Volume 145, number 5

PHYSICS LETTERS A

16 April 1990

ALGEBRAIC DEGENERACY AND PARTIAL INTEGRABILITY
FOR SYSTEMS OF ORDINARY DIFFERENTIAL EQUATIONS

A. GORIELY and L. BRENIG

Université Libre de Bruxelles, CP 231, Boulevard du Triomphe, 1050 Brussels, Belgium

Received 6 December 1989; accepted for publication 16 February 1990

Communicated by A.R. Bishop

We show that a certain type of representation of ordinary differential equations can be used together with nonlinear transfor-
mations to find integrability conditions and to construct the corresponding first integrals. These conditions are obtained through
the study of the rank of one of the matrices introduced by the representation. We also point out that the existence of particular
time-dependent first integrals is bijectively connected to the algebraic degeneracy of this matrix. Some examples connected with
nonlinear sciences are analyzed and the comparison with other methods is presented.

1. A general representation of ODEs and
quasimonomial transformations

In a recent paper [1] we have introduced the so-
called “Lotka—Volterra representation” for systems
of nonlinear polynomial differential equations:

m n
)'C,~=l,-x,~+x,» Z Aij l—[ xfjk, l=l, ey Ny m?n s
j=1 k=1

(1)

where A and B are rectangular real matrices (re-
spectively nXm and mXn). The x;’s are real func-
tions of the time ¢.

Any system of ODEs which contains a finite num-
ber of polynomial terms can be written in this rep-
resentation with an appropriate choice of matrices.
Therefore, almost any physical system modeled by
ODEs can be cast into form (1) and, as we shall see,
their analysis can be made through the study of the
fundamental matrices 4 and B.

Eq. (1) appears to be form-invariant under the
“quasimonomial” transformations:

T.(C): x,= k["] xiCo )
=1

where C is an nX n invertible matrix.
Indeed, if we make the following assumptions

|x:(£)| >0 Vivte[0, 0], (3)

system (1) is mapped by transformation (2) on

m n
)'c;=}.;x§+x§ZA;jkI'[ xBr  j=1,.,n, mzn,
=1 =1

4)
with

Ai=(C~'A);, (5a)
Ay=(C~'4)y, (5b)
Bj;=(BC); . (5¢)

If conditions (3) are not fulfilled, it is still pos-
sible (under certain restrictions) to keep the form-
invariance by combining transformations (2) with
translations on the x-variables [2].

In ref. [1], we have used representation (1) and
transformations (2) in order to define equivalence
classes among ODE systems. Each class is charac-
terized by the matrix products B4 and BA (which are
invariant under T,,(C), see eq. (5)). Furthermore,
if matrices B and A are regular, there always exist
universal canonical forms on which system (1) can
be mapped. In the case of B regular (i.e. of rank n),
one can obtain the first canonical form by mapping
system (1) on an m-dimensional quadratic Lotka-
Volterra system (in ref. [2], we have shown that this
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form can always be obtained, even if B is not a ma-
trix of rank n). If matrix A4 is regular, a second ca-
nonical form can be reached by putting C=4 in
T,(C). In this form, the system (4) contains at most
one nonlinear term per equation.

A much more interesting situation arises when
matrix A is not of rank n. The aim of this paper is
to show that this corresponds to the existence of par-
ticular first integrals. In the sequel, we shall say that
system (1) is degenerate if matrix A is not of max-
imal rank.

2. A4 is not of rank »

Let I be the following time-dependent first integral,
I=I({x}, 1) = (x¥' x5 ... xE) e, (6)

where E; and p are real parameters and at least one
of the E, is non-vanishing.

According to the name of the transformations (2),
we shall call the first integral (6) a “‘quasimonomial
integral”’. We now establish the main result of this
paper:

System (1) has n—r independent quasimonomial
first integrals, if and only if matrix A is of rank r
(r<n).

2.1. Necessary condition

Let us first assume that matrix A4 is of rank . We
know from matrix algebra that there always exists an
invertible matrix C such that

A=C"4
0 0 0
0 0 0
- Aln—r+l,l A;l—r+l,2 ;:-—r+l,m . (7)
Ap_vizn An_ri22 n—rt2m
n n2 R

By applying on system (1) a transformation 7,,(C)
with a matrix C satisfying (7), system (4) reads now

xi=Aixy, I=1,..,n—r,
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m n
Xi=Aixi+x; Y Ay T x&%, i=n-r+l,.,n,
j=1 k=1
(8)

with B’ and A’ defined in (5).

In this new set of variables, the n—r first equations
of system (8) are linear and can be integrated
immediately:

xi=e*K;, (9)

where the K/'s are arbitrary constants.
In terms of the original variables, we obtain the
n—r quasimonomial integrals

=1 =1 =1 ’
xS x§E | xS =e*K,, I=1,..,n—r. (10)

Actually, the n—r vectors (Cji', Cz', ..., Ci")
can be directly identified as the vectors defining the
null space of matrix 4. The research of integrability
conditions as well as the construction of the corre-
sponding integrals are thus reduced to matrix alge-
bra. Indeed, the knowledge of matrix A4 alone is suf-
ficient to find the first integrals (10). Practically,
steps (8) and (9) can be skipped. The C matrix ob-
tained from (7) can be inserted immediately into
(10) to explicitly construct the n—r integrals.

2.2. Sufficient condition

We now assume that system (1) has n—r inde-
pendent quasimonomiai first integrals. These inte-
grals can be written using a matrix E and a vector p,

xPuxke | xEn=Kiert, xPrxf2  xPr=K,e,
s xlEn—r,lxgn—r,Z xfn—r,n =Kn_repn—rl . (1 1 )

The independence of these integrals ensures ma-
trix E to be regular. This allows us to apply to system
(1) the transformation 7,(C) defined by

C,~71=E,»j, I=1,.,n—r, j=1,...,n,
=e;, i=n—-r+l,.,n, j=1,.,n, (12)

where the ¢;’s are choosen in such a way that the ma-
trix C is invertible.
In the new variables, system (11) reads

xi=e"K,, .., X,_,=e" K, ,. (13)

These n—r equations are solutions of the n-—r
ODEs
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Xi=pix}, i=1,.,n—r. (14a)

In order to obtain an n-dimensional system equiv-
alent to system (1), we complete the eqs. (14a) with
r differential equations given by

m n
xi=Axi4x; Y A 1 xi&*, i=n—r+1,..,n,
Jj=1 k=1
(14b)

with A" and B’ defined by (5) and (12).
System (14) can be written in the form (4) with

0 0
0 0
A= , (15)
Aln—r+l,| n—r+l,m
’n,l voe A:,,m
and B'=BC.

It is then obvious that matrix A=CA’ is of rank r.
Let us stress that the p;’s are completely determined
by the knowledge of E and A:

pi= Y Ej, i=1,.,n—r. (16)
=1

2.3. A short example: the three-dimensional
generalized Lotka-Volterra equations

Let us consider system (1) with m=n=3. It has
been shown that many physical systems can be cast
in that form: three-dimensional Lotka-Volterra
equations (B=17), Lamb equations for a three-mode
operating cavity in a laser, the asymmetric top and
resonant three-wave interaction equations (see ref.
(3.

If A is of rank 2 (r=2), there exists a quasimon-
omial integral:

x‘lul-xtzuz-x%33 =cxp[ (lla3l +12a32 +A3a33)t]K3 N

(17)

where Kj is an arbitrary constant and the a;’s denote
the matrix of the cofactors of A.

Let us stress that there is, in this case, only one
condition among the 8 independent parameters de-
fining the system (the 4,’s and A/’s), the B,/’s being
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fixed in a given physical model. This unique con-
dition allows one to find a very general integral which
is time-dependent and, typically, irrational. Despite
its simplicity, only few theories provide integral (1)
in its general form. For example, the singularity
analysis [4] applied to a three-dimensional Lotka—
Volterra system with 5 independent parameters pro-
vides integrals of the form (17) but with the restric-
tion that a,,, a1, and as; are rational numbers. In-
deed, the Painlevé property is not satisfied in the
general case since the E’s are almost always irra-
tional. The compatibility analysis [ 5] applied to the
same particular case implies conditions between the
A/s in order to obtain a time-independent integral.
More recently, the Carleman embedding method has
been applied to the n-dimensional Lotka—Volterra
system. This analysis provides integral (17) in n di-
mensions and also other interesting invariants [6].

3. Complete degeneracy

The study of system (1) with a matrix 4 given by
A;=a; provides another interesting situation. In-
deed, in this case system (1) reads

n n

Xi=Axi+x; Y a; [] xB, i=1,..,n. (18)
Jj=1 k=1

If B=1, system (18) reduces to the projective Ric-
cati equations for which the general solution is known
[71.

As a consequence of the degeneracy of 4 (r=1),
we can construct n— 1 integrals by choosing matrix
C-'as

1 000 .. 0 00
-1 100.. 0 00
cof 0 -t 1o 0 00
0 000 .. -1 10

0 000 .. 0 —1 1

(19)

According to section 1, the corresponding inte-
grals are

Xi

=K,exp[(A;—A,x1)t], i=1,.,n-1. (20)

Xit1

247



Volume 145, number 5

Furthermore, the previous result can be general-
ized by adding a non-diagonal linear part to eq. (18):

m

n n

. B

X= Y Lyxi+x; Y a; [ x#, i=1,.,n,
j=1 J=1 k=1

(21)

where the B;’s are positive integers.
First of all, we diagonalize the linear part by a lin-
ear transformation y;, =237, D;x; which leads to

Vi=Ayity _Zl a; knl (D~ 'y), (22)
J= =

which can be re-written in the form
Vi=Ayit+y Z a}kl_[ yg;k, (23)
j=1 =1

where the A;’s are the eigenvalues of matrix L (as-
suming that L has no degenerate eigenvalues).

In eq. (23) we have expanded the non-linear part
in m’ monomial terms. Obviously, system (23) is of
type (18). This leads to the following n— 1 integrals,

271 Dyx;
= =K,—ex l[—l[ t 3
ZJ",:[D,'.'.]J‘XJ' p[( +l) ]
i=1,.,n=1. (24)

Furthermore, if the non-linear part is homogene-
ous, the remaining equation can be solved (it re-
duces to a Bernoulli equation).

4. Generalization

We propose here an extension of the previous re-
sults by considering systems which do not belong to
class (1),

Xi=Ax;+&({x}), i=l,.,n, (25)

where {g;} is a set of »n analytical functions in R".

For some type of systems (25), we find the same
degeneracy we showed in section 3. Indeed, let us
suppose that g;({x}) can be expanded in the follow-
ing form,

g({x})=x Zl Az fi({x}) , (26)
Jj=
where A, is an nX m matrix of rank r<z and {f} is
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another set of analytical functions in R”.

We now show that it is possible to map such a sys-
tem onto a system with n—r linear equations. In-
deed, let N be a rectangular (n—r)Xn matrix de-
fined by the n—r vectors of the null space of matrix
A. A suitable matrix C~! is given by
Cy ‘=N i

=M;, i=n—r+1i,..,n j=1,..,n, (27)

Y

where the M,’s are chosen such that C~' is inver-
tible. A transformation 7,,(C) maps (25) onto a de-
coupled system,

x;:l}x} , I= 1,..,n—r,
Xi=Aixi+xi Y (C7'A);fi(x)) .
Jj=1

i=n—r+1,..,n, (28)

where f/(x)) =£(I17_, x£&').

Clearly, following the same lines of reasoning as
above (steps (7) to (10) ), we find the same quasimo-
nomial integrals.

4.1. Example

Let us consider a system describing competition
between populations [8],

Xi=—Ax; + (B; —x;)8(X:) —x; ng(xk) ,
#i

i=1,..n, (29)

where A=0, B;>0 and g is an analytical function.

This system has been studied in various fields
(neural nets, psychophysiology, ecology, etc., see ref.
[8]). The function g(x;) is often well modeled by a
sigmoid. System (28) can be cast in form (25) and
(26) with

B, 0o -t -1 .. -1

e B, -:1 —:1 ~:1

0 B, -1 -1 . -1
(30)

where A is an nX 2n matrix, and
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ﬁ=g(xi)/xi’ i=1,""n’

=g(x,), i=n+1,..2n. (31)

Clearly, if r+ 1 components B; vanish, matrix 4 is
of rank r. It is then easy to deduce from our proce-
dure n—r quasimonomial integrals.

5. Concluding remarks

Let us remark that in both cases (sections 2 and
4), the integrals found by our approach do not de-
pend on the degree of non-linearity of the vector field
(i.e. the matrix B in section 2 and the functional
forms of the f7’s in section 4). They rather depend on
the algebraic degeneracy of matrix A.

The existence of such quasimonomial integrals al-
lows one to divide R” into invariant regions (defined
by the coordinate planes for integrals (10), or more
general surfaces for the case discussed in section 3)
which are mapped onto themselves under the evo-
lution of the dynamical system.

The quasimonomial formalism seems to be well
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adapted for the search of integrability conditions as
well as for the construction of first integrals. The
method reported in this paper is only one aspect of
the use of these transformations in the field of in-
tegrability. Other methods have already been shown
and further developments are now being studied.
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