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Abstract

Two coupled nonlinear Klein—Gordon equations modeling the three-dimensional dynamics of a twisted elastic rod near
its first bifurcation threshold are analyzed. First, it is shown that these equations are Hamiltonian and that they admit a
two-parameter family of traveling wave solutions. Second, special solutions corresponding to simple deformations of the
elastic rod are considered. The stability of such configurations is analyzed by means of two coupled nonlinear Schrédinger
equations, which are derived from the nonlinear Klein—-Gordon equations in the limit of small deformations. In particular, it
is shown that periodic solutions are modulationally unstable, which is consistent with the looping process observed in the
writhing instability of elastic filaments. Third, numerical simulations of the nonlinear Klein—-Gordon equations suggesting
that traveling pulses are stable, are presented. ©1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The study of elastic deformations in rods has a long tradition in mathematics, physics and engineering, dating
back to Euler. The main challenge is to understand the different possible shapes elastic rods can conform into
under a variety of external stresses. The classical approach to solve such problems is to consider the different
static equilibria of rods and study through variational principles the bifurcation between them [1,2]. The dynamical
problem, namely how different configurations evolve in time or change to one another is not usually addressed.
Another, closely related, classical problem in the theory of elasticity is the propagation of waves in elastic media. In
thin elastic rods, it is known that two types of waves can exist: thefleraralandtorsionalwaves and propagate
variation of curvature and twist along the rod. Roughly speaking, the former can be obtained by suddenly moving
one end of a long straight rod while the latter can result from a sudden twist of one end of the filament. Both aspects,
structural deformations under stress and wave propagation, can be studied together by considering the dynamics of
elastic rods. A convenient setting for such a study is provided by the Kirchhoff model for thin elastic filaments.
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In this paper we study some aspects of the dynamics of elastic rods. As shown in [3], the Kirchhoff model can
be used to analyze the stability (with respect to change of tension or twist) of straight twisted rods under tension.
Near the first bifurcation point, that is when straight twisted filaments lose their stability, the rod dynamics may be
described by two amplitude equations, which were derived by Goriely and Tabor in [3]. These equations take the
form of two nonlinear Klein—Gordon equation describing the coupling of twist density to amplitude of deformation.
This paper is devoted to an analysis of these amplitude equations, and is organized as follows. In Section 2, we
briefly describe the Kirchhoff model. The amplitude equations for the near-threshold dynamics are given in Section
3, where we also discuss their scalings, symmetries and Hamiltonian nature. Section 4 is devoted to the analysis of
traveling wave solutions and to simple configurations of the elastic filament. Section 5 discusses the reduction of
the coupled Klein—Gordon equations to two coupled nonlinear Schrédinger equations, which are valid in the limit
of small deformations. Solutions to the latter system are then compared to those of the former, and the stability of
some simple traveling wave solutions is thereby inferred. Section 6 shows numerical simulations of the amplitude
equations, which suggest that pulses may propagate in a stable fashion. Conclusions are given in Section 7.

2. The Kirchhoff model

The Kirchhoff model describes the dynamics of a free elastic flament in three dimensions. Assuming that the
filament is thin (its cross-section is much smaller than its length) and weakly bent (its curvature radius is, at all points,
much shorter than its length), a one-dimensional theory can be derived where forces and moments are averaged
over cross-sections perpendicular to the central axis of the filament. This allows to describe the dynamics in terms
of two independent variables, namely time and arc-length (respectivatydz). The forces and moments exerted
on a cross-section of the filament are then written in a local basis, attached to the cenfakadX$x, 1), which is
similar to the Frenet frame. This director baigls, d», d3} is a right-handed orthonormal basis built by takihgas
the tangent vector to the axigz(x, t) = dX /dt, andd1 as the vector following the elastic twist in the plane normal
to the central axis. Since the curdé = X (x, r) can be obtained by integrating the tangent vedigr, 1), i.e.,

X(x,t) = fs ds(s, t) ds, the space and time evolution of the director basis specifies the kinematics of the filament.

As a consequence of the orthonormality of the director bi@sisd», d3}, we can write

d;:KXdi, diZde,‘, l=1,2,3 (1)

where() and( )’ stand, respectively, for derivatives with respect to time and arc-length. The vedodw are

called thetwist andspin vectorsThey can be written as = Z?leqdi andw = Z?zlw;di. The dynamics of the
filament depends on the total force and momént;: F (s, t) andM = M (s, t), experienced by the elastic rod. In
terms of the director basis, these vectors rEag Z?zlfid,-, M= Z?:lMidi- The Kirchhoff model combines
conservation of linear and angular momentum with the constitutive relationship of linear elasticity, which relates
moments to strains, characterized by the twist vector. For a naturally straight rod (i.e., without intrinsic curvature
or twist) with circular cross-section, the scaled Kirchhoff equations read [4,5]:

F' =ds, (2.8)
M +d3x F =dyxdi+d> xd>, (2.b)
M = k1d1 + kodp + Tkads, (2.c)

wherel’ = 1/(1+ o) (o is the Poisson ratio) measures the ratio between the bending and twisting coefficients of
the rod. In typical elastic material the Poisson ratigaries between /2 and 0, that isI" varies between /3 and
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1. Equations (2.a), (2.b) and (2.c), together with Eq. (1), can be reduced to a set of nine second order equations in
space and time, for the nine unknowks , F).
3. Amplitude equations, scalings and Hamiltonian formalism
3.1. Amplitude equations
The stability of a given stationary filament parameterizedd®, »©, £©) can be obtained by expanding all

guantities up to first order in a small perturbation parametard requiring that the basis remains orthornormal to
each order [6]:

d; =d? +ca xd? +0(?), (3.2)
k=k9 +e[@P) + k@ x a®] + 0(e?), (3.b)
o=a? + 0>, (3.0)
F=Y12+e(fP +@x fO1d? + 0. (3.d)

1

Inserting this expressions in the Kirchhoff equations and collecting the terms to first ordea Imear equation
can be obtained fan = @@, f@):

Lew@, fO)y.m =0, @

whereLg is a linear, second-order differential operatorsiandz, whose coefficients depend arthrough the
unperturbed solutiotk @, £©@). Its explicit form can be found in [7]. For the case of the twisted straight rod under
tension, the stationary solution is simply given by

«©=007y, [f9=0©0r>. ®)
Solutions to Eq. (4) can be expressed as the sum of fundamental modes of the form:
m= m(AEn einx + A*EZ efinx)’ (6)

where¢ e C® and the growth rate is related to the mode by the dispersion relation (o, n) = 0, obtained by
substituting Eq. (6) into Eq. (4). The neutral curves are the curves in parameter space for which stationary solutions
exist. They are obtained by solving(0, n) = 0, which reads:

(y2 = nd)[(y3([ = 1) — P> —n?? - y2T - 2)%% =0. @)

The analysis of this dispersion relation reveals that the straight infinite twisted pulled rod becomes unstable for
ye = £2P/T. This relation is known in elasticity theory &sve'’s criterion For this value, a stationary solution
can be written as

m = BEg + A§,, €' + ATEE et . (8)
where the dots stand for higher order correctionsang P(2—-T")/ T,

£0=10,0,1,0,0,1), &, =(Li,0,—iP? P20). (9)
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For fixed P, the straight rod becomes unstable at the critical tygsind evolves towards a configuration which, to
first order, is a helical filament and reads:

2A 2A |
X = (x,?COSxP,?SInxP>+~-- . (10)

Near threshold, the nonlinear dynamics of the filament is described by the following amplitude equations [7]:

P2+13%A  9°A , OB
—5 ——5 = PTA(E-2P|AP+ — |, 11.a
P2 312 9x2 < AT+ 8x) ( )

29°B  9%B d|A|?
- — —5 =—2P .
I 912 dx2 dax
In this nonlinear analysis® = B(x,t) andA = A(x, t) represent, respectively, the slowly-varying amplitudes of
the axial twist and the unstable helical mode. For given solutibaad B of Egs. (11.a) and (11.b), the shape and
motion of the filament in space is obtained by integrating the tangent vector. To second order, the filament shape is

given by:

(11.b)

X(x,1) = | [[-cotPx)(2ReA) + BIm(A)) — sin(Px)(2Im(A) — B Re(A))] dx
[[—sin(Px)(2Re(A) + BIm(A)) + cog Px)(2Im(A) — B Re(A))] dx

12)

[(1—2]A?) dx )

The rest of this paper is devoted to the analysis of these solutions and its consequences for the dynamics of rods.
3.2. Scalings

To keep the discussion as general as possible and to reduce the number of free parameters, it is convenient to
re-write the amplitude equations in terms of scaled quantities. If we make the changes of variables

2 VPZ+1 P2+1
t ==Lt x = Lx, A=Yy B = gB’, (13)
r (2L P?) (2P3L)

)

Egs. (11.a) and (11.b) become, after dropping the primes,

32A 3%2A 9B

57 - cgﬁ = uA — |APA + A (14.a)

3°B  9°B 3|A|?

FT T R (14.0)
where

,  2p? _ 2EP3L? (15)

T P2+ 1) H="pry1

Only two parameters are left. The first opg measures the linear growth rate of perturbations to the soldtier0

in the absence aB. The second oneyp, is the ratiov /vp of the group velocities, andvp describing the speed

at which perturbations ofl and B propagate. These scaled equations provide a convenient way of analyzing the
dynamics and the solutions of Egs. (11.a) and (11.b), and most of the discussion below will refer to them. The
new space scale depends bya characteristic length scale of the problem. For a finite rod, welted®the total

length of the elastic filament. In what follows, we refer to these equations as the coupled nonlinear Klein—Gordon
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(CNLKG) equations. Similar CNLKG equations appear in a variety of fields such as plasma physics (See [8]; p.
318), partial difference equations [9], baroclinic instabilities [10], or more generally as amplitude equations for
dispersive systems [11].

3.3. Hamiltonian form

From the scaled form (14.a) and (14.b), it is straightforward to see that the coupled Klein—Gordon equations can
be written in Hamiltonian form

0A SH ou oH

- = — = 16.a

Jt Su ot SA ( )

0B 0H ov 0H

=, —_— = 16.b

ot Sv ot 6B ( )
wheres refers to the Fréchet derivative,

A B

y = f;_t b= % (17)

andH = [ h(x, 1) dx with
AA|? 1 3B |9Al> 1/8B\?> 1/9B\?
h(x,t) =c3|—| —ulAP+ ZIAY = AP —+ | —| +=(— (=) . 18
(x,1) =cp WA+ SIA = A=+ = + 5 (o) 5| 5 (18)

The integral is taken over the real linglifx, 1) is LY[(—oo, +00)]. If A does not vanish at infinity, the integration
is taken on a suitable box (for instance, one period of the solution for periodic solutions).

3.4. Symmetries

Equations (14.a) and (14.b) have a few symmetries that can be used to simplify our analysis of special solutions.
Below, we assume thag(s, t) andbg(s, T) are solutions to Egs. (14.a) and (14.b). The solutib@s 1) andB(x, t)
are obtained by applying the indicated symmetrieggtandbg.
1. Space translation invariance:

A(x, 1) = ap(x + xo, 1), B(x,t) = bo(x + xo, 1), (19)

wherexg is a real arbitrary constant.
2. Time translation invariance:

A(x, 1) = ag(x, t + 1g), B(x,t) = bo(x,t + t9), (20)

wherery is a real arbitrary constant.
3. Uniform shift onB

A(x,t) = ag(x, 1), B(x,t) = bo(x,t) + x, (22)

wherey is a real arbitrary constant. This transformation corresponds to a uniform rotation of the local frame
of referenced1, d2, d3) about the tangent vector to the elastic dadand is not physically relevant.
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4. Gauge invariance:
A(x, 1) = ao(x, )exp(ig), B(x,t) = bo(x, 1), (22)

where¢ is a real arbitrary constant. This transformation corresponds to a uniform translation of the periodic
solution of enveloped and is due to the invariance of the Kirchhoff equations with respect to space-time
translations before bifurcation.

5. Space reflection symmetry

A(x, 1) = ag(—x, 1), B(x,t) = —bo(—x, ). (23)
6. Time reflection symmetry
A(x,t) = ap(x, —1), B(x,1t) = bo(x, —1), (24)

which is due to the fact that the original system is time reversible.
7. Dilation invariance:

A(x,t) = aag(ax, at), B(x,t) = abg(ax, at) + e X, (25)

1

whereq is a real arbitrary constant. This transformation is due to the fact that adding a linear terim h
renormalizes the growth rage, which in turn can be changed back to its initial value by scaling space, time,
and the envelopes andB.

Whereas the Hamiltonian is preserved by transformations 1 to 6, the dilation 7 does not cédhs8imee the
amplitude Egs. (11.a) and (11.b) have been derived by assuming that the salwtéfimed in Section 2 remains
bounded at infinity, we will set so thatB tends to a constant at infinity. This condition turns out to be necessary
for H to remain bounded.

o?

4. Traveling waves solutions of CNLKG

We now look for a two-parameter family of solutions of the form:
A=a®e”,  B=b), (26)

whereé = x — ct. This family includes periodic stationary solutiors£ » = 0), oscillatory periodic solutions
(c = 0), homogeneous solutions, (b constante = w = 0), plane wavesi, » and|A| constant), nhon-oscillating
traveling waves solutions and pulses £ 0). The general case where betlandw do not vanish correspond to
traveling waves. These solutions periodically oscillate in time as they travel at constant spegéther with Eq.
(26), Egs. (14.a) and (14.b) read (where primes deriotieyivatives)

(c® — cé)a” + 2icwd’ = a(w® + w— |a|2 + b)), (27.a)
(® = 1b" = —(la)?) . (27.b)
The last equations can be integrated once to yi€ld- 1)(b' — K1) = —|a|2. We then use the expression #81to

simplify Eq. (27.a)

2
. c
(c? = c3ya" + 2icwd =a (a)z +u+ K1 — @-1 |a|2> . (28)
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In order to obtain a set of real differential equations, weiset R (£)€?€), which gives

2
(c®— cg)R” =R <w2 + 1+ K1 — 2c0® + (¢ — ¢0)?0? — (CZC_ m R2> , (29.a)

C
2(0—~w—"—— R+ RO =0, (29.b)
(o)

wheref’ = ©. The system fofR, ®) has two first integrals:

1 1 (4 K1+ @?) c2R*
H:_R/u_(@z_—@) 24 , 30.a

2B+ 3 cw 4(c? — 1)(c? — cf) (30-2)
G = ((c? = c3)® — we)R2. (30.b)

The first integralG is reminiscent of Kepler's second law for the motion of a particle in a central force field. It can
be used to simplifyH as follows:

20.2 2 2 2 2
w(cc 4+ cf) — (u+ K1)(c® — cf) 1 G _
Hi=H+G 0 5> 0 =—(R/)2+—22 2
2cw(c? — cf) 2 2(c2 — cp)
w?2c — (n+ K1)(c® - cd) , c? 4 31)
2(c2 — )2 4(c2 — 1)(c2 - c?)

Thus, H1 is an Hamiltonian describing the motion of a particle in a one-dimensigfifedtive potentiales; =
Hi — (R)2/2 = v_oR~2 + vaR? + v4R*. This reduced Hamiltonian system can be solved through the change of
variables

E=pL.  z=-wR% (32)

which transforms the HamiltoniaH into the standard form:

dz\2 4
(d_z> — (z —z1)(z2 — 2)(23 — 2), (33)
I3 73— 121

where ! = /2(zz — z1) and
71+ 22 + 23 = v2, 7122 + 2223 + 2321 = —v4H1, 212223 = V32, (34)

The general solution of Eq. (33) is= z1 + (z2 — z1)sSMP(¢ |k) wherek? = (zo — z1)/(z3 — z1). That is,

. \/zl + (22 — z1) SPP(BE|K)

(35)
V4
The conditions for the roots,, z2, z3 to be real is:
270 02 + 2H1(9vv? , — 2H?)vg — v3H? 4 4v3v?, < 0. (36)

The first integralG can then be used to give an explicit form of the angular coordifdteterms of incomplete
elliptic integrals of the third kind. Explicit forms for the periods of given periodic orbits can be obtained in a similar
fashion.
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V>0 V<0

\J V>0 V>0
a. b.

V>0 V<0
c. d.

Fig. 1. Different shapes of the effective potenti@k as a function ofR whenG # 0.

V>0 V<0
V>0 V>0

V<0 V>0
V<0 V<0

d.

Fig. 2. Different shapes of the effective potenti@f as a function ofR whenG = 0.

To understand the different types of orbits that the systBnmay exhibit it is easier to study the potentiék
directly. There are two main cases that can be distinguished depending on whetrgshes or not. In each cases,
four different potential shapes can be obtained (depending on the sign of the coefiigian)s These potentials
are shown, respectively, in Figs. 1 and 2.

We now focus on localized solutions, that is solutions for which the amplitadesd B tend asymptotically to a
constant and vary rapidly in a finite region. At the level of the Hamiltonian system with HamiltéRiame look for
homoclinic and heteroclinic orbits connecting the fixed p&igito himself (homoclinic case) or te Rg (heteroclinic
case). In both cases, we choose the constarnb ensure that linL, +00' = 0, that sk = R(Z)/(c2 —1). Analytic
expressions will be given with a minimum number of free parameters. More general solutions can be obtained by
using the symmetries discussed in Section 3.4.
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) -2 -1 ) 1 2 3
Fig. 3. A traveling hole solutionvgp = 4, va = -1, v_2 = =5, cp =3, w = 0).
4.1. Traveling holes
If G # 0, the only possible localized solutions occurfgr> 0 andvs < 0. These orbits are, for the Hamiltonian

H,, homoclinic to the fixed poinRg (See Fig. 1(c)). In this case, one sets @1 < 72 = z3 = —v4R§ in Eq. (35)
to obtain:

R? = R3 — a? sech(B¢), (37)
where
3uv4R2 +
B? = —6v4R3 —2v; and o? = W (38)

The fixed pointRg is the largest root of & + voz* — ”32 = 0. The homoclinic orbit exists wheH; = R§(2v2 +
3v4R§). Explicit forms of 6 = 6(¢) andb = b(¢) can be obtained in terms of elementary functions. A typical
traveling hole amplitude profile is shown in Fig. 3.

4.2. Traveling pulses

Traveling pulses exist whe@G = 0, v2 < 0 andvs > 0 (Fig. 2(b)). They correspond to orbits of the reduced
Hamiltonian system which are homoclinic to the fixed pdtgt= 0, at whichH; = 0. They read:

a = o sech{B&)exp (i cszCﬁ) . (39.3)
— <
o2
where
2 2= 2 2 22 2 (P —cf) — ¥
a” = m(#(c —cp) —wcp) and B = 2 CS)Z (40)

This solution exists whenever® > 0 andg? > 0. Typical profiles ofA and B are shown in Fig. 4, and the
corresponding filament is depicted in Fig. 5.
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Fig. 6. A heteroclinic solutionyf = 1/2, ¢ = 6/5, co = 3/2, v = 10, ' = 3/4).

4.3. Fronts

There exists yet another localized solution wiige- 0. If vo > 0 andvs < 0 the Hamiltonian; accommodates
heteroclinic orbits (See Fig. 2(d)), given by

a = atanh(B&)exp i%g , (41.a)
— %
o2

where

(@2t — p(c? — c3))
2(2c2 = 1)(c2 — B2

2 _ (= D(uic? - cp) — v?cp)

d g%=
(2¢2 — 1)(c2 — c3) and p

(42)

Such a solution, referred to as a front, is depicted in Figs. 6 and 7.
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Fig. 7. The filament corresponding to the front solution of Fig. 5.

0.6 A

Fig. 9. The stationary periodic solution corresponding to Fig. 7.

4.4. Stationary periodic solutions

We now consider a simple class of stationary solutions to Egs. (14.a) and (14.b), which are periodibemn
read

A =asintkx), B = psin(2kx), (43)
where
2 2.2 1 2.2
of = 20— ), B= (kg — ). (44)

Since Eq. (43) solves the scaled coupled Klein—Gordon equatioragjes between 0 and 1. We also assume that

k is a multiple ofnrr in order to have the same valuesAdfindB atx = 0 andx = 1. In terms of solutions to the
Kirchhoff equations, Eq. (43) corresponds to a helix whose envelope is modulated and vanishes periodically with
period 2r L/ k. Typical amplitude profiles are given in Fig. 8, and the corresponding filament is shown in Fig. 9.
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5. Analysis of CNLKG in the limit of small deformations

In the limit of small deformations, the CNLKG equations (14.a) and (14.b) can be reduced to two coupled
nonlinear Schrédinger (NLS) equations, which may then be used to investigate the stability of some of the localized
solutions discussed above. In what follows, we derive these coupled NLS equations and compare some of their
solutions to those of CNLKG.

5.1. Reduction to two coupled nonlinear Schrédinger equations

The translational and gauge invariances of Egs. (14.a) and (14.b) may lead to large-scale instabilities (also called
modulational instabilitiey which play an important role in the dynamics of the system. As was shown in [12] for
the case of a single wave equation and for solutions which are periodic in time, these instabilities can be analyzed
in terms of envelope equations. The latter are derived from the coupled Klein—Gordon equations (14.a) and (14.b)
by multiple scales analysis. To understand the scalings involved in the derivation, consider the periodic solutions of
CNLKG given by

_ 2
a=red, =L _2 (45)
g 2
Near thresholdg ~ 0), the wave vector of solution (45) can be written as

k=Yg (46)

co

whereq is small compared tQ/1t/co. To orderg, the coefficients: andg satisfy
o® =4qc0/+ 0%, B =—qc5+0q?. (47)

This suggests to develop a multiple scales analysis wharel 8 are of ordek?, andw is of ordere. The scale of
g implies that the slow space scale is givendby = ¢2x. We take the slow time scale @5 = ¢t and write

A=€eA1(x, T, X2) + €2Ax(x, T, X2) + €3A3(x, T, X2) + - - - (48.a)
B=¢€B1(x, T, X2) + €?Ba(x, T, X2) + €3B3(x, T, X2) + - - (48.b)

whereT = et, X, = €%x, ande is a small parameter. As shown in Appendix A, the amplitudend B can be
written, to order3, as

A = Fi(x, e WX L Fy(x, 1)e VE/ 0¥ (49.a)
i . .
B=«+ 267‘% (Fl(x, 1) F} (x, e AW _ pox 1) Fi(x, t)ez'Wﬁ/CO”) . (49.b)

The envelope$; and F» satisfy two solvability conditions obtained at order(see Appendix A). They take the
form of two coupled nonlinear Schrédinger equationsKpand F», which read

92F: _ dF
Tzl + ZICOﬂa—; +|F1PF + | Fal?FL = 0, (50.2)
92F: . dF:

8722 - 2|Coﬂ8_x2 + |F22F + | F1?F, = 0. (50.b)
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These equations, known as thManakov equation§l3-15], have the symmetry; — F; and F, — FJ. As

shown in [14,15], they are completely integrable and admit a Lax Pair. Their solitary wave solutions are classified

in [16] and various perturbations of these equations have been considered for the description of light propagation
in birefrengent fibers [17] or counterpropagation in Kerr media [18,19] (see also [20] and [21] as well as references
therein).

5.2. Special solutions of the reduced equations

We now consider particular solutions to the two coupled nonlinear Schrédinger equations (50.a) and (50.b) and
compare them to similar solutions of the coupled Klein—Gordon equations.

5.2.1. Plane waves
Plane wave solutions to Egs. (50.a) and (50.b) of the form

F1 = \/w? + 2co/ip expli(px + w1)], F>=0, (51)

correspond to plane wave solutions of CNLKG

A=Rexp[i (px+a)t— \/ﬁx)} B=0. (52)

co

Indeed,R? in Eq. (52) is given byR? = w? + 2cop /it — c3p? = w? + 2cop /it + O(p?), which is consistent
with the scalingp = O(e?) and the fact that expressions (48.a) and (48.b) are valid at etder

Since plane wave solutions of Egs. (50.a) and (50.b) are modulationally unstable, plane wave solutions of CNLKG
are also unstable. As a consequence, traveling holes and fronts of CNLKG are unstable since their asymptotic states,
which are plane wave solutions, are unstable.

5.2.2. Stationary solutions

Stationary solutions to Egs. (50.a) and (50.b) with= Rexpigx) andF, = F; are such thar? = coq /1. In
terms ofA and B, and assuming = 0 (which can always be done by virtue of Symmetry 3 of Section 3.4), these
solutions read

A= —acos <<i—ﬁ - q) x) + O(e%), (53.a)
0
B = —8sin (2 (i—ﬁ — q) x) + O(e%), (53.b)
0
where
o =4cog /i, B=—chq. (54)

If we translate this solution by a quarter of its period (which again is allowed by Symmetry 1 of Section 3.4), we
obtain

A= —acos <<*/—ﬁ - q) x + %) + O(e*) = asin <<*/—ﬁ - q) x) + O(e%), (55.a)

o 4]

B = —Bsin (2 (g - q) x +n> + O(e*) = Bsin (2 (@ - q) x) + O(e%). (55.b)
0 0
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This is exactly the near-threshold expansion Egs. (46) and (47) of the periodic solutions (45). Therefore, the latter
correspond to solutions of constant amplitude of Egs. (50.a) and (50.b)Fwith F;'. Since, withF, = Ff, the
two coupled equations (50.a) and (50.b) reduce to the self-focusing nonlinear Schrddinger equation

3°F1
ot Ta.2
the periodic solutions (45) are modulationally unstable near threshold. This suggests that amplitude deformations

will focalize in finite time, and is consistent with the results obtained in [22] for the linear stability analysis of the
infinite helix which appears above the writhing bifurcation of a twisted elastic rod.

+ 2|co\/_— + 2|F1°F1 = (56)

5.2.3. Traveling pulses
Soliton solutions of Egs. (50.a) and (50.b) of the form

Fl = \/ﬂ%o sech( \/_(x — ct)) exp(i%t) , F, =0, (57)

correspond to solutions of Egs. (48.a) and (48.b) with

A= dsech(,é(x . Ct)) exp[i (iz(x — )+ a)t)] ., B=0, (58)
and

e 5 —C0 - K - g — c?

O[—T, ﬂ—\/ﬁz, k——z, w_\/ﬁ coc . (59)

Since|A| < 4/2uco/c must be small for the coupled nonlinear Schrédinger equations to be valid, solution (57) are
valid in the limit of largec. More precisely, sincep and, /i are finite,c should be such that1 = O(¢). We now
compare this solution to traveling pulse solutions of CNLKG. The latter are of the form:

A = aseclB(x — cr)) explitk(x — ct) + wr)], (60.a)
o2
B = mtanh[ﬁ(x - Ct)], (60b)
where
2 _ 2062 — 1)¢2 202
2_ M e 0 2_ M ___% 61.
* c? (2 —cd) P 2—ct  (2—c})? (61.2)
cw
k= ———. 61.b
2= 2 (61.b)

With » = & = /(e — ¢?/coc), the last equation becomes= —/jt/co = k, anda? and g2 read:

2 b 1 ~2 1 ~2 4
o ZZMC—Z 1—? = +O c_4 = +O(E ), (62a)
u 1 ~
B = % +0 (E) = B2+ 0. (62.b)

In other words, the expressionsat, 42 and&@? and 32 are consistent to lowest order. The fact that the nonlinear
Schrédinger equations give = 0 instead ofB = («?/B(c? — 1))tanh[8(x — c¢1)] can be understood as follows.
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Fig. 10. Shape of the filament corresponding to a double soliton solution of the coupled nonlinear Schrodinger equations. The parameters used
to plot this figure, given in terms of the unscaled equations['ate0.75, P = 3, E = 0.1, L = 40,k = 0, andc = 2.

Traveling pulse solutions of CNLKG are found by solving a differential equatiomfand then by solving Eq.
(27.b) forb. This amounts to solving
dB |A|2 o? 1

= == = — 63
B de c2—1 c? — 1lcosh(B¢)’ 63)

where¢ = x — cz. But with the expression af?, we have

o 2/,LCO
= = 4
S =0~ o, (64

so thatB’ = 0 at ordere?, i.e. B = k = constant at ordes®. Therefore, we conclude that soliton solutions (57) of
the coupled nonlinear Schrodinger equations correspond to traveling pulses (39.a) and (39.b) of CNLKG.

5.2.4. Double solitons
The coupled nonlinear Schrédinger equations (50.a) and (50.b) also admit solutions of the form

F1= ﬁ— sech( ‘/_ - ct)) exp <th) , F> = Fq, (65)
C
which correspond, in terms of and B, to
2
A= 2\/ﬁ9 sech[ “/_(x - ct)] cos [*/—ﬁ (x — C—Ozﬂ , (66.a)
c co c
3 2 2
B = Jﬁc—o sech Coﬁ(x —ct)| sin 2ve x— 941 (66.b)
c? c? o ¢

Fig. 10 shows a reconstructed filament witland B given above.

6. Numerical results

Following the stability analysis presented in this paper, we conclude that traveling holes, fronts and periodic
solutions of the coupled Klein—Gordon equations are unstable, at least in systems which are large enough for the
modulational instability to develop. On the other hand, traveling pulses are unstabis {fositive since their
asymptotic statesA = 0, B = «) experience exponential growth, but may be stable for negative valuedrothis
section, we show results of numerical simulations of the original (unscaled) coupled Klein—Gordon equations (11.a)
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Fig. 11. Numerical simulation of the original (unscaled) nonlinear Klein—-Gordon equations, showing the stable propagation of a traveling pulse.
Parameters used in the simulation Bre- 0.75, P = 3, E = 0.1, L = 40, w = 0, andc = 0.6124.

and (11.b), which suggest that traveling pulses are stable in some parameter regimes. In order to study traveling
waves, we designed a code with non-reflecting [23] boundary conditions, which minimize the amount of reflection
at the boundaries. The code is second order in time (a typical time-stepHd1) and uses spectral-like finite
differences [24] (a typical box length valuelis= 40, which corresponds to a mesh size=d 0.1). Although no
symplectic structure is implemented in the numerics, we checked that the Hamiltonian

_/ P2 |aA 2+ rp* " rpd a2 (2B L g) 4[24
)| P241|ax P2+1 P2+1 dx ot
rr2 (0B P2 3B 2
——|—+E — | — dx, 67
Jr4(1>2+1)<axJr ) +2(P2+1)<8t> " (67)
is conserved to within . 001% of its value. The simulation has a graphical interface, built with the Advanced Visual
Software AVS 5, which allows for interactive change of the parameters.

Fig. 11 illustrates the stable propagation of a traveling pulse (see Egs. (39.a) and (39.b)), which, in terms of
unscaled variables, reads

A= a%:l sech|:§ (x — C\/gtﬂ exp|:i (% (x — c\/§t> Cz 2 )} , (68.a)

2

o

N

+
I
I

2 2
o Pc+1 B r
B=——+75>-—1— tanh| — — —t 68.b
B(c2—1) 2LP3 |:L (x V2 )} (68.5)
where
2(c2 - 1) pn(c? — c2) — w?c?
2 2 2 2.2 2 0 0
06 = — C — C — >0) s - 5 69'a
C2(C2 _ Cg) (M( 0) w CO) IB (CZ _ CS)Z ( )
2 p? 2EP3L? cw
2
= =, =, k = . 69b
0 rrP2+1 " P2+1 2 — 2 ( )

The parameter values are given in the caption of Fig. 11. We only show the reconstructed filament, whose shape is
computed from the numerical valuesAfand B according to formula (12) which is accurate to second order in the
perturbation parameter.



J. Lega, A. Goriely/Physica D 132 (1999) 373-391 389

Our numerical results therefore suggest that traveling pulses are likely to propagate in a stable fashion, at least
in some parameter regime. A complete answer to this question would require an analysis of the space-and time-
dependent Klein—Gordon equations linearized about a traveling pulse, and is beyond the scope of this paper.

7. Conclusions

This paper gives a detailed description of the dynamics of the coupled nonlinear Klein-Gordon equations, which
model an elastic filament subjected to external twist in the vicinity of the first bifurcation threshold. It is shown first
that these equations have only two relevant parameters, namely the linear growth rate of amplitude deformations
and the ratio of the group velocities of amplitude and twist modulations, and second, that they are Hamiltonian.
A complete description of traveling wave solutions to these equations is presented, and localized solutions are
identified. Because such solutions are of physical interest, the question of their stability must be addressed. This
is accomplished by means of two coupled nonlinear Schrédinger equations, valid in the limit of small amplitude
deformations. It turns out that these equations, known as Manakov’s equations, are integrable and arise as a limiting
case of model equations describing propagation of light in birefringent fibers or counterpropagating beams in Kerr
media. Moreover, since Manakov's equation are defocusing, their plane wave solutions are modulationally unstable
and, as a consequence, traveling holes and fronts of the coupled Klein—Gordon equations have unstable asymptotic
states. Interestingly, periodic solutions, which correspond to modulated helical filaments, are also proven to be
unstable, and this self-focusing instability is consistent with the looping process observed in elastic rods subjected to
excessive twist. It was shown in [25] that, when made unstable, infinite twisted rods tend to first localize deformations
and then form twisted loops (eventually giving rise to a braided structures). The analysis of the periodic solutions
of CNLKG, therefore, suggests that the formation of loops in finite rods results from a self-focusing instability.
Finally, our numerical simulations show that traveling pulses are stable in some parameter regime, but only if the
system is kept below threshold.
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Appendix A. Derivation of the nonlinear Schrédinger equations

This section is devoted to a multiple scales analysis of time-independent periodic solutions to the scaled coupled
Klein—Gordon equations (14.a) and (14.b). As explained in Section 5, we set

A(x, 1) = €A1(x, T, X2) + €2Ap(x, T, X2) + €3A3(x, T, X2) + - - - (A.1)
B(x,1) = €B1(x, T, X2) + €?Ba(x, T, X2) + €>B3(x, T, X2) + - - - (A.2)

whereT = et, X, = €2x, € is a small parameter, and the dots stand for higher order corrections. After substituting
in (14.a) and (14.b) and equating like powerg jmve get a hierarchy of partial differential equations which can be
solved at each order. At orderwe obtain

32
G5 A1(x, T, X2) + pAa(x, T, X2) =0, (A3)
9x2
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82
_2Bl(xv T, XZ) = 07 (A4)
0x

which gives
A1(x, T, X2) = Fi(T, Xp)e W/ 4 Fp(T, Xp)evVir/eo, (A.5)
Bi(x, T, X2) = «, (A.6)

where F1 and F» are two complex envelopes ards an arbitrary constant. Only the terms which do not lead to
divergence at infinity have been kept#i.
At ordere?, we get

3 d
nA2(x, T, X2) + Coa sA2(x, T, X2) = (531()6, T, Xz)) A1(x, T, X2) =0, (A7)
82 3 . d
—B2(x, T, X2) = | —A1(x, T, X2) | AT(x, T, X2) + A1(x, T, X2) — AT (x, T, X2). (A.8)
9x2 ax ox

After substituting in the expressions fag and its complex conjugate, we can solve fgrand B, and obtain

A2(~X:5 T’ X2) = 05 (A'g)
Bo(x.T. Xp) = -0 (e—Ziﬁx/Co F(T, X2) Fy(T, X2) — €510 Fy(T, X,) Fi(T, Xz)) . (A.10)
V2

We do not include im 2 and B2 terms which are in the kernel of the linear operator obtained at erddrese terms
have already been taken into account in the expressioAs ahd B;.
At ordere3, the Klein-Gordon equations read

2
Co—zAs(x, T, X2) +uAsx, T, X2)

82

(aTzFl(T X2) + |FU(T, X2)* Fu(T, X2) +2|CO\/——F1(T X2) + |Fo(T, X2)? Fo(T, Xz))
i a

xe VI 4 (WFZ(T, X2) + |Fa(T, X2)|? Fa(T. X2)

. d ; .
—2ucoﬁa—X2Fz<T, X2) + |F1(T, X2)|? Fa(T, x2)> gvix/eo, (A.11)

2
ox 9.2
In order to avoid secular terms g, we need to impose the two solvability conditions

B3(x, T, X2) = (A.12)

2
T2

2
T2

which are two coupled nonlinear Schrédinger equations for the envelapme®d F». If we re-write these equations
in terms of the original variablesandr and defineF] (x, 1) = e Fy(et, €2x) andFj(x, ) = e F(et, €2x), we get,

Fi(T, X2) + | Fa(T, X2)|? F1(T, X2) +2|cof—F1<T X2) + |Fi(T, X2)|? FA(T, X2) =0 (A.13)

. d
Fo(T. X2) + | Fo(T, X2)|* Fo(T, X2) — ZICO«/ﬁa—Xze(T, X2) + | Fa(T, X2)? Fa(T, X2) = 0, (A.14)



J. Lega, A. Goriely / Physica D 132 (1999) 373-391 391

after dropping the primes,

92F: . dF
?21 + ZICOﬁB—; + |F1|2Fy + |F2]2FL = 0 (A.15)
92F: _ dF:
72‘2 - 2|c0¢ﬁ8—; + | F2|2F + |F1|2F, = 0. (A.16)

If these equations are satisfied, we can then chaage, 7, X2) = 0 andB3z(x, T, X2) = 0. To ordere3, the
solutionsA and B are then given by

A(x, 1) = Fi(t, x)e VI 4 Fo(r, x)eVI¥/0 4 O(e?) (A.17)
ico —2i,/[Lx /co p* i/ix/c *
Bx.1) =k + N (e 2VIx/0 (1, x) Fy(t, x) — VIO Fy(e x)F2, x)) + O, (A.18)

where we have s&t = e« and then dropped the prime.
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