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1 Introduction

In [21], Rippa proved a remarkable theorem about the optimality of Delaunay
triangulations. He considered a quantity he called the roughness R (f,7) , which
is a function of some values f on a collection of data points in the plane and a
(two-dimensional) triangulation 7 of the data points. The roughness is defined
as the Sobolev semi-norm

ron=x ] [(3) + (5)

where ¢; is the linear interpolation of f over the triangle T; in 7 and the sum is
over all triangles in the triangulation. One may consider changing the triangu-
lation by exchanging two triangles joined by an edge, forming a quadrilateral,
by the triangles obtained by switching the diagonal of the quadrilateral; this
is called an edge flip or a 2 — 2 bistellar flip. He showed that the roughness
of a triangulation decreases when an edge is flipped to make the edge Delau-
nay. Since every triangulation can be transformed into a Delaunay triangulation
by a sequence of edge flips, this implies that the roughness is minimized by a
Delaunay triangulation.

The roughness is equal to the following functional, which we call the Dirichlet
energy:

dxdy,

E(f,T)= % > (cota; +cot Bij) (f; — f)°
{i,j}eT

where f is a function on the vertices of the triangulation 7, and «;j, 8;; are
the two angles opposite the edge {i,j} (one of the terms is zero if {i,j} is
on the boundary). This formula is often called the cotan formula and goes at
least as far back as Duffin’s paper on lumped networks in 1959 [6]. It has been
popularized in the last ten years or so by the work of Pinkall and Polthier [19].
Using the notation of the Dirichlet energy, Rippa’s theorem may be stated as
follows. The precise definitions of Delaunay triangulation and bistellar flip are
giving in Section 2.



Theorem 1 ([21]) Let T be a triangulation of a finite number of points in R2.
Let 1y be the vertices of the triangulation and let f : Ty — R be a function.
Suppose T’ is another triangulation of the same points which is gotten from T
by a 2 — 2 bistellar flip of an edge e (in particular, Ty = 1;,) such that the
hinge is Delaunay after the flip. Then

E(f.T)<E(f,T),

where Er and E7/ are the Dirichlet energies corresponding to T and T'. As a
consequence, the minimum is attained when all edges are Delaunay (and hence
the triangulation is a Delaunay triangulation).

The key step in Rippa’s proof is the exact calculation of E (f,7')—E (f, 7).
See also Powar’s method of calculating this quantity [20].

In this paper we generalize Rippa’s monotonicity lemma to the class of
weighted Delaunay triangulations, sometimes referred to as regular triangula-
tions or coherent triangulations in the literature (see, for instance, [1], [7], and
[9, Chapter 7]). The proof we provide has the advantage of being a straightfor-
ward calculation, but the disadvantage that this calculation is quite long and
complicated. It is an interesting observation that the Dirichlet energy defined
for weighted triangulations does not appear to come from a piecewise linear
interpolation except in the case of equal weights, when its formula is the cotan
formula. The formula is derived in parallel to the classical Dirichlet energy
instead of as an approximation to it.

The organization of the paper is as follows. We begin by introducing weighted
Delaunay triangulations and the notation used in the rest of the paper. We then
state and prove the flip monotonicity result. Finally we comment about what
would be needed for a global theorem similar to Rippa’s.

2 Weighted Delaunay triangulations

In this section we fix notation and review the definitions of weighted Delau-
nay triangulations. We denote simplices with braces {} such as {i} for a ver-
tex, {i,j} for an edge, and {i,j,k} for a triangle. We shall often omit the
braces for a vertex, denoting it simply as ¢. The entire triangulation is denoted
T ={Ty, 71,72} where 7y are the vertices (0-dimensional simplices), 7; are the
edges (1-dimensional simplices), and 73 are the triangles (2-dimensional sim-
plices). In practice we may specify 7 by only specifying 75, where the other
pieces can be seen as the vertices and edges in the triangles listed.

Two triangles adjacent to a common edge is called a hinge, and always has
the form {{i,j,k},{:,7,£}}. A triangulation can be altered by bistellar flips,
the most important for our purposes being 2 — 2 bistellar flips, which we will
call edge flips or just flips. A flip replaces the hinge {{3,j, k},{¢,7,¢}} by the
hinge {{%, k,¢},{j, k,£¢}} . Such a flip can be seen in Figure 1.

We shall study the triangulations of a given set of points 7y in R2. The
lengths of edges in the triangulation (gotten as the distance between the points



Figure 1: Hinges 7 and 7" differing by a bistellar flip. The dual edges are also
shown.

in R?) is given by a function
0T — (07 OO) )

where we write ¢;; as the length of edge {i,j} € 77. The triangulation has the
concepts of volume of a one-simplex (length) {7, j}| = ¢;; and two-simplex (area
of a Euclidean triangle) |{i,7, k}|. If a hinge is convex, then a flip makes sense
and change the function ¢, where the new length can be calculated as the length
of the other diagonal.

We shall now add the weights to the structure.

Definition 2 A weighted triangulation (7,w) is a triangulation T together
with weights
w: Ty — R

We think of the weight w; as the square of the radius of a circle centered
at the vertex 7. These weighted triangulations are used in the literature on
regular triangulations such as [1] and [8]. Thinking of the weights in this way,
in each triangle there exists a circle which is orthogonal to each of the circles
centered at the vertices (this means they are perpendicular if they intersect, or
else orthogonal in the sense described in [18, Section 40]). In this way, each
triangle ¢ has a corresponding center C' (o), which is the center of this circle,
and the center has a weight w¢g(s) which is the square of the radius of this
circle. Figure 2 shows a triangle with weights w; and circles centered at the
vertices with radius ,/w; as well as the circle at the center of the triangle with
radius ,/W¢ (s, which is orthogonal to the other three circles. Note that since
weights are only defined on vertices, flips are well defined operations on weighted
triangulations. All of these ideas still make sense if the weights are negative if



Figure 2: A weighted triangle with circles corresponding to the weights at the
vertices. Central orthogonal circle and dual edges are also shown.

we use the formalism of [18, Section 40]. Note that since flips preserve the vertex
set, they make sense on weighted triangulations. A flip will not change the set
of vertex weights, although it will change the set of center weights.

An important particular case of weighted triangulations is when w; = 0 for all
vertices ¢. Delaunay triangulations are such (although Delaunay triangulations
satisfy an extra condition, as noted below).

We now recall the definition of a weighted Delaunay triangulation (see, for
instance, [1] or [7]). We first define centers which give geometric structure to
the Poincaré dual of the triangulation. We will only need the (signed) length of
edges % {i,7} dual to edges {i,j}, although one can define signed volumes of
all of the Poincaré duals of simplices (in any dimension) as is done in [12].

Let d(x,p) be the Euclidean distance between points p and z. Define the
power distance

Tp - R2 — R

by

7 (2) = d (w,p)° = w, (1)
if p is a point weighted with w,. The power is important as a function which
is zero on the circle centered at p with radius ,/w,, positive outside the circle,
and negative inside the circle. Notice that if p is a vertex of a simplex o and
¢ = C (o) then 7. (p) = w, and 7, (¢) = w,, where the weight w, is defined as
the square of the radius of the orthogonal circle. If no orthogonal circle exists,
a degenerate circle with negative weight can be found using the methods in
[18, Section 40]. One may consider the space of circles in the plane as a vector
space in 3-space given a particular indefinite inner product which generalizes
the notion of two circles being orthogonal. In this way we have defined centers
C ({i,7,k}) of triangles. Centers C ({i,5}) of edges are defined to be the points
x on the line containing {4, j} where m; (z) = 7; (z).



The distance from a triangle center C ({,7,k}) to an edge center C ({7, 7})
may be defined to be the positive distance from C ({i,5,k}) to C ({i,j}) if
the center C ({3, j,k}) is on the same side of the line determined by {i,j} as
{i,7,k} is and to be negative one times that distance if the center is on the
opposite side from the triangle {3, j, k} . We denote by h;; i this signed distance
from C ({i,j,k}) to C ({i,7}), referring to the fact that h;j is like a height
of {i,;} inside {i,j,k}. Once can calculate h;;; explicitly as follows. Use a
Euclidean motion to move {%, j, k} so that i is at the origin and {¢, j} is along the
positive z-axis. Then h;;  is the y-component of C ({i, 7, k}) . The components
of C ({i,4,k}) can be found using the linear algebra of circles described in [18,
Section 40], finding the circle which is orthogonal to the circles centered at
the vertices of {i, j, k} with radii \/w;, \/w;, \/wy. Simplifying the answer, one
arrives at the following:

hije = % <00t Vrij T 2% cot Yjik + Z]?j cot Yijk — 23;;) ) (2)
where ¢;; = |{4,5}| is the length, A;;z = {3, 7, k}| is the area, and ~;jx is
the interior angle at vertex ¢ in triangle {i,7,k}. You can see the altitudes
corresponding to h;j; in Figures 1 and 2. The dual to edge {1,2} in Figure 1
has negative length. Note that the signed distance is defined so that £;;h;; 5 +
livhikj + Cirhjr: = 2A:5k.

We define the Dirichlet energy of a function f : 75 — R on a weighted
triangulation of a hinge 7 = {{i, 5, k}, {¢,7,£}} to be

hij i + hije 2 | hir 2 Pk 2
E T e LRV L S Ry _ f L L S
(fv aw) 2&_3_ (f7 fz) + 2£zk (fk fz) + 2€jk (f] fk)
hie,j 2 hjei 2
+ 50, (fe—fi)" + 205, (fi = fo).
For a general triangulation we can write the Dirichlet energy as
1 *{i,J
BT =y Y K gy 3
ooz i
i,j}€Ty

where |¥ {i,j}| denotes the (signed) length of the edge dual to {i,j}, which
is equal to h;jx + hije if {3,7} is an interior edge and hyj;j if {7,7} is on the
boundary. Notice that the dual edge % {i,j} is orthogonal to the corresponding
edge {i,7}.

The lengths |% {7, j}| being positive is equivalent to the following classical
definition of weighted Delaunay.

Definition 3 An edge {i,7} adjacent to the two triangles {i,j,k} and {i,j, £}
is weighted Delaunay if mo (i ky) () > we and wo gy (k) > wy, where
C ({i,5,k}) is the center of {i,j,k} and similarly for {i,j,¢}. If the weights
at the vertices are all equal to zero, a weighted Delaunay edge is said to be
Delaunay.



Sometimes we will instead say that the hinge is weighted Delaunay. A hinge
is Delaunay if and only if it satisfies the local empty circumcircle property: the
circle circumscribing {4, j, k} does not contain £. This is simply the interpreta-
tion of the definition when the weights are equal to zero. It is easy to see that
an edge {i,j} contained in a hinge {{3i,j,k},{i,J,¢}} is weighted Delaunay if
and only if |[J {7,5}| > 0. The proof is essentially the same as the correspond-
ing theorem for Delaunay triangulations, which goes back at least to Rivin [22].
Details may be found in [11] or simply proved by looking at when the length of
the dual edge is equal to zero. The formula for h;;; makes it easy to see that
the condition for being weighted Delaunay is unchanged by a weight scaling of
the type {w; — w; + C}ieTO , where ¢ is some constant independent of 7, since
hij i is unaffected by such a deformation.

The formula for the Dirichlet energy is motivated as follows. We wish to
write the Dirichlet energy as

E(f,T,w)=—5 Zszfz

where A is a Laplacian operator and A; = |¥i| is the area of the dual to the
vertex i. We can write a general form for a Laplacian in terms of integration by

parts
/ AfdA = / f s
U ou On
of

where - is the normal derivative and dS is the measure on the boundary. In
our case we take U = % and this formula takes the form

* {0}
A= 26T V)

if we choose the dual structure properly. This leads to the formula (3). This is
the derivation of the Laplacian using Discrete Exterior Calculus as introduced in
[13]. Special cases of Laplacians with this form have been studied, for instance,
in [2] [3] [10] [11] [16] [17] [19]. These Laplacians are all Laplacians on the graph
determined by the one-skeleton of the triangulation that the coefficients may be
negative. In [6], Duffin interprets this type of Laplacian in terms of an electrical
network on the one-skeleton of the triangulation. Each wire (edge) {i,j} has a
resistor with resistance |{i,5}| /|% {7,7}|- This make sense since the resistance
of a wire should be proportional to its length and inversely proportional to its
cross-sectional area. See [4] for general theory of graph Laplacians.

3 Monotonicity for weighted Delaunay triangu-
lations

We now prove the main theorem for the Dirichlet energy on weighted triangu-
lations.



Theorem 4 Let (T,w) be a weighted triangulation of some points in R? weights
w. Let 1y be the vertices of the triangulation and let f : Ty — R be a function.
Suppose (T',w) is another weighted triangulation which is gotten from (T ,w)
by a 2 — 2 bistellar flip on edge e such that the hinge is weighted Delaunay after
the flip. Then
E(f7T/7w) S E(f7T7w)7

where E (f,T,w) and E (f,T',w) are the Dirichlet energies of f corresponding
to (T,w) and (T',w).

The proof depends on the following generalization of Rippa’s key lemma [21,
Lemma 2.2] (see also [20]). Refer to Figure 1 for a picture of the hinges.

Lemma 5 Let T ={{1,2,3},{1,2,4}} and T' = {{1,3,4},{2,3,4}} be two
hinges differing by a flip along {1,2}. Then

E(fv T/7w) - E(fv T? ’LU) = (fT' (C) - fT (C))2 A%234q)

where
_ 2(r3ry — 7o) Aroza + w1 Anzy + waAizg — w3Aro4 — waAia3
= . (@)
8A123A134A231A124
Ajji is the area of {i,7,k},
Ato3q = Arog + Arog = Arzs + Aoay (5)

1s the area of the hinge, c is the intersection of the diagonals, r; is the distance
between ¢ and vertex i, and fr and fr are the piecewise linear interpolations
of f with respect to the different triangulations. One can write

fre)=Lh+-2h
£12 €12

The proof is somewhat involved, although straightforward. We use a proof
which is more direct than the ones given by Rippa [21] and Powar [20] for the
case of Delaunay triangulations.

Proof. Recall the definition of h;;; from (2), which we think of as the height
of the triangle {i,j,C ({i,4,k})}. For any function f, we can compute

4
1
E(f,T w) = E(f,T.w)=5 > aifif;,
1,7=1
where
R hi23 " hi2.4 S hizo  hiza
12 — ) 13 — - )
612 612 £13 513
- his2  hias3 o — hos1  hosa
14 — - ) 23 — - )
€14 614 823 £23
(1 = haai  hoags a3 = ~hsan hgap
lay loy ' l34 Uy’



and a;; = — Zj# a;j (where we have symmetrized a;; = a;;). We now wish to
factor the coeflicients.

We can easily figure out 7; in terms of areas in the following way. Let v; be
the point in the plane representing {i}. We see that ¢ = vi + 7L (v2 —v1) =
v3 + éTTSs (vqy — v3) . By taking the cross product with v — v1 or vq — vz we find
that

l12A134

A1234

l34A123
)
A1234

and r3 =

r =

(recall the definition of Aja34 from (5)) . Similarly,

ry = U192 A234 and 74 = l34A194
A1234 Arozq
Thus
T3 T4 1 T2
(@)= (@ = 7o fit 7= T T
1

= A (A123f4 + A124f3 - A134f2 - A234f1) .
1234

Also useful will be the calculation

T3ry —T1r2 = (634 A123A124 — (35 A234 A134) - (6)

N2
A1234

There are essentially two different types of coefficients to consider. We need
only consider a;2 and ai3 since the others are similar. Let v;;, be the angle at
vertex ¢ in triangle {, j, k} . Consider a;s.

ML
1 w3
=3 cotyz12 + 252 cot 213 + 262 cot y123 — A1
1 Wy
+ B} cot ya12 + 252 cot 214 + 262 cot yi24 — 110

1
=3 (cot y312 + cot ya12) + (cot Y213 + cot Ya14)

2@2
ws W4y

— . 7

4A193  4Aj04 0

Wy
%2 (cot y123 + cot y124) —
12



Let 6 be the angle at ¢ in the triangle {1, 3, c} . We shall use the fact that in any
triangle {i, j, k} we have £;; = €;3, cos vji + {ji cos Vi, to compute the parts.

£y3033 cos Y312 L1434 cOS Y412

cot y312 + cot Y412 =

24103 24194
_ 4%3 — £12013 cos Y123 5%4 — {12014 COS Y124
24123 24124
(%3 5%4 sin Y314 sin Y413

= - ——— —cotf )|+ | ——————— 4 cotd

2A193 + 2A124 sin 6 sin 7123 €0 sin 0 sin 124 €0
_ 6%3 £%4 _ 1 sin Y314 4 Sin Y413

2A123 2A124 sin @ \ sin Y123 sin Y124

_ G By 1 linAizaAias
2A103  2A124  sinf l34A123A194
_ E%3A124 + 03, A1 — (35 A134

2A123A124
2 2 2 42 2 42 2 42 2
_ O3+ 0y | UigATgy + (14 AT9s — G5 ATsy L1 A134 A0
2A1234 2A123A124A1234 2A123A124 41234
since
Sin 314 = oS 7y123 sin # + sin 123 cos §
and
sin Y413 = COS Y124 sin @ — sin Y124 COS 0.
Furthermore,

1 . . .
K%SA%% + @414%23 - E%QA%?A = 1@2@3@4 (Sln2 Y124 + sin? Y123 — sin® (7123 + %24))

1 . .
= — 5@2@36?4 (sin y123 Sin Y124 COS Y134)

= —2A123A124013014 cOS Y134

since
sin® A + sin® B — sin? (A+ B) =—2sin Asin Bcos (A + B).

Thus, using (6), we have

(033 + 34 — 2013014 cOS 134) Ry AizaAas
2A1234 2A123A124A1234

03, A103A 04 — (75 A134 Ansy

B 2A1934A123A124

A
A123A124

cot Y312 + cot yq12 =

(rary —rira).



For the other parts,

COS 7213 + COS Y214
sinye1s  sin<y21a

cot 213 + cot Y214

_ sin Y234
Sin 9213 sin y214
_ 03, Assy
2A123A124
and 2
134
cot y123 + cot y194 = 127707
7 n 2A123A124
Thus (7) implies that
Ad34A134
aiz = 2A1234 (r3ry — rir2) + w1 Azs + waAi134 — w3A124 — wWaAi23
4A123A134A234 A4 ( ( ) )
=2A934A134P

using the definition of ® in (4).
Now consider a13. We can compute

hiz2  higa
li3 li3

a13 =

w2
44103

1
= cot Y213 4+ —

cot
9 Y312 + =5

cot Y123 —

2@13 2613

1 Wy
- t t t
(2 cot ya13 + %2 cot y314 + %2 cot Y134 — 4A134)

1
= = (COt Y213 — cot ’}/413) (COt Y312 — cot ’)/314)

2 26
wy

w2 +
4A1p3 | 4Azg

ws
2£2 (COt Y123 — cot ’7134)
13

We see that

sinysas  sinyiag
sinyg13sinf  sin-ys13sinf
o 035 A134Aozs — (3, A1o3 Aras
B 241934 A123A134

cot yg13 — coty413 =

since sin y3o4 = — cos 6 sin y2134sin 6 cos 213 and similarly sin y124 = — cos 6 sin y413+
sin  cos y413. We also get

COS Y312 SIN Y314 — COS Y314 SIN Y312
sin 312 sin 314
sin 324
sin 312 siny314
(33493
2A123A134

cot y312 — cot Y314

10



and

035A124
t Y123 — cOt Y134 = —o—m
COt Y123 — COL Y134 2193 A13s
And so, using (6) and (4),
a13 = 7A234A124 (2A1234 (7"37’4 - 7’17"2) + w1A234 - w3A124 + w2A134 - w4A123)
4A123A134A234A124
= —2A934A1249.

A similar argument gives the other coeflicients. Then we see, for instance,
that

a11 = —a12 — @13 — G14
= 2(—Ag34A134 + AzzsAras + AzzsAing) ©
=243,,®

with similar expressions for ass, ass, and ay44. Finally, we get that

E(f, T, w) — E(f,T,w) = (A123fs + Aroafs — Agzaf1 — Arzafa)’ ®,

which is equivalent to the lemma. m

Now we can prove the theorem.
Proof of Theorem 4. Since the coefficient a15 = ‘Tgléz}l and azq = — ‘ﬁgiﬁl,
we see that a;o < 0 and agq < 0 if and only if 7 is not weighted Delaunay’ and
T’ is weighted Delaunay. Since all areas A;j; are positive, a1 < 0 if and only
if ® < 0 by formula (7) for aj2, and hence the result is proven. m

Note that in the proof we have shown that ® < 0 if and only if 7 is not
weighted Delaunay and 77 is weighted Delaunay.

4 Remarks on a global theorem

Rippa’s theorem (3) includes the implication that the Delaunay triangulation,
a triangulation in which every edge is Delaunay, minimizes the Dirichlet energy.
This follows immediately from the monotonicity under flips, since a Delaunay
triangulation can be derived from any other triangulation by a sequence of flips.
This “flip algorithm” was proposed by Lawson [15]. For proof that the flip
algorithm finds the Delaunay triangulation, see [1] [7] [22].

In order to get the global statement for weighted Delaunay triangulations in
the same way, one would need to know that a weighted Delaunay triangulation
can be found using flips. This is not true in general (see [8, Section 5]). How-
ever, there are some conditions which ensure that the naive flip algorithm does
work (see [12]), in which case one would conclude that the weighted Delaunay
triangulation minimizes the Dirichlet energy, however these conditions are not
particularly natural. In general, one may need to eliminate vertices which have
empty dual cells in the weighted Delaunay triangulation (i.e., vertices ¢ which

11



have negative || with an appropriate definition of the dual area). One might
try to eliminate vertices using 3 — 1 flips, which replace three triangles with
a single triangle. However, even allowing such flips, we see by the example in
[8, Section 5] that there are local minima which are not weighted Delaunay. In
order to transform this example into a weighted Delaunay triangulation, one
would have to flip weighted Delaunay edges incident on the inside triangles to
become non-weighted Delaunay and then eliminate the vertices using a 3 — 1
flip. Hence in order to find the weighted Delaunay triangulation, we cannot
only perform flips which decreases the Dirichlet energy.

Weighted Delaunay triangulations can be formed using the incremental al-
gorithm in [8], which adds vertices incrementally only if the dual cell would have
positive area, performing edge flips along the way in order to make the triangu-
lation weighted Delaunay before adding the next vertex. It is shown that if one
vertex is added to a weighted Delaunay triangulation, then a weighted Delaunay
triangulation is reachable via edge flips. Theorem 4 says that once the vertex
is added, the Dirichlet energy decreases until it reaches the weighted Delaunay
triangulation. The addition of a new vertex may increase the Dirichlet energy.

5 Further remarks

It is an interesting fact that if the weights are all equal to zero, the Dirichlet
energy (3) is always nonnegative because it is the restriction of the smooth

Dirichlet energy
[Vt

to the space of piecewise-linear finite elements. It does not appear that the
Dirichlet energy has this interpretation in the case of varying weights. This leads
to the question of when (3) is necessarily positive. We can give a partial answer
to this question by looking at the restriction to each triangle. On a triangle
{1,2,3}, the Dirichlet energy is the quadratic form @ represented by the matrix
A= (aij)i,j:m’?) where Q5 = hij,k/gij if 4 7&] and Qg5 = *hij,k/gij — hik,j/£z’k~
Tt is easy to see that (1,1, 1)T is an eigenvector with eigenvalue 0 for this matrix.
It is sufficient to give conditions for when this matrix is rank 2. We find that
the 2 x 2 minors all look like

hi23h132  hiazhes 1  hizahosi

M= U203 l12023 L3023
_ hiashizasinyiaz | hi2zhoesisinyeis | hiz2has1sinysie
~ lializsinyiag (12023 sin 213 13023 sin 312
_ Ajag
A

where Algg is the area of the “pedal triangle” whose vertices are the intersections
of the altitudes through the center C ({1,2,3}) with each of the sides. The
area is actually signed according to whether the values of h;; ) are positive or

12



negative. It is well known that the area of a pedal triangle is the same if we
move the center along a circle centered at the circumcenter and zero along the
circumcircle (see, for instance, [5, Theorems 62 and 63]). Thus we see that the
minor M is positive if C ({1,2,3}) is inside the circumcircle. Hence if this is
true for all triangles, then the Dirichlet energy must be positive. The maximum
value for M is 1/4, realized when all the weights are zero (or equal) since in this
case C' ({1,2,3}) is the circumcenter.

Delaunay triangulations of closed surfaces have also been studied, for in-
stance in [22] and later [14]. Bobenko and Springborn [2] note that Rivin’s
result that any Delaunay triangulation of a surface can be gotten by a sequence
of flips (see [22]) implies that the full statement of Rippa’s theorem applies to
closed surfaces as well. The notion of weighted Delaunay extends to triangula-
tions of a surface as well, but there is the same difficulty of using flips to find a
weighted Delaunay that occurs in the planar case.

Acknowledgement 6 I would like to thank Herbert Edelsbrunner, Max Wardet-
zky, and Boris Springborn for helpful correspondences and conversations and
Walter Whiteley for discussions on the area of pedal triangles. I would also like
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