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The integrability of systems of ordinary differential equations with polynomial
vector fields is investigated by using the singularity analysis methods. Three types
of results are obtained. First, a general relationship between the degrees of first
integrals and the so-called Kowalevskaya exponents is derived. Second, it is shown
that all solutions of algebraically integrable systems can be expanded in Puiseux
series. Third, a new method to study partially integrable systems is studied. These
different aspects allow us to study algorithmically the integrability, partial integra-
bility, and nonintegrability of differential systems. ©1996 American Institute of
Physics.@S0022-2488~96!01103-3#

I. INTRODUCTION

In recent years many works have focused on the definition of integrability for dynamical
systems. However, it is well known that ‘‘integrability’’ in a general sense is ill defined. This is
mainly due to a confusion between Hamilton theory, dynamical systems approach, and singularity
analysis. Each field has a different definition for ‘‘integrability’’ which makes sense within the
theory. The difficulty arises when one tries to establish possible relationships between different
fields. The main problem treated here is to find a connection, if any, between the Painleve´ property
and another notion of integrability which could be used to effectively build the solutions or gain
some global knowledge on the dynamics in phase space. While it is widely believed that the
Painlevéproperty is incompatible with chaotic motions, there is to date no rigorous proof of this
simple statement. From the other point of view, it is known that Liouville integrability is not
directly related to the Painleve´ property. Therefore, if we want to draw arrows between these
different fields it is necessary to introduce some rigorous notions of integrability which could be
explicitly related to the Painleve´ property, or, at least, to the Painleve´ test. More generally, one
needs a simple test for the existence or nonexistence of first integrals in a given function space
~polynomial, rational, algebraic,...! and it is the purpose of this paper to show that singularity
analysis provides it.

The algebraic integrability for ann-dimensional systems of ODEs with rational vector fields
is defined as the existence of~n21! algebraic first integrals. This notion of integrability is very
strong. Indeed, Liouville integrability for ann degrees of freedoms Hamiltonian only requires the
existence ofn single-valued first integrals; the remaining~n21! angle variables expressed as
closed one-form are not, in general, algebraic or even single-valued first integrals. Liouville
integrability is therefore a much weaker statement on the singularities than algebraic integrability.
This explains why it has not been possible so far to decide from the singularity analysis the
Liouville integrability for general Hamiltonians. From the other point of view, the notion of
algebraic integrability constrains the solutions of the systems in such a way that general statements
on the meromorphicity of the solutions are possible.

Another problem relates to partial integrability, that is the existence of a certain number of
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first integrals less than the number required for the complete integration. The singularity analysis
has been a successful tool for finding integrable systems. Many new systems, Hamiltonian and
non-Hamiltonian, have been built.1 However, most of the Hamiltonian systems although Liouville
integrable cannot be detected by the singularity analysis. In the same way, most of the dynamical
systems admit a few invariants related to physical conservation laws, but only a handful of them
will admit enough constants of motion to effectively build the complete analytical global solution.
More generally, there is no decision procedure to test the simple question: Is there a polynomial
first integral for a given systems of ODEs? Or, alternatively: Is there a bound for the degree of
polynomial first integrals?

The explicit computation of first integrals is not an easy task. The different techniques depend
on the space of functions considered for the first integrals. If we are interested in polynomial or
rational first integral, then all methods of explicit construction rely on the same idea. Consider a
systemS: ẋ5 f (x) wheref is a given polynomial vector field and let us look for a first integral of
givendegreed. We insert a polynomial or rational ansatz in the system and look for the coeffi-
cients. If no first integral is found, then one has to increase the value ofd and, with good luck and
prayer, hope to obtain a first integral.2–5 Some of these methods are based on the Carleman
procedure for finding first integrals.6–10

The main problem of all these methods is to set the degreed. We show here that the degree
of a first integral is related to the Kowalevskaya exponents. This relation gives a first choice for
the possible values of the degreed.

From the other point of view, it is sometimes possible to prove nonintegrability, that is, the
nonexistence of constants of motion. For Hamiltonian systems, there is the Ziglin theory for then
degrees of freedom systems. This theory has been proved to be useful for the following systems:
the motion of rigid body around a fixed point,11,12 homogeneous potentials,13,14 the Toda
lattices,15,16 a perturbed Kepler potential,17 nonhomogeneous potentials,18 and a reduced Yang–
Mills potential.19

Ziglin’s theory is based on the monodromy properties around particular solutions~straight line
notions!. However, it is quite difficult to apply in general and is limited to low degrees of freedom
and, mostly, homogeneous potentials.

For non-Hamiltonian systems, only a few results on nonintegrability are available. Let us
mention a recent work for homogeneous vector fields due to Moulin-Ollagnieret al.,20 where
some new results on the nonexistence of polynomial first integrals of motion based on algebraic
considerations are given.

Both theories, integrability and nonintegrability, are dichotomous in the sense that, if integra-
bility is not proved by the singularity analysis, then nothing can be said about the existence of first
integrals. Nonintegrability, in the same way, is a statement on the nonexistence of at least one first
integral.

However, most of the systems encountered in physics do not fall in the set of completely
integrable or completely nonintegrable systems. Indeed, if a system admits one or two first inte-
grals, then nonintegrability cannot be proved in general. In Sec. V, we show that singularity
analysis can be effectively used to find partially integrable cases. Therefore, it can be applied ton
degrees of freedom Hamiltonian systems where only~n21! first integrals have to be built to
complete the Liouville integrability. These necessary conditions provide a direct and algorithmic
proof of the nonintegrability of these systems.

This paper is divided as follows. In Sec. II, I review the definitions and the relevant works
concerning algebraic integrability for systems of ODEs. In Sec. III, I present a new and general
result relating the degrees of first integrals for homogeneous vector fields with the Kowalevskaya
exponents. In Sec. IV, the main theorems of this paper are presented. It is proved that algebraic
integrability implies that the solutions can be expanded in Puiseux series. Finally, in Sec. V, I
present a new method for finding necessary conditions for partial integrability for nonhomoge-
neous vector fields whose homogeneous part is partially integrable.
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II. ALGEBRAIC INTEGRABILITY

I briefly recall the main general results concerning the existence of first integrals.

A. Definitions and preparations

Consider a system ofn first-order ODEs:

S~ f ;x,t !: ẋ5 f ~x!, ~2.1!

wherexPRn and f i(x) are polynomial functions ofx.
A first integral I5I (x,t) of S( f ;x,t) is a nonconstant function of (x,t) with the property

“I . f1
]I

]t
50. ~2.2!

This relation holds if and only ifI (x,t) is constant along all particular solutionsx5x(t) of S.
Definition 2.1: An algebraic function I(x)5C is a solution of

q01q1C1q2C
21•••1qs21C

s211Cs50, ~2.3!

where qi(x) are rational functions of x, and s is the smallest positive integer for which such a
relation holds. The relation (2.3) is referred to as the minimal polynomial of I.

Let us recall that two first integrals areindependentif there is at least one pointx0PRn such
that their gradients are linearly independent. In the same way,l first integrals areindependentif
there is a pointx0PRn such that

rank„“I 1~x0!,“I 2~x0!,...,“I l~x0!…5 l . ~2.4!

Let us note that ifx05x(t0) is the initial condition, the first integrals remain independent for
all x(t) ~tPR! solutions ofS with initial conditionsx0. Indeed, the gradients of the first integrals
are solutions of a system of linear differential equations, theadjoint variational equations. This
results from a general property of linear differential equations that linearly independent solutions
remain independent under the flow.21

Two different notions of algebraic integrability were alternatively used in the literature. The
weaker definition is an extension of the Hamilton–Jacobi theorem to more general vector fields:

Definition 2.2: The system S is algebraically integrable in the weak sense if there exist k
independent algebraic first integrals Ii(x)5Ki ( i51,...,k). These k first integrals define an(n
2k)-dimensional algebraic variety. In addition, there must exist other(n212k) independent
first integrals given by the integral of a total differential defined on the algebraic variety:

Ji5 (
j51

n2k Exj
f i j ~x!dxj , i51,...,n212k, ~2.5!

wheref i j (x) are algebraic functions of x.
This definition seems to be useless for non-Hamiltonian systems where the existence of a total

differential is nota priori known. However, in some cases such a situation may occur.22 A
classical example is given by the six-dimensional Euler equations for the rigid body motion
around a fixed point where only four first integrals are required to complete the integration, the
fifth one being given by the integral of a total differential~Ref. 23, p. 108!. However, it is
understood that this definition is, in most cases, likely to be applicable to Hamiltonian systems.

The stronger definition of algebraic integrability is equivalent to the weak definition with the
conditionk5n21.

1873Alain Goriely: Integrability, partial integrability, and nonintegrability

J. Math. Phys., Vol. 37, No. 4, April 1996

Downloaded¬17¬Sep¬2004¬to¬130.102.172.3.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://jmp.aip.org/jmp/copyright.jsp



Definition 2.3: The system S is algebraically integrable if there exist(n21) independent
algebraic first integrals Ii ( i51,...,n).

Still, there exist other definitions of algebraic integrability for Hamiltonian systems: the so-
calledalgebraic complete integrabilityintroduced by Adler and van Moerbeke24 and thehyper-
elliptically separable systemsby Ercolani and Siggia.25 Their definitions cover systems which can
be integrated in terms of Abelian functions. Whereas their approaches are mainly geometric, our
approach is algebraic in the sense that we are mainly interested in showing the existence of
algebraic functions as constants of the motion rather than proving some particular structure for the
complexified phase space.

B. Reduction of algebraic first integrals

The algebraic first integrals can be reduced to rational first integrals. Indeed, we prove that any
algebraic integral is algebraically compounded from weight-homogeneous rational first integrals.
This can be summarized by the following result:

Lemma 2.4: If the system S: ẋ5 f (x) has l(1< l<n21) independent algebraic first integrals,
then there exist l independent rational first integrals.

We now give a short proof of this result:
Proof 2.4: Let I (x)5C be a nontrivial algebraic first integral andP(C)5q01q1C

1•••1qs21C
s211Cs its minimal polynomial. We apply the operatorf .“ on the polynomial:

f .“„P~C!…505~ f .“q01Cf .“q11•••1Cs21f .“qs21!

1~ f .“C!„q11•••1~s21!qs21C
s221sCs21

…. ~2.6!

Using the fact thatI (x)5C is a first integral~f .“C50!, one finds

~ f .“q01Cf .“q11•••1Cs21f .“qs21!50. ~2.7!

This is a polynomial of degree smaller than the minimal polynomialP(C)50, so that we have
f .“qi50, i51,...,s21. The first integralC5I (x) is nontrivial ~different from a constant!, so that
at least one of theqi(x) is nontrivial@if all qi are trivial, so isI (x)#. Thisqi is a nontrivial rational
first integral of the systemS.

Now, consider another independent algebraic first integralI 8(x)5C8. Its minimum polyno-
mial readsP(C8) 5 q08 1 q18C 1 ••• 1 qs821

8 Cs821 1 Cs8. We know from the previous paragraph
that eachqi8 is a first integral. It follows from the independence ofI with I 8 that there exist (i , j )
( i,s21,j,s821) so that the two rational functionsqi andqj8 are nontrivial and independent~if
all rational functionsqi and qi8 are dependent, so are the first integrals!. Therefore, these two
rational functions are independent nontrivial rational first integrals. Proceeding so, we can buildl
independent rational first integrals from thel algebraic first integrals. h

Let us note that this result was already contained in a paper by Bruns~1887!, in a different
setting~see Ref. 26!.

We conclude that the study of algebraic first integrals reduces to the study of rational first
integrals.

C. Elementary first integrals

Is there a special place for algebraic first integrals among other types of first integrals? Why
not study the existence of more complex or peculiar forms of first integrals? The answers to these
questions lie in a result of Prelle and Singer27 ~see also Refs. 28 and 29!. They show that if there
exists anelementary first integral~that is, a first integral built up from rational functions using
exponentiation, integration, and algebraic functions! for a system of first-order ODEs with poly-
nomial vector fields, then it is of the form
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I 0~x!1( ci log I i~x!, ~2.8!

whereI i(x) are algebraic functions.
Therefore, algebraic functions play a special role in the class of elementary functions since all

elementary first integrals can be built out of them. Our interest is to find the relationship between
the existence of first integrals and the local single-valuedness of the solution. It has been shown by
Ishii30 that the appearance of a logarithmic dependence in the first integrals implies, in general,
that the solutions are multivalued in a neighborhood of their singularities. The solutions lie then on
a Riemann surface. The consequence is that the system has no Puiseux expansion with~n21!
arbitrary coefficients around the movable singularities. In other words, infinitely many-valuedness
of a first integral brings infinitely many-valuedness of the solutions. We will therefore focus on the
existence of algebraic first integrals as the first building blocks of elementary first integrals. The
next step is to show that the single-valuedness of first integrals implies the single-valuedness of
the solutions.

D. Scale invariant systems

The construction of a first integral relies on a decomposition of the vector fieldS in homo-
geneous and nonhomogeneous components. In order to build explicitly a first integral we start
from a truncation of the vector field retaining the higher nonlinear terms and then we consider
lower-order corrections. As a consequence, we first focus our study on a particular class of
systemsS which exhibits some particular scaling properties:

Definition 2.5: The system S:ẋ5f~x! is similarity invariant if there exists gPQn such that S is
invariant under the transformation

x→agx, t→a21t ~2.9!

for all aPR0.
We shall refer tog as theweight of S. More generally, a functionF(x,t) is weight-

homogeneouswith respect tog of weighted degree dif

F~a21t,agx!5adF~ t,x!. ~2.10!

As a consequence, a systemS: ẋ5 f (x) is similarity invariant if each componentf i of the
vector field is weight-homogeneous of weightgi11 with respect to the weightg. Weight-
homogeneous functions are the natural generalization of homogeneous functions and most of the
properties of homogeneous functions can be readily translated in terms of weights.

III. ALGEBRAIC INTEGRABILITY FOR HOMOGENEOUS SYSTEMS

A. Yoshida’s analysis

One of the pioneering works in the domain is due to Yoshida.31,32 Using a singularity-
analysis-type method, he was able to derive necessary conditions for algebraic integrability.

Consider a similarity-invariant system~w.r.t. a weight g! S: ẋ5 f (x). The interest of
similarity-invariant systems lies in the existence of particular scale-invariant solutions of the form

x5ct2g, ~3.1!

where the coefficientscPCn are given by the algebraic equation

f ~c!1cg50. ~3.2!
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For a giveng, there may exist different sets of valuesc which will be referred to as different
balances. We now consider one of these solutions and we introduce the matrixK:

K5Df ~c!1diag~g!, ~3.3!

where„Df (c)…i j5(] f i /]xj )(c) is the Jacobian evaluated onx5c.
Here again, the eigensystem of matrixK can be used to build particular solutions to the

variational equations. Let theKowalevskaya exponentsbe the eigenvalues ofK. ~Sophia Kowa-
levskaya was the first to introduce the determinant ofK to compute the Laurent series solutions of
the rigid body motion: ‘‘Afin que les se´ries... contiennent le nombre suffisant de constantes
arbitraires, il faut que le de´terminant de ces e´quations line´aires ...s’e´vanouisse pour cinq valeurs
différentes dem égales a` des nombres entiers positifs.’’33!

It can be shown that there always exists a Kowalevskaya exponentr521 related to the
arbitrariness oft0.

Yoshida’s results are twofold. First, he proves that, under certain conditions, the weighted
degree of a first integral is a Kowalevskaya exponent. Second, he shows that if one of the
Kowalevskaya exponents is not rational, then the system cannot be algebraically integrable.

Theorem 3.1„Yoshida…: Let I(x) be a weight-homogeneous first integral of weighted degree
d for the similarity invariant system S. Assume that“I (c) is not identically zero for at least one
choice of c. Then, d is a Kowalevskaya exponent.

1. Example: A Hamiltonian system

As an example, we study the following three degrees of freedom Hamiltonian system:34

H5 1
2~p1

21p2
21p3

2!1~x1
4116x2

41mx3
4112x1

2x2
2!. ~3.4!

This Hamiltonian system is weight-homogeneous with respect to the weightsg5~1,1,1,2,2,2!
@where (x1 ,x2 ,x3 ,x4 ,x5 ,x6)5(x1 ,x2 ,x3 ,p1 ,p2 ,p3)#. Moreover, it is integrable with second and
third constants of motion given by

C15p3
212mx3

4, ~3.5!

C25x2p1
22x1p1p228x1

2x2
324x1

3x2
2. ~3.6!

The weights ofH, C1, C2 w.r.t. g are, respectively,dh54, d154, d255. The first step of
Yoshida’s analysis consists of finding all the possible dominant balances, that is, the scale-
invariant solutionsxi 5 ci t

2gi. We found 24 different solutions forci . For each dominant balance,
we can compute the Kowalevskaya exponentsr using relation~3.3! and the gradients of the first
integrals estimated on the scale invariant solutionsx5ct2g. As an example, we give three differ-
ent dominant balances in order to illustrate Yoshida’s theorem:

c5S i

&

,0,
i

A2m
,

2 i

&

,0,
2 i

A2m
D , r5$22,21,21,4,4,5%,

“H~c!Þ~0!, “C1~c!Þ~0!, “C2~c!Þ~0!;

c5S 12 , i

2&
,

i

A2m
,2

1

2
,

2 i

2&
,

2 i

A2m
D , r5$22,21,21,2,4,5%,

~3.7!
“H~c!Þ~0!, “C1~c!5~0!, “C2~c!Þ~0!;
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c5S 2
1

2
,

2 i

2&
,0,2

1

2
,

i

2&
,0D , r5$22,21,1,2,4,5%,

“H~c!Þ~0!, “C1~c!5~0!, “C2~c!5~0!.

In the first case, the gradients of the first integrals do not vanish on the scale-invariant
solution. As a consequence,dh , d1, andd2 are Kowalevskaya’s exponents. In the second case,
“C1 vanishes identically andd1 is not a Kowalevskaya exponent, while in the third case only
“H(c) does not vanish.

Although this result was the first bridge between the degrees of first integrals and the singu-
larity analysis, it is not of great predictive power. Indeed, while the Kowalevskaya exponents can
be computed in a finite procedure, the functional form of the first integral is not knowna priori.
Therefore, the first integrals may not satisfy the assumptions. In particular, it does not forbid the
existence of a first integral of higher degree for which“I (c) could vanish identically. We will
come back to this problem in the following sections.

Let us note that the converse statement holds. Indeed, it will be proved in the next section that
“I (c)Þ~0! if and only if d ~the degree ofI w.r.t. to g! is a Kowalevskaya exponent for the
balance under consideration~whered is considered here with the proper algebraic multiplicity!.

Another interesting point is that this result seems to be valid outside the class of algebraic first
integrals. Indeed, Yoshida’s argument does not rely on the fact thatI is an algebraic function but
only on the weight-homogeneity of the vector field and the first integral.

For Hamiltonian systems there is an interesting relation between the Kowalevskaya exponent
which was first pointed out by Yoshida and given in its final form by Lochak:35

Proposition 3.2 (Lochak, 1985): Let S be a system whose Hamiltonian is H. If r is a Kowa-
levskaya exponent for the system S, then so is h212r (where h is the weighted degree of the
Hamiltonian H).

In other words, the Kowalevskaya exponents always come by pairs for Hamiltonian systems.
This is analogous to the linearized eigenvalues at a fixed point~this analogy is more than formal
and can be made rigorous!.

The next statement is the main result of Yoshida, it connects the occurrence of irrational
Kowalevskaya exponents with nonintegrability:

If the systemS is algebraically integrable in the weak sense, then all Kowalevskaya exponents
are rational.

However, despite the fact that this result has been widely applied and frequently verified, this
last statement is not correct as illustrated in the next example due to Kummeret al.:36

H5p1~p1
21x1

2!1vx1~p2
21x2

2!. ~3.8!

It can be easily verified that this system has Kowalevskaya’s exponents:$21,3,162iv% for
the similarity invariant solution (x1 ,x2 ,p1 ,p2)5(21,0,0,0)t21. However, there exists a second
polynomial first integral:

I5p2
21x2

2. ~3.9!

The correct statement of Yoshida’s theorem is only related to the stronger definition of
algebraic integrability:

Theorem 3.3: If the system S is algebraically integrable, then all Kowalevskaya exponents
are rational.

To the best of my knowledge, there is not published proof of this basic result. Therefore, a
proof will be given in Sec. III D as a corollary of a more general result~see Proposition 3.5!.
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Although Yoshida’s statement was not correct in full generality, Yoshida managed to prove it
in a particular case using Ziglin’s theory of nonintegrability.11,12He studied the case ofn degrees
of freedom Hamiltonian systems with diagonal kinetic contribution and homogeneous potential:

H5 1
2~p1

21•••1pn
2!1V~q1 ,...,qn!, ~3.10!

whereV(x) is homogeneous of degreek but kÞ0,62. The Kowalevskaya exponents always come
by pairsr i1r i1n5(k12)/(k22), so that we can define the difference between two exponents of
each pairDr i5r i1n2r i .

Theorem 3.4„Ref. 14…: If the n numbersDri areQ-independent, then the Hamiltonian system
has no additional first integral beside the Hamiltonian itself.

As a corollary, for the case of planar Hamiltonian systems with homogeneous potential, we
obtain the following: If the HamiltonianH5 1

2(p1
21p2

2)1V(x1 ,x2) possesses a second invariant,
then the Kowalevskaya exponents are rational.14

B. The generalized Kowalevskaya exponents

Consider a systemS( f ;x,t), and assume for the time being thatf is weight-homogeneous.
Beside the Kowalevskaya exponent there is yet another set of indices that can be defined, the
so-calledresonancesof the Painleve´ test.1 The Painleve´ test is an algorithmic procedure which
provides necessary conditions for the Painleve´ property. Essentially, the Painleve´ test checks the
formal existence of Laurent series as a solution. Let us recall the main ingredients of the Painleve´
test:

The first step consists in finding all the truncations off̂ of the vector field

ẋ5 f ~x!5 f̂ ~x!1 f̌ ~x! ~3.11!

such that theleading behavior x5a(t2t
*
)p, aPC0

n, is an exact scale-invariant solution of the
homogeneous system

ẋ5 f̂ ~x!, ~3.12!

wherepPQn with at least one negative component.
It is also required thatf̌ (x)5S i f

( i )(x) is not dominant, that is, at the singularity,

f̌ ~ i !~x!„a~ t2t* !p…5g~ i !~ t2t* !p1q~ i !21 ~3.13!

with q( i )PN0
n.

Eachbalance~a,p! defines a different expansion.
The second step is the computation of theresonances. Each balance defines a new set of

resonances. These resonances are the indicesj of the coefficientsaj in the Laurent series at which
arbitrary constants first appear. It is a standard matter to show that these resonances are given by
the eigenvalues of the matrixR:

R5D f̂ ~a!2diag~p! ~3.14!

where againD f̂ (a) is the Jacobian matrix evaluated ina.
The resonances are labeledr i , i51,...,n, with r 1521. The necessary condition for the

existence of the Laurent series, in this set of variables, is that all resonances are integer~r iPZ!.
The third and last step of the Painleve´ test consists of checking that the arbitrariness of the

coefficientar for the full system~3.11! does not introduce incompatible constraints on the coef-
ficientsaj ( j,r ). This is achieved by computing all coefficients in the Laurent expansions up to
the highest resonances.
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We have introduced two set of indices for a given vector fieldf : the resonances of the
Painlevétest and the Kowalevskaya exponents. The main difference is not in the definition of the
exponents~they are both obtained as the eigenvalues of a matrix built on the Jacobian matrix of a
particular solution!, but rather on the choice of the particular solution. Indeed, in the Painleve´ test,
one looks for a particular solution ofS( f (0)) under the formx5a(t2t

*
)p whereaPC0

n while in
Yoshida’s analysis the particular solution ofS( f ) is x5c(t2t

*
)2g with cPCn ~not in C0

n!!. This
rather subtle difference introduces a shift in the exponents that we now make explicit. Let us stress
before proceeding that both sets of exponents have their own interest and they correspond to
different types of analysis. Yoshida’s analysis stresses that the weight of polynomial functions and
the existence of series involving logarithmic terms is not a relevant feature since only the ratio-
nality of the Kowalevskaya exponents comes into play. From the other point of view, the Painleve´
test is designed to test the existence of Laurent series as formal solution. It is common to mistake
both sets. This is why we explained in length these differences.

Consider the systemS( f ;x,t) ~wheref is weight-homogeneous of weightgPQn!. We build a
particular solution of this system using the singularity analysis, that is, a balance~a,p! of order l .
Therefore, there is a truncation of the vector fieldf5 f (0)1 f (1)1•••1 f ( l 8) (1< l 8<n2 l ) and a
particular solution ofS( f (0)):

x5a~ t2t* !p, ~3.15!

where, without loss of generality~i.e., up to a permutation of indices!, we haveai arbitrary for
i5 l11,...,n.

For each balance~a,p!, there corresponds a particular solution ofS( f ) as defined in the
previous section:

x5c~ t2t* !2g ~3.16!

whereci5a i , i51,...,l , andci50, i5 l11,...,n.
Therefore, to a balance of orderl , there corresponds a particular solution withn2 l vanishing

entries. Moreover, from the homogeneity of the vector field, we can deduce the relation
f (c)5 f ~0!~a! and the shift between the dominant exponentsp and the weightsg. Let ni be the
number of nonvanishing components off ( i ), then we have

pj52gj1q~ i !, j5ni2111,...,ni211ni , i50,...,l 8, ~3.17!

with n2150 andq050
In the same way it is possible to build the eigenvalues of the Kowalevskaya matrix~3.3! from

the resonances:

r i5r i for all i such that r iÞ0, ~3.18!

r i5qi with multiplicity ni . ~3.19!

Now, the correspondence~3.18! can be used as a new definition for the Kowalevskaya expo-
nents for nonhomogeneous vector fieldsS( f ;x,t). Let us note that the number of thesegeneralized
Kowalevskaya exponentscan exceed the number of variablesn. Only n of thesem exponents
corresponds to independent arbitrary constants. However, all exponents may be used to test the
existence of homogeneous first integrals.
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C. Necessary conditions for algebraic integrability

Yoshida’s result only concerns complete integrability. However, following the same argu-
ments, his result can be generalized to study partial or nonintegrability. In this section I establish
a fundamental equality between the Kowalevskaya exponents for nonhomogeneous systems and
the existence of first integrals.

Proposition 3.5: If there is l independent algebraic first integrals I1,...,Il of weighted degrees
d1 ,...,dl for a system x˙5 f (x), then there is l independent linear relations:

(
j51

Ni jr j5di , i51,...,l , ~3.20!

with Ni jPZ.
Proof 3.5:According to Lemma 2.4, we considerl independent rational weight-homogeneous

first integrals. The proof is divided into two parts. First, we show that the existence of a commen-
surate relation between the degrees of the first integrals and the Kowalevskaya exponents. Second,
we show that these relations are linearly independent as a consequence of the independence of the
l first integrals.

The similarity invariant solutionx5ct2g is the first term of a formal solution around a
singularity t

*
:

x5~ t2t* !2g(
i j

`

ai1 ...im)j51

m

j j
i j , ~3.21!

wherejj5l j (t2t
*
)r j , theljs are independent arbitrary constants, andr1,..., rm are the positive

Kowalevskaya exponents. The coefficientsai1 ...im are polynomial in log(t2t
*
) and the sumS i j

is
taken over all positivei j .

Now, consider the weight-homogeneous rational first integralI :

I5
(cix

Ei

(djx
F j

~3.22!

with (Ei2F j ).g5d; i , j .
This first integralI can be evaluated onx5x(t2t

*
) as a function of (t2t

*
) by inserting

~3.21! in ~3.22!:

I5~ t2t* !2d(
i j

Ki1 ...im)j51

m

j j
i j , ~3.23!

wherei jPZ;j .
On the lhs of~3.23!, I is an arbitrary constant, therefore, there exists on the rhs of~3.23!, a

combination of the arbitrary constantsli to order (t2t
*
)0, that is, there exists at least one set of

integers$ i 1 ,...,i j% such thatKi1 ,...,im
Þ0 andi 1r11•••1 i mrm5d with i jPZ;j .

We digress at this point to notice that, had we considered apolynomialfirst integral, rather
than a rational first integral, we would have obtained the relationi 1r11•••1 i mrm5d with
i jPN;j .

We now have to prove the independence of the linear relations. To do so, we consider two
first integralsI andI 8 and show that at least two independent linear relationi 1r11•••1 i mrm5d
can be obtained. The result for the independence ofl linear relations naturally follows.

Let us introduce the variables$j1 5 l1(t 2 t* )
r1,..., jm 5 lm(t 2 t* )

rm, jm11 5 lm11(t
2 t* )

rm11,...,jn215 ln21(t2 t* )
rn21, jn5 (t2 t* )

21%.Theconstants$l1 ,...,ln21,t* % arearbi-
trary independent constants. Locally aroundt

*
, the gradient ofI can be written in terms ofji :
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“I5J.S ]I

]j1
,...,

]I

]jn
D ~3.24!

with J215(]j i /]xj ) is the Jacobian matrix. In terms of the variablesji , the first integralsI , I 8
read

I5(
i j

Ki1 ,...,i n)j51

n

j j
i j , ~3.25!

I 85(
i j8

Ki
18 ,...,i n8
8 )

j51

n

j
j

i j8, ~3.26!

where the sum in the first ~resp. second! integral is over all $ i j% such that
i 1r11•••1 i n21rn211drn50 ~resp.d8! and the coefficientsKi1 ,...,i n

PC.
Using the relation~3.24! and the explicit form ofji in terms of (t2t

*
), we obtain the

gradients ofI , I 8:

“I5J.(
i j

L i1 ,...,i n~ i 1~ t2t* !2r1,...,i n~ t2t* !2rn!, ~3.27!

“I 85J.(
i j8

Li
18 ,...,i n8
8 ~ i 18~ t2t* !2r1,...,i n8~ t2t* !2rn!. ~3.28!

Now, the relationa“I1a8“I 850 implies a5a850. Therefore, written in terms ofi j , i j8 ,
there exists at least one pair of vector-integers$( i 1 ,...,i n), (i 18 ,...,i n8)% such thata( i 1 ,...,i n)
1 a8( i 18 ,...,i n8) 5 0⇒a 5 a8 5 0. The proposition follows. h

As a corollary of our general result we obtain Yoshida’s theorem:32

Corollary 3.6: If there exists at least one irrational or imaginary Kowalevskaya exponent, the
system is not algebraically integrable.

Proof 3.6:From the previous proposition, we know that the existence of~n21! first integrals
implies that there exists~n21! relationsNi .r5di , i51,...,n21. Therefore, there exists a matrix
NPGL ~n21, Z!, such thatN.r5d ~r the vector of Kowalevskaya exponents,d the vector of
degrees!. We findr5N21.d which impliesrPQn21. h

Yoshida’s theorem gives necessary conditions for complete integrability. Conversely, we now
find sufficient conditions for complete nonintegrability, that is, the nonexistence of at least one
first integral:

Corollary 3.7: If all Kowalevskaya exponents areZ-independent, then there is no rational first
integral.

Proof 3.7: If r1,..., rn areZ-independent, there is no relationi 1r11•••1 i n21rn215d where
dPQ. h

Corollary 3.8: If all Kowalevskaya exponents areN-independent, then there is no polynomial
first integral.

Proof 3.8: In the demonstration of the proposition we noticed that in the case of polynomial
first integrals, the fundamental relation between the Kowalevskaya exponents and the degrees of
first integrals readsi 1r11•••1 i n21rn215d, but with i jPN;j . The result follows. h

These two last corollaries are equivalent to a recent result given in Ref. 20. Their results are
obtained in a completely different setting and illustrated on many examples.
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IV. ALGEBRAIC INTEGRABILITY FOR NONHOMOGENEOUS SYSTEMS

We found necessary conditions for a homogeneous system to be integrable. The conditions are
simply given in terms of the Kowalevskaya exponents. More precisely, the maximum number of
independent algebraic first integrals is given by the dimension of the vector space spanned by
Kowalevskaya’s exponents over the integers~the positive integers for polynomial first integrals!.
We can go one step further in our analysis. First, we focus on nonhomogeneous systems and we
show that algebraic integrability brings only finite sheeting of the solution. That is, all solutions
can be expanded in Puiseux series. In the first part, we show the absence of the logarithmic terms
in the series expansions if the degrees of the first integrals are related to the Kowalevskaya
exponents. This is reminiscent of the work of Ishii37 for nth-order differential equations. Then, we
show that the hypothesis on the Kowalevskaya exponents can be dropped and obtain the funda-
mental result that algebraic integrability always brings single-valuedness of the expansions.

A. Algebraic integrability and logarithmic branch points: Part I

We consider a systemS( f ;x,t). We have seen in the previous sections that a necessary
condition for algebraic integrability is that the set of all Kowalevskaya exponentsKa5ø i51

n $r i%
is such that

KaPQn, ~4.1!

for all possible balances~a,p!.
Therefore, we assume thatS follows this assumption. Another assumption is required. We

assume that the systemS is completely integrable with~n21! polynomial first integrals. For each
balance~a,p!, the first integralI i has a weighted degreedi . Let the set of weighted degree
Da5ø i51

n $di% be such that

Da5Ka ~4.2!

for all balances~a,p!.
That is, we assume that the degrees of the first integrals can be identified with the Kowa-

levskaya exponents. This assumption also implies that each balance~a,p! is aprincipal balance.
That is, all the Kowalevskaya exponents but one are positive, and all solutions can be expanded in
Puiseux series with exactly~n21! arbitrary constants. This assumption is fundamental for the rest
of the analysis since it allows us to identify the arbitrary constants in the series expansion with the
arbitrary constants of the first integrals:

Theorem 4.1:Let the system S: ẋ5 f (x)PQM(n) be algebraically integrable with Da5Ka;
balances~a,p!. Then, all solutions can be expanded in Puiseux series.

In particular, ifKaPZn, then the Painleve´ test is satisfied in the variables$x,t%. The situation
for which KaPQn corresponds to the weak Painleve´ case.1 Let us already note that the converse
statement is not true in general. They are, indeed, many systems with the Painleve´ property which
are not algebraically integrable~the Painleve´ equations, for instance!. It would be of much interest
to find which extra conditions are required beside the Painleve´ test for algebraic integrability to
hold.

Proof 4.1:Consider the systemS„f (x);x,t… for given dominant balances~a,p! and assume
first that matrixK is diagonalizable with a set of distinct eigenvaluesKaPQn. We have to show
that the series expansions built on the dominant balance do not exhibit logarithmic branching. In
other words, the compatibility conditions are satisfied for all Kowalevskaya’s exponents. For all
positive Kowalevskaya’s exponents, we definehi5sr i wherehiPN ands is the smallest natural
number for which such a relation holds for alli .

We want to show by recurrence that if the compatibility conditions are satisfied up to the
Kowalevskaya exponentr8, then they will be satisfied for the next Kowalevskaya exponentr.r8.
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For the dominant balance~a,p!, there exists a formal series expansion, solutions of
S„f (x);x,t…:

x5~ t2t* !g(
i51

`

ai~ t2t* ! i /s, ~4.3!

whereai5ai„log(t2t
*
)…5(jai j „log(t2t

*
)…j is a polynomial in log(t2t

*
) of degree less than or

equal toi .
If the compatibility conditions are satisfied up tor85h8/s, then the coefficientsai are inde-

pendent of log(t2t
*
):

ai5ai0 ; i,h, ~4.4!

whereh5rs. We have to prove that the existence of a first integralI of degreed5r implies that
ah is also independent of log(t2t

*
).

The most general form ofah is ah5ah01ah1 log(t2t
*
). The recursion relation for the

coefficientai ~i51,..., h21! reads

K.ai05
i

s
ai01Pi0~a10,...,ai21,0!, i51,...,h21, ~4.5!

wherePi0 is polynomial in its arguments and can be obtained by the recursion relation for the
coefficientsai j .

Taking into account the possibility of a logarithmic contribution forah , the recursion relation
gives rise to a linear system forah j , j50, 1:

K.ah05
h

s
ah01Ph~a1 ,...,ah21!1ah1 , ~4.6!

K.ah15
h

s
ah1 . ~4.7!

The general solution of this system is

ah15mbr , ~4.8!

ah05lbr1dr , ~4.9!

wherebrPCn is the eigenvector ofK of eigenvaluer, lPC is an arbitrary constant, anddrPCn is
a constant vector.

The constantm is fixed by the compatibility condition:

m5b̄r .Ph , ~4.10!

whereb̄r is the eigenvector ofKT.
If the compatibility conditions at Kowalevskaya’s exponentr are satisfied, thenm50.
Now, we consider the first integralI (x)5C, whereC is an arbitrary constant andI (x) is a

function in many variables. This first integral is, by definition, constant along all solutions. There-
fore, it is constant on the formal solution~4.3!. We then expand the first integral in powers of
(t2t

*
):

I F ~ t2t* !g( ai~ t2t* ! i /sG5~ t2t* !2d( bi~ t2t* ! i /s, ~4.11!
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whereai and bi are polynomial functions of log(t2t
*
). Now, the integral is constant on any

solution curve. Therefore, one hasbi50; iÞh. To orderO„(t2t
*
)0…, the coefficientbh can be

estimated:

bh5“I ~a0!.ah01 log~ t2t* !“I ~a0!.ah11O„log~ t2t* !2…. ~4.12!

The general form of the coefficientsah0 and ah1 are known from~4.8!. Therefore, a new
arbitrary constantl enters at orderO„(t2t

*
)0…. This constant has to match the arbitrary constant

of the first integral:

l“I ~a0!.br5C. ~4.13!

Now, consider the first logarithmic contribution to the integralI5I (x), that is, the order
O„log(t2t

*
)… of I „x(t2t

*
)…:

m“I ~a0!.br50. ~4.14!

The constantC is arbitrary, therefore one has¹I (a0).brÞ0, and we conclude thatm50 and
that the compatibility conditions for the Kowalevskaya exponentr is satisfied if the compatibility
conditions up to Kowalevskaya’s exponentr are satisfied. Iterating this process up to the last
positive Kowalevskaya exponent, we see that there is no logarithmic contribution, that is, all
solution can be expanded in Puiseux series. h

1. Problems and limitation

We have seen in this section that algebraic integrability is closely related to the absence of
logarithmic points in the complex plane. This is a first step to a general relationship between
integrability and singularity analysis. There is, however, a limitation in this method in the assump-
tion on the degrees of first integrals, they should be related to the resonances of the system. If the
degreed is not an eigenvalue ofK, then from relation~4.13! with C50, we have

“I ~a0!5~0!, ~4.15!

that is, the gradient of the first integral whose degree is not a Kowalevskaya exponent vanishes
identically, and nothing can be said about the existence of logarithmic singularities in the complex
plane.

This is the main difficulty of the method. For instance, suppose that there exists an irreducible
first integral of degreed.rmax, what can be said about the series expansions? Our proof relies
heavily on the fact that“I (a0)Þ~0!, therefore in the case the gradient vanishes identically, no
information can be found. Can we prove that such integrals do not exist, that is, ifKaPQn, then
one always hasDa5Ka?

We now overcome this difficulty by deriving necessary conditions for integrability of nonho-
mogeneous vector fields independently of the degree of the first integrals.

B. Algebraic integrability and logarithmic branch points: Part II

In the last section we proved that if the degrees of the first integrals are identical to the
Kowalevskaya exponents, then algebraic integrability brings the single-valuedness of the solution.
We now show that this result can be generalized in the sense that the assumption on the reso-
nances can be dropped. Indeed, the key of the former proof is that the first logarithmic contribution
to the first integral is given in terms of the gradient of the first integral around the particular
solutionx5a0t

2g. Therefore, the first integrals whose gradient vanishes on this particular solution
cannot be used to prove single-valuedness.
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We now extend the former result by considering variations around the general solution. We
only retain from the previous assumptions that all balances are principal, that is, for each balance
there exists~n21! positive Kowalevskaya exponents: LetKa5$r1,..., rn21, 21% be the set of
Kowalevskaya’s exponents for the balance~a,g!. Then, for all balances~a,g!,

r i.0 ;r iPKa , i51,...,n21. ~4.16!

Theorem 4.2:Assume that the system S: ẋ5 f (x) has only principal balances and is algebraic
integrable with~n21! first integrals I1 ,...,I n21. Then, all solutions can be expanded in Puiseux
series.

Proof 4.2:Under the assumptions, there exists a formal expansion of the solution around a
movable singularityt

*
of the form:

x5(
i51

`

xiZ
i , ~4.17!

Z5 log~ t2t* !, ~4.18!

xi5~ t2t* !p(
j51

`

ai j ~ t2t* ! j /s[~ t2t* !pC i , ~4.19!

wherepPQn andsPN.
We consider a first integralI . It is constant on all solutions. Therefore, one has

I „x~ t2t* !…5C5~ t2t* !2d@ I ~C0!1Z“I ~C0!.C11O~Z2!#. ~4.20!

SinceI is constant, we obtain to ordersO(Z0), O(Z1):

~ t2t* !2dI ~C0!5C, ~4.21!

“I ~C0!.C150. ~4.22!

These relations hold for all first integralsI i :

~ t2t* !2di I i~C0!5Ci , i51,...,n21, ~4.23!

¹ i~C0!.C150, i51,...,n21. ~4.24!

We conclude from the first expression that the arbitrary constantsCi5Ci(l1 ,...,ln21) are
polynomial in the arbitrary constants~l1,...,ln21! appearing in the seriesC0. The second expres-
sion implies thatC1 is proportional toC0:

C15K~ t !C0 , ~4.25!

whereK(t) is analytic int.
The seriesC1 can be locally expanded aroundt

*
:

C15mp~ t2t* !q1O„~ t2t* !q11
…, ~4.26!

where qPN and mPC is an arbitrary constant andp is the leading exponent of
x05c(t2t

*
)p~11O„(t2t

*
)…!.

From the other point of view, we know from the local analysis@see Eq.~4.8!# that

C15mbr~ t2t* !r1O„~ t2t* !r11
…, ~4.27!
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wherer is the first Kowalevskaya exponent at which the compatibility conditions are not identi-
cally satisfied andm is a constant fixed by the compatibility conditions;br is the eigenvector ofK
of eigenvaluer.

Therefore, we have that eitherm50 or p5br , which is not possible since we know that
p.br50 for all positive Kowalevskaya exponents. We conclude thatm50 andC150.

Now, if C150, we obtain to orderO(Z2)

“I ~C0!.C250, ~4.28!

and the same conclusions apply toC2.
Iterating this process, we conclude thatC i50; i.0, that is, the solution can be expanded in

Puiseux series. h

1. Example: The Lorenz system

As an example, we consider the famous Lorenz system38 which has been thoroughly investi-
gated as a dynamical system39 and eventually became a paradigmatic system for integrability
theories.2,3,5,7,9,40,41From the singularity analysis point of view, it was first studied by Segur42 and
more recently in Ref. 43. The system reads

ẋ5s~y2x!, ~4.29!

ẏ5rx2y2xz, ~4.30!

ż5xy2bz, ~4.31!

~4.32!

wherex,y,z, s, b, rPR.
The Lorenz system has only principal balances withc5(2i ,22i /s,22/s) and g5~1,1,2!.

The resonance set isK15$21,2,4%.
There is one set of parameters values for which the system has two first integrals, namely

$b,s,r%5$1,12,0% with first integrals

I 15~x222sz!et, ~4.33!

I 25~y21z2!e2t, ~4.34!

and the solutions can be expressed in terms of Jacobi elliptic functions.
In addition, there exist two set of values for which the system satisfies the Painleve´ test:

$b,s,r%5$1,2,19% with one time-dependent integral

I 35~x222sz!e2st, ~4.35!

and $b,s,r%5$0,13,r% with the time-dependent integral

I 45~2rx21 1
3y

21 2
3xy1x2z2 3

4x
4!e~4/3!t. ~4.36!

For all other values of the parameters the system does not satisfy the Painleve´ test and we
conclude, using Theorem 3.2:

Proposition 4.3: If$b,s,r%Þ$1,12,0%, the Lorenz system is not algebraically integrable (with
two first integrals).
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2. A conjecture

We have seen that the existence of a complete set of first integrals and only principal balances
constrains the system so that it must have the weak Painleve´ property. Two questions are in order:
Can we relax the conditions on the balances? Are these conditions also sufficient? In Ref. 25 it
was suggested that it is indeed the case. Our conjecture reads then

If a system of ODEs with polynomial vector fields is algebraically integrable, then it enjoys
the weak Painleve´ property.

To date, among all known examples and to the best of my knowledge, there is no counterex-
ample to this conjecture.

V. PARTIAL INTEGRABILITY

A. A natural arbitrary small parameter

We consider a nonhomogeneous system

S: ẋ5 f ~x!, xPKn, ~5.1!

where f i are rational functions ofx overK, a field of constants~typically K5C or K5R!.
The problem is to find necessary conditions for the existence of first integrals. The theory we

developed in the previous sections is only applicable for complete algebraic integrability. As a
consequence, it cannot be directly applied to Hamiltonian systems, since for most of the Liouville
integrable systems only half of the constants of motion are algebraic.

From the other point of view, the integrability conditions related to the Kowaleskaya expo-
nents are based on similarity-invariant systems. However, most of the systems do not exhibit such
a scaling property. Indeed, as soon as dissipation or damping is included under the form of linear
terms, the system will lose the scale invariance. Nevertheless, similarity-invariant systems are the
first-order systems in a perturbation expansion based on the scale invariance. With this idea in
mind we can decompose the problem of finding necessary conditions for the existence ofl first
integrals~l,n21! into two parts.

The first part of the analysis consists of finding conditions for the existence ofl first integrals
of all weight-homogeneous parts of the vector field. According to the weightg, the vector field
can be truncated so that

f ~x!5 f ~0!~x!1•••1 f ~m!~x!, ~5.2!

f ~ i !~a2gx!5a2g211 i f ~ i !~x!. ~5.3!

The leading weight-homogeneous systemẋ5 f (0)(x) is scale invariant under the symmetry
~x→agx, t→a21t!. According to this scaling symmetry, any first integral can be decomposed
into a finite sum of weight-homogeneous components:

I ~x,t !5I ~0!~x!1eI ~1!~x,t !1••• , ~5.4!

I ~ i !~agx!5ad1 i I ~ i !~x!, ~5.5!

wheree51/a.
The following lemma shows that a necessary condition for the existence of a first integral for

a vector field is given by the existence of a first integral for its similarity invariant part.
Lemma 5.1: Let I(x,t) be a first integral of x˙5 f (x,t). Then, I(0)(x) is a first integral of

ẋ5 f (0)(x).
Proof 5.1:The condition forI (x,t) to be a first integral reads

05“I . f1] tI5“I ~0!. f ~0!1e~“I ~0!. f ~1!1“I ~1!. f ~0!1] tI
~1!!1O~e2!. ~5.6!
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This expansion is valid for arbitrarye, indeede is an arbitrary parameter and can assume any
value. Therefore, in the limite→0, one finds 05“I (0). f (0). h

Let us stress again thate is an arbitrary parameter that can assume any value and does not
have to be small. Therefore, our method does not rely on the smallness ofe. If there is a small
parameter in the system a perturbation expansion can be performed~see, for instance, Ref. 44!.

The second part of the analysis is based on the existence of first integrals for the similarity
invariant part. Assuming that such first integrals exist, we derive necessary conditions for the
existence of first integrals for the nonhomogeneous contributions.
Our strategy is the following:

~1! Find necessary conditions for the existence ofl (0, l,n) first integrals of the weight-
homogeneous vector fieldẋ5 f (0).

~2! Build the l first integrals,I i
(0) ( i51,...,l ).

~3! Find necessary conditions for the existence ofl 8 ( l 8< l ) first integrals for the nonhomo-
geneous systems.

~4! Build the l 8 first integralsFi ( i51,...,l 8). EachFi is of the form

F5F ~0!~x!1eF ~1!~x,t !1••• , ~5.7!

F ~0!5P~ I 1
~0! ,...,I l

~0!!, ~5.8!

whereP is a rational, weight-homogeneous function.
The scaling symmetry is interesting in many respects. By contrast to the linear perturbation

theory, starting from the lower linear terms of the systems and building higher-order corrections
valid in the neighborhood of the fixed point, our nonlinear perturbation theory starts from the
highest nonlinear terms and consider lower-orders perturbation. It allows us to build integrable
corrections valid everywhere and for all values of the parameters.

B. Necessary conditions for partial integrability

Here we assume that the analysis has already been performed on the weight-homogeneous
components of the vector fields and the explicit form of the first integrals are known. Therefore,
we study the persistence of the first integrals, or homogeneous combinations of first integrals,
when lower nonlinearities are added to the system.

We consider again the nonhomogeneous system

S: ẋ5 f ~x!. ~5.9!

For this system, there may exist different truncations, that is, different weightsg decomposing
the vector field, according to the scaling~x→agx, t→a21t!, in dominant and nondominant parts.
We consider all such vectorsg and assume that each weight-homogeneous component admits the
maximum number of possible first integrals. For a given vectorg, we have a truncation of the
vector field~5.2!, so thatI i5I i(x) ( i51,...,l ) is a set of independent first integrals for the system
ẋ5 f (0)(x). Each first integral has a given weighted degreehi w.r.t. the weightg:

I i~agx!5ahi I i~x!. ~5.10!

We are interested in the existence of first integrals for the complete system. The most general
form the first integrals can assume is given by

F~x,t !5F ~0!~x!1eF ~1!~x,t !1e2F ~2!~x,t !1••• , ~5.11!

where by constructionF ~0! is built on the first integralsI i :
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F ~0!5P~ I 1 ,...,I l !, ~5.12!

whereP is weight-homogeneous w.r.t. the scaling (I i→ehi I i).
Let us recall that two different first integralsF1 andF2 are independent iff“F1

~0! and“F2
~0! are

linearly independent. Now, we derive necessary conditions for the existence ofF.
First, we note that there is a series expansion involvingl free constants~corresponding to the

l free arbitrary constants! and we compute the followingc2e expansion:44

x5x01ex11e2x21••• , ~5.13!

xi5 (
j50

i2k11

si j @ log~ t2t* !# j , ~5.14!

wheresi jPC„~t2t
*
!… are convergent Laurent series with finite principal parts andk is the first

order ine where logarithmic corrections are required, so thatx reads

x5s001es101e2s201•••1ek„sk01sk1 log~ t2t* !…1O~ek11!. ~5.15!

Second, assuming there exists a first integral, we expandF(x) aroundx0 :

F~x,t !5F~x0!1e„“F ~0!~x0!.x11F ~1!~x0 ,t !…1e2„“F ~0!~x0!.x2

1“F ~1!~x0 ,t !.x11¹2F ~0!~x0!:x1x11F ~2!~x0 ,t !…1O~e3!. ~5.16!

Note thatF(x,t) is constant along all solution curves and the parametere is a scaling param-
eter which assume arbitrary values. As a consequence, each order ine is constant in time. In
particular, there is no logarithmic dependence and we obtain the following.

Lemma 5.2: Assume there exists a first integral F(x,t)5F (0)(x)1eF (1)(x,t)1••• for the
system S. Then the following identity holds:

“F ~0!.sk150. ~5.17!

Proof 5.2: Inserting the expansion ofx in terms ofsi j in ~5.16!, we obtain

F~x,t !5F ~0!~s00!1e„“F ~0!~s00!.s101F ~1!~s00,t !…1•••

1ek~“F ~0!~s00!.„sk01 log~ t2t* !sk11...…!1O~ek11!. ~5.18!

The coefficients ofe are constant at each order and the first logarithmic correction enters to
orderO(ek). Hence, we obtain

“F ~0!.sk150. ~5.19!
h

There is yet another instructive way to complete this result. To do so, we consider a system
S: ẋ5 f (x) and assume it has a first integralI (x,t). Let x̂5 x̂(t) be a solution ofS and introduce
the variational equation,

v̇5Df ~ x̂!.v, ~5.20!

whereDf ( x̂) is the Jacobian matrix estimated on the solutionx̂.
Lemma 5.3 (Poincare´): Let I5I (x) be a first integral of S and let v be any solution of the

variational equation. Then,

“I ~ x̂!.v5C, ~5.21!
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where C is a constant.
Now, considerF ~0!, a first integral ofẋ5 f (0)(x). The solutions00 is a local convergent

Laurent series around the singularityt
*
, andsk1 is, by construction, a solution of

v̇5Df ~s00!.v. ~5.22!

Therefore, using Poincare´’s lemma, we obtain“F (0).sk15C. Inserting this result in~5.18!
and asking the log contribution to vanish identically at each order ine, we obtain Lemma 5.2.

The point of this lemma is to provide a necessary condition forF ~0! to be the homogeneous
part of the nonhomogeneous first integralF(x,t). However, the functional form ofF ~0! is not
known except for the fact that it is built out of the first integralsI i ( i51,...,l ).

Now, consider thel first integralsI i5I i(x) ( i51,...,l ). For each first integral, we define the
conditions

ci5“I i
~0!~s00!.sk1 . ~5.23!

If there existl first integrals for the systemS, they are built on the first integralsI i , and the
existence condition for these first integrals depends on the conditionsci :

Proposition 5.4: Assume there exist l independent analytic first integrals Ii5I i(x) for the
similarity invariant system S0 : ẋ5 f (0)(x). Then, a necessary condition for the existence of l
independent analytic first integrals for x˙5 f (x) is c15c25•••5cl50.

Proof 5.4:Suppose that there existl independent first integralsFi for S. Let F be any of such
integral. According to Lemma 5.3, for each integral we have

“F ~0!~s00!.sk150. ~5.24!

As already explained,F ~0! is weight-homogeneous inI j so that

“F ~0!~s00!5(
j51

l

Ai j“I j
~0!~s00! ~5.25!

with APGL~l ,C!, owing to the independence of the first integrals and the fact that the seriess00
depends onl free parameters.

Therefore the integrability condition reads

(
j51

l

Ai j“I j
~0!~s00!.sk15(

j51

l

Ai j cj50. ~5.26!

SinceAPGL~l ,C!, we haveci50; i51,...,l . h

1. A first example

As a first example, we consider the following three degrees of freedom Hamiltonian:45

H5 1
2~p1

21p2
21p3

2!1 1
4~x1

41x2
41x3

4!1e~m1x2x31m2x3x11m3x1x2!, ~5.27!

wheremiÞ0, i51,2,3
For e50, the system is integrable with three obvious constants of motion, the Hamiltonians of

the decoupled systems

I i
~0!52pi

21xi
4, i51,2,3, ~5.28!

and the solutions can be expanded in Laurent seriess5(x1 ,x2 ,x3 ,p1 ,p2 ,p3):
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s005~ t2t* !p(
i50

`

ai~ t2t* ! i , ~5.29!

where p5~21,21,21,22,22,22!, aiPC6, and a4 is arbitrary ~resonance
rPK15$21,21,21,4,4,4%!.

The series expansion for the perturbed problem can be readily computed:

x5s001es101e2„s201s21 log~ t2t* !…1O~e3!, ~5.30!

wheresi jPC6 „~t2t
*
!….

The first logarithmic contribution enters to orderO~e2!. The integrability conditions read

ci5“I i
~0! .s21, i51,2,3. ~5.31!

The conditionsc15c25c350 gives then

2m2m32m1m32m1m250, ~5.32!

2m2m312m1m32m1m250, ~5.33!

2m2m32m1m312m1m250. ~5.34!

As a consequence, ifm iÞm j , iÞ j , the Hamiltonian is not Liouville integrable, that is there
exists at most another constant of motion beside the Hamiltonian. In Ref. 45, it was shown that the
Hamiltonian~5.27! for m150, m25m351, does not possess a second constant of motion.

2. Another example

The second example is also a three degrees of freedom Hamiltonian:34

H5 1
2~p1

21p2
21p3

2!1~x1x3
21x2x3

2!1e~m1x1
21m2x2

21m3x3
2!, ~5.35!

wheremiÞ0, i51,2,3.
We first consider the unperturbed system~e50!. Is the system Liouville integrable? By in-

spection or using direct methods, a second constant of motion is easily found:

I5p12p2 . ~5.36!

A third constant of motion is lacking to complete the integration:
Lemma 5.5: The Hamiltonian system H5 1

2(p1
21p2

21p3
2)1(x1x3

21x2x3
2) is not Liouville in-

tegrable.
Proof 5.5: We compute the Kowalevskaya exponents for the scale-invariant solution

(x1 ,x2 ,x3 ,p1 ,p2 ,p3)523t23(t/2,t/2,2t,21,21,22): r P $ 2 1,2,3,6,(56 iA23)/2%. The oc-
currence of irrational Kowalevskaya exponents are incompatible with Liouville integrability for
potential with diagonal kinetic part~see Theorem 3.4!. h

Now, we consider the full system~5.35!, and build thec–e expansion up to orderO~e!:

x5s001e„s101s11 log~ t2t* !…1O~e2!, ~5.37!

wherex5(x1 ,x2 ,x3 ,p1 ,p2 ,p3) ands00,s10 are Laurent series. The seriess11 reads

s1152 3
4~m12m2!~1,21,0,0,0,0!1O„~ t2t* !2…. ~5.38!
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The conditions 05“H.s11 and 05“I .s11 lead tom15m2. In this case the second constant of
motion is found to be

I5~p1
21m1x1

2!1~p2
21m1x2

2!22~p1p21m1x1x2!. ~5.39!

We have proved the following.
Proposition 5.6: The Hamiltonian system (5.35) does not have a second constant of motion

unlessm15m2.

VI. CONCLUSIONS

This paper studies the relationship between the singularity analysis and the algebraic integra-
bility. We first considered weight-homogeneous systems and showed that there exists a funda-
mental relationship between the Kowalevskaya exponents and the degrees of the first integrals. We
concluded from this relation that the number of first integrals is equal or less than the dimension
of the vector space spanned by the Kowalevskaya exponents over the integers. I believe that this
relationship, although restricted, is the most complete information one can hope to obtain by using
only the Kowalevskaya exponents. In order to obtain more information on the integrability, or lack
thereof, of a system, one has to take into account the specific structure of logarithmic or algebraic
branch points. As a corollary, we proved the well-known Yoshida’s statement: a necessary con-
dition for complete algebraic integrability is that all Kowalevskaya exponents be rational. A
second important result concerns completely algebraically integrable system. We proved that if all
balances are principal@i.e., ~n21! positive resonances#, then algebraic integrability implies that all
solutions can be expanded in Puiseux series. Moreover, I believe that the assumption that all
balances are principal can actually be removed. The third main result of this paper concerns partial
integrability. Partial integrability seems the most common feature of dynamical systems emerging
from physical model; indeed often by symmetry or conservation laws, a few constants of the
motion exist. Assuming that the weight-homogeneous part of the vector field is algebraically
integrable, we derived necessary conditions for the existence of first integrals based on the non-
existence of logarithmic branch points. This result can be used, for instance, to show that first
integrals disappear in the presence of linear dissipative terms.

I hope that these three aspects put together will give a general picture of the type of informa-
tion concerning integrability one can hope to obtain using singularity analysis. It also provides
direct algorithmic methods to answer such questions.
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