Problems to explore odd and even numbers

Before presenting the problems stated below, make sure the class has shared definitions of even and odd numbers.

The problems are about a collection of items with an even number of categories.  In the sample problems, a child has a bag of Halloween candy with 8 kinds of candy.  If you don’t want a problem about candy, you can choose another kind of object.  You can also change the numbers to make them appropriate for you class according to the following criteria:

Problems 1 and 2: There are an even number of items in the entire collection and an even number of categories.  

Problems 3 and 4: There are an odd number of items in the entire collection and an even number of categories.

Note that there are multiple solutions for Problems 1 and 2, but there are no solutions for Problems 3 and 4. After students work on the problems and have written out their ideas, have a class discussion about them.

The point of the discussion is for students to explain why Problems 3 and 4 have no solution.  In their explanations, students may state some generalizations, e.g., the sum of even numbers must be even; the sum of two odd numbers must be even; the sum of an even number of odd numbers is even.  Once (if) students articulate the generalization, what do they rely on to prove their statements?

Problem 1:

Lilah counted 72 pieces of candy.  She has Milky Way Bars, Rollos, Lifesaver Packs, Kit Kat Bars, Hershey's Kisses, Mars Bars, Blow Pops, and Hershey Bars.  Lilah noticed she has an even number of each kind of candy.  What are the possibilities?  Did she count right?

Problem 2:

Jason also counted 72 pieces of candy and has the same kinds of candy as Lila.  Jason noticed that he has an odd number of each kind of candy.  What are the possibilities?  Did he count right?

Problem 3:

Terry counted 73 pieces of candy and has the same kinds of candy as Lila.  Terry noticed that she has an even number of each kind of candy.  What are the possibilities?  Did she count right?

Problem 4:

Mason counted 73 pieces of candy and has the same kinds of candy as Lila.  Mason noticed that he has an odd number of each kind of candy.  What are the possibilities?  Did he count right?

Below are three episodes from elementary classrooms where students encountered these issues.  You may want to tape record your discussion so that you can write up a similar kind of account.

After the discussion, have students write out individually how they know Terry and Mason must have counted wrong.

***

Excerpt from “Classroom Stories: Examples of Elementary Students Engaged in Early Algebra” by Virginia Bastable and Deborah Schifter


Shortly after Halloween, Betsy Norris gave her third/fourth-grade students the following problem:

Lilah counted 71 pieces of candy.  She has Milky Way Bars, Rollos, Lifesaver Packs, Kit Kat Bars, Hershey's Kisses, Mars Bars, Blow Pops, and Hershey Bars.  Lilah doesn't have an even number of anything.  What are the possibilities?  Did she count right?


Norris's students were used to problems that had more than one solution and expected this problem to be similar.  In fact, Norris reported, most children were quite surprised by the difficulty this problem presented.  They spent a long time working to find a combination of eight odd numbers that would total 71.  When they couldn't find one, some were convinced that they were making mistakes in their calculations, but others began to see that the constraints of the problem made a solution impossible.


When the group came together to discuss the problem, some students said that Lilah had counted wrong, others said that Lilah was right, and a few explained that they were not sure because they had miscounted.  As the conversation continued, the students began to explore the properties of odd and even numbers:  

Kyle:  Well, I know that an odd and an odd always equal an even.  She had eight kinds so each odd has a partner so they could equal an even.  And even and even doesn't always equal an odd number.  Mostly ever.   

Norris:  Mostly ever?

Kyle:  Well it doesn't equal an odd number all of the time.  Odd and odd make even.  There are eight different kinds, so each one has a partner to equal an even and the evens can't equal up to 71.

Barbara:  I figured out that two odds make an even, almost always.  But it's not very often that three odds do make an even.  So an odd number of odds make the number odd.  And there...wait!  I don't get what I'm saying.

Norris:  You were thinking about the list of candies and whether the list itself was an odd or even number of things?  

Barbara:  Uh-huh.

Norris:  And you were saying that an odd and an odd and an odd, what did you call it—an odd?

Kenny:  Yeah. Well, kind of like three 3s:  3 and 3 are 6 and that's an even number but when you add on one more 3, you get 9, but then also when you add on one more 3 you get 12 and that's an even number.

Norris:  Ahhh.  So there is a pattern there?

Kenny:  Yeah, it goes odd, even, odd, even, odd, even.  And with even, it goes even, even, even.  Because, take 2:  2 and 2 is 4 and that's an even number; 4 and 4 is 8, that's an even number; 8 and 8 are 16,that's an even number; 16 and 16 is 32.

Norris (to Barbara):  Is this the kind of thinking you were doing?

Barbara:  So I was thinking there's eight of them, and they're supposed to equal 71.  71 is an odd number.  And there's an equal [sic] number of things.  Wa-a-a-it a minute.  There's gotta be an even number somewhere in here.


A few minutes later, a visiting researcher asked the class what it takes to make them believe that something is always going to be the case instead of almost always.

Barbara:  You have to try it a bunch of times, like all the times you can use it. And if it works out all the time the way you want it, then you have to be convinced.

Kenny:  Well, I did it up to one hundred and it always equaled an even so, I mean, that would go on and on.

***

Case from Reasoning Algebraically About Operations, by Deborah Schifter, Virginia Bastable, and Susan Jo Russell

Number of the day

Dolores

Grade 3, October

I decided to open an exploration of odd and even numbers by asking my new class of third graders to share what they already knew. When I asked what they had learned earlier, one boy's hand shot up immediately. Then he struggled for a minute, searching for the wording he wanted, before saying, "I could say it to myself in my head but I can't explain it now."  Other students contributed comments on what they had learned:  

Cory: Odd numbers are like one, that's the first one in the odd family.

Eva: Even numbers are 2, 4, 6, 8, and so on.

Kim: Even numbers in the ones place are usually the even numbers, so 2, 4, 6, 8, 0. You can test 32. Just pay attention to the 2. It's even.

Doug: 9 is on my soccer shirt. It's odd. So is 1, 3, 5, 7, 9.

Amy: We can start with 1 and go maybe to 100; it goes odd, even, odd, even, odd.  I think zero is even too.

Jack: If zero is at the end of the number it is even. So in 100 you look at the last zero for even. 100 is 50 and 50. 30 is l5 and l5. 50 is 25 and 25. 40 is 20 and 20. 

Marge: If zero is in a number, it doesn't make it even, does it? Like 101, the end matters right?

As the discussion continued, it seemed most children, like Jack, were using the definition that an even number can be divided into two equal parts using only whole numbers.  I discussed that definition with the students before we went on.  Then the class got busy trying to divide numbers that end with zero into two equal parts. This lasted for about 10 minutes with all of the numbers being "splittable" with a few adjustments offered to each other.  

Next, I asked the students to try to find out what kind of a number we would get as an answer if we added an even number to an even number. They set off to try all sorts of possibilities. As we came back together at the end of the period, all 20 children reported that their sums were even, after a few addition corrections.

The next day, I reminded the class of the work we had completed earlier, emphasizing the definitions of even and odd numbers. Then I gave each child a sheet of paper with the question, How can we be sure any even number added to an even number will give an answer that is even?  The students supplied a variety of responses:

Ricky: We will never know because there’s too many numbers. 

D.C.: We could never tell because the numbers don't stop. 

Laurie: We can never know for sure because the numbers do not stop. 

Eva: We really can't!  Because we might not know about an even number and if we add it with 2 it might equal an odd number! 

Zoe: I know it will add to an even number because 4 + 4 = 8 and 8 + 8 = 16. 

Claudia: We don't know because numbers don't end. 1,000,000 + 100; you can always add another hundred.

Mim: Your answer will be even because you are using even numbers.

Building on this background of thinking about odd and even numbers, I decided to try something new based on the number of the day. As we make our way through 182 school days, I begin each day with "Happy Day # ..." A usual activity is to think of any interesting arithmetic expressions that equal the number of the day. We also figure out ways to determine the number of days ahead of us in the year.

I decided to ask the children to create problems that would have answers of 24, but this time they had to work with some restrictions.  They had to use only the operation of addition and only even numbers to get the sum.

My third graders threw themselves into this task. In just a few minutes everyone had a supply of math sentences to share. For the most part, they were all done correctly. There were a few arithmetic errors. Sometimes the difficulty was in keeping track of how many 2s were in the problem. This all flowed easily.

The next day we worked on making problems with sums of 25 using the same restrictions. Again, the children busied themselves with calculations. After a few minutes of working alone we talked about what they had found. A few kids raised their hands to offer ideas. In each case, an odd number had "snuck" into the equation. No one actually said they couldn't do it. The comments revealed more of a mood that they hadn't found a way to do it yet. Thinking back on this, I wish I had asked if 24 had been easier to do, and if so, why. I wish I had pushed a little on their thinking. I knew we would come back to this on another "odd" day.

I am often wondering about how and when children notice patterns. I knew it would take a few times at this same kind of work for third graders to expect particular results. This first time I think they were pretty focused on actually getting even numbers and adding correctly.

On day 28, we tried using only odd numbers to add up to 28. There were lots of 1 + 1 + 1 + 1 + ....  For the most part the class had little difficulty with this. They just poured themselves into the job. The next day they breezed through finding odd numbers that totaled 29. No one noticed an odd number of odd numbers was needed to get an odd sum. They were happy and busily adding. (There will still be time to notice those patterns.)

As days passed I continued to work on making math time more than just doing calculations. It is always a lot of work at the beginning of a year to get a new batch of children to appreciate the value of sharing ideas with each other. There is such a tendency to just take turns talking without recognizing that they also need to consider the ideas and strategies of others.

I was also wondering about students noticing trends, rules, and patterns with numbers by doing lots of examples. Could they help each other make generalizations?

The next time we did the "number of the day" work was on day 33. I gave the kids a few minutes to try to make the number 33 with the restrictions of using only addition and only even numbers. The results were interesting.

Mim immediately wrote in giant sized letters on the back of her spelling pretest, "YOU CAN'T DO IT!! evens 10 + 10 + 10 + 2 + 2 can't do it!! Sorry, you can't do it."

Kim wrote, "16 + 16 = 32 There is no posiple way to make 33 with all even numbers. You can only make evens with all evens."

Claudia said, "Even numbers plus even numbers always adds up to even, and 33 is odd."

Carry insisted, "You can't do it. You would at least use 1 odd. You can't make 33 with only even numbers."

Jack tested it out by adding a string of twos.  He wrote, "2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 – 1 = 33 I trid and I can't come up with even numbers to = 33."

Noah had lots of calculations on his page, which were crossed out. Below all of that he wrote, "You can't do it."

Beth used a different strategy. She put together a series of even numbers and ended up with sums of 32 or 34:

30 + 2 + 2 = 34
20 + 10 + 2 + 2 = 34
10 + 12 + 10 = 32
10+ 10 + 10 + 4 = 34 

She didn't make any generalizations.

Anna did some exploring and made an observation:

1 + 4 + 4 + 2 + 10 + 10 + 2     1 is odd. I think it is not posable.
10 + 10 + 10 + 2 + 1 = 33      1 IS ODD.
10 + 10 + 10 + 2 = 32      You need one more but one is odd.

Eva tried something similar:

20 + 12 = 32  NO
30 + 2 + 1 ODD I think this problem can not be done with the even numbers we know.

Others took time to try but made no "discoveries" or generalizations. As we came together to talk about it, everyone was relieved to find it couldn't work. I think it is still a "number specific" idea for about half of the children. I expect they will jump into trying many combinations of even numbers to make number 39 and 41, and maybe even 55. It may take time for them to get it.

***

Case from Reasoning Algebraically About Operations, by Deborah Schifter, Virginia Bastable, and Susan Jo Russell

Case 4

Adding evens

Lucy

Grade 3, June

I set out to investigate odd and even numbers with my class.  As third graders, they had worked on odd and even numbers before, but to make sure we were all on the same page, we started our session with a discussion about how to define these terms.  We agreed that even numbers are those that can be made into pairs with none left over, or you can divide them into two equal groups with none left over.  (We did clarify that those groups needed to be whole numbers—not fractions.)  Some of the children pointed out that even numbers are numbers you get to when you count by 2, starting with 2.  We also agreed that if you have a number that fits one of those conditions—it can be made into pairs, it can be made into two equal groups, or you can get to it counting by 2—it fits the others.

The class defined odd numbers as those that have one left over when you make pairs or when you try to make two equal groups.

Next, I gave the class a worksheet I created.  I intended to have students practice applying these definitions.  I didn’t want them just to say whether a number is odd or even, but to show how they used the definition to make this determination.  Then, I wanted them to see if they could predict whether sums of given pairs of numbers are even or odd.

1.  Are these numbers odd or even?   How do you know?   What rules or pictures can you write to show your thinking about whether a number is odd or even?  
6                                                                                                                    

9                                                                                                                   

35                                                                                                                  

92                                                                                                                   

2.  Are the answers to these problems odd or even?  Do you know without solving them?  Why is that?  Show your thinking with pictures or explain with words.

4 + 8 =                                                                                                         

5 + 3 =                                                                                                         

4 + 5 =                                                                                                         

9 + 2 =                                                                                                        

3.  Does your thinking work for these problems too?  Why?  Do you know if the answer is odd or even without solving the problem?  How do you know?

35 + 49 =                                                                                                    

66 + 105 =                                                                                                   

96 + 244 =                                                                                                  

4.  Do your rules work for any size numbers?  Why is that?            

5.  How could you tell whether an answer was even or odd if you had more than two numbers?                                                                         
When it was time to bring the class together for a whole-group discussion about what they had figured out from this activity, many of the students suggested generalizations—the sum of two evens is even; the sum of two odds is even—but none of the children offered a proof.  That is, nobody offered a proof until Amanda spoke up:

Amanda:  Two evens, no matter what they are, have to equal an even.

Teacher:  Why?

Amanda:  Um. I just figured out something….  If you counted something by 2s, and 2s always work on an even number, they can’t work on an odd number, and every even number you count by 2s with it and if you added the 2s of both even numbers on top of each other, they both count by 2s, so they would have to equal an even.

At this point, I wasn’t at all sure what Amanda was saying.  But I wanted to give her classmates a chance to think together with her.

Teacher:  Somebody know what she’s talking about?  Ellen?

Ellen:  She’s kind of talking about—No, I’m confused.

Teacher:  Somebody want to hear it again?  Ellen wants to hear it again, Amanda.

Amanda:  Well, if you have 2 even numbers, 2s work on both of them, so if you put them on top of each other.  Umm.  Can I have some cubes?

As Amanda built two sticks of cubes representing even numbers, she explained her idea again, showing the two sticks of cubes that could be counted by 2s, and then joining them to make one stick.



Amanda:  I have this, both of them [the two sticks] count by 2s, so if I put them on top of each other, you keep counting by 2s, and then you get to an even number.

Once I saw Amanda’s demonstration with cubes, I understood what she was talking about.

Teacher:  Ohhhh.  That’s not what I thought you meant when you said you put them on top of each other.  Ohh.  What do people think about what she just said?  Elizabeth?

Elizabeth:  I think she said that if you have two even numbers and they’re counting by 2s, then you put them on top of each other

Teacher:  You stick them together, I think that’s what she meant.

Elizabeth:  Yeah.  But then I don’t know what she said after that.

Teacher: (Checking with Amanda to make sure she’s correctly paraphrasing): So you’ve got an even number over here, and an even number over here, and you stick them together. Doing that has to give you an even number.

Amanda:  Because you can count by 2s up to 6 and if I add the 4 on, you can just keep counting up by 2s, and that would have to equal an even number because 2s only get you to even numbers.

At this point, Elizabeth was working hard to follow Amanda’s proof.  At first, she seemed to agree that the generalization felt right.  But then she reconsidered.

Elizabeth: I think she’s just like adding the even numbers that are counting by 2s, so if she had two even numbers on both sides and then put them together, then she would get an even number, so it’s kind of like you’re adding the even numbers.

Teacher:  But why would it be an even number, if she had an even number and another even and she put them together.  Why do you…does it feel like she’s right, that it has to be an even?
Elizabeth:  Well, yes… Well, I don’t know, because in some cases, well, um, I can’t really think of it now but like, if you had one that was an even plus an even, if like, I haven’t figured this out, but sometime maybe it could equal an odd.

Teacher:  And Amanda’s saying it couldn’t ever equal odd.  Is that what you’re saying Amanda?  That an even plus an even could never equal odd?  And Elizabeth is wondering if it (the sum) sometimes could be an odd, but you’re saying it could never be an odd?  Do you want to say more about why that is?

Amanda:  Because 2s don’t get to odds.  And if they’re two even numbers, they’re both counting by 2s, and if you put them on top of each other you keep counting by 2s and that always equals an even number.

Elizabeth:  So she’s saying she already knows that it always equals it.

Teacher:  She thinks she knows that it’s always going to be even.

That is as far as we got today.  But it leaves me with much to think about.  Amanda has come up with what seems to me a very convincing proof, based on counting by 2s, that the sum of two even numbers must always be even.  Elizabeth seemed quite close to understanding Amanda’s argument, but she just doesn’t seem able to make a claim about all even numbers.  “I can’t really think of it now, but … sometime maybe it could equal an odd,” she said.  Certainly, these two girls are in two different places with regard to thinking about and proving generalizations.

But should I think of Elizabeth’s position as weak for a third grader?  I think not.  Actually grasping the notion that numbers go on forever is new for children at this age.  It is important that Elizabeth realizes it’s not sufficient to argue that a generalization is always true simply by looking at particular examples.  After all, the examples chosen might be special cases, and something might change with other numbers.  Elizabeth’s insight is key toward understanding the need for mathematical proof based on reasoning, rather than by example.

Elizabeth and Amanda’s classmates were quiet during their exchange.  I don’t know where they are with these ideas, and this is something for me to look into in coming days. 
