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Framework

Mind
Mathematics
Message

Use of language
Presentation of ideas
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Inconsistency in students’ mental conceptions

If you know the definition of the limit of a sequence, write it
down: sn → s as n→∞ means:
[10/36]
Is 0.9 (nought point nine recurring) equal to one, or is it just
less than one? Explain the reason behind your answer.
[1/36]
Thirteen thought 0.9 < 1 while saying

lim
n→∞

(1 +
9

10
+

9
102 + · · ·+ 9

10n ) = 2
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Inconsistency in the belief structures in mathematics

. . . a branch of higher mathematics that deals with
variable, or changing, quantities . . . based on the
concept of infinitesimals (exceedingly small quantities)
and on the concept of limits (quantities that can be
approached more and more closely but never
reached). — Encyclopedia of Mathematics, 1982.
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Conflict between mind and mathematics

Concept Image
. . . the total cognitive structure that is associated with the
concept, which includes all the mental pictures and associated
properties and processes.

Concept definition
. . . a form of words used to specify that concept
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Students’ Concept Image of Continuity
Inconsistencies in Learning Calculus David Tall
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f (x) = 1/x (x!0)
2

f (x) = x2
1

f (x) = {
 0 (x"0)

3 x (x#0)

f (x) = {
 0 (x"0)

4 1 (x>0)

f (x) = {
 0 (rational)

5 1 (irrational)

Which of the 

following 

functions are 

continuous?

If possible, 

give reason for 

your answer.

Figure 1 : the concept image of continuity

Mathematically f1, f2 and f3 are continuous, whilst f4 and f5 are not. But the

students’ concept images suggest otherwise (Table 1 – “correct” responses in bold

print).

 N=41 f1 f2 f3 f4 f5

continuous 4 1 6 2 7 1 8

discontinuous 0 35 12 3 8 2 6

no response 0 0 2 2 7

Table 1

Although all the responses to f1 are “correct”, the majority are “right answers for

wrong reasons”, such as the idea that f1 is continuous “because it is given by only

one formula”. The function f2 often causes dispute even amongst seasoned

mathematicians. It is continuous according to the $%& definition on the domain

{x'I R  | x!0}. But the students’ concept images suggest:

It is continuous:
because “the function is given by a single formula”

It is not continuous
because “the graph is not in one piece”

Figure: Concept image of continuity

C DC NR
f1 41 0 0
f2 6 35 0
f3 27 12 2
f4 1 38 2
f5 8 26 7
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“the function is not defined at the origin”
“the function gets infinite at the origin”.

Thus we see the concept image being evoked to respond to the question rather than

the concept definition, leading to inconsistent responses.

It is possible for students to give apparently correct responses having evoked

incorrect concept images, or to give glaringingly incorrect responses for subtle

reasons that have a large portion of truth in them. Tall (1986a) asked students to

respond in writing whether they thought the statement in figure 2 is true or false.

A

T

B

As B!A the line 

through AB tends 

to the tangent AT.

True/False ? .....

Figure 2 : tending to the tangent

Of a sample of nine 16 year old students interviewed in depth (as part of a larger

project), four said the statement was ”true“ but linked the symbol B!A to vector

notation and visualized B as moving to A along the line BA, so that the line

(segment) BA “tends” to the tangent. Meanwhile, one student considered the

statement “false” for the sensible reason that the lines were infinite so, way off at

infinity, the line AB and tangent AT were still a long way apart no matter how close

A and B became : an “incorrect” response for a very sensible reason. For this

reason questionnaires alone, without follow-up interviews, may not reveal the full

story.

The message: linguistic considerations

It is clear from what has already been said that language plays a large part in

carrying both the meaning and evoking concept images that may be inappropriate

and cause conflict. In a recent investigation I asked sixteen year old pupils to

explain what a function is. The responses included the following:

Figure: Tending to the tangent
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The Message: Language

Student responses to the question “What is a function?”
An equation with a variable factor—tells us what happens
to a variable factor. e.g. f (x) = x + 2.
A process which can be performed on any number and is
represented in algebraic form using x as a variable.
An order which plots a curve or straight line on a graph.
A series of calculations to determine a final answer.
A term by which a sequence of numbers can be written
and values calculated.
A set of instructions that you can put numbers through.

Difference between functions and equations
Is y = 4 a function?
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The Message: Sequencing

Incorrect beliefs arise from starting with polynomial calculus
that a function must be given by a formula (and only one
formula is allowed)
that every function is differentiable, except possibly at a few
isolated points
that the graph of a function looks fairly smooth with
reasonably shaped maxima and minima
that graphs always have tangents
that a tangent touches the curve at one point only and
does not cross the graph, etc etc.
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Using Technology to Reduce Cognitive Conflict

There are two possible ways of coping with conflict
(which are not mutually exclusive): one is to research
the cognitive conflict to be prepared to face it when it
occurs, a second is to give a richer conceptualization
from the start to reduce the later conflict, or at least
give the experience to set it in context.
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