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We now know that for a curve z (s),

1
Sz, () = E(3)
where 74 (t) are curves such that
Dt'Yfe = vv;'Y; =0

for all s. We may parametrize all curves between 0 and 1. Furthermore, we know
that if we consider the variation I'(s,t) =, (¢), then
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X (0)=0,
xm=2%
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E () = B (10) + 8B, (X) + 5826 F,, (X, X) + 0 (s%)

where 2
2 _
"B, (X, X) = @E(%)-
Thus the first derivative is
d 1 o . 2d(zo,x(s)” — id(z0,2(0))*
o - id(xo,m (8)” = lLH}) .
= 0B, (X).

The key fact is that under such a variation, we have

O (X) = g0 (1), X (1) =9 (5 (1. 5 0))

so we did not need to know much about X (s) in general!



Now, to compute the second derivative, we look at

d? 1 2 . d(zo,7(5))? + Ld(z0,2 (—5))° — 21d (z, 2 (0))°
a2 | _ 2@ () = limy 2
=8E,, (X,X).
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Since I can also choose the variation so that D, ‘31; (s,t =1)=0.
Fact: The vector field X = tv where v is the parallel transport of X (1) = gi
along the curve 7. This implies that

1 1
52, (X, X) = — / K (XA XP P+ / 0 (DX, DiX) dt
0 0

1
0
_ / K (X)X P+ |2

Now if we take ’ ’ 0! =1, then we have
d2 1 2 8I
— —d =1
d82 o 9 (SC(), x (S)) 88

if the sectional curvatures are positive. Now take normal coordinates at x. At
the center of normal coordinates,

10 = () 1+ () +

So, taking z (s) = exp, (s52;) , we conclude that

A [;d(xo,x)z} <d.



Furthermore, we have
1
A [Qd(a:o,x)ﬂ =V - (d(x0,z) Vd (x0,2))
(20, ) Ad (20, ) + |Vd (20, )|
(zo,x) Ad (zg, ) + 1.

d
d

Thus, we get

d(zg,z) Nd(zg,z) +1<d




