principle’ [14] (See figure 5.1), we find the minimizer g,,,.
It is given by

Ala?, if el < @ (p@
Omin(k) = A e < (") (5.4)
0, elsewhere

Recall that the lattice Fermi level 5;9) (p\®) is given by the following identity

7
@ = dk
P .
(27T)d sgca)<€§,f)(p(a))

Recall that the energy per site of a density p(®) of free electrons in (aZ)? is given by

1
(a)( (a) (a)
e = g, dk. 5.5
(') (27)d /sfj)<s§;”(p(a)) k (5.5)
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N

Prir®)

P (K) €

|

o4
o

S

FIGURE 5.1. Bathtub principle. The figure shows the minimizer g,,,,(k) in one
dimension.

By (5.3), (5.4) and (5.5) we get
SV > |Ala%e (p®).
[

Now we will show that when we take the continuum limit a — 0 of the right hand

side of the inequality

a a a a %"'1
S\ > |Afa%e @ (p) + C B(A)a(p) ",

we obtain e(p)|D|. To show this, we will need the next lemma which gives the rela-

tionship between e(p(®) and e (p(®) and between ¢(p®) and 5;?) (p\).
Lemma 10. For any p'® such that %a%;f‘) (p') < 1,we have
(a) er(p) = f50%5(p) < &7 (0) < er(p™).

a é a 1+i a a a
() e(p(®) — Sa2m? T (£ 4 1) 4 p@' T < @) (p(@) < o(p®).
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Proof of lemma 10 (a). It can be checked that k* — Lk* < 2 —2cosk < k? and

k|* > 2% kX Then [k[? — < [k[* < e < [k[2. Recall that

i=1""

d

d 2
EF(p(a)) = 47TF (5 + 1) p(a)d

and

5/

(a) —

P& = dk.
(271-)(1 Eéa)<6§f>(p(“))

We have

1

From the first inequality in (5.7) it follows that

e (p @) < ep(p).

In the latter integral in (5.7) we integrate over those k’s such that

1— \/1 — %a%ﬁf)(p(“))
a2
6

k|* <

)

provided that $a? £ (p(®) < 1. Then

1 (@ (a
- /1 S a2 (o) .

which implies that

This proves (a).

Proof of lemma 10 (b). By part (a), we have

pl@) p(@)
) = [ Wi [ ert)d = (o)
0 0

1
dk < p\@ < / dk.
(2m) /|k|2<e§£><p<a>> (27) T J k2 — 22 ja < (pte)

(5.6)

(5.7)
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We also have that

pl@) 1
e (p@) > / |:€F<t) — EQQ en(t)| dt.
0

By using the expression for ex(t) given in (5.6), we obtain (b). O

Recall that Freericks, Lieb, Ueltschi [12] and Ueltschi [13] proved that for any open,

bounded domain D, and for every N > 1, and density p(®,
2
SN > ) Al + € B ()T (53)

where B(A) = |[{(z,y) : x € A,y € A®, |z — y| = a}|, and C is a constant. When we

take the continuum limit @ — 0 of (5.8) we obtain
Sn = e(p)|D].
This is shown as follows: Since p(® — p we obtain by applying lemma 10,
lim el (p”) = e(p).

Hence, in the continuum limit a — 0 we obtain
e (p)[Ala® — e(p)|D|

and
0D)|

-1

ad

C Bl = ()i 58 - o] a0

We proved in Theorem 1 in section 4 that S](\?) — Sy when a — 0. Thus, when we

take the continuum limit @ — 0 of (5.8) we obtain Sy > e(p)|D|.
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6. APPLICATION OF THE BATHTUB PRINCIPLE WITH GRADIENT TO THE PAPER

OF MELAS.

In 2002, Melas [7] improved the lower bound for the sum of the N lowest eigenvalues
of the continuum Laplacian. Melas [7] proved that for any open bounded set D C R?
and any k£ > 1,

’E‘
> LI —
Sn > |Dle(p) +MdNI(D)’

where I(D) denotes the ‘moment of inertia of D,” that is I(D) = milr)l/ |z — a|* du,
ac D

and the constant, M,, depends on the dimension.
N
Let o(k) = Z |©;(k)[?, where p;(k) are the eigenfunctions of —A with corre-
j=1

sponding eigenvalues \;. Recall from chapter 5 that in the discrete case we have

0 < o(k) < a®|A| and /[ v o(k) dk = N. We also recall that

1
(2m)

1
S > inf / o(k)e\ dk,
N (27T)d [—g,%]d ( ) k

where the infimum is taken over all p that satisfy these two constraints above. In the
continuum case, the analog results are

1

0<o(k) < 2}

|D| (6.1)

and
/ o(k)dk = N. (6.2)
Rd
Melas [7] also proved that

2
(2m)¢

[Vo(k)| < [DII(D) (6.3)

which is the key-idea in improving the lower bound for Sy.
Melas [7] found and proved a lower bound for Sy under the constraint in (6.1),

(6.2) and (6.3). In his proof, Melas applied and proved a lemma finding a lower
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bound for the infimum [p, [z[*g(z) dz over nonnegative, measurable functions g on
R? under the constraint 0 < g(z) <1, |Vg(z)| <o, [pag(z)dr = G, where o, G
are positive constants.

In this chapter, the problem will be solved in a somewhat different way by using the
bathtub principle with gradient [14]. The use of the bathtub principle will somewhat
simplify the proof of the lemma done in the paper of Melas [7]. We will use the
bathtub principle since the problem we are trying to solve is a minimization problem
satisfying the conditions given therein.

We will first explain and give the proof of the bathtub principle with gradient.

We will need the following lemma.

Lemma 11. Let (Q,>, 1) be a measure space and let f be any nonnegative, measur-

able function on Q. Then for anyt > 0

gLf@ﬁw@%=Aquxuﬂ@>¢Ddt

Proof. We can write

Then by Tonelli, we have

/Q f(z) dpu(x) = /Q /0 ) Xio.f()) (t) dt dp(z) (6.4)
= [ [ xosen®dua a (6.5)
= /00 p{x . f(x) > t}dt. (6.6)

0

We consider a measurable function f : [0,00) — [0, 00) such that r¢=1 f(r) is strictly

increasing; we define the functional

Flo) = [ fliabota) do
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We are looking for the minimum of F' over nonnegative, measurable functions g on
R? satisfying the constraint
0< g(a) <1,|Vg@)| <a. [ gle)ds =G,
R4

where o and G are given constants.

Theorem 3 (Bathtub principle with gradient). There exists a unique minimizing
function g to the problem above. It is spherically symmetric. It is given by one of the
following alternatives, where we let |Sy_1| denote the volume of the unit sphere in d

dimensions.

(a)If Ga® < ij:l‘), we have

. d(d+1)G
and 1y satisfies ritt = (d+1)

T alSg-1l
b)If Gad > ‘Sd”', we have
d(d+1)
L, if |z <y
g(@) =< 1—a(lz| =), ifri <l|a] <r;
07 Zf|$‘ Z To

and ry,ry satisfy ro = r| + é, and fRd g(x)dr =G.
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1.1 ra-1 1. rd-1
gl
Jn : Jfn
elo] i
Slope= -a \ Slope= -a
r E r
"o "1 Ty

FIGURE 6.1. These pictures show the minimizer g in one dimension. The first picture

is the case Ga® < C'[?jfl‘) The second picture is the case Ga? > (‘1%111')

Proof. Given g, let ¢’ be the spherically symmetric function obtained by averaging
g over angular variables.

The averaged function, ¢’, satisfies the same conditions as g, and F(g) = F(¢'). It
is therefore enough to minimize F' over spherically symmetric functions. In spherical

coordinates, we have

F(g) = |Sa-1] /OOO rf(r)g(r) dr.

Now we will follow the structure in the proof of the bathtub principle given in [20].
Given g : [0,00) — [0, 1], we define the measure du, = |Sz_1|g(r)r¢='u, where p is
the Lebesgue measure. Then py([0,00)) = [Sa—1| [ g(r)r®du(r) = G.

By lemma 11 we have,

Flo) = [ 1)) = [l s £0) > 1))
= 16 = nmttr: f0) < th e

0
To minimize F' it is sufficient to minimize the decreasing function

pg({r : f(r) > t}) for each t. That is equivalent to maximize the increasing function



pg({r = f(r) <t}), i.e we want to maximize the integral of

(1)
ol £y < ) = 1S2] [ o ()

20

The maximizing measure is obtained when g = 1 so we would like to have ¢ = 1 on

a large set as possible. On the other hand we need g to satisfy |Vg(z)| < a. For any

t, the function, g, given in the theorem is the optimal function, and it is the unique

optimizer.

There cannot exist an optimizer that is not spherically symmetric; Suppose g is

not spherically symmetric, then

sup [Vg'(z)| < sup [Vg(z)|.
z€RL z€R4

The maximal gradient of ¢’ is then strictly less than « so ¢’ cannot be a minimizer.

But since F(g) = F(¢'), g is not a minimizer either.

Define the class, ¢, of measurable functions, g, on R¢ by,
= {020 < LvaI <o [
Corollary 1. We have that
I=int | |2[*g (=) dz,

s given by one of the following alternatives.

(a) If Ga® < (‘;(35:1'), then

_ (|Sazafa) T ss3
I_m[Gd(dJrl)] ,

where |Sq_1| is the volume of the unit sphere in d dimensions.

(b) If Ga > il then

1
d+2

&
6(d+2)a?’

I> |Sd—1|772 (dG)% +

where |Sy_1]| is the volume of the unit sphere in d dimensions.

g(z) = G}.

[J
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_(S’)]J2 _(3)1/2 (S) 12 (S’) 12

FIGURE 6.2. Bathtub Principle with gradient: The figure shows the minimizer g(x)

in one dimension for the problem in the corollary to Theorem 3. Here, s’ 2 = ry and
1

§2 = 17.

Proof of corollary 1(a). The minimizer g is given by

g(z) = e (r2 = [2)]X(0,r2)a-

We have

’Sd—1|04 d+3
(d+2)(d+3)?

1

By inserting ro = (%) " into the equation above we obtain
(| i-i]a) 7 249
d—1|0v) 4 d+3
I= s oy@ss G+
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Proof of corollary 1(b). The minimizer g is given by

9(7) = X))l + [1 — a2 = )X ) e
We have

G:/Rdg(:v)dx

1 o
= |Sd_1| / /rd_l dr + |Sd—1| / (—CW +ar; + 1)7"d_1 dr
T1

|5d 1| (e} ar; +1
L (S| | o (= ) 4 S )
By simplifying
[Sa—1la ;a4 d
e + +1 6.7
d(d—i— ) (TQ ) ( )

Next,

1= [ lefota s

T2
= |Sa- 1|/ d_1d7“+|5d—1|/ ri(—ar+ar, + D)ritdr
T1

pd+2
a (ary+1)
= |S4_1] [d+2 d+3(7~§l+3 rd+3) d1—+2< A2 _pdt2y |
By simplifying the expression above we obtain:
|Sd_1|04
= @ 213 [rgte — 3] (6.8)
From (6.7), we have
dG = |Sui| / e dr. (6.9)
T1
Similarly, from (6.8), we have
T2
I(d+2) = |Sd_1|/ r 2 dr (6.10)
r1

Now, by following Melas paper [7], we let 7 > 0 be chosen later and integrate the
inequality

adr®™® — a(d + 2)7%% + 02792 > a27%r — 7)?
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over [rq, 73] with respect to r to get, where we use (6.9) and (6.10):

! 2 dG d+2 [ 2
dld+2)—— — (d+2)7 + 27775 > Q27 (r—7)%dr
|Sa1l |Sa1l -
1
> a2r¢ / T 2dt
~2a
~ 6a?’
é
: _ (_dc
Now, choosing 7 = (m) ,
-2 1 d+2 G
I>|Sq_1|® dG) & + ——.
2 [Saal * 575 O+ s
We obtain the same lower bound as Melas [7] for the case Gad > 14=1l O

d(d+1)



Part 11
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7. THE DISCRETE LAPLACIAN ON A SUBSET OF A FINITE TORUS

In this chapter we want to show that the sum of the N lowest eigenvalues of the
Discrete Laplacian on a subset, A, of a finite torus is bounded below by a term
proportional to the volume of the domain A. The proof will follow that of Freericks,
Lieb, Ueltschi’s [12] in the case of the infinite lattice and Lieb and Loss’s [14] in the
case of the continuum. For simplicity we will let a = 1.

We will introduce some new notations. Let L > 1, be the size of the d-dimensional

torus, where L is even. The torus can be defined as the following set [18]:
T, = {x VAR —3 <z; < -, Vj= 1,...,d}.
The dual T} of T}, is given by

2
sz{ke%Zd:—wgkigw Vizl,...,d}.

We will define the Discrete Laplacian, —A, whose action on a normalized function ¢
in I2(A) is
—Ap(r)=— > oy +2dp(z), z€A

yEA7\x—y|=1

Define Sy to be the ground state energy of N non-interacting electrons in A, which

corresponds to the sum of the N lowest eigenvalues of the Discrete Laplacian on A.

Define e, (p) to be the ground state energy density of non-interacting electrons on the

N

1> where [A[ is the volume of A.

torus with density p =
Theorem 4. For every N > 1 and even L > 1,
Sy = eL(p)|Al.

Proof. Let A\; < Ay < ... < Ay denote the eigenvalues of —A with corresponding

eigenfunctions ¢y, ..., Q|-
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For A =T}, it is well known that the eigenvalues are given by

d
e =Y [2—2cos(k,)]
v=1
with corresponding normalized eigenfunctions o (z) = e where k € T} and

d
L2
r € A.

Let N’ = |pL?] which is the integer part of pL?. Here N’ denotes the number of
eigenvalues defined on the torus, 77.
Define K, v C T} as the set containing N’ elements with lowest .
The energy per site of a density, p, of free electrons on T}, is given by e (p), where
ep)= ). %519 for p= ]L\f_;
keK, ni

and in the case where L9 is not an integer, we define ey (p) by letting

N’ . N N +1
eL(ﬁ):eL(ﬁ) if ﬁ§P< d

Let e(s) denote the ground state energy density of non-interacting electrons in the
infinite volume Z<. In the thermodynamic limit L — oo we get the following Riemann

suin:

) ) 1 27\ ¢
Jim e(s) = lim =g 2 (f) oK

kEKL,N’

(2m)d /[_W,W]d,skq;(s)

The lattice Fermi level, k(s), is chosen such that s = =

(2m)d fak<a};(s) dF.
For ¢,¢ : T} — C, we define
~ o~ 1 =~
(6,0, = 75 D ok} (k).

keT;

From [18] we have
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The Fourier transform of ¢ € [2(A) is given by
=Y Fp(x),  keT]
TEA

and the inverse transform is

Td Z e ik x €A

keT}

A function ¢ € [*(A) can be considered to be in [?(T},) by letting ¢ = 0 outside A.
The energy of a particle in a state ¢; € [?(A) is given by

A = (o —0p)) = 75 Z e [@5 (k)| dk.

keTy

—

This can be showed as follows. We have [—(Ap;)(k)] = exp;(k). Then from (7.1)

(0j, —Agp;) = @, —AToj>

keTy

Eigenfunctions with different eigenvalues are orthonormal and we can take the
eigenfunctions with the same eigenvalues to be orthonormal so that we have an or-
thonormal set. We have that the energy Sy(¢1, ..., on) of N orthonormal functions
01, ..., on € I2(A) is given by

SN((IO:L?' 7§0N Ld ngg

keTy

where
N

= [E®)P

j=1

The function p(k) satisfies the following two expressions:

% > olk)dk = N. (7.2)

keT;
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0 < o(k) < [A]. (7.3)

Equation (7.2) follows from Parseval’s identity and the fact that ¢; is a normalized
function.

Equation (7.3) can be proved as follows. Since the eigenfunctions, ¢;, are or-
thonormal in [?(A), they can be completed to form an orthonormal basis, {¢;}°;, in
I2(Ty). Define the function f;, : (T1) — C by fi(x) = e"* @y (x), where x4 () is the
characteristic function on A and k € T}. Then @;(k) = (¢;, fr). The upper bound of
o can be found by using Bessel’s inequality. We have

N

N
ok) =Y B (R)1P =D ey )l < Il fillfay = AL
j=1

j=1
We minimize Sy(¢1, ..., on) over all ¢ that satisfies the two conditions in (7.2) and

(7.3). Thus, the ground state energy, Sy, of N orthonormal functions @1, ...., oy is
bounded below by

, 1
Sy > inf i > olk) ek dk.

0:0<0<|A| ’
71 Shery eb)=N FETL
Let § = pLY — N’. Then 0 < § < 1. By the ‘bathtub principle’ [14], we find the

minimizer to be given by:

|A|, ikaKLJV/
Qmm(k) = 5‘A’, if k e KL’N/+1\KL7N/ where 0 <9 < 1.
0, else

N

AD is bounded

Therefore, the sum of the N lowest eigenvalues, Sy, with density, p =

below by the following term:

1
Sv 2 [Al 75 Y e =erlp)lAl

kEKL’N/
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8. LOWER BOUND INVOLVING THE BOUNDARY FOR LOW DENSITIES

In the previous section we proved that the sum, Sy, of the N lowest eigenvalues of
—A defined on a finite subset, A, of the torus is bounded below by a term proportional
to the volume of the domain A (‘bulk term ’). Now we want to strengthen the lower
bound and show that if the density is small enough and L large enough, the lower
bound also involves a term proportional to the boundary of the domain A (‘boundary
correction’).

We want to find a lower bound for Sy on the form

Al

Sy 2 e(p)|Al + Cipt P B(A) = Com5.

where
B(A) = [{(z,y) : 2z € A,y € A9, |z —y| = 1}
is the number of bounds connecting A with A¢, and C, C are constants. Recall that

e(p) represents the energy density on the lattice in the limit of infinite volume.

_d
Theorem 5. If p < W(?Efl—iﬁ))], we have for N > 1 and L large enough,

Sy > e(p)|A] + (id) §p)B(A) — (1 2(41d)3%) i 2|LA2|’

where £(p) = per(p) — e(p).

The proof is inspired by the papers of Freericks, Lieb, Ueltschi [12] and Ueltschi [13]

in the case of the infinite lattice.

Proof. Let \; be the j eigenvalue of —A corresponding to the eigenfunction, ¢;,
and let ¢; be the Fourier transform of ¢;. Recall that the sum Sy (1, ...., ) of N
orthonormal functions is given by

SN(QOh-- 780\A| d Z

keT}
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with
N
Z |0;(k
We proved in the last section that

0 < o(k) < [A].

We want to strengthen the lower bound of Sy by strengthening the upper bound of
o(k) to
o(k) < |A| — const - B(A).

By letting y = = + e, where e is the unit vector, we can write the Discrete Laplacian,

which acts on a normalized square summable, complex-valued function ¢ on A as

—Ap(z) Z o(x +e)+2dp(x), z€A.

e:x+e€A

We have the eigenvalue equation
—Apj(z) = Ajpj(x)  VzeA

A function in [2(A) can be considered to be in I2(T}) by letting o(x) be zero outside
A. The following equation is then valid Va € T7:
— Y pilwte)txac(r) Y gilrt+e)+2dpi(r) = Npi(z), (8.1)
exx+eeTy, e:x+eeA
where yco(z) is the characteristic function on A°. The middle term is necessary in
order for the equation to be zero on both sides for sites outside A that are neighbors
of sites in A.

Let OA be the set of sites of A that are neighbors to the complement of A.
ON = {x € A : dist(x, A°) = 1}.
By taking the Fourier transform of both sides of the equation (8.1), we get

ex;i (k) + (b, ¢5) = \jipi(k), (8.2)
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where by, is the boundary vector:

bk(l’) _ XaA(x)e—ikm Z e—ike
exxte¢ A
Define K, = {k € [-m, 7% : ex < ep(p}.

Lemma 12.

(a) If p < (2|\/B§d7‘r)d, where |By| denotes the volume of the unit ball in d dimensions,
then

7T7Td
K,c(-1.%)"

(b) If p < (21/3571)[1 — ('L, where |By| denotes the volume of the unit ball in d dimen-

. d .
stons, then K n» C (—%, %) , where C, , is a constant such that Cr, — 0 as
L — oo.

(No proof of lemma (12(b) yet.)

Proof of lemma 12 (a). We have that

| Ba| 1 4
> > B,le 2,
(2\/§7T)d Zp = (27T)d| d| F(p)
Hence
1
Eﬂm§§~ (8.3)

We have that 1 — % <cos(z) <1-— %xz, which implies that

8
Ik < e < Ikl;, (8.4)

where |k|3 = k? + .... + k2. From (8.3) and (8.4), we obtain

8 1
;|k|2 <egp < §

Therefore,

T
|kloo < |E|2 < 1
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It can be checked that
B(A) < [|be]|* < 2dB(A), (8.5)

where the lower bound holds at least when |k, < 7.

By completeness of the set of eigenvectors, {¢;}, we have

N |A]
By=Y_ 15,k = A= > 5k (8.6)
Jj=1 j=N+1

From equation (8.2) we obtain

P 1

2 2
’90]( )’ - ()\j — 5k>2 = (4d)2‘<bk7§0J>’ where >‘J' < 4d. (87)
Recall from (3.1) that we have
(b, —Aby) = Z |br () — bi(y) . (8.8)
{z,y}cz?
lz—yl=1

By noticing that each site x of JA has at least one neighbor y outside A and the

boundary vector, by, is zero there, it can be checked that

D 1bk(@) = o)l = (bl (8.9)

{zyyczs
lz—y|=1

Now consider all domain A and all N° such that Ayo < 5 and Ayoiq > 5. Let us first

consider the case N < N°. By using (8.8) and (8.9) we obtain

Al Al

ad Y |beenl? = >0 e P (8.10)

j=No+1 j=No+1
> (b, —Aby) Z| (b, )P\, (8.11)

161
> . A2
> (812

From the first part of (8.5) and the result above, we obtain for k| < 7
Al
1 o Nbell? (A)
by, > 8.13
j=N+1
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Hence, from (8.6), (8.7) and (8.13), we get

B(A)
k) <|A| -
Now, define oo = 57 41d)3 %. Then we can write

o(k) < (1 —a)lAl.

We will now go through the same steps as we did in chapter 7. We will find a
minimizer for the lower bond of Sy, given by
) 1
Sy > inf Td Z o(k) ek. (8.14)

0<e<IAl(i-a) L4 £
4 Srery oW)=N i

Define Ky, p» C T} as the set containing M’ elements with lowest ¢;,. We choose M’
to be the largest integer such that M’ < %, ie M= L%J
Let § = % —M'. Then 0 < § < 1. By applying the ‘bathtub principle’ [14] we obtain
the following minimizer:
(I1—a)|Al, ifkeKpw
Omin(k) = ¢ 0(1 —a)|A|, if ke Ky \Kpyr, for0<do<1.

0, else

We define the energy per site of density #- of free electrons in 77, by

1 M’ p M +1
€L(ﬁ) = ﬁ Z Ek for F S (1 — a) < Ld .

kEK [,y
When we take the thermodynamic limit L — oo of er(7%;), we obtain the energy
density in the infinite lattice which is given by
()= L / v dk
o’ (2m)d [~ma)den<er(722)

We will write the sum in (8.14) in terms of integrals which will give us an expression

that it is easier to work with. We will do this in the following way. We will decompose
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the dual 77 of T7, into cells of volume (%’r)d , centered around elements of 7. We let C,
denote the cell around k, where we have (k) = ¢;. We will extend ¢; to be constant
on the entire cell, Cy. Let us call this extended function e (k). Thus . (k) = (k)

whenever k € T}. Then we have from (8.14):

N = d Z Qmm / €L(£) df (815>

keTy

Replace the piecewise constant function, €7 (§), by a linear approximation for (&)

inside Cj. Let us call this function £7,(£). We have

27r S D Omin(k / er () d = (% L > omin(k /C 2, (€) de.

keTy keTy

The error is of second order;

/C E0(6) — =(¢) d&‘ < Ry(€. R)ICHl,

where R;(, k) is the remainder in the first order Taylor’s formula. We have for

v=1,...d,

828?? = 2cos(a&,).
g;i,gg =0 for i#w.

Since | cos(&,)| is bounded by 1 for all &,, we have

d 2
|R1(€, k)| %Z d(QLﬂ) d%.
We have
[ s —<@ie < [ il < aaw Y (8.16)

where |Cy| = (%”)d. Now by (8.16) we obtain
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Sy > dzgmm / £1(6) d (8.17)

keT;
> 3 - > o RTRC LS/ R 18)
= 27_[_ To\d szn 5 d mzn L2 ( .
keT; keT;
The last term in (8.18) can be calculated as follows:
|C| 1
57 2 onin(k)dAm P < [AI(L - a)dd . (8.19)
keT}

Thus by combining (8.18) and (8.19) we obtain the following lower bound:

1
(2m)

> |A(1 = a)e (ﬁ) — dar 2| Al(1 - o).

Sy > / Omin (k) e dk — d 47 —\A](l — ) (8.20)
[_ﬂ—vﬂ—]d

We are interested in finding a lower bound for Sy for density, p, so we need to
convert e( =) into an expression involving e(p). We start by introducing the function

&(p) which is given by
&(p) = per(p) — e(p).

Let
vla) = (1 —a)e(5).
We have that the derivative, 1’, of ¢ is given by

U(a) =£(5),

where we used that the derivative of e(s) is equal to g (s). Since ¥ (a) is convex as a

function of «, we have a supporting line at 0, i.e

() 2 ¥(0) +¢'(0)(a = 0) = e(p) + &(p) (e — 0).
Thus from (8.20) and the equation above we obtain

Sx > e(p)IA] + ag(p)|A] — (1~ ayiar* 2]
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where
1 B(A)
2(4d)3 [A]
So we have shown that for all domains A and for all N < N, such that Ayo. < % and

ANog1 > % that we have

Sy 2 |+ 5ot B0) - (1= go B ael] s

Now consider the situation where we have (8.21) proved but N > N°. Write
p° = X Then

AT
SN_ZA + Z by

_ 1 0 1 B(A) S|
= el + g€ B - (1= g ar ) g
21— ),

where we bound the second sum by using A; > 5. The right side of the expression

1
5

above is larger than

NI+ grageB) ~ (1= g ) 4

provided that

1 B(A)
6(p)+2(4d>3§(p) L

v

Let f(p) = 3p — e(p) — 722&(p). (Notice that - is an upper bound for « since
B|1(\|) 2d.) It is enough to check that the function f(p) is increasing in p. Recall

from lemma 10 in chapter 5 that

eh(p) < er(p) = AmpiT (— ¥ 1) § (5.22)
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where r(p) denotes the Fermi level in the continuum. Then

d 8T > d a
d—pe;(p) < 2 piir (— + 1) : (8.23)

By inserting (8.22) and (8.23) into (8.24), we obtain

d 1, 1 d
_ L - ¢ 8.24
dpf(p) 5 er(p) 64d2pdp€p(p) (8.24)
2
1 d i, 1
> — d — . 2
> 47rr<2+1) pi (1+32d3) (8.25)

the function, f(p), is increasing. Thus, we have proved

r(g+1)
for all N > 1 and for p < % with L large enough,
1 1 B(A) 5| Al
> — B(A)—1[1-— — | ddn*—.
v 2 el + 56 )BA) - (1= o T ) airl
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9. LOWER BOUND INVOLVING THE BOUNDARY

In this chapter we will describe a different method for finding the lower bound for
the sum, Sy, of the N lowest eigenvalues. Again we will show that Sy is bounded
below by a term proportional to the volume of the domain of A (‘bulk term’). The
‘bulk term’ depends on the size of the torus. We will explain a method to show that
the lower bound also involves a term proportional to the boundary of A (‘boundary
term ’).The method will work for all densities, but so far we are unable to prove this.
We will follow the paper of Goldbaum [15] where he considered the case p = 3 for
the infinite lattice.

Let A < Ay < ... < A\, be the eigenvalues of the Discrete Laplacian ,—A, with
corresponding eigenfunctions ¢y, ..., Q|a.
Let by(z) = xoa(z)e ™ Z e~ *¢ be the boundary vector.

eted¢A

Recall that the energy density of free electrons on the torus is given by

1
er(p) = Td Z ek, where K n+ denotes the set of N’ elements of T} with lowest
keKL,N’
er. We have Llim er(p) = e(p). Recall that L(p) denotes the lattice Fermi level

determined from the relation p = ﬁ co<el (9) dk.
F

Lemma 13. For N > 1 and even L > 1,

Sn = er(p)|Al + 4d A Td Z ek — P (=2 = AN) b |* (9-1)
keTy
ng Z Nk, (A = Ax)bi),
keTy

Proof of lemma 13. Recall from the previous chapter that we have

~TN2 |<bk780j>|2 1 2
B = (2 > o) (92)
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Let N
o(k) = [@5(k)P
j=1
We have
1
Sy — [Aler(p) = Td > eilolk) = 1Ak, 4w (9.3)
keT;

Since Y o(k) = ZXKL,N’(k)’ we can shift € by any constant in (9.3). Replacing &y

by ex — e'(p), we obtain

S = I\les(p) = 75 Z )gk _ ety ‘ (k) + A_(K)), (9.4)
where
Ay (k) = (IA] = o(k)xix, 1 (K)
and

A_(k) = o(k)xir\x, o (k).

From (9.2) we obtain

Ay (k) >

1 :
> WHP-Fbk“z if ke KL,N’-

1 ) y
A_(]{?) > @HP_Z)MP if ke TL\KL,NH

where P_b, and P, b, denote the projectors onto the subspace spanned by the eigen-
functions o1, ..., on and @41, ..., pja| respectively. From Goldbaum [15] we have the
following estimates of ||P.by|| and || P_bg||.

Al Al

—A
1Pl = 3 WP 2 3 1wl - (9.5)
J=N+1 j=N+1
[ 1A Al
1 |\, I — AN
= - (b, o) 2120 =2 (b, )| .
5 Z' Sy +Z| k> "4d Y (9.6)
1 —A—)\N 1 —A—AN
| (b, =N, ), .
—2‘ Ad— Ay " 2<’“ Ad — Ay ’“> (9.7)
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Similarly we obtain

1I|—A =X
L

2
1 —A = Ay
] Bl I )}

Then we obtain the lower bound

Sn — [Aler(p)

1 1 1 L

ST 2 |5~ < EA| =8 = bl
keTs

L

2

1 1 L
(4d)? 7d Z <X[Ek<51%(p)}(k) - X[sk>51§(p)](k)) ek — ' () [{Dky (—A = An)by)
keT;

v

with
L L
<X[Ek<slf—fv(p)](k) - X[5k>51§(p)](k)> ‘51@ - 51F(P)’ = —(er — 51F(P)),

so the lemma is proved. O

Now we will explain how we can use lemma 13. We will explain the situation L — oo
but the boundary term can be calculated for all even L > 1.

When we take the limit L — oo of the expression in (9.1) we obtain

1 1 1

> e(p)|A] 4+ = s A — 2
Sv 2 elp)N + g e RO A =

- ST /[]< — b (o)) b (—A = An)be) dk.

We will now follow Goldbaum’s paper [15]. The boundary term can be calculated
if we can show that the terms ||(—A — Ax)be||? and (by, (—A — Ay )bs) are proportional
to the boundary of A for k in a strip that contains the Fermi surface, e}.(p), of p.
We will first explain how we can show that the term |(—A — Ay)bg||? is proportional
to the boundary of A for k in a strip that contains the Fermi surface, £}.(p), of p.

A bound for ||(—A — An)be|*.

We would like to show that there exists some k in the Fermi surface, e, = ekh(p),

of p such that ||[(=A — Ax)be||* does not vanish. Yet, we are not able to find these
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k's for all densities and all dimensions. We are able to find k& for d=2 for part of the
intermediate density. For higher dimensions it is even harder to find the correct k’s.
We will here look at the case d = 2. We will follow Goldbaum’s paper [15]. He

1

considered the case p = 5 (e = 2d). We have

[(—A = An)bi) (z)
== bi(z+e) + (2d — Ay)bi(z)

— o ikx (2d . )\N)XQA(x) Z e—ike’ _ Z Z e—ikz(e—i—e’)

e/iwte! ¢ e:x+e€OA ¢ wtete ¢

We sum over exponentials over some of the nearest neighbors x + ¢’ and over some of
the second nearest neighbors x + e + €’. The diagrams on page 72 and 73 illustrate
which terms which will be in the sum. They show the real part of the terms for each
site, for particular values of k. We will try to find values of k such that all of the
terms have either positive or negative real part such that they are not cancelled out
by each other. Note that we do not consider the imaginary part of the terms since
these terms will cancel each other out.

Because of symmetry, we can calculate the bound for density p or 1 — p. We will
calculate the bound for density 1 — p which will make Ay > 2d.

Let the notation el|i means that e is parallel to the i’ direction. For z € A let us

introduce the matrix [Q,];; with integer entries g, ;.
[Qz]zg - Qw,ij - Jj{(eu €/> : 6||Z'7 €,||j, rT+ec aAu T +e+ 6, ¢ A}

We will consider the two cases; tr @, # 0 and tr Q, = 0, Q. # 0.

For the case d = 2, and density, p, such that 4 < ep(p) < 6, we will average
|(—A — Ay)bx||* over two different values of k; ki, k2 in the Fermi surface. The value
of ks is obtained by inversion of coordinates of k;. By considering the average value,
we can, for the case tr ), # 0, cancel out the terms which involve the second nearest

neighbors when e is not equal to €', and control the sign of the other terms (see
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diagram 9.3). When tr @), = 0, we can control the signs of the terms which involve
the nearest neighbors (see diagram 9.4).
We have
1 9 1
5 S IA At @) 2 |5 SI-A = A )(2)

2 2 2
i=1 ‘ i=1
When tr @, # 0, we sum over the vectors k; = (5,5 +y) and ky = (5 +y,—7) for
0 <y < 7, where y is determined by the density. We obtain

2

SOI-A = A 2 71— 1 cos(2y)

=1

N | —

When tr @, = 0 while @, # 0, we sum over the vectors ky = (7,7 — y) and kg =
(r —y,m) for § <y < 7, where y is determined by the density. We obtain

2

D=2 = Ay ] (@) = | cos(y) .

=1

N —

The results are illustrated in the diagrams 9.1-9.4. We obtain for d = 2 and density,

p, such that 4 < eh(p) < 6, the following diagrams. We first consider the case when

tr Q. # 0.

o —cos(2y)
+cos(y) o o —sin(y) o —cos(y)
—1o 0o ex o0 o —1
—cos(y)o o —sin(y) o + cos(y)
o — cos(2y)
FIGURE 9.1
o —1
—cos(y)o 00 o + cos(y)
—cos(2y) o —sin(y)o ex o —sin(y) o — cos(2y)
+cos(y)o o0 o — cos(y)
o —1

FIGURE 9.2
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o —1—cos(2y)

0o o —sin(y) 00
—1—cos(2y)o —sin(y)o ex o —sin(y) o —1—cos(2y)
0o o —sin(y) 00

o —1—cos(2y)
FIGURE 9.3

Figure 9.1 Diagram of nearest and second nearest neighbors when k; = (g,

NIE

+y)
for 0 <y < 7.

Figure 9.2 Diagram of nearest and second nearest neighbors when ko = (g + v, —g)
for 0 <y < 7. Figure 9.3 Diagram of nearest and second nearest neighbors when we

add together the entries in diagram 9.1 and 9.2.

Since tr (), # 0, then at least one of the terms with —1 — cos(2y) in diagram 9.3
must exists. Since the entries (except the zero ones) in the diagram 9.3 are negative
for 0 <y < 7, they are not cancelled out by each other.

Next, consider the case when tr @), = 0 while @), # 0. By adding the diagrams for

the vectors ky = (7,7 —y) and ky = (7 —y, ) for T <y < 7 we obtain the following

diagram:
@)
2cos(y) o o —1—-cos(y) o 2cos(y)
o —l—cos(y)o ex o —1—cos(y) o
2cos(y) o o —1—-cos(y) o 2cos(y)
o
FIGURE 9.4

Figure 9.4 Diagram of the nearest and second nearest neighbors when we add together
the vectors ky = (m,m —y) and ky = (7 — y,7) for § <y < 7.

Since @, # 0, then at least one of the terms in diagram 9.4 with 2 cos(y) must
exists. Since all the entries in the diagram 9.4 are negative for § <y < 7, they are

not cancelled out by each other.

When other densities or dimensions are considered, we might have to average over
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more than two combinations of inversions of the coordinates of k in the Fermi surface.

If we average over all combinations of inversions of k; in the Fermi surface we obtain

2d 2d 2

2d2\ —A = AN)by, () 2dz —A = An)by](2)

Goldbaum [15] then conclude that if we can find such k; in the Fermi surface as

described in this section, and if tr @), # 0 we have
[(—A — An)b,||> > const - #{z € A, tr Q, # 0}.
Similarly, if tr Q, = 0, Q. # 0 we have
[(—A — An)bg, || > const - #{z € A,trQ, =0 and Q, # 0}.

From [15] we also have
4{r € A,Q. £ 0} > aloA].

where « is a constant and JA is the boundary of A. Now, from lemma A.1 in [12] we
have

[VI1(=A = A)bell?|| < 2°d% A,
Hence, for k in a strip that contains the Fermi surface, e%(p) of p, we obtain
[(=A = An)be|* > C1|0A],

where (] is a constant. Recall

11 1
> A+ = — el —A — Ay)bi||PdE
Sy 2 )M+ g ok RIS =2

1 1 1
©2(4d)? (27)

Now the first term in the expression above can be written:

/[_ ]d<5k - 5}:(p))<bk’ (—A = Ay)by) dk.

11 1 1 2
2 (4d)* (2 ) /[M]d ler — ep(P)II[(=A = An)be|[*dk

1 1
P

2 (4d)* (2 w)d

——=C1|OA] | |er — ep(p)| dF,
St
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where we integrate over a strip, Sy, that contains the Fermi surface, ek (p), of p. The
integral / lex — €1(p)| dk is uniformly bounded in A. (Due to lack of time we have
not calculzs;ted this integral yet.)

Now suppose that we can find a vector k, such that, for density, p, we have
er = ex(p) and ||(=A — Ay)bi]|> > «|OA|, for some constant o. Then we have to
consider two possible cases:

1 1 1 )
" 2(4d)? (2m)¢ /[_mﬂ(fk — () (b (—A = An)br) dk > 0

1 1 1 1
7@ (27)d /[Tr.pz'] (5= 2D (28 = )b e < 0.

We should be concerned with the last case since the value of this term could cancel

out the contribution from the term

1 1 1 ) )
S e P I P

We have not worked out this yet due to lack of time. Goldbaum [15] consider the

case p = 3 (eg(p) = 2d). He let K = k + (m, m,....,m). Then he proves that

Ex = 2d.
I(=A = 2d)bi | = [[(=A — 2d)bee||*.
(b (—A — 2d)bg) = — (b, (—AA — 2d)bys) > 0.

He shows that
0
— (b, (—A — 2d)b
| e (- = 20

where « is a constant. Then he shows that

< 6ad’|0A],

Col[(—A = 2d)bg||* + Cs by, (—A — 2d)by.) > C4|OA]

for k in a strip that contains the Fermi surface e p = 2d, where Cy, C3, Cy are constants.
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10. CONCLUSION

In this paper, we showed that the sum of the N lowest eigenvalues of the Discrete
Laplacian converges to the sum of the N lowest eigenvalues of the Continuum Lapla-
cian in the continuum limit.

(Freericks, Lieb, Ueltschi) [12] and (Ueltschi)[13] showed that the sum of the N
lowest eigenvalues of the Discrete Laplacian defined on a finite subset of the infinite
lattice is bounded below by a term proportional to the volume of the domain (‘bulk
term’) plus a term proportional to the boundary (‘boundary correction’). They found
an explicit value of the ‘boundary correction’ for small densities.

We showed that the ‘bulk term’ in the lower bound for the sum of the N low-

Y

est eigenvalues of the Discrete Laplacian converges to the ‘bulk term ’ in the lower
bound for the sum of the N lowest eigenvalues of the Continuum Laplacian while the
‘boundary correction’ tends to zero.

In the future, we hope that we can find an explicit value of the ‘boundary correc-
tion ’ for all densities. We also hope that we can find a lower bound for the sum of
the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset of the
infinite lattice that involves a ‘boundary correction’ that is different from zero in the
continuum limit.

When we started looking at the paper of Melas [7] we hoped that proving lemma
1 in [7] by using the bathtub principle with gradient would give us a better lower
bound for the sum of the N lowest eigenvalues of the Continuum Laplacian than the
one Melas [7] found. Instead, we got the same result as Melas [7].

Goldbaum [15] found an explicit value of the ‘boundary correction’ for the sum
of the N lowest eigenvalues of the Discrete Laplacian defined on a finite subset of
the infinite lattice. He found this for two dimensions and for density equal to % He

claimed that this method would work for all densities and all dimensions. However,
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to find the correct vectors on the Fermi-level for all densities and all dimensions
turned out to be a difficult task. On the other hand, to find these vectors will be the
main task that remains before we can compute the value of the ‘boundary correction’

explicitly for all densities and all dimensions.
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