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OVERVIEW OF THE MATHEMATICS PROGRAM MODELS

The State Board of Education adopted the Ohio Academic Content Standards for K-12 Mathematics in December 2001.  Since that time, work has continued at the state level to develop assessment instruments to measure student learning against the requirements of the Standards, and work has continued in the districts to align curriculum at each grade level to the benchmarks and indicators of the Standards.  

The Standards set high learning expectations for every student, recognizing that in the twenty-first century, every student will need a strong preparation in mathematics.  The knowledge-based economy depends on workers who are well prepared in mathematics; advanced study in most fields requires strong quantitative skills; day-to-day financial decisions about credit cards, investments, home financing, and major purchases require mathematical understanding.  In Ohio, the assumption is that all students can learn significant mathematics, and the commitment is that all students will be successful in learning mathematics and will graduate from high school fully prepared for the demands of the workplace and further study.  

Many factors influence how secondary mathematics programs can best be designed and delivered at this time.  Life skill needs for day-to-day decision-making as well as the expectations of today’s workforce require a greater emphasis on data analysis, probability, and statistics in the secondary curriculum.  The tools of technology make some mathematical concepts accessible to students at an earlier stage.  The curriculum of the middle grades now includes introductions to many of the basic concepts of algebra, geometry, measurement, and data analysis.  Consequently, what is needed in many Ohio districts is not a simple adjustment on the margin of an old curriculum, but rather a full rethinking of the secondary school mathematics program.

There are many ways a curriculum can be configured to respond to the requirements of the Content Standards. The Department of Education has undertaken to provide districts with examples of program models in the subject matter areas of mathematics, science, English/language arts, and social studies.  Program models provide course descriptions, prerequisites, and clarity about order of topics.  They also provide course sequences (or pathways) for meeting different student needs.  In this document, three different models are offered for mathematics programs in grades 9-12.

The three models were drafted by a panel of Ohio teachers, mathematicians, and mathematics educators in the summer of 2005.  They were reviewed and discussed by professional groups, practitioners, and others during the school year 2005-2006, and after revision, are now available to schools.  The models are presented in terms of years of study (Year 1 through Year 5) rather than in terms of grade levels (grade 9 through grade 12), recognizing that some students will start the secondary mathematics curriculum in grade 8 and others in grade 9 and that there can be years when some students take more than one mathematics course.  The models emphasize the importance of every student taking mathematics in each of the four years of high school, and they provide appropriate courses for all students in grade 12.

Principles Common to All Three Program Models
Although the models presented here offer distinctive ways of approaching the mathematics described in the Ohio Academic Content Standards, they share several basic characteristics.

· Each demonstrates how the Standards can be implemented through a curriculum and how instruction can be organized to improve student learning;

· Each prepares students to achieve or exceed the proficiency level on the mathematics portion of the Ohio Graduation Test in grade 10 and to achieve or exceed the requirements to enter Ohio college and university mathematics courses above the remedial level by the end of the Year 3 course;

· Each clarifies where the emphases need to be in instruction and what the foci are for each course;

· Each moves students from informal experiences and intuitive understanding to levels of formal definition and logical reasoning;

· Each displays the connectedness and coherence of the mathematics studied in each course and across the courses in a sequence.

Distinctive Characteristics of the Three Models  

The Program Models panel working in the summer of 2005 drafted three examples that illustrate different ways the mathematics in the Ohio Academic Content Standards can be organized into courses and the courses sequenced across four or five years of study.  Each model has distinctive characteristics.

Model A.  This model uses the applications of mathematics to motivate the need to master mathematical topics in algebra and geometry.  By using applications to motivate the mathematics, students can become more engaged in algebraic and geometric topics, and motivated to work hard on meaningful problems.  Mathematics developed in this way is intended to encourage problem solving and reasoning skills, thus preparing students well for the workplace or for further education. 

Model B.  This model blends the mathematics of the various content strands (algebra/number, geometry/measurement, data/statistics), weaving them together in each course and providing a sequence of courses that build on one another to form a coherent curriculum.  Data topics are woven throughout the model with a focus on a data project in Year 3.  

Model C.  This model has a traditional appearance with data analysis topics added to the familiar high school curriculum.  Year 1 focuses on algebraic thinking and skills, augmented with data analysis.  Year 2 focuses on geometric topics, both synthetic and analytic, and includes formal geometric argument.  Year 3 extends the algebra topics from Year 1 and introduces traditional topics of Algebra II. Year 4 includes trigonometric functions and other topics from pre-calculus mathematics. 

Each of Models A, B, and C prepares students to take a calculus course in their first year of college.  The Program Models presented here presume that all Ohio graduates will enter postsecondary education at some time, but they recognize that not every student’s academic program will include calculus.  Consequently, Models A, B, and C are followed by Models A(, B(, and C( respectively, which explain how the original model can be adjusted to provide an appropriate curriculum for students whose postsecondary program will not include the study of calculus.   Finally, all three of the Models A, B, and C provide for acceleration and include opportunities for students to study college-level calculus or statistics in high school. 

Some districts may elect to offer both Model A and Model A( (or B and B(, or C and C().  They will need to address student mobility between the sequences, especially for students who might appropriately move, for example, from an A( sequence to an A sequence.  There are many ways to address this issue including summer courses, short topics courses, or additional class periods for these students.  Such considerations will need to be part of the district’s process of planning for curriculum change.

At this time Ohio requires only three years of mathematics for high school graduation. However, studies show that students who enter post-secondary education without mathematics in the 12th grade are at risk. It is strongly recommended that all students take four years of mathematics or more in high school. Each of the Models presented here provides course options and course sequences that are appropriate for every student.

Other Components of Effective Instruction

Developing a program model for grades 9-12 is an essential step in a district’s efforts to implement Ohio’s Content Standards in Mathematics.  A model clarifies how the mathematics in the Standards can be packaged into courses and how courses can be sequenced.  However, models say very little about other components that are critical to student learning, for example, effective pedagogy, or uses of technology, or classroom assessments, or teaching mathematics to students with limited English proficiency.  A program model also does not provide the challenging, rich problems that students must be engaged with in order to understand mathematics deeply.  A model does not frame the questions that require guided discussion and extended investigation, and it does not suggest how much time should be allocated to the various topics in a course.  

ODE recognizes that implementing models like those proposed in this document will require significant changes for many districts.  The Department intends to provide teacher professional development and additional resource materials to assist districts in better aligning their curriculum with the Academic Content Standards. The Ohio Resource Center (ORC) has undertaken to develop pacing charts to suggest for each of the Models how class time can best be allocated to the topics in each course. ORC is also identifying a collection of challenging, rich problems to supplement textbook resources. These problems will be keyed to the topics in the courses and made available to Ohio schools without charge on the ORC website. The goal of all these efforts is that every Ohio student will be successful in learning mathematics and will graduate from high school fully prepared for the demands of the workplace and further study.

Success for All Students

A program model is a guide to assist in organizing mathematical ideas and student experiences for effective learning.  However, we know that different students learn in different ways.  The amount of time, the amount of practice, and the amount of assistance students require to learn mathematics well varies from student to student.  These differences must be accommodated in a district’s plan for delivering the curriculum.   In this section, we offer suggestions for organizing programs to accommodate student differences and for assuring that instruction is academically appropriate for every student.  We offer suggestions for three specific groups of students:

· students entering grade 9 without the mathematical skills and understanding needed to be successful in a Year 1 course;

· students who have completed grade 10 but not achieved or exceeded the proficiency level on the mathematics portion of the Ohio Graduation Test;

· students with the background and abilities to be accelerated in the regular mathematics curriculum. 

Preparation for Year 1 Mathematics Course  

A school district’s mathematics curriculum that reflects the Ohio Content Standards will build mathematical skills and dispositions that enable all students to understand the fundamentals of algebra.  As early as pre-kindergarten, algebraic thinking activities such as finding patterns, identifying missing pieces in sequences, and acquiring informal number sense will be central parts of students’ experiences.  The middle school curriculum moves students from numerical arithmetic to generalized arithmetic where symbols can represent numbers.  This curriculum gives students experience with numeric, geometric, and algebraic representations of relationships.  Students develop proportional reasoning skills; they are required to investigate more complex problem settings and to move from their concrete experiences in mathematics to the formulation of more abstract concepts.

The Year 1 mathematics course in any secondary curriculum model is expected to be the foundation for future learning of mathematics.  Formal algebra will be a focus of this course.  Whether students enter the workforce directly after graduation or enter postsecondary education, success in Year 1 mathematics will be critical to their futures.  There are several strategies districts should consider for students who complete grade 8 without the mathematics background needed to succeed in a first year mathematics course.  These strategies are intended to assure that all students study Year 1 mathematics no later than grade 9.

Suggestions for Students Not Prepared for Year 1 Mathematics in Grade 9

Summer Sessions

During the summer prior to their Year 1 course, students could attend

(1)  a focused summer course that strengthens pre-algebra methods and terminology, provides a review of basic mathematical procedures, and uses some topics of discrete mathematics to help students move from concrete thinking to generalization, or

(2)  a computer-based program with a teacher or coach to individualize students’ instruction and correct misunderstandings.

Districts may find it beneficial also to offer bridge classes in the summer between the Year 1 and Year 2 courses and in the summer between the Year 2 and Year 3 courses for students who need more time to learn this mathematics. 

During the Standard School Year

In addition to summer opportunities, districts may consider the following options:

(1)  Provide some Year 1 mathematics classes in grade 9 that meet 8 or 10 periods a week for students who need more time to learn the mathematics in this course. Alternatively they can teach all Year 1 mathematics classes in 8 or 10 periods a week so teachers have time to differentiate instruction according to student needs and time for extended, supervised problem solving.

(2)  Create a program of peer tutoring that includes training, supervision, and time for students to work with other students.

(3)  Create Mathematics Labs that are associated with specific mathematics courses (similar to labs that are linked to science courses) and to which students are assigned on a regular basis.

(4)  Create parent/community help teams that work under the direction of teachers and assist students with mathematics after school or during study halls.

A common feature of these strategies is that each one recognizes some students will need more time and more assistance to be successful in learning the mathematics of the Year 1 course.  There are, of course, costs to each of these interventions.  However, the costs of providing timely help to students is significantly less than the cost of teaching remedial courses later in students’ academic careers or the cost of students entering the workforce with deficiencies in mathematics. 

Suggestions for Students Who Did Not Reach the Proficiency Level on the OGT in Grade 10

Students who do not achieve or exceed the proficiency level on the mathematics portion of the Ohio Graduation Test in grade 10 will need opportunities to prepare for future attempts to succeed on the test.  Several options can be put into place by a school district:

(1)  Require students to attend a summer program between grades 10 and 11 in which basic concepts are reviewed and student problem solving is emphasized.  These students are expected to re-take the OGT when it is offered again later in the summer.

(2)  Offer before school, after school, or Saturday sessions to review core mathematics topics and to work with students individually; study hall periods may need to be used in this way for some students. 

(3)  Develop peer-tutoring programs to help students who did not succeed on the OGT, giving peer tutors sufficient training and supervision. 

(4)  Develop a 9-week OGT preparation course to be taken concurrently with the Year 3 mathematics course (during the first grading period in grade 11) by students who are not yet proficient on the OGT. This course could also be taught during the second semester in preparation for the spring date for the OGT.  (Because the content of this short course will repeat content from earlier courses, credit for this course should not count toward the mathematics credits required for graduation.)

Suggestions for Students Who Are Accelerated in the Curriculum


Some students are able to move successfully through a standard mathematics curriculum at a quicker pace than the pace appropriate for the majority of students.  A district’s commitment to accelerated students must be as great as the commitment to other students to assure that they are challenged in each year of study and persist in mathematics through their senior year.   Two strategies are suggested:

(1)  A district may designate some sections of the regular course as honors or enriched sections and in these sections deal with topics in greater depth, assign students more complex problems, and develop more team projects for students. Differentiating instruction in this way, rather than having a student skip a course in order to move ahead, will assure students do not miss critical material covered in each of the grade level curricula.

(2)  Some students may have the ability to study the Year 1 course in 8th grade if the curriculum has been modified to assure they have studied all topics of the middle school curriculum before grade 8.  Because the Ohio Academic Content Standards in Mathematics identify new topics to be introduced in each of the middle grades, no mathematics course can simply be skipped.  Students with the potential to be accelerated will need to be identified by the teaching staff and by readiness tests, and have their curriculum appropriately modified in the grades prior to grade 8.  Students who study the Year 1 course in 8th grade should move ahead to the Year 2 course in 9th grade, continue in an enriched curriculum through grade 11, and study an advanced level mathematics course in grade 12 so they are well positioned for further study or for workplace opportunities.

Advanced Courses for Accelerated Students

The models in this report present several options for accelerated students after they have completed the mathematics in the standard curriculum.  The models include a course called Modeling and Quantitative Reasoning that provides mathematics accessible and of interest to high school students, but not always included in the high school curriculum.  Another option for students who have strong backgrounds in algebra, geometry, coordinate geometry, trigonometry and pre-calculus mathematics is a course in calculus.  When a calculus course is offered for high school students, the course should be taught at the college level and students should expect it to replace a first year calculus course in college.  This can be assured by using one of the College Board’s Advanced Placement calculus courses and requiring students to take the AP exam at the end of the course.  In some locations, accelerated students are able to enroll in a mathematics course at an area college or to take a college level course through distance education, concurrent with their high school studies.  The models presented in this report also prepare accelerated students to take the College Board’s Advanced Placement statistics course.  For many accelerated students, AP Statistics can be an exciting and appropriate option.

Two Program Considerations

Mathematical Processes

The Mathematics Program Models for Grades 9-12 provide course descriptions and also clarity about order of topics and prerequisites.  In addition, they provide course sequences (or pathways) to meet different student needs for the workforce or further education.  The mathematics content for the Models is specified in five of the Ohio Academic Content Standards:  Number, Number Sense and Operations; Measurement; Geometry and Spatial Sense; Patterns, Functions and Algebra; Data Analysis and Probability.  Equally important for effective curricula and for student learning is the sixth standard, Mathematical Processes.  The Mathematical Processes standard can be categorized into five strands: problem solving, reasoning, communication, representation, and connections. This standard provides rigor to the curriculum, as well as deeper understanding and relevancy for students. In the Program Models mathematical processes are developed through experiences students have when they work with rich contextual problems.

The National Council of Teachers of Mathematics publication, Principles and Standards for School Mathematics (PSSM), states, “Problem solving means engaging in a task for which the solution method is not known in advance.”  This means that authentic problem solving requires students not simply to get an answer but to develop strategies to analyze and investigate problem contexts.  PSSM continues by stating that “solving problems is not only a goal of learning mathematics but also a major means of doing so.  Students should have frequent opportunities to formulate, grapple with and solve complex problems that require a significant amount of effort and should then be encouraged to reflect on their thinking.”  Indeed, this is how students come to understand deeply the mathematical topics in their courses.  The Program Models assume that each course will include demanding problems (as well as exercises) and that students will have sufficient time to formulate, grapple with, solve and reflect on these problems. Toward this end ORC is making available on their website rich, challenging problems appropriate for the courses in the Models and keyed to the topics in each course.

“Reasoning involves examining patterns, making conjectures about generalizations, and evaluating those conjectures.”  (Ohio Academic Content Standards, K-12 Mathematics, p. 196.)  In mathematics, reasoning includes creating arguments using inductive and deductive techniques. Each course in the Program Models provides opportunities for students to make conjectures, to test their conjectures, and to explain their reasoning.  In each course students should gain experience in evaluating the arguments of other students as well as their own and in making decisions based on their evaluations.

Developing communication skills is an essential goal in mathematics education.  Oral communication and written communication give students tools for sharing ideas and clarifying their understanding of mathematical ideas. Mathematics has its own language, and this language becomes increasingly more precise as students move through their studies.  Developing skill in using this language requires students to read, write, listen and talk about mathematics.  Understanding mathematical terminology is essential to understanding mathematical concepts.  Effective implementation of the Grade 9-12 Program Models requires consistent attention to developing students’ knowledge of mathematical terminology and skills in mathematics communication.

Mathematics uses many different forms of representation to embody mathematical concepts and relationships.  Some are numerical (e.g., tables, equations); some are algebraic (e.g., expressions, equations); some are geometric (e.g., sketches, graphs); some are physical models.  Students need to be comfortable using multiple representations for a single concept.  This skill will help them to develop problem solving strategies and to communicate mathematical ideas effectively to others.  In grades 9-12, the appropriate use of technology is an essential tool for increasing students’ access to the different kinds of representation in mathematics.

A coherent curriculum will help students make connections between the mathematical concepts they learned in earlier grades and the concepts they study in the secondary curriculum.  Students need to appreciate that the five content strands are not independent blocks of mathematics and that the process standard is part of learning within each content strand.  Without this understanding, students may view the content of their courses as little more than a checklist of topics.  Students also need to experience the connections between mathematics and the other subjects they study.  Their mathematics courses should include frequent applications drawn from other fields and their own experiences. In addition, the algebra, geometry, data analysis, and statistics they study in mathematics classes hopefully will be reinforced through applications in their life sciences, physical sciences, social studies, and other courses. If students are to understand the importance and power of mathematics, these connections will need to be explicitly discussed. 

The Mathematical Processes Standard is a thread that ties the five content standards together to make a meaningful and cohesive curriculum.  Successful learning of mathematics requires that students struggle with complex problems, communicate mathematics clearly, represent mathematics accurately and in various forms, make conjectures and reason effectively, and connect mathematical concepts across the various areas of mathematics and to applications in other fields.  There is no shortcut.  Each of the processes must be developed in every course, in every sequence, and in every year of study.

Technology Assumptions

Appropriate use of technology in the mathematics classroom is an issue that must be addressed in the development of a new curriculum. In this area, there are dual goals: 

(1) student proficiency with foundational skills and basic mathematical concepts using basic manual algorithms and (2) student competency in using appropriate technology to encourage mathematical exploration and enhance understanding.

With respect to the first goal, the Program Models presume that students will enter the Year 1 course with an understanding of basic mathematical concepts and with proficiency in performing accurate pencil and paper numerical procedures.  Even so, the secondary program should be designed to continue strengthening numerical skills and to build additional skills in algebraic computation, estimation, and mental mathematics.  The study of algebra, measurement, geometry, and data analysis provides useful contexts for students to continue to develop written and mental computational skills that deepen their understanding of mathematics and strengthen their abilities in problem solving.

With respect to the second goal, the Program Models presume that students will use technology as a tool in learning the mathematical concepts and working the complex problems in the secondary school curriculum.  For example, technology can assist students in investigating applications of mathematics, testing mathematical conjectures, visualizing transformations of geometric shapes, and handling large data sets.  Technology appropriately used can enhance students’ understanding and use of numbers and operations, as well as facilitate the learning of new concepts. Students will need to be alerted to the possibility of serious round off error when technology is used for complex computation in real-world applications.

At this time, the Ohio Graduation Test allows students to use a state-specified scientific calculator.  This calculator is primarily a computational tool and students will need adequate time and practice using it prior to the OGT.  A scientific calculator, alone, does not provide all the features needed to study the topics described in the Program Models.  Planning for the implementation of the Program Models requires schools to make decisions about the kinds of technology that students will use at different stages of their learning and how best to assure a balanced program that results in students’ knowing when to use technology and when not to, when to use pencil and paper, and when to do the mathematics in their heads.  The goal, always, is to develop a program that focuses on mathematical understanding and proficiency.  
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M&QR- Modeling and Quantitative Reasoning
Program Model A

Applications-Driven Model for High School Mathematics

Rationale:  

Every citizen is deluged with numbers:  claims and counter-claims, polls and statistics, measures of risk, and promises of certainty.  Each student must attain a level of quantitative sophistication sufficient to decide what to believe and what to challenge.  The model presented here uses applications, including probability and data, to motivate student learning of algebra and geometry.  An approach that combines applications, computation, and theory will engage students throughout their studies and will help prepare them for employment or further education.  

This model requires that students have frequent experience with rich problems in order to understand the mathematical topics fully.  Students must be challenged throughout the sequence with tasks that require creative problem solving and reasoning skills.  They must also learn to communicate mathematical ideas using formal mathematical language.  

First Year Course

First Year Course Rationale:
Students learn best when they are engaged with interesting and meaningful problem tasks.  A project that involves the analysis of data captures student interest best when the students themselves generate the data.  Tables, lists, graphs and formulas that grow naturally from the data lead into the full range of algebraic and logical skills.  When students study procedures and algorithms in the context of an application, they will learn more, retain their knowledge longer, and begin to appreciate the importance and beauty of mathematics.  This approach enables students to make deep connections between conceptual learning and the procedural learning required by the mathematical content.  Such a program can ensure that the benchmarks of the Mathematical Processes Standard are met as well as the subject matter content standards.  

First Year Course Description:
This course is designed to be a first-year algebra course with applications-driven development of the content.  The early emphasis is on linear expressions and relationships.  The curriculum begins with the study of bivariate data that have a linear relationship.  Intuition is developed before linear functions and equations are formally presented.  Classical topics from algebra are emphasized, such as solutions and graphs of linear functions and solutions of linear equations, arithmetic of polynomials, factorization of trinomials, and solving quadratic equations. Fluency with numerical computation (decimals, fractions, scientific notation, radicals, etc) with and without technology will be reinforced throughout the curriculum.

Topic List:
1.1 – Data Analysis and Introduction to Linear Relations

Students deal with data sets that present linear patterns.  Analysis of those patterns through ordered-pairs, tables, and graphs motivates the idea of variable and the idea of a function.  This work leads naturally to the study of linear equations in one variable. A similar approach will introduce other functions later in the course.

Univariate data:

Central measures (mean, median, mode).  

Five-number summary of a data set (maximum, minimum, median, quartiles).  

Box and whisker plots.  

Bivariate data:

Scatter plots, informal introduction to line of best fit, slope of a line, equation of a line.  

Basic Statistical Concepts:


Identifying misuses of data,


Correlation versus causation


Characteristics of well-designed studies (lack of bias, sampling methods, randomness)


1.2 – Variables and Algebraic Expressions  

Begin the study of algebra:  manipulating expressions involving one or several variables.

Review concept of variable.

Collect like terms, simplify expressions.  

Commutative, associative, and distributive properties

Laws of integer exponents; simplify and perform operations on expressions with exponents 

Introduction of fractional exponents (Fractional exponents represent square and higher roots)

Radical expressions, simplifying, and combining

1.3 – ​​ Linear Equations and Inequalities in One Variable

Use applications to motivate solutions. Review ways to solve linear equations.  Extend those skills to solve linear inequalities.  

Linear and equations in one variable.  

Open and closed intervals on the number line 


and solving linear inequalities in one variable.  

Absolute value equations and inequalities.

1.4 – Linear Relationships in Two Variables

View linear functions graphically, deriving standard forms for equations of a line.

Coordinate plane, ordered pairs, scatter plots. 

Linear functions, slope and rate of change (motivated by various measurements).

Proportional reasoning, direct and inverse variation with applications. 

Equations of a line (slope-intercept, point-slope, etc.).

Parallel and perpendicular lines.  

1.5 – Systems of Linear Equations and Inequalities

Solve systems of linear equations and graph regions of the plane defined by linear inequalities. 

Motivate by examining situations involving linear equations  


(e.g., prices of various bouquets of flowers).

Systems of linear equations in two unknowns:  


Graphical solution.


Algebraic solution (substitution and elimination). 

Graph planar areas defined by linear inequalities in two variables.  

Applications of linear inequalities (e.g., simple linear programming problems).   

1.6 – Polynomial Algebra  

Polynomials are investigated graphically and algebraically (factors and roots).  Familiar operations of numbers generalize to polynomial settings.  

Examples through measurement (e.g., falling ball, area, volume, etc.).

Definition of a polynomial, degree, leading term.  

Arithmetic operations:  addition, subtraction, multiplication. 

Graphs and function values.  Roots and x-intercepts.  

Quotients of polynomials:  simplify, multiply, add with common denominators

1.7 – Linear and Non-linear Functions 

The concept of functions is central to mathematics.  Students can explore variables and functions using data gathered themselves. 

Patterns in data that introduce functions : linear, quadratic, cubic, square root, absolute value, exponential,  piecewise 

Concept of function , function notation, composition of function  

Independent and dependent variables, with examples.  

Various sources of functions:  data, formulas, tables, graphs, equations, and rules.  

Domain and range.  

Graphing with technology, introducing transformations (vertical and horizontal shifts, reflections and stretches) 

1.8 – Introduction to Quadratic Polynomials 

Begin the study of quadratic algebra.  Further work will appear in later courses.

Quadratic polynomials in one and two variables.  

Graphs of quadratic polynomial functions in one variable: intercepts and vertex.  

Factoring quadratic polynomials, finding roots, relate to x-intercepts.

Completing the square.  Use the quadratic formula in various applications.

Complex numbers and their arithmetic.

1.9 – Counting Techniques and Elementary Probability Theory

This section is important to this model.  These topics can be placed earlier in the course if data examples include counting and probability.  

Counting finite sets:  unions, intersections, sets of ordered pairs.  

Permutations and combinations, applications.  

Uniform sample spaces (equally likely behaviors).

Probability computed by counting sets.  

Probability as long-term behavior with repeated trials.

Experiments, gathering data, relative frequencies, analysis through charts and graphs.  

Probability of compound events, independent events and simple dependent events.  

 Second Year Course 

Second Year Course Rationale:
Geometry was developed in the ancient world for surveying, architecture, astronomy, and navigation.  However, the main thrust of the second year course is the logical development of geometry and the beginnings of abstract mathematical thought.  For more than 2300 years Euclid’s Elements has served as the model for instruction in mathematics and logic.  The study of Euclidean geometry is necessary for anyone interested in understanding the foundations of western civilization.  This second course moves from concrete applications, through the logical beauty of Euclidean geometry, to geometric ideas used in contemporary mathematics. 

Second Year Course Description:
The course uses coordinate geometry to connect the algebra learned in Year 1 to geometric topics learned in earlier grades and in this course.   Geometry is introduced informally, in the context of the coordinate plane.  Subsequently students learn the core ideas of logic and deduction in more formal Euclidean geometry, while also understanding geometric interpretations of results in the preceding algebra course.  Geometry software such as Geometer’s Sketchpad or Cabri can be used to advantage.  

The main part of the course emphasizes logic, proofs, and classical synthetic Euclidean plane geometry.  This section should occupy more than half of the year.  The course concludes with sections on right triangle trigonometry, transformational geometry, and informal solid geometry. Measurement topics of units and scaling should receive attention throughout the course including units, conversion between units, scale factors. 

Topic List:

2.1 – Informal Geometric Ideas in the Coordinate Plane

Prerequisite to this course is working knowledge from year 1 including coordinate plane, points as ordered pairs, lines defined by linear equations, slope, parallel and perpendicular lines, and intersection of two lines as the solution of two linear equations in two unknowns. Students at this level have become familiar with properties of geometric figures in earlier years.  Emphasizing the coordinate plane will give a fresh view of familiar geometric facts. Geometry can be used to solve algebraic problems (e.g., graphical solutions of systems of two linear equations) and algebra to solve geometric problems (e.g., relating parallel and perpendicular lines to slopes).  This strategy helps to tie this second course to the algebra studied in the previous year while minimizing repetition.  Constructions with straightedge and compass, and dynamic geometry software, may be included in this section where appropriate. 

Triangles, rectangles, parallelograms.  

Distance between two points, statement of the Pythagorean theorem.  

Circles and their equations.  

Angles, measurement and conjectures (e.g., add the measures of angles in a polygon).

Congruence:  one figure can be made to coincide with another after a rigid motion.  Examples of rigid motions:  translations, rotations, reflections.  


Line segments are congruent if they have the same length.

Angles are congruent if they have the same measure.  

Two triangles are congruent if the angles and sides of one are congruent 


   to the corresponding parts of the other.  

Investigate congruence properties SAS, ASA, SSS.  

Area and perimeter of triangles, polygons, and circles.  

Application: some probability questions can be represented as area calculations. 

2.2 – Classical Euclidean Geometry

A primary reason for studying geometry is to learn techniques of logic, deduction, and proof. Being able to reason logically and make coherent deductive arguments are skills that will serve students well in many areas of study. Students learn that precise definitions and careful arguments lead to conclusions that can be believed and accepted by others.  Classical Euclidean geometry forms the core of this second course and should occupy at least half of the year.  

Students begin with some geometric intuition and an appreciation of the relationships between algebra and geometry.  This section emphasizes logical relationships among geometric facts, pointing out the importance of precise statements and the choice of appropriate postulates.  The challenge is to see whether geometric facts can be logically proved from the stated axioms.  

Introduction to logical argument: 


Syllogisms and implications. 


Converse, inverse, and contrapositive. 


Proofs by contradiction. 


Definitions and undefined terms.  Axioms and postulates.  

Development of the plane geometry core.  Topics include theorems and proofs concerning: 


Congruent triangles. 


Parallel and perpendicular lines. 


Pythagorean theorem. 


Constructions with Euclidean tools (compass and straightedge).


Circles: arcs, central angles, inscribed angles, tangents. 


Areas: triangles, circles, sectors.  


Similar triangles and proportionality.  

2.3 – Right Triangle Trigonometry

Introduce trigonometric functions using right triangles and the theory of similarity.  In this section angles are measured in degrees. 

Applications that motivate concepts of similarity:  height of pole, distance across river

Review concept of similarity and definition of similar triangles..

Definition of sine, cosine, and tangent.  Special values:  30º, 45º, 60º, etc.

More applications:  surveying, astronomy, etc.

Circular sectors: arc length and area (via ratios).

Angular velocity and applications (rolling wheels, reading data from hard disks, etc.).   


2.4 – Transformational Geometry
Use algebraic techniques and coordinates to study geometric transformations.  

Coordinate plane as a model for plane Euclidean geometry.  

Translations, rotations, and reflections in coordinates.  

Types of symmetry (e.g., reflectional and rotational).

Congruence and rigid motions.  

Alternative proofs of some Euclidean results proved earlier by synthetic methods.  


2.5 – Informal Solid Geometry

Develop basic facts of solid geometry.  Give intuitive arguments for the results, rather than synthetic proofs from postulates of solid geometry.  

Descriptions, volumes, and surface areas of:
prisms, pyramids, cylinders, cones, and spheres.  

Regular polyhedra:  the five Platonic solids.  

Parallel and intersecting planes.  

Geometric meaning of three linear equations in three unknowns.  

2.6 Non-Euclidean Geometries (Optional)

If time permits discuss Euclid’s fifth postulate and introduce non-euclidean geometries; for example, spherical geometry with great circles, longitude and latitude, and navigation.

Third Year Course 
Third Year Course Rationale:

This course allows for a deeper study of some topics included in previous courses and introduces new topics necessary for students who will continue their mathematical studies.  A variety of teaching strategies should be used, with the underlying theme of applications-driven, exploratory activities and real-world applications.  

Third Year Course Description:

Prerequisite to this course is working knowledge of key topics from years one and two, including number line and interval notation, solving equations and inequalities, and absolute value and distance. The third year course begins with data analysis, statistics, and probability.  These topics are data-driven and can be introduced and expanded through classroom experiments and observations.  By observing different trends in bivariate data, students are introduced to linear, quadratic, cubic, exponential, and logarithmic functions.  Students discuss various properties of those functions, including their symmetry and inverses.  The course also includes a deeper study of quadratic functions, radicals, and systems of linear equations.  Real-world applications and technology should be used to promote a better understanding of the topics.  

Topic List:

3.1 – Data Analysis, Statistics, and Probability

Extend ideas introduced at the start of the first year course.  Students should gather their own data for several of these topics.  Applications from Data Analysis and Statistics are used to motivate the mathematics throughout this course. These applications may require review of basic concepts from previous courses. 
Investigate effect of a linear transformation of univariate data:  on range, mean, mode, and median; 
Use standard deviation, normal curve and z-scores  to analyze univariate data.  

Create scatterplots of bivariate data, identify trends, and find a function to model the data.  


Study examples where the relationship is linear, quadratic, cubic, and exponential.


For bivariate data with a linear trend, use technology to find the regression line 


and correlation coefficient.  Interpret these statistics in context of the problem.  

Analyze and interpret data to identify trends, draw conclusions, and make predictions.  


Discuss validity of those predictions.

3.2 – Functions

Consider functions more deeply than in the first year.  Describe and compare the characteristics of various families of functions.  Some families are studied later in more detail

Functions, function notation, graphs of functions, domain and range.  

Some special examples of functions:  


polynomial (linear, quadratic, higher degree), rational, exponential, logarithmic.  

Intercepts, maxima, and minima (using a calculator).  applications.

Composition of functions.

Inverse functions, illustrated with simple examples. 

3.3 – Quadratic Algebra  

Extend the treatment of quadratic equation, using intuition from the coordinate plane to motivate the algebra.  

Quadratic functions:  graphs, intercepts, vertex, symmetry.

Quadratic equations:

      Prove the quadratic formula.  Applications.
      Compute intersections of lines and circles algebraically.  

Simplify and solve equations involving radical expressions.

Conics:

      Review circles; introduce equations and graphs of ellipses, parabolas, and hyperbolas.  

      Discuss informally how these curves arise by cutting circular cones.  


Remark on applications:  parabolic mirrors, elliptical orbits, etc.
      Compute intersections of lines and conics by solving quadratic equations.   

3.4 – Polynomial and Rational Functions

This part contains classical topics in algebra:  polynomials of higher degree, factors and roots, and polynomial fractions (rational functions).  

Polynomial  functions.

Division of polynomials.  

Roots and factors (remainder theorem).  Comparison of degree and number of roots. 

Complex numbers and the Fundamental Theorem of Algebra. 

Rational expressions, rational functions and solving rational equations.  

End behavior, oblique asymptotes.

Polynomial and rational inequalities

3.5 – Exponential and Logarithmic Functions 

Introduce negative and rational exponents.  Data from problems of growth and decay can motivate exponential and logarithmic functions.  There are many applications.  

Laws of exponents.  Integer, fractional, and negative exponents.  
Exponential functions, motivated by examples.  

Review inverse functions.  Introduce logarithms, also motivated by examples. 

Rules of logarithms.  Solving exponential and logarithmic equations.  

Applications:  


Exponential growth and decay:  populations, radioactivity, etc.  


Compound interest.  Present and future value.  


3.6 – Matrices 

Matrices offer an abstract view of systems of linear equations and point to efficient methods for solving them.  Matrices provide a new mathematical system in which commutativity fails.  

Matrix addition, subtraction, multiplication.  

Representing a system of linear equations as one matrix equation.

Determinants (at least for 2 × 2 matrices).  

Inverse matrices, and solving a system of linear equations.  

Modeling and solving problems using matrices.  

Fourth Year Course

Fourth Year Course Rationale:

Although only three years of high school mathematics are required for graduation in Ohio at this time, all students should take mathematics in their senior year.  Two options are offered as possible courses following the three-year sequence above:  Pre-Calculus or the Modeling and Quantitative Reasoning course.  The Pre-Calculus course is designed for students planning to pursue an area of study or career that may include the study of calculus.

Fourth Year Course, Option 1

Pre-Calculus 

Rationale: 

Topics covered in a fourth year course can have many applications to a variety of post-high school pathways.  In order to enable all students to be successful in such topics, a variety of teaching styles is encouraged, with the depth of theory and application fitted to student needs.  

Course Description:  

As presented here, the fourth course is primarily a course in trigonometry and its geometric applications, together with discussion of series and applications to finance.  The analysis of periodic data in 4.2 can be expanded if more applications are desired.  

Fourth Year Course, Option 1, Topic List:

4.1 – Trigonometry 

Review trigonometric ideas studied in the second year and analyze trigonometric functions from a more advanced viewpoint, emphasizing their periodic behavior.  

Review of right triangle trigonometry. 

Unit circle definition of trigonometric functions.  Radian measure. 

Basic trigonometric identities.  

Sum and difference identities.  Double angle and half angle identities. 

Inverse trigonometric functions and solving trigonometric equations (using technology).

Review: arc length, sector area, angular velocity, and related applications. 

Law of Sines, Law of Cosines, and applications.

4.2 – Analysis of Periodic Data

Simple periodic phenomena can often be modeled by sine curves.  Collect measurements of appropriate data (pendulum motion, position of sun, etc.).  It is difficult to get measurements of water waves or sound waves without extra equipment.  

Periodic behavior of sine and cosine. 

Period, amplitude, phase shift, and vertical shift. 

Periodic functions and trigonometric regression (using technology).  

Simple harmonic motion.

Collect periodic data of various types.  Does a sine wave provide a good fit?

4.3 – Polar Coordinates

Polar coordinates provide another view of plane curves and insights into complex numbers.    

Use polar coordinates to specify locations on a plane. Motivate with radar maps.

Graph polar curves on paper and with technology.  Investigate standard polar curves.

Convert between rectangular coordinates and polar coordinates.

Convert between rectangular equations and polar equations.    

Complex numbers and their polar form.  Multiplication.  DeMoivre’s theorem.

Mention spherical coordinates and cylindrical coordinates in three dimensions.  

4.4 – Conic Sections

Revisit the geometry of quadratic functions in two variables.  These curves arise in many applications.

Describe graphs and properties of circles, ellipses, hyperbolas, and parabolas.  

Focus and directrix definitions.  

Compare geometric properties and analytic equations.  

Polar coordinate descriptions with focus at origin, including applications (e.g. orbits of planets).

4.5 – Vectors

A return to geometry, now using algebraic and geometric properties of vectors.  

Geometric and algebraic description of vector addition and multiplication by a scalar.    

Vector representation of a moving particle:  parametric curves.

Examples from physics:  position vectors and force vectors.

Translations represented as vector addition.  

Dot products, relationship to length and angle between vectors;  revisit the Law of Cosines.  

Three dimensions:  vectors in space. 

4.6 – Sequences, Series, and Mathematical Induction

An introduction to proof by induction, illustrated by a sum of certain series.

The logic of proof by induction.  

Arithmetic and geometric sequences

Arithmetic series, geometric series, and their sums. 

Binomial Theorem

Other examples: adding the first  n  whole numbers, adding their squares, proofs by induction,  Fibonacci numbers, etc.

4.7 – Personal Finance  

Exponential functions and geometric series are useful in financial situations.  

Review of exponential functions and compound interest.

Sums of geometric series to analyze annuities and mortgages.

Amortization.  

Further applications involving investments and probability.  

 Fourth Year Course, Option 2

Modeling and Quantitative Reasoning

Rationale: One purpose of secondary education in the United States has always been preparing students for their roles as citizens, as well as preparing them for future study and the workplace. Today numbers and data are critical parts of public and private decision making. Decisions about health care, finances, science policy, and the environment are decisions that require citizens to understand information presented in numerical form, in tables, diagrams, and graphs. Students must develop skills to analyze complex issues using quantitative tools.

In addition to a text book, teachers will want to use on-line resources, newspapers, and magazines to identify problems that are appropriate for the course. Students should be encouraged to find issues that can be represented in a quantitative way and shape them for investigation. Appropriate use of available technology is essential as students explore quantitative ways of representing and presenting the results of their investigations.

Course Description: This course prepares students to investigate contemporary issues mathematically and to apply the mathematics learned in earlier courses to answer questions that are relevant to their civic and personal lives. The course reinforces student understanding of 

· percent

· functions and their graphs

· probability and statistics

· multiple representations of data and data analysis

This course also introduces functions of two variables and graphs in three dimensions. The applications in all sections should provide an opportunity for deeper understanding and extension of the material from earlier courses. This course should also show the connections between different mathematics topics and between the mathematics and the areas in which applied. 
Student projects should be incorporated throughout the course to explore data and to determine which function best represents the data. These projects may be done individually or in groups and should require collecting data, analyzing data and presenting the results to the class. Technology will be an important tool for students to use in their investigations of the data and in their presentations of results and predictions to the class. Such projects require all students to be actively involved and help them become independent problem solvers.
Fourth Year Course, Option 2, Topic List

4M.1 – Use of Percent 

The mathematics includes deepening the student understanding of percentages and the uses and/or misuses in business, media, school, and consumer applications. Include exploration of the effects of compounding the percentages in these applications.

Percentages used as fractions, to describe change, and to show comparisons. (e.g., sale prices, inflation, cost of living index and other indices, tax rates, and medical studies).

Compound percents used in financial applications (e.g., savings and investments, loans, credit cards, mortgages, and federal debt).

4M.2 – Statistics and Probability
 The mathematics in this unit includes an extension of the statistics and probability topics previously covered in the model.

The Probability section includes systematic counting, simple probability, combining probabilities in problem situations, conditional probability and the difference between odds and probability (e.g., insurance, lottery, backup systems, random number generator, weather forecasting, and data analysis).

The Statistics section includes collecting, organizing, and interpreting data (e.g., margin for error, sampling bias within surveys and opinion polls, correlation vs. causation).


4M.3 – Functions and Their Graphs

This unit forms the core of the course. The mathematics includes reviewing functions that students have previously studied and using the functions and their graphs to analyze familiar but complex problem settings.

Linear functions describe constant rates of change, unit conversions, linear regressions, and correlation. Many applications can be illustrated (e.g., gas bills, temperature unit conversions, hourly wage, straight line depreciation, and simple interest).

Exponential functions model many problems from school, work and consumer settings (e.g., population growth, radioactive decay, inflation, depreciation¸ periodic drug doses, and trust fund). The concepts of “doubling time” and “half life” should be included.

Logarithmic functions, their graphs, and logarithmic scales describe data from familiar problem settings (e.g., real population growth, investment time, earthquakes, and noise levels).

Periodic functions include trigonometric functions and introduce the concept of cyclic behavior (e.g., sound waves, amount of sunlight per day over days of a year, behavior of springs).

Exponential and trigonometric functions can be combined by considering damped harmonic motion (e.g., motion of a bouncing ball or spring when friction is considered).

4M.4 – Functions of More Than One Variable

The mathematics curriculum in grades 9-12 generally focuses on functions of one variable. Real world applications, however, often require consideration of more than one variable. This unit provides opportunities for students to work with functions of more than one variable.

Most problem settings in this unit will be represented by functions of two variables so that students can represent data with graphs in three dimensions (e.g., topographic maps, car loans, weather maps with colors representing temperature ranges, and other 3- dimensional media graphics).

4M.5—Geometry 

The mathematics in this unit reviews the basics of Euclidean geometry and uses properties of solid geometry to model and solve problems in three dimensions. Two-dimensional geometry is extended using vectors and linear transformations. Fractal geometry is introduced and explored.

Problem solving in this section will include dimension, surface area, volume, and measurement of angles in three-dimensions (e.g., capacity, surface areas in consumer applications, latitude, longitude, and optimization problems). The solid geometry can be extended to equations of planes and lines in 3-space.

Use vectors as a tool to describe the geometry leading to linear transformations of plane figures and compare areas (e.g., animation in graphic design).

Fractal geometry is introduced by defining fractal dimensions and using this dimension and iteration in problem solving situations in nature (e.g., measuring an island coast line, the length of meandering stream, area of a square leaf with holes in a fractal pattern or the volume of a cube cut from a rock that contains cavities forming a fractal pattern).

The Fifth Year Course

Fifth Course Rationale:  

Students in a fifth year high school mathematics course have been accelerated at some point in their study.  This might involve starting with the first year high school course in eighth grade, doubling up on courses at some point, or another form of acceleration.  Any student who has been successful in the pre-calculus course is prepared for college-level calculus or statistics courses, and students who have been successful in either of the other year 4 courses will be prepared for college-level statistics. 

Fifth Course Description:
The fifth year of high school mathematics will be a calculus course for most accelerated students. When a calculus course is offered in the high school curriculum, the course should be taught at the college level and students should expect it to replace a first year calculus course in college. This can be assured by using one of the College Board’s Advanced Placement calculus courses and requiring students to take the AP exam at the end of the course. In some locations, accelerated students are able to enroll in a mathematics course at an area college or to take a college level course through distance education, concurrent with their high school studies. The Program Models also prepare accelerated students to take the College Board’s Advanced Placement statistics course. For many accelerated students, AP Statistics can be an exciting and appropriate option.
Syllabi for AP Calculus and AP Statistics are provided by the College Board.

. 
Program Model A(
Model A( is an adaptation of Model A that allows additional time for students who are preparing for postsecondary education in programs that do not include calculus.  This adaptation prepares students for OGT requirements by the end of the second year course and meets the Ohio Board of Regents expectations for students to be prepared for a non-remedial college mathematics course by the end of the third year course.  

Year 1 Topics list
(Number indicates year and section in Model A.)
1.1
Data Analysis and Introduction to Linear Relations

1.2
Variables and Algebraic Expressions

1.3
Linear Equations and Inequalities in One Variable

1.4
Linear Relationships in Two Variables

1.5
Systems of Linear Equations and Inequalities

1.6
Polynomial Algebra

1.9
Counting Techniques and Elementary Probability Theory

Year 2 Topics List

1.8
Introduction to Quadratics and Polynomials

3.3
Quadratic Algebra (topics on quadratic equations and quadratic functions)

1.7
Linear and Non-linear Functions

2.1
Informal Geometric Ideas in the Coordinate Plane

2.2
Classical Euclidean Geometry

2.3
Right Triangle Trigonometry 

Year 3 Topics List
3.1
Data analysis, Statistics, and Probability

3.3
Quadratic Algebra (topics on radical expressions and conics)

3.2
Functions

3.4
Polynomial and Rational Functions

3.5
Exponential and Logarithmic Functions

Year 4   Pre-Calculus                 OR       Year 4 Modeling and Quantitative 

                                                                   Reasoning
4.1   Trigonometry                                  4M.1 Use of Percent

3.5   Review: Exponential and                4M.2 Statistics and Probability

         Logarithmic Functions                    4M.3 Functions and Their Graphs

4.6    Sequences, Series, and                    4M.4 Functions of More Than One Variable

         Mathematical Induction                  4M.5 Geometry

4.7    Personal Finance                             

3.6    Matrices

                                                Program Model B

Blended Model for High School Mathematics

Rationale:  Traditionally, high school mathematics has been compartmentalized into separate courses for Algebra I, Geometry, and Algebra II.  In the Ohio Academic Content Standards, however, the algebra and geometry standards appear side-by-side through all the grades, along with standards for number, measurement, and data analysis.  This model is designed to blend all five standards in a two-year program that exploits connections among those different branches of mathematics.  

In the first year, the primary focus of the course is linear mathematics, with non-linear topics emphasized in the second year.  The entry point each year is through the first two levels of the data analysis standard, namely identifying a problem to be investigated and collecting data.  With that introduction, students should understand the advantage gained by applying algebraic and geometric tools in solving these problems.  The second year concludes with an in-depth study that involves the analysis and interpretation of data ( both linear and non-linear.  This should provide students with an opportunity to consolidate concepts and skills in number, algebra, and geometry that they have acquired over the two years and use them to solve realistic problems.

The model assumes that students will be engaged with rich problems in each course.  This experience is essential to assuring that students understand the mathematics fully and that they develop creative problem solving and reasoning skills.  Students should also be expected to communicate mathematical ideas using formal mathematical language.

First and Second Years

Course Description:  This first two years of this model can be viewed as a single two-year course that over the two years, meets the mathematics content standards for grades 9 and 10.  It weaves the five content strands (number, measurement, geometry, algebra, and data analysis) into a coherent pair of courses that builds on the mathematics of grades 7 and 8.  In the first year the primary emphasis is on linear mathematics; non-linear topics are emphasized in year two.

Each year the course opens with data analysis and relates mathematical ideas and methods to real-world problem situations.  This is followed by a systematic study of the relevant mathematical functions and equations (linear and some polynomial in year one, quadratic, more polynomial, exponential, and logarithmic in year two).  Topics from geometry, trigonometry, and measurement are integrated with the algebra and data analysis.  A survey of properties of geometric figures and transformations in year one leads to formal proofs of geometric theorems in year two.

First Year Course

Topic List:

1.1 – Linear Data Analysis  

The course starts with the formulation of a question and the collection of data that will be linear in nature.  Early data analysis examples should be chosen carefully to illustrate the feature of lines and used in several sections.    Investigate slope, intercepts, and solving equations both algebraically and graphically.  

Formulate the question, collect data (which will yield a linear relationship).

Informally discuss line of best fit.  Linear regression (using technology).

Lines and graphs:  x-intercept, y-intercept, slope, slope-intercept form.

Proportional reasoning, direct and inverse variation.

Univariate data: mean, median, mode, quartiles, and box and whisker plots.

1.2 – Linear Functions, Equations and Inequalities 

Previous data collection and analysis motivate the concept of linear function and the need to solve a variety of equations and inequalities. 

Combining like terms, simplification.

Linear equations and inequalities in one variable.  

Open and closed intervals on the number line; solving linear inequalities, including compound inequalities.

Systems of linear equations in two variables:

   Graphical solution.

   Algebraic solution (substitution and elimination).

Systems of linear inequalities in two variables (including solving graphically). 

1.3 – Polynomials

Extend ideas about linear functions to polynomials of higher degree.     

Data exhibiting polynomial relationships (e.g., maximum areas or volumes, projectile motion function).

Adding, subtracting, and multiplying polynomials.

Laws of exponents and division by monomials. 

Graphs of various polynomial functions, comparing steepness, intercepts, end behavior.

Concept of a function, function notation, composition of functions 

1.4 – Transformational Geometry, Ratio and Proportion

Students must have a working knowledge of the coordinate plane prior to beginning this section. Using data gathered in section 1.1, students consider what happens when a linear transformation is applied.  Extend those ideas to transformational geometry, with the movement of points and line segments leading into geometric transformations.  Work with geometry, but without emphasis on formal proofs.     

Translations and scaling of data sets (e.g., changing units).  How do the pictures change?

Transformational geometry: 


translations, rotations, reflections, dilations, and their compositions.

Triangle congruence (defined via rigid motions).

Pythagorean theorem, distance formula.

Area and perimeter:  triangles, polygons, circles.

Similarity of figures (defined via transformations):  ratio and proportion. 

Measurement via similar triangles (e.g., find height by measuring a shadow).


Arc length and area for sectors of a circle, as ratios with whole circle.

Right triangle trigonometry (define sine, cosine, tangent), with applications.

Three-dimensional geometry:


physical models and visualization.


volume and surface area:  prisms, cylinders, cones, spheres.

1.5 – Probability

Introduce ideas of probability, interpreting various counting and measurement problems as probabilities.

Gather data and analyze relative frequencies using charts and graphs.

Counting finite sets:  probability as a ratio.

Permutations and combinations, and applications.

Sample spaces (equally likely behaviors).
Probability as long-term behavior with repeated trials. 

Independent events and dependent events.

Probability in geometry:  area calculations. 


Second Year Course

Topic List:

2.1 – Quadratic Functions

Investigate data that show quadratic relationships (e.g., time versus altitude for a dropped ball).  Analyze the data graphically, and explore algebraic models with the same characteristics.   

Formulate the question, gather data (using examples with quadratic relationships),


plot the data on graphs, discuss trends.

Quadratic functions:


Graphs (intercepts, vertex, axis of symmetry). 


Factors, and relation with x-intercepts. 


Complete the square, derive the quadratic formula. 


Introduction to complex numbers and their arithmetic 

2.2 – Functions:  Polynomial, Rational, and Radical

Include terminology and notation for functions wherever appropriate.  Extend earlier work with linear functions to analyze polynomial functions (motivated by linear and quadratic examples).  Generalize to rational and radical functions.  

Various sources of functions: data, formulas, tables, graphs, equations and rules. Definition of a function as a rule:  input and output.  Domain and range.

Review linear and quadratic functions; examples of higher degree, absolute value and piece-wise.functions.

Polynomials: 


Degree, leading term, addition, subtraction, multiplication, division.  


Graphs and function values.  


Linear factors, roots, and x-intercepts. 


Gather and analyze data related by square, cube, etc. 

Rational functions:  

Simplify, multiply, add, common denominators.


Graphs, vertical and horizontal asymptotes.


Gather and analyze data with variables related inversely by square, cube, etc.              

Radical functions:  


Graphs, domains and ranges


Gather and analyze data with variables related by square root, cube root, etc.

Inverse functions, defined through simple examples; graphs of inverses.

2.3 – Exponential and Logarithmic Functions

Use student data to motivate exponential functions.  Introduce logarithms and apply them to solve problems. 

Applications:  radioactivity, population growth, compound interest, Richter scale, etc.

Formulating the question, gathering data (using examples with exponential relationships).  

Laws of exponents, define fractional and negative exponents.

Exponential functions:  Definitions, applications to growth and decay (compound  

            interest, etc.), graphs, domain and range.

Logarithmic functions:  Inverse of exponential functions, rules of logarithms, 


graphs, domain and range.


2.4 – Synthetic Geometry

A primary reason for studying geometry is to learn techniques of logic, deduction, and proof.  This core section emphasizes logical relationships among geometric facts, and the importance of precise statements and appropriate definitions and postulates.  The students’ task here is to establish that geometric statements can be logically derived from the stated axioms. Basic constructions with straightedge and compass (and dynamic geometry software) should be included where appropriate.  This analysis of logic and geometry should occupy half of the year.  

Introduction to logical argument:  Syllogisms and implications. 


Converse, inverse, and contrapositive. Proofs by contradiction. 

Plane Euclidean geometry, with emphasis on logic and formal proofs, including topics: 


Axioms, postulates and definitions



Parallel lines, perpendicular lines, and related angles. 


Congruence theorems concerning segments, angles, triangles, and quadrilaterals. 


Pythagorean theorem. 


Areas of triangles, more general polygons, circles, and sectors.


Similar figures and proportional reasoning. 


Circles and their inscribed and central angles, arcs, and tangents. 

2.5 – Data Analysis Revisited

Conclude with a review and synthesis of how data generated by student measurements can be represented graphically and analyzed algebraically.

Generate different bivariate data sets that exhibit various relationships:  


linear, quadratic, cubic, inverse square, exponential, logarithmic, etc.

Graph the data in various ways.

Model the trends algebraically, and use the models to make predictions.

Discuss the accuracy and validity of those predictions. 

Third Year Course

Third Year Course Rationale:
This course introduces additional basic mathematical topics not addressed in the first and second years.  The emphasis is on in-depth investigations using data analysis, supplemented by topics involving number, algebra, and geometry.  

Third Course Description:

Following Ohio’s grade eleven standard for data analysis and probability, this course requires students to design a statistical study for a problem, collecting and interpreting data with appropriate graphical displays and descriptive statistics. Relating this project to students’ studies in science or social studies provides connections between disciplines and relevancy for students.  The course begins with a discussion of data analysis topics relevant to student projects.  The rest of the course concerns mathematical topics that are important for all students to know, but not directly related to this data analysis strand.  While the class is engaged in learning these topics, small groups will continue to work on their data projects, which will be presented in class as the culmination of the course.  

Topic List: 

3.1 – Data Analysis and Probability

Using technology, students will analyze univariate data and relevant statistics: range, quartiles, standard deviation, etc.  Students then consider aspects of probability theory and methods of random sampling.  These ideas might prove useful when they work on their major projects. 

Review of linear regression:  


Line of best fit, correlation coefficient.

Univariate data:

Mean, median, and mode.

Quartiles, maximum, and minimum.  Box and whisker plots. 

Standard deviation.  Normal curve and z-scores.

Probability:


Review counting methods, probability as a ratio.


Expected value.


Independent events, dependent events; conditional probability.

Sampling:


Randomization.


Validity of various sampling methods.


3.2 – Major Data Analysis Project

This project ties together the data analysis pieces from the previous two and one half years of math courses.  Students will work in small groups on this project off and on for several weeks.  Their work should include formulating a good question, then collecting, analyzing, and interpreting the data.  While students work on their projects, the course will continue with several independent topics.  Class time should occasionally be spent discussing the on-going projects and verifying student progress.  

3.3 – Trigonometry

Trigonometric functions are defined from the unit circle, emphasizing their periodic behavior.  Periodic data can often be modeled with sine curves.  Trigonometric functions are also used to solve triangle problems with geometric applications.

Periodic data to motivate the study of trigonometric functions (from physics, astronomy,etc.).

Unit circle definition of trigonometric functions, degree and radian measure, periodic functions, examples of periodic data (from physics, astronomy, etc.).

Relate to definitions using right triangles

Graphs of sine, cosine, and tangent.  

Graph transformations:  amplitude, period, phase shift.

Trigonometric regression (using technology) and applications. 

Laws of Sines, Law of Cosines, and solving triangles.  

Inverse trigonometric functions:  domain and range, and applications.


3.4 – Systems of Linear Equations and Matrices

Solve systems of linear equations, motivated by various application problems.  Matrices provide an abstract view of such systems and point to algorithms for solving them.  Matrices provide a mathematical system where commutativity fails. 

Problems leading to systems of linear equations.

Solution by substitution and by elimination. 

Matrix addition, subtraction, multiplication.  Parallels between matrices and numbers.

Representing a system as one matrix equation and using an inverse matrix to solve.  

Modeling and solving problems using matrices.

3.5 – Equations involving Polynomials, Rational Expressions and Radicals

Investigate solving polynomial, rational and radical equations graphically and algebraically.  Polynomial division clarifies the connection between roots and linear factors, and helps explain some asymptotes.  

Review of polynomial operations and graphs.

Division of polynomials.  

Roots and factors (Remainder Theorem).  Comparison of degree and number of roots.

Complex roots and the Fundamental Theorem of Algebra. 

Solving rational equations.  

End behavior, oblique asymptotes.

Solving radical equations.

3.6 – Exponentials, Logarithms, and Geometric Series

Review exponential and logarithmic functions.  Geometric series arise when regular payments are made to an interest bearing account.  

Review exponential and logarithmic functions, compound interest, present and future value. 

Define arithmetic and geometric sequences, formula for nth term.

Derive formula for the sum of the first n terms of a geometric series. 


In some cases the sum of infinitely many terms makes sense.

Applications to finance:  annuities and mortgages. 


Fourth Year Courses

Fourth Year Courses Rationale:

Two options are offered as possible courses following the three-year sequence above:  the Pre-Calculus course or the Modeling and Quantitative Reasoning course.  The Pre-Calculus course is designed for students planning to pursue an area of study or career that may include the study of calculus. 

Fourth Year Course, Option 1

Pre-Calculus 

Rationale:  Calculus is the gateway to many of the more advanced mathematics courses and to careers or majors in mathematics, engineering, physical sciences, biological sciences, medical sciences, social sciences, and business.  To succeed in calculus, students need to have mastery of the many facets of algebra as discussed in earlier courses, and of the more advanced topics here.

Course Description:

The course includes the study of vectors, polar coordinates, complex numbers, functions, solving equations, and trigonometric identities.

Fourth Year Course, Option 1, Topic List:

4.1 –Equations and Applications

Solve various types of equations derived from real world situations with and without the use of technology. 

Quadratic equations: factoring and quadratic formula.


Quadratic curves: circle, ellipse, hyperbola, parabola.


Intersections of a line and ellipse, etc.

Exponential and logarithmic equations.  Applications.

Trigonometric equations.

4.2 – Trigonometric Identities

Review definitions and properties of trigonometric functions.  Extend understanding by examining various trigonometric identities and solving trigonometric equations.

Review the unit circle of definitions of trigonometric functions, degree and radian measures.

Arc length, sector area, angular velocity, and applications. 

Basic trigonometric identities.  

Sum and difference identities.  Double angle and half angle identities. 

Inverse trigonometric functions and solving trigonometric equations. 

4.3 – Vectors 

Introduce vectors geometrically and algebraically.  Discuss various applications in geometry and physics.  

Define vectors in the plane and in space.

Geometric meaning of vector addition and scalar multiplication.

Scaling, translations and rotations

Parametric representations:  position of a moving particle.


Applications in geometry (an alternative to analytic geometry) and to physics (position, force, velocity.

Dot product, relationship to length and angle between vectors and Law of Cosines. 

4.4 – Polar Coordinates

Introduce polar coordinates and conversion to and from rectangular coordinates.

Define polar coordinates in the plane.  

Graph polar curves on paper and with technology.  Investigate standard polar curves.

Convert between rectangular coordinates and polar coordinates.

Convert between rectangular equations and polar equations.  

Polar formula for an ellipse with the origin at one focus, orbits of planets. 

4.5 – Complex Numbers

Review rectangular representation of complex numbers and the alternative polar form.

Review operations of complex numbers in rectangular form: addition, multiplication, and division.

Polar form of complex numbers, multiplication of polar forms, and trigonometric addition formulas.

DeMoivre’s theorem and complex nth  roots.

Polynomials and the Fundamental Theorem of Algebra.

4.6 – Mathematical Induction, Sequences and Series 

Introduce formal proofs using mathematical induction, illustrated with proofs of various formulas. 

The logic of proof by induction.  

Formulas for adding the first n whole numbers, or their squares:


Discovering formulas for those sums.


Inductive proofs of those formulas.

Arithmetic and geometric sequences.

Arithmetic and geometric series, and their sums. 

Pascal’s triangle, Binomial Theorem, Fibonacci numbers and further induction proofs 

Fourth Year Course, Option 2

Modeling and Quantitative Reasoning

Rationale: One purpose of secondary education in the United States has always been preparing students for their roles as citizens, as well as preparing them for future study and the workplace. Today numbers and data are critical parts of public and private decision making. Decisions about health care, finances, science policy, and the environment are decisions that require citizens to understand information presented in numerical form, in tables, diagrams, and graphs. Students must develop skills to analyze complex issues using quantitative tools.

In addition to a text book, teachers will want to use on-line resources, newspapers, and magazines to identify problems that are appropriate for the course. Students should be encouraged to find issues that can be represented in a quantitative way and shape them for investigation. Appropriate use of available technology is essential as students explore quantitative ways of representing and presenting the results of their investigations.

Course Description: This course prepares students to investigate contemporary issues mathematically and to apply the mathematics learned in earlier courses to answer questions that are relevant to their civic and personal lives. The course reinforces student understanding of 

· percent

· functions and their graphs

· probability and statistics

· multiple representations of data and data analysis

This course also introduces functions of two variables and graphs in three dimensions.

The applications in all sections should provide an opportunity for deeper understanding and extension of the material from earlier courses. This course should also show the connections between different mathematics topics and between the mathematics and the areas in which applied. 
Student projects should be incorporated throughout the course to explore data and to determine which function best represents the data. These projects may be done individually or in groups and should require collecting data, analyzing data and presenting the results to the class. Technology will be an important tool for students to use in their investigations of the data and in their presentations of results and predictions to the class. Such projects require all students to be actively involved and help them become independent problem solvers.
Fourth Year Course, Option 2, Topic List

4M.1 – Use of Percent 

The mathematics includes deepening the student understanding of percentages and the uses and/or misuses in business, media, school, and consumer applications. Include exploration of the effects of compounding the percentages in these applications.

Percentages used as fractions, to describe change and to show comparisons. (e.g., sale prices, inflation, cost of living index and other indices, tax rates, and medical studies).

Compound percents used in financial applications. (e.g., savings and investments, loans, credit cards, mortgages, and federal debt)

4M.2 – Statistics and Probability
 The mathematics in this unit includes an extension of  the statistics and probability topics previously covered in the model.

The Probability section includes systematic counting, simple probability, combining probabilities in problem situations, conditional probability and the difference between odds and probability (e.g., insurance, lottery, backup systems, random number generator, weather forecasting, and data analysis).

The Statistics section includes collecting, organizing, and interpreting data (e.g., margin of error, sampling bias within surveys and opinion polls, correlation vs. causation).

4M.3 – Functions and Their Graphs

This unit forms the core of the course. The mathematics includes reviewing functions that students have previously studied and using the functions and their graphs to analyze familiar but complex problem settings.

Linear functions describe constant rates of change, unit conversions, linear regressions and correlation. Many applications can be illustrated (e.g., gas bills, temperature unit conversions, hourly wage, straight line depreciation, and simple interest).

Exponential functions model many problems from school, work and consumer settings (e.g., population growth, radioactive decay, inflation, depreciation¸ periodic drug doses, and trust fund). The concepts of “doubling time” and “half life” should be included.

Logarithmic functions, their graphs, and logarithmic scales describe data from familiar problem settings (e.g., real population growth, investment time, earthquakes, and noise levels).

Periodic functions include trigonometric functions and introduce the concept of cyclic behavior (e.g., sound waves, amount of sunlight per day over days of a year, behavior of springs).

Exponential and trigonometric functions can be combined by considering damped harmonic motion (e.g., motion of a bouncing ball or spring when friction is considered).

4M.4 – Functions of More Than One Variable

The mathematics curriculum in grades 9-12 generally focuses on functions of one variable. Real world applications, however, often require consideration of more than one variable. This unit provides opportunities for students to work with functions of more than one variable.

Most problem settings in this unit will be represented by functions of two variables so that students can represent data with graphs in three dimensions (e.g., topographic maps, car loans, weather maps with colors representing temperature ranges, and other 3- dimensional media graphics).

4M.5—Geometry 

The mathematics in this unit reviews the basics of Euclidean geometry and uses properties of solid geometry to model and solve problems in three dimensions. Two-dimensional geometry is extended using vectors and linear transformations. Fractal geometry is introduced and explored.

Problem solving in this section will include dimension, surface area, volume, and measurement of angles in three-dimensions (e.g., capacity, surface areas in consumer applications, latitude, longitude, and optimization problems). The solid geometry can be extended to equations of planes and lines in 3-space.

Use vectors as a tool to describe the geometry leading to linear transformations of plane figures and compare areas (e.g., animation in graphic design).

Fractal geometry is introduced by defining fractal dimensions and using this dimension and iteration in problem solving situations in nature (e.g., measuring an island coast line, the length of meandering stream, area of a square leaf with holes in a fractal pattern or the volume of a cube cut from a rock that contains cavities forming a fractal pattern).
The Fifth Year Course

Fifth Course Rationale:  

Students in a fifth year high school mathematics course have been accelerated at some point in their study.  This might involve starting with the first year high school course in eighth grade, doubling up on courses at some point, or another form of acceleration.  Any student who has been successful in the pre-calculus course is prepared for college-level calculus or statistics courses, and students who have been successful in either of the other year 4 courses will be prepared for college level statistics. 

Fifth Course Description:
The fifth year of high school mathematics will be a calculus course for most accelerated students. When a calculus course is offered in the high school curriculum, the course should be taught at the college level and students should expect it to replace a first year calculus course in college. This can be assured by using one of the College Board’s Advanced Placement calculus courses and requiring students to take the AP exam at the end of the course. In some locations, accelerated students are able to enroll in a mathematics course at an area college or to take a college level course through distance education, concurrent with their high school studies. The Program Models also prepare accelerated students to take the College Board’s Advanced Placement statistics course. For many accelerated students, AP Statistics can be an exciting and appropriate option.
Syllabi for AP Calculus and AP Statistics are provided by the College Board.

Program Model B(
Model B( is an example of how Model B can be adapted to allow additional time for students who are preparing for postsecondary education in programs that do not include calculus.  This adaptation prepares students for OGT requirements by the end of the Year 2 course and meets the Ohio Board of Regents expectations for students to be prepared for a non-remedial college mathematics course by the end of the Year 3 course.  

Year 1 Topics List
(Number indicates year and section in Model B.)
1.1
Linear Data Analysis

1.2
Linear Functions, Equations and Inequalities

1.3
Polynomials

1.4
Transformational Geometry, Ratio and Proportion

1.5
Probability

Year 2 Topics List
2.1
Quadratic Functions

2.2
Functions (with emphasis on polynomials)

2.4
Synthetic Geometry

2.5
Data Analysis Revisited

Year 3 Topics List

2.2
Functions (emphasis on rational and radical functions)

3.5
Equations involving Polynomials, Rational Expressions, and Radicals

2.3
Exponential and Logarithm Functions

3.1
Data analysis and Probability

3.2
Major Data Analysis Project

Year 4  Pre-Calculus                       OR     Year 4 Modeling and Quantitative     





          Reasoning

3.4   Systems of Linear Equations              4M.1  Use of Percent

        and Matrices                                       4M.2  Statistics and Probability

3.6   Exponentials, Logarithms, and           4M.3  Functions and Their Graphs

        Geometric Series                                 4M.4  Functions of More Than One Variable

3.3   Trigonometry                                      4M.5  Geometry

4.2   Trigonometric Identities                     

4.1   Algebra and Equations 

Program Model C

Traditional Model for High School Mathematics

Rationale:
This program model demonstrates that a traditional sequence of courses may be used to cover the Ohio Academic Content Standards for Mathematics in grades 9 - 12.  Topics are grouped so that Year 1 focuses on algebra and algebraic reasoning, Year 2 focuses on geometry, and Year 3 returns to a focus on further algebraic topics leading to trigonometry and pre-calculus.  This sequence works well for many students, is familiar to teachers and parents, and fits the design of many instructional materials.  However, this does not mean that the status quo is working for all students.  Even though course topics and sequencing may look familiar, effective strategies for presenting the material must be implemented to make this or any model curriculum successful.  Students must be placed in a course for which they have the prerequisites and have adequate time and support to fully understand the material.  Students must be engaged with rich problems throughout each course in order to understand the mathematics fully and develop creative problem solving and reasoning skills.  Students must also be expected to communicate mathematical ideas using formal mathematical language. Teachers in schools adopting Model C will benefit from professional development that includes strategies for successfully teaching all students and that familiarizes teachers with sources of problems to deepen student understanding of mathematical topics. 

This model provides students with the basic mathematical knowledge they will need for future education and employment.  The design offers a progression for the development of mathematical thinking, with each course presenting the material in a logical, efficient, and systematic way.  Related topics are presented together whenever possible and learning builds upon previously learned material.  Connections between algebraic, numerical, and geometric representations are made throughout the model to provide a coherent curricular model.  

First Year Course

First Year Course Rationale:

All students require a rigorous and demanding curriculum in order to develop sound reasoning and strong problem solving skills.  The topics covered in Year 1 of this model can provide this rigor.  Students progress from their informal middle school experience with number relationships, data analysis, and linear equations to more formal definitions, algebraic reasoning, and graphical representations, and they extend their study to polynomials and exponential functions.  With this model, as with any model, different students may require different amounts of time and support to become proficient with the mathematics.  

First Year Course Description: 

The focus of this course is the development of algebraic understanding, reasoning, and skills using mathematical language to express abstract ideas.  The Year 1 course has four main themes: 


(1) transition from generalized arithmetic to algebra; 


(2) data analysis and probability; 


(3) linear equations and functions; 


(4) nonlinear equations and functions, with emphasis on quadratics.  

More specifically, students will solve linear equations and inequalities and quadratic equations.  They will graph a variety of functions and add the study of probability and statistics to the topics covered in a typical Algebra I course.  Appropriate use of technology is encouraged to enhance the study of these topics.  

Topic List:

1.1 – Numbers and Variables

Focus on the transition from generalized arithmetic to algebraic concepts.  Although many of the topics have been investigated informally at previous grade levels, the expectation at the secondary level is for the use of formal mathematical language and reasoning.

Number line, interval notation. 

Different types of numbers (rational, irrational, square roots, higher roots, etc.). 

Measurement systems, conversions of units within and between systems. 

Review concept of variable.

 Laws of exponents:  define negative, zero and fractional exponents. 

Collect like terms, simplify algebraic expressions. 

Solve linear equations and inequalities in one variable. 

1.2 – Data Analysis 

These topics need to be included so that students have the knowledge and experience to navigate in a data driven world.

Mean, median, and mode.

Five number summary (median, maximum, minimum, quartiles). 

Box and whisker plots.

Collect and display bivariate data with scatterplots.

Line of best fit: estimate without technology, linear regression with technology.

Identify misuses of data: confusion of correlation and causation; 


sampling methods and bias.

1.3 – Counting and Probability  

Introduce probability through counting and ratios.

Techniques to count the number of outcomes for mathematical situations.

Probability:  counting sets, sample spaces, long-term behavior with repeated trials.

Independent and dependent events, common misconceptions.

Estimate probabilities and uncertainty; 


    (compound events, independent events, etc.).

Permutations and combinations and their applications.  

Apply probability to business decisions and daily life (insurance, lottery, etc.). 

1.4 – Rectangular Coordinates, Linear Functions, Equations and Inequalities 

Formalize the study of linear functions and their graphs.  Recognize graphical and algebraic solutions to linear equations and inequalities.

Plotting ordered pairs as points.

Lengths of segments (using Pythagorean theorem).

Graphs of lines:  slopes and intercepts, standard forms for equations of a line. 

Graphs of inequalities.

Parallel and perpendicular lines and their slopes.

Model and solve problem situations using direct and inverse variation.  

1.5 ​– Systems of Linear Equations and Inequalities

Solve systems of linear equations algebraically and graphically.  Examine region determined by linear inequalities. 
​​​

Solve two linear equations graphically, identify solution set (a point, no solution, etc.).

Solve systems of linear equations algebraically:  by substitution and by elimination.

Solve systems of linear inequalities graphically, by intersecting half-planes.

1.6 – Functions 

Discuss functions and function notation, introducing several basic types of functions.  

The idea of a function, use of function notation.  Dependent and independent variables.

Domain and range.

Sources of functions:  tables, graphs, equations, and rules.  

Explore patterns in data to motivate various functions.  

Identify and graph those functions (using technology):


linear, quadratic, square root, cubic, exponential, piece-wise, etc.

1.7– Quadratic Polynomials and Equations

Students study quadratic equations and their applications.

Graph quadratic polynomial functions in one variable: intercepts and vertex.  

Solve quadratic equations graphically, without and with technology. 

Factor quadratic polynomials, find roots, relate to x-intercepts. 

Complete the square to solve an equation. 

Derive the quadratic formula. 

Introduce complex numbers and their arithmetic. 

1.8 – Polynomial and Exponential Functions

Students develop fluency in using operations with polynomials.  

Definition of a polynomial, degree, leading term. 

Arithmetic operations on polynomials (including division by monomial). 

Graphs and function values.  Roots and x-intercepts. 

Define exponential functions, contrast them with polynomials. 


                                           Second Year Course

Second Year Course Rationale:

The second year model develops formal logic and reasoning skills through the study of Euclidean geometry.  Although geometry is a subject of importance and practical use, the main goal of the course is to develop students’ abilities to reason and to present coherent arguments.  In addition to this deep involvement with logic and deduction, students discover connections between formal geometry and the algebraic techniques learned earlier, and they learn important practical applications of geometry.  With mastery of the Year 1 and Year 2 courses, students will be prepared for further mathematical education and for understanding deeper connections between abstract mathematics and real world situations. 
Second Year Course Description: 

The focus of this course is the development of logic and reasoning, along with basic ways to think geometrically.  The two foci for the Year 2 course are formal reasoning and applications of geometry (constructions, calculating lengths, areas, and volumes).  Geometric constructions should be woven through the course.  Appropriate use of technology is encouraged to enhance the study of these topics.
Topic List:

2.1 – Reasoning and Proof

Students learn basic rules of logic and different styles of formal proof.

Definitions and undefined terms.  Axioms and postulates. 

Implications:  Converse, inverse, and contrapositive. 

Proofs by contradiction. 

Compare deductive and inductive reasoning.

2.2 – Lines, Circles, and Triangles

Introduce axioms and definitions and use them to prove theorems about triangles and circles.  Note: The Euclidean tools (straightedge and compass) match the basic objects (lines and circles), so that constructions correspond to Euclidean proofs.  

Axioms and postulates.

Definition of congruence.  Congruence of line segments and of angles.

Proofs of standard theorems about congruent triangles.


These can be motivated by various hands-on activities, but experience 


in logic comes with formal proofs from given axioms. 

Constructions with Euclidean tools (compass and straightedge).

Parallel and perpendicular lines. 

Proof of the Pythagorean theorem. 

Circles: arcs, central angles, inscribed angles, tangents. 

Areas: triangles, circles, sectors.  

Triangle centers:  centroid, incenter, orthocenter, circumcenter.

2.3 – Similar Triangles, Proportions, and Trigonometry

Define similarity of geometric figures and investigate ratios and proportional reasoning.  Basic trigonometric functions are defined and applied.

Define similarity.  Triangles are similar if corresponding angles have equal measures.

Pythagorean theorem proved by similar triangles.

Applications of similar triangles (e.g., height of pole, distance across river).

Define sine, cosine, and tangent (using degrees).  Special values:  30º, 45º, 60º, etc.


Note the relation of tangent with slope.

More applications:  measuring, surveying, astronomy, etc.

Circular sectors: arc length and area (via ratios).

Angular velocity and rolling wheels. (optional for the prime course)  

2.4 – Coordinate Geometry
The coordinate plane is used as a model for Euclidean geometry, enabling applications of algebra to geometry.

Review lines and their equations:  slope, parallel and perpendicular lines.

Distance between points (using Pythagorean theorem)

Equations of circles.

Verify geometry results using algebra (e.g., concurrence of medians of a triangle).

2.5 – Transformations

Describe geometric motions of the plane with formulas involving coordinates.  

Coordinate rules for rigid motions:  translations, reflections, and rotations.


Relation to congruence.

Compositions of rigid motions.

Types of symmetry (e.g., reflectional and rotational). 


2.6 – Perimeters, Areas, and Volumes

With lengths of segments and algebra available, students can find various ways to measure two and three dimensional figures.

Perimeter and area of polygons.

Volume of a box, cylinder, cone, and sphere.

Construct models for various polyhedra and find surface area and volume.

Investigate the five regular polyhedra (Platonic solids).

Third Year Course

Third Year Course Rationale:

The Third Year course includes content that is critical for all students.  The third year continues to build mathematics essential for the workplace and future education, and exposes students to a wide variety of rich mathematics.  Algebraic topics are a focus and are developed in relationship to the geometry and mathematical reasoning the students have previously studied.  

Third Year Course Description:

Prerequisite to this course is working knowledge of key topics from years one and two, including number line and interval notation, solving linear and quadratic equations and inequalities, and absolute value and distance. The thrust of the Year 3 course is to reinforce and extend the algebraic topics from the Year 1 course.  Throughout this course, students should have frequent experiences with numeric, graphical, algebraic, and verbal examples of mathematics.  Students should use graphing calculators and other technology as integral parts of the course to enhance the study of these topics.  

Topic List

3.1 – Functions

Functions are treated more deeply than in the first year.  Students describe and compare various families of functions.    

Review function notation, graphs, linear functions, and slope-intercept form; 


quadratic functions and vertex form.

Identify and use direct variation and step functions, 


reinforced with problems from science, economics, news reports, etc.  

Domain and range; end behavior for some rational and exponential functions.

Composition of functions.  

Define inverse functions (illustrated by simple examples).
3.2 – Statistical Analysis

Extend ideas introduced at the start of the Year 1.  Students should gather their own data to help motivate some topics.  

Univariate data:  mean, standard deviation, z-scores.

Use scatterplots of bivariate data.  Gather data, study examples, and identify trends 


where the dependence is linear, quadratic, exponential, etc.  

For linear trends, use technology to find the regression line 


and correlation coefficient.  Interpret that information in the problem context.


3.3 – Polynomials, Rational and Radical Equations and Inequalities 

Extend earlier work to polynomials of any degree, analyzing their factors and roots.

Review quadratic equations: factoring, completing the square.  


Derive the quadratic formula.

Polynomial functions and properties of their graphs.

Division of polynomials.

Roots and factors (Remainder Theorem).  Comparison of degree and number of roots. 

Polynomial equations and inequalities.

Radical expressions; simplifying and solving equations and inequalities.

Define rational functions, find domain and vertical asymptotes.

Graph rational functions with and without technology.

End behavior and asymptotes.

3.4 – Exponential and Logarithmic Functions

Motivate exponential functions with problems of growth and decay.  Logarithms are a necessary tool for solving related problems.  Students learn algebraic and graphical properties of these functions and make further applications.

Review fractional and negative exponents.  

Exponential functions motivated by examples (e.g., compound interest).  

Graph exponential functions, compare different bases, and end behavior.

Review inverse functions and define logarithms.

Rules of logarithms, graphs of logarithm functions.

Exponential and logarithmic equations.

Applications:  Exponential growth and decay:  populations, radioactivity, 


compound interest, present and future value.  


3.5 – Trigonometry and Triangles

Review right triangle definitions and applications to triangles.

Review the trigonometric functions as ratios in right triangles.

Applications (via angle of elevation, etc.).

Law of Sines and Law of Cosines and further applications.  

Areas of triangles and Heron’s formula.  

3.6 – Trigonometric Functions  

Introduce unit circle definitions (with radians), and examine periodic behavior and graphs.  Discuss trigonometric identities and introduce the inverse functions.

Radian measure.  Unit circle definition of the trigonometric functions.

Periodic behavior and graphs of the trigonometric functions.

Transformations of graphs:  amplitude, period, and phase shift.

Basic trigonometric identities.  

Sum and difference identities.  Double angle and half angle identities. 

Inverse trigonometric functions and their properties.

Solve trigonometric equations. 

Fourth Year Course

Fourth Year Course Rationale:

Although only three years of high school mathematics are required for graduation in Ohio at this time, all students should take mathematics in their senior year.  Two options are offered as possible courses following the three-year sequence above:  Pre-Calculus  or the Modeling and Quantitative Reasoning course.  The Pre-Calculus course is designed for students planning to pursue an area of study or career that may include the study of calculus.

Fourth Year Course, Option 1

Pre-Calculus 
Rationale:
This course presents a mix of algebraic and geometric topics that will help develop students’ algebraic thinking.  Throughout this course, students should have frequent experiences with numeric, graphical, algebraic, and verbal examples of mathematics.  Mastery of the four courses in this model will provide students with the mathematical and reasoning skills needed to succeed in a rigorous college-level calculus course.  

Course Description: 

The Year 4 course has several focus areas:  (1) formal proofs by induction with applications, (2) modeling bivariate data, and (3) aspects of geometry.  By studying these topics, the student will have completed a comprehensive pre-calculus curriculum.  Students may use graphing calculators and other technology to enhance the study of these topics.  

Fourth Year Course, Option 1, Topic List:

4.1 – Mathematical Induction, Sequences, and Series

Review proof techniques and introduce formal proof by induction, with applications to summing various series.

The method of proof by mathematical induction.

Discover formulas for the sum of the first  n  whole numbers, their squares, etc.

Mathematical induction proofs of those formulas.

Arithmetic and geometric sequences

Arithmetic and geometric series and their sums. 

Other examples:  Binomial Theorem, Fibonacci numbers, etc.

Applications to finance:  annuities, mortgages, compound interest, etc.
4.2 – Standard Functions

Review polynomial, rational, exponential, trigonometric, and logarithmic functions.  Consider applications involving different sorts of data sets.

Standard functions, reviewing algebraic and graphical properties.

Analyze various bivariate data sets, deciding which sort of function 


is the most appropriate model.  It is best if students can gather 


their own data for these examples.

Use regressions to find curves that fit the data (with technology).

4.3 – Polar Coordinates  

Introduce polar coordinates and compare with rectangular coordinates.

Define polar coordinates in the plane.  

Graph various polar curves on paper and with technology.  

Convert between rectangular coordinates and polar coordinates.

Convert between rectangular equations and polar equations. 

4.4 – Complex Numbers

Work with the polar form of complex numbers.

Review complex numbers and their arithmetic.

Polar form:  multiplication and trigonometric addition formulas.

Complex conjugates.  Real equations and pairs of complex roots.

Polynomials and the Fundamental Theorem of Algebra.

DeMoivre’s theorem and complex nth  roots.

4.5 – Conics 

Conic sections are investigated algebraically and geometrically.  These curves arise in many applications.

Equations for circles, ellipses, parabolas, and hyperbolas (with center at origin).

Focus and directrix definitions.

General quadratic equations in two variables, including applications.

Polar coordinate form of conic (with focus at origin), including applications (e.g. orbits of planets).

4.6 – Systems of Equations and Matrices

Matrices offer an abstract view of systems of linear equations and point to efficient methods for solving them.  

Solve systems of two linear equations graphically, by substitution, and by elimination.  

Discuss larger systems and find applications from business, science, etc.

Define matrices and matrix operations, represent a system of linear equations as one matrix equation. 

Solve systems of linear equations using inverse matrices (when possible).

Solve systems of nonlinear equations algebraically (when appropriate) and graphically using technology.

4.7 – Vectors
Another view of geometry, this time starting with vectors and their algebraic and geometric properties.  

Geometric and algebraic description of vector addition and scalar multiplication.  

Vector representation of a moving particle:  parametric curves.

Translations represented as vector addition.  

Applications from physics:  position vectors and force vectors.

Dot products, relationship to length and angle between vectors; revisit the Law of Cosines.  

3-dimensional coordinate system, vectors in space. 

 Fourth Year Course, Option 2

Modeling and Quantitative Reasoning

Rationale: One purpose of secondary education in the United States has always been preparing students for their roles as citizens, as well as preparing them for future study and the workplace. Today numbers and data are critical parts of public and private decision making. Decisions about health care, finances, science policy, and the environment are decisions that require citizens to understand information presented in numerical form, in tables, diagrams, and graphs. Students must develop skills to analyze complex issues using quantitative tools.

In addition to a text book, teachers will want to use on-line materials, newspapers, and magazines to identify problems that are appropriate for the course. Students should be encouraged to find issues that can be represented in a quantitative way and shape them for investigation. Appropriate use of available technology is essential as students explore quantitative ways of representing and presenting the results of their investigations.

Course Description: This course prepares students to investigate contemporary issues mathematically and to apply the mathematics learned in earlier courses to answer questions that are relevant to their civic and personal lives. The course reinforces student understanding of 

· percent

· functions and their graphs

· probability and statistics

· multiple representations of data and data analysis

This course also introduces functions of two variables and graphs in three dimensions.

The applications in all sections should provide an opportunity for deeper understanding and extension of the material from earlier courses. This course should also show the connections between different mathematics topics and between the mathematics and the areas in which applied. 
Student projects should be incorporated throughout the course to explore data and to determine which function best represents the data. These projects may be done individually or in groups and should require collecting data, analyzing data and presenting the results to the class. Technology will be an important tool for students to use in their investigations of the data and in their presentations of results and predictions to the class. Such projects require all students to be actively involved and help them become independent problem solvers.
Fourth Year Course, Option 2, Topic List

4M.1 – Use of Percent 

The mathematics includes deepening the student understanding of percentages and the uses and/or misuses in business, media, school, and consumer applications. Include exploration of the effects of compounding the percentages in these applications.

Percentages used as fractions, to describe change and to show comparisons. (e.g., sale prices, inflation, cost of living index and other indices, tax rates, and medical studies)

Compound percents used in financial applications. (e.g., savings and investments, loans, credit cards, mortgages, and federal debt)

4M.2 – Statistics and Probability
 The mathematics in this unit includes an extension of the statistics and probability previously covered in the model.

The Probability section includes systematic counting, simple probability, combining probabilities in problem situations, conditional probability and the difference between odds and probability (e.g., insurance, lottery, backup systems, random number generator, weather forecasting, and data analysis).

The Statistics section includes collecting, organizing, and interpreting data (e.g., margin of error, sampling bias within surveys and opinion polls, correlation vs. causation).

4M.3 – Functions and Their Graphs

This unit forms the core of the course. The mathematics includes reviewing functions that students have previously studied and using the functions and their graphs to analyze familiar but complex problem settings.

Linear functions describe constant rates of change, unit conversions, linear regressions, and correlation. Many applications can be illustrated (e.g., gas bills, temperature unit conversions, hourly wage, straight line depreciation, and simple interest).

Exponential functions model many problems from school, work, and consumer settings (e.g., population growth, radioactive decay, inflation, depreciation¸ periodic drug doses, and trust fund). The concepts of “doubling time” and “half life” should be included.

Logarithmic functions, their graphs, and logarithmic scales describe data from familiar problem settings (e.g., real population growth, investment time, earthquakes, and noise levels).

Periodic functions include trigonometric functions and introduce the concept of cyclic behavior (e.g., sound waves, amount of sunlight per day over days of a year, behavior of springs).

Exponential and trigonometric functions can be combined by considering damped harmonic motion (e.g., motion of a bouncing ball or spring when friction is considered).


4M.4 – Functions of More Than One Variable

The mathematics curriculum in grades 9-12 generally focuses on functions of one variable. Real world applications, however, often require consideration of more than one variable. This unit provides opportunities for students to work with functions of more than one variable.

Most problem settings in this unit will be represented by functions of two variables so that students can represent data with graphs in three dimensions (e.g., topographic maps, car loans, weather maps with colors representing temperature ranges, and other 3- dimensional media graphics).

4M.5—Geometry 

The mathematics in this unit reviews the basics of Euclidean geometry and uses properties of solid geometry to model and solve problems in three dimensions. Two-dimensional geometry is extended using vectors and linear transformations. Fractal geometry is introduced and explored.

Problem solving in this section will include dimension, surface area, volume, and measurement of angles in three-dimensions (e.g., capacity, surface areas in consumer applications, latitude, longitude, and optimization problems). The solid geometry can be extended to equations of planes and lines in 3-space.

Use vectors as a tool to describe the geometry leading to linear transformations of plane figures and compare areas (e.g., animation in graphic design).

Fractal geometry is introduced by defining fractal dimensions and using this dimension and iteration in problem solving situations in nature (e.g., measuring an island coast line, the length of meandering stream, area of a square leaf with holes in a fractal pattern or the volume of a cube cut from a rock that contains cavities forming a fractal pattern).
. 

The Fifth Year Course

Fifth Course Rationale:  

Students in a fifth year high school mathematics course have been accelerated at some point in their study.  This might involve starting with the first year high school course in eighth grade, doubling up on courses at some point, or another form of acceleration.  Any student who has been successful in the pre-calculus course is prepared for college-level calculus or statistics courses, and students who have been successful in either of the other year 4 courses will be prepared for college-level statistics.

Fifth Course Description:
The fifth year of high school mathematics will be a calculus course for most accelerated students. When a calculus course is offered in the high school curriculum, the course should be taught at the college level and students should expect it to replace a first year calculus course in college. This can be assured by using one of the College Board’s Advanced Placement calculus courses and requiring students to take the AP exam at the end of the course. In some locations, accelerated students are able to enroll in a mathematics course at an area college or to take a college level course through distance education, concurrent with their high school studies. The Program Models also prepare accelerated students to take the College Board’s Advanced Placement statistics course. For many accelerated students, AP Statistics can be an exciting and appropriate option.
Syllabi for AP Calculus and AP Statistics are provided by the College Board.

Program Model C(
Model C( is an example of how Model C can be adapted to allow additional time for students who are preparing for postsecondary education in programs that do not include calculus.  This adaptation prepares students for OGT requirements by the end of the Year 2 course and meets the Ohio Board of Regents expectations for students to be prepared for a non-remedial college mathematics course by the end of the Year 3 course.  

Year 1 Topics List 
(Number indicates year and section in Model C.)
1.1
Numbers and Variables

1.2
Data Analysis

1.3
Counting and Probability

1.4
Rectangular Coordinates, Linear Functions, Equations and Inequalities

1.5
Systems of Linear Equations and Inequalities

1.6
Functions

Year 2 Topics List
1.8
Polynomial and Exponential Functions

1.7
Quadratic Polynomials and Equations

2.1
Reasoning and Proof

2.2
Lines, Circles, and Triangles

2.3
Similar Triangles, Proportions, and Trigonometry

2.6
Perimeters, Areas, and Volumes

Year 3 Topics List
2.4
Coordinate Geometry

2.5
Transformations

3.3
Polynomial, Rational and Radical Equations and Inequalities

3.4
Exponential and Logarithmic Functions 

4.6
Systems of Linear Equations (without matrices)

Year 4  Pre-Calculus                              OR    Year 4 Modeling and Quantitative    
3.1    Functions                                                       Reasoning
3.2   Statistical Analysis                                         4M.1 Use of Percent

4.6   Systems of Equations (with matrices)            4M.2 Statistics and Probability

4.1   Mathematical Induction, Sequences,              4M.3 Functions and Their Graphs

        and Series                                                       4M.4 Functions of More Than One

3.5   Trigonometry and Triangles                                    Variable                                                                                                                        

3.6   Trigonometric Functions                                4M.5 Geometry 

Accuracy of Polls.


Many organizations run polls to determine what people think.  Samples of the population are chosen in various ways. In each a few people are chosen to represent the entire country.  With some multiple choice questions the pollsters determine the nation’s opinion about Coke versus Pepsi, or about Democrats versus Republicans.  How much faith should we place in such polls?  How can a small sample yield accurate predictions of the whole population?  Are researchers justified in claiming that the poll is “accurate with an error of at most 2 percent”?  The answers involve calculations with probability and statistics like those done in this course.








Logic and Deductions





Reasoning and logic are central to advanced mathematics, but those skills are also prominent in other professions.  For instance prosecuting attorneys try to prove “beyond a shadow of a doubt” that the defendant is guilty of the crime.  Accountants analyze the record books of corporations, comparing streams of income and expenses, to detect where the money is flowing, and whether the spending has all been legitimate.  Police detectives gather bits of evidence, make time tables, check alibis and try to deduce who had the opportunity and motive to commit the crime.  





Perspective.   


The invention of perspective drawing by artists like Albrecht Dürer in the 1500s was a major factor in the development of geometry.  The idea of a “vanishing point” where parallel lines seem to meet led to mathematical models that help explain the concepts that those artists were using.  








Navigation. 


Centuries ago sailing ships had to navigate across the open ocean in order to reach the desired destination.  Calculations required good maps and a working knowledge of trigonometry.  Perhaps the most difficult part of the calculation was to find the ship’s current position, its latitude and longitude, when no landmarks are in sight.  With a compass and measurements of the position of various stars and the sun, a navigator could compute the latitude (distance from the equator).  However, determination of longitude was much more difficult:  it required accurate knowledge of time..





Credit Card Debt


Credit card companies give customers the convenience of cashless buying, with no liability if the card is stolen.  How do those companies make their money?  In addition to charging merchants for the use of the cards (which raises all prices a bit), they impose finance charges and interest penalties on late payments.  Suppose a consumer carries a debt of $5000 on his card and pays a penalty of 1.5 percent interest per month.  Computing the twelfth power of 1.015, he finds that he will owe more than $975 in interest after a year.  That’s a high rate to pay for a loan. 





Synthesizers.�


In studying the propagation of heat in the early 1800s, J. Fourier showed that any periodic function can be closely approximated by a combination of sine waves of various periods, amplitudes, and phase shifts.  Since a musical tone is a periodic sound wave, this mathematical analysis, based on trigonometric functions, enabled electronic engineers to design synthesizers that can imitate the sound of any musical instrument.  





Mortgages.


Mortgage payments are equal amounts paid monthly over many years to repay a large loan.  A mortgage has a certain interest rate.  Part of each payment is assigned to pay the interest (paid to the bank for the loan) and the rest pays the principal (reducing the total amount owed).  However, the early payments are counted mostly as interest!  Later payments gradually contribute more and more to the principal.  Understanding whether this is fair, and how those calculations are made, involves an analysis with exponential and logarithm functions, together with sums of geometric series.





Curving grades�


Professors in large college classes sometimes “curve” the grades in the class.  This process has many different interpretations, but the classical meaning is to assign letter grades according to  z  scores.  The z score for an item indicates how far and in what direction that item deviates from the mean, expressed in terms of the standard deviation. Consequently, if grades fall in a normal distribution about 2% of the students get an A, 14% get a B, 68% get a C, 14% get a D, and 2% fail.  Often, students prefer the less formal curving of grades, the kind when teachers just add points to everyone’s score.





Tessellation.


Artists have used tessellations of the plane for centuries, from ancient mosaic floors and Moorish decorations in Spanish palaces, to modern floor tilings and wallpaper patterns.  Symmetries of tessellations have been classified mathematically, resulting in the noteworthy fact that there are exactly seventeen “wallpaper groups”.  The analysis of symmetry begins with the two simplest regular shapes that can tile the Euclidean plane:  squares and equilateral triangles.





Birthdays  


A few years ago a woman won the New York lottery for the second time.  This coincidence doesn’t prove that the lottery is unfair.  Instead it illustrates that coincidences are more likely to happen than many people expect.  The “birthday paradox” illustrates this point.  A calculation with fractions and probabilities shows that in a group of 23 people there is a more than 50% chance that at least two of them will have the same birthday (month and day).  





Musical Scales�.


Notes of a scale can be built from a base tone and simple fractions.  For instance, if plucking a certain string provides the note  C, then a string one-half as long yields a higher C, one octave above.  Using a string one-third as long yields a  G,  the note which is a “perfect fifth” above  C.  Other notes in the  C  scale arise from other simple fractions.  However, musicians know that strings tuned to a perfect C-scale will not provide a perfect D-scale, or a perfect scale based on any of the other notes.  When harpsichords were invented technicians tuned them to a “well-tempered” scale that would work equally well in all different keys, although not exactly right for any one key.  That well-tempered scale is built on ratios involving the 12th root of 2.  A physical form of the scale is exhibited by the frets on the neck of a guitar.  They are not evenly spaced, but vary according to the powers of that twelfth root. 





Insurance Rates.


Actuaries compute the rates companies charge for life insurance policies.  They analyze mortality tables (tables of average life expectancies) to compute the risk involved and do� many calculations with exponentials, logarithms, and geometric series before recommending rates that will pay the awards, make some profit, and be competitive with other insurance companies. 





Rainfall Records�.


Numerical measurements sometimes come in random order, like the number of inches of rainfall per year in Cincinnati, or the annual number of hours of bright sunshine in Cleveland.  Sometimes there is a “record year” with more rain (or sun) than in any previous year since those measurements began.  In the early years of Ohio’s record keeping, record years happened fairly often. (After all, the first year is automatically a record!).  However, as years pass the frequency of record years decreases.  A fairly simple mathematical model shows that the total number of record years so far varies as the logarithm of the number of years since the measurements began.  Although this prediction matches many different instances of actual data, it is not what most people expect.  If the number is random,  in 65 years we should expect 4 or 5 record years, while in 1000 years the model predicts only 7 or 8 records.  





History.  


A new work by some famous nineteenth century author would be an exciting find and might be worth considerable money.  How can its authenticity be checked?  Some frauds have been discovered by doing statistical analysis of the words used in the manuscript, comparing frequencies of various words with corresponding frequencies in authentic works by that author.  To decide whether differences in word frequencies are significant (worth accusations of fraud) requires further analysis of probabilities� and expected values. 





History


Archeologists often find artifacts that contain animal (or plant) material.  The ratios of certain� isotopes of carbon in a body gradually change after death of the animal.  Since that change is exponential with a long half-life, the researchers can measure the amounts and use exponentials and logarithms to estimate the time of death.  Many items found in caves or in archaeological digs are dated in this way, providing important clues to the prehistory of mankind.





Triangulation�.


One observation of a distant object is not enough to determine the object’s location.  However with two or more observations, and some calculations with trigonometry, the position can be determined.  This is done by forest rangers when a fire is sighted from two different stations.  Similarly, astronomers used this method to compute the distance from the earth to the moon, or to the planets.  Triangulation methods are also used by police when an emergency call comes from someone using a cell phone.  Knowing which cell phone towers picked up the signal, technicians can estimate the location of the caller.





Ancestry.


Every human cell contains chromosomes that consist of DNA molecules.  Those huge molecules are long chains of four basic amino acids.  The exact order of the four acids in the chain encodes a person’s personal biology:  arrangement of bones, number of fingers, color of hair.  Chromosomes are a mix of the DNA chains inherited from the mother and father.  Two brothers will have chromosomes very similar to each other, but their second cousin’s chromosomes will be less similar.  By sampling and analyzing specific parts of DNA molecules, microbiologists are able to determine whether two people are closely related.  With statistical studies using similar measurements from many other people, they can even deduce what area of the world a person’s ancestors came from.





Heart Rate


The heart is an essential organ for any human. But not all hearts beat regularly. Some people’s hearts either beat as often as they should or beat normally for a while, skip a beat and then return to normal beating. The beating patterns of the heart (normal, abnormal) can be modeled with mathematical equations (linear, exponential). Such models are used to investigate what type of electrical devises should be used to correct a particular heart abnormality.
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