Engaging Number Theory Problems
Tucson Teacher’s Circle

September 10, 2008
Phil Grizzard
grizzard@math.arizona.edu
Email me if you’d like more information about the Tucson Math Circle for students!
Making a Problem of Junior High School Mathematics

House, 1980

A high school has 1000 students and 1000 lockers.  Each year as an end-of-school celebration, the students line up in alphabetical order and perform the following ritual: The first student opens every locker.  The second student goes to every second locker and closes it.  The third student goes to every third locker and changes it (i.e. opens it if it was closed, or closes it if it was open).  Similarly, the fourth student changes every fourth locker, and so on.  After all 1000 students have passed by the lockers, which lockers are open?
There is a staggering amount of number theory that can be gleaned from this problem!

In your group, begin solving this problem.  Feel free to use pictures, charts, and diagrams.
Notation for students: Sn.  For lockers: Ln.

1) What lockers do you know for sure are closed?  Why?

2) Which students visit L24 and L36?

3) What conditions must be met for a locker to remain open?

4) Do the open lockers get farther apart?  Closer together?  Stay the same?

5) Why do the open locker numbers increase like this?

6) What is the number of the last open locker?

7) Exactly how many lockers are open?

8) Can you find all the lockers which are visited by only two students?

9) Do these lockers also get farther apart?

10) Except for the student whose number equals the locker number, all visitors to a locker have numbers less than or equal to half the locker number.  Why?
11) If we want to name all the visitors to a locker, how far must we check?

Working with factors, multiples, common factors, common multiples

How can you determine if L10 was visited by S3?  By S5?  By S6?  etc…
(Factors)
Which lockers are visited by S5 and S7?  By S6 and S8?  By S4 and S8?
(Common Multiples)
What is the first locker visited by both S5 and S7?  By S6 and S8?  By S4 and S7?
(Least Common Multiples)
Is there any student who goes to every locker visited by both S6 and S8?  

(Relative primes)
Which students visit both L24 and L36?

(Common factors)
Who was the last student to visit L36 and L48?

(Greatest Common Factor)
Five-Cycle number patterns
Snover, 1982

Third number = second number +1


    
    first number

next number =      last number +1



next-to-last number

Starting with 1 in circle A and 2 in circle B, fill in the remaining circles

Find the sixth number

Find the seventh number

Starting with 1 in circle A and 3 in circle B, fill in the remaining circles

Choose your own two numbers to put in A and B, and fill in the remaining circles
Choose two numbers with at least one negative number

Is it true that this pattern will repeat with any two numbers?  Come up with a convincing argument.

Find a number pattern where all five numbers are identical.

