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Abstract: We study the relationship between singularities of bi-Hamiltonian systems
and algebraic properties of compatible Poisson brackets. As the main tool, we introduce
the notion of linearization of a Poisson pencil. From the algebraic viewpoint, a linearized
Poisson pencil can be understood as a Lie algebra with a fixed 2-cocycle. In terms of
such linearizations, we give a criterion for non-degeneracy of singular points of bi-
Hamiltonian systems and describe their types.

1. Introduction

1.1. Statement of the problem. Since the pioneering work by Franco Magri [1], followed
by the fundamental papers by Gelfand and Dorfman [2], Magri and Morosi [3], and
Reiman and Semenov-Tyan-Shanskii [4], it has been well known that integrability of
many systems in mathematical physics, geometry and mechanics is closely related to
their bi-Hamiltonian nature. Bi-Hamiltonian structures have been discovered for almost
all classical systems and, at the same time, by using the bi-Hamiltonian techniques,
many new interesting and non-trivial examples of integrable systems have been found.
Moreover, this approach, based on a very simple and elegant notion of compatible
Poisson structures, proved to be very powerful in the theory of integrable systems not only
for constructing new examples, but also for explicit integration, separation of variables
and description of analytical properties of solutions.

The goal of the present paper is to show that the bi-Hamiltonian approach might also
be extremely effective for qualitative analysis of the dynamics and, in particular, in the
study of singularities of integrable systems, especially in the case of many degrees of
freedom where using other methods often leads to serious computational problems. The
relationship between the singularities of an integrable bi-Hamiltonian system and the
underlying bi-Hamiltonian structure was already observed in [5] and has been discussed
in a systematic way in [6]. This work can be considered as a natural continuation and
completion of the programme started in these papers.
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Each finite-dimensional integrable system gives rise to the structure of a singular
Lagrangian fibration on the phase space whose fibers, by definition, are connected com-
ponents of common level sets of the first integrals of the system. According to the classical
Arnold-Liouville theorem [7], regular compact fibers are invariant Lagrangian tori with
quasi-periodic dynamics. Although almost all solutions lie on these tori, the singularities
of Lagrangian fibrations are very important at least for the following reasons:

e The most interesting solutions (such as equilibrium points, homoclinic and hetero-
clinic orbits, stable periodic solutions, etc.) are located on singular fibers.

e Many analytic effects (e.g., Hamiltonian monodromy [8] which can be understood as
an obstruction to the existence of global action-angle variables) are determined by the
topology of singular fibers.

e The global dynamics of a system is directly related to the structure of the associated
Lagrangian fibration which, in turn, is determined by its singularities.

e The structure of singularities plays an important role in the problem of topological
obstructions to integrability.

By now, there is quite an accomplished theory that describes the topology of singular
Lagrangian fibrations and classifies the main types of bifurcations and singularities
for integrable Hamiltonian systems [9—19]. However, the description of Lagrangian
fibrations for concrete examples of integrable systems still remains a rather non-trivial
task, especially for multidimensional systems.

In the case of integrable systems, a usual scheme for the topological analysis of the
dynamics can be explained as follows. To understand the dynamical properties of a
given system, we need to study the structure of the associated Lagrangian fibration and
its singularities, which are completely determined by the integrals of the system. First
of all, it is required to describe the singular set of the fibration, i.e., those points where
the first integrals become dependent. Next, for each singular point, one needs to analyse
its local structure. If the integrals are given explicitly, both problems can be solved
by straightforward computation. But in reality, this analysis usually involves solving
systems of algebraic equations and can be very complicated even in the case of two
degrees of freedom. If the system is bi-Hamiltonian, then its integrals can be derived
from the corresponding pencil of compatible Poisson brackets. So that, in fact, this
scheme starts from the bi-Hamiltonian structure and can be illustrated by the following
diagram:

Poisson pencil

U

First integrals of the system
Lagrangian fibration

Singular set and local structure of singularities

!

Dynamical properties (e.g., stability)

Thus the information we are interested in is already contained in the Poisson pencil
associated with a given system. Is it possible to extract this information directly from the
properties of this pencil, without intermediate steps involving explicit description and
analysis of first integrals? The answer is positive and in the present paper we suggest
a method which reduces the analysis of singularities of bi-Hamiltonian systems to the
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study of algebraic properties of the corresponding pencil of compatible Poisson brackets.
Since in many examples the underlying bi-Hamiltonian structure has a natural algebraic
interpretation, the technology developed in this paper allows one to reformulate rather
non-trivial analytic and topological questions related to the dynamics of a given system
into pure algebraic language, which often leads to quite simple and natural answers.

The paper is focused on non-degenerate singularities of bi-Hamiltonian systems.
Non-degenerate singular points of integrable systems are, in some sense, generic and
analogous to Morse critical points of smooth functions. In particular, they are stable under
small perturbations and are linearizable in the sense that the Lagrangian fibration near a
non-degenerate singular point is symplectomorphic to the one given by quadratic parts of
the integrals (Eliasson [12]). Topologically (and even symplectically) a non-degenerate
singularity can be represented as the product of “elementary blocks” of three possible
types: elliptic, hyperbolic and focus. The complete local invariant of such a singularity
is the (Williamson) type of the point, a triple (k., kp,, k r) of non-negative integers being
the numbers of elliptic, hyperbolic and focus components in this decomposition (see
Sect. 1.2 for precise definitions). The Williamson type contains not only the complete
information about the Lagrangian fibration, but also determines the dynamics nearby
this point. For example, Lyapunov stability of a non-degenerate equilibrium point is
equivalent to the absence of hyperbolic and focus components, i.e., k, = ky = 0. A
similar statement holds true for singular periodic solutions.

Let us make one important remark about compatible Poisson brackets considered in
the present paper. In general, there are two essentially different types of Poisson pencils.

1. Symplectic pencils: brackets forming a pencil are non-degenerate. The integrals in
this case are the traces of powers of the recursion operator [2,3].

2. Kronecker pencils: brackets forming a pencil are all degenerate (see Definition 9
below). The integrals in this case are the Casimir functions of these brackets. This
situation was studied in [4,5,20] and can be viewed as a generalization of the argument
shift method [21,22].

In this paper we discuss the second situation only. A similar treatment of symplectic
pencils remains an open and, in our opinion, very interesting and important problem.

Let us briefly discuss the content and structure of the paper. The problem we are
dealing with can be formulated as follows. Consider a bi-Hamiltonian system on a
smooth manifold M related to a pencil of compatible degenerate Poisson structures

I[T={P,=Py+APsx}, rankIl < dim M
where

rank IT = r&lax rank P, (x).
WX

The family F of first commuting integrals of this system consists of the Casimir functions
of all generic P, ’s. We assume that these integrals are sufficient for complete integrability
so that they define the structure of a Lagrangian fibration on generic symplectic leaves.
Our aim is to study the singularities of this fibration.

Assume that x € M belongs to a generic symplectic leave O (x) (w.r.t. a certain
Poisson structure, say Py) and is singular, i.e., the dimension of the subspace dF(x) C
T%O(x) generated by the differentials of the first integrals is smaller than % dim O(x).
What can we say about the local structure of this singularity? Is it non-degenerate? If
yes, what is the Williamson type of this singularity?
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As was explained above, the answers to these questions are “hidden” in the local
properties of the pencil IT at the point x. First of all, we notice that x is singular if and
only if for some A; € C the rank of Py, (x) drops, i.e., rank P;,(x) < rank I1. Then
for each A;, we introduce the notion of A;-linearization of the pencil IT at the point x
(Definition 10, Sect. 2.1) playing a crucial role in our construction.

The linearization of a Poisson pencil is still a pencil of compatible Poisson brackets
but of much simpler nature, namely, one of the generators of this pencil is a linear
Poisson structure and the other is a constant Poisson structure. Speaking more formally,
the linearization of IT is a pair (g, A) where g is a finite-dimensional Lie algebra and A
is a 2-cocycle on it, i.e., a skew-symmetric form on g satisfying the cocycle condition

AG, [, CD+AM [C. 6D+ A [5, ) =0, &1, ¢ €eg.

Equivalently, A can be understood as a constant Poisson structure on g* compatible with
the standard Lie—Poisson structure.

Such linear pencils are discussed in Sects. 2.2, 2.3. The zero element 0 € g* is a
singular point for the Lagrangian fibration associated with (g, A), and in this “linear”
case we can ask the same questions about structure, non-degeneracy and type of the
singularity. If 0 € g* is non-degenerate, we call the linear pencil non-degenerate.

Our first result is a non-degeneracy condition (Theorem 3, Sect. 2.4) which asserts
that the singularity of the Lagrangian fibration associated with IT at the point x is non-
degenerate if and only if the pencil IT is diagonalizable at x, and all ;-linearizations are
non-degenerate. Moreover, the topological type of the singularity at x is the sum of the
topological types of the corresponding X;-linearizations (Theorems 4, 5, Sect. 2.4).

Thus, this theorem reduces the problem to the case of linear Poisson pencils. To
complete our analysis, we need a tool allowing us to verify the non-degeneracy condition
for linear pencils. In Sect. 2.5, we reformulate the non-degeneracy condition for (g, A)
in purely algebraic terms. Namely, Ker A must be a Cartan subalgebra of g with some
special properties (Theorem 6). This restriction on (g, A) turns out to be so rigid that we
have succeeded in obtaining a complete description of non-degenerate linear pencils.
This is done in Theorem 8 which basically states that “modulo a commutative part”
each non-degenerate pencil is the direct sum of “elementary blocks” of 6 possible types.
Three of them are defined on the semisimple Lie algebras g = s0(3), s[(2) and s0(3, C)
with A being A(&, n) = (a, [&, n]) for a € g regular and semisimple. The three others
are related to the so-called diamond Lie algebra ® (see Sect. 2.5 for details), also known
as the Nappi—Witten algebra.

As an application of this general scheme in Sect. 3 we study the singularities of the
classical periodic Toda lattice and deduce the stability of all its motions. The proofs of
all main results are given in Sect. 4.

We hope that these methods will be quite efficient for the qualitative analysis of bi-
Hamiltonian systems, especially for those with many degrees of freedom where direct
methods lead to serious technical difficulties. Some illustrations and applications of our
approach can be found in [23,24]. Moreover, we believe that this approach could be
extended to the infinite-dimensional case too. In particular, a formal application of this
scheme to the periodic KdV equation leads to a description of elliptic stable solutions,
the conclusion so obtained agrees with the results of [25,26].

1.2. Integrable systems and their singularities. Let (M*", w) be a symplectic manifold.
Then C*(M?") is a Lie algebra with respect to the Poisson bracket.
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Definition 1. A commutative subalgebra F C C®(M*") is called complete at a point
x € M*" ifdimdF(x) = n, where dF(x) = {df(x), f € F} C TiM.

A commutative subalgebra F C C®(M?") is complete on M*", if it is complete on
an everywhere dense subset.

Let F C C®(M?") be a complete commutative subalgebra. Consider an arbitrary
H € F and the corresponding Hamiltonian vector field

sgrad H = w 'dH.

Then all functions in F are pairwise commuting integrals of sgrad H, and sgrad H is a
completely integrable Hamiltonian system. So, an integrable system can be understood
as a complete commutative subalgebra F C C®(M?") with a distinguished element
H e F.However, a particular choice of H € F is not important to us. For this reason, we
will not distinguish between integrable systems and complete commutative subalgebras.

Remark 1.1. Note that as a vector space, F may be infinite-dimensional.

Consider an integrable system JF. Then the common level sets {F = const} define a
singular Lagrangian fibration on M?" associated with .

Definition 2. A point x € M?" is called singular for F if dim dF (x) < n. The number
dim dF (x) is called the rank of a singular point x.

A regular fiber of a singular Lagrangian fibration is a fiber which does not contain
singular points. By the Arnold-Liouville theorem, all compact regular fibers of a singular
Lagrangian fibration are tori, and the dynamics on these tori is quasi-periodic. However,
the most interesting solutions of an integrable system, such as fixed points and stable
periodic trajectories, belong to singular fibers. That is why it is important to study
singularities of Lagrangian fibrations.

As it usually happens in singularity theory, is is not realistic to describe all possible
singularities, so one should start with studying the most generic of them. The most
generic singularities of an integrable system are the non-degenerate ones defined below.
Details can be found in [12,16,19].

Let  be an integrable system on (M?", ), and x € M*" be a singular point of F.
Suppose that f € F, and df(x) = 0. Then we can consider the linearization of the
vector field sgrad f at the point x as a linear operator Ay : TyM — T, M. Let

Ar ={Af}reF.df@)=0-

Since the flow defined by sgrad f preserves the symplectic structure, Ax C sp(TM).
Moreover, F is commutative and, therefore, Ar is a commutative subalgebra of
sp(TyM, w).

Now consider the space W = {sgrad f(x), f € F} C T, M. Since F is commutative,
W is isotropic and all operators belonging to Ax vanish on W. Consider the skew-
orthogonal complement to W with respect to w, i.e. the subspace

Wt ={eTM|wE W)=0}.

Obviously, W ¢ W+, and W is invariant under A 7. Consequently, we can consider
elements of Ar as operators on W-/W. Since W is isotropic, the quotient W/ W
carries a natural symplectic structure induced by w, and A r is a commutative subalgebra
insp(WL/W, w).



512 A. Bolsinov, A. Izosimov

Definition 3. A singular point x is called non-degenerate, if the subalgebra A r con-
structed above is a Cartan subalgebra in sp(W+ /W, ).

If A is an element of a Cartan subalgebra h C sp(2m, R), then its eigenvalues have
the form

A, EA

==Y TSN T
+ oy :Izﬂli,...,:lzakf :I:ﬂkfi,

where k. + kj + 2k ¢ = m. The triple (k, kp, k¢) is the same for almost all A € b. This
triple is called the type of the Cartan subalgebra f. All Cartan subalgebras of the same
type are conjugate to each other (Williamson [27]).

Definition 4. The type of a non-degenerate singular point x is the type of the associated
Cartan subalgebra Ax C sp(W+/ W, w).

For every non-degenerate singular point x of rank r, the following equality holds:
kg+kh+2kf =n-r.

Let us formulate the Eliasson theorem on the linearization of a Lagrangian fibration
in the neighbourhood of a non-degenerate singular point. Define the following standard
singularities.

1. The fibration given by the function p? + ¢ in the neighbourhood of the origin in
(R2,dp A dg) is called an elliptic singularity.

2. The fibration given by the function pq in the neighbourhood of the origin in (R, dp A
dgq) is called a hyperbolic singularity.

3. The fibration given by the commuting functions piq; + p2g2, p1g2 — q1p2 in the
neighbourhood of the origin in (R*,d p1 Adgy +dpa A dgo) is called a focus—focus
singularity.

Theorem 1 (Eliasson, see [12]). Let F be an integrable system and x be its singular
point of rank r and type (ke, kp, k ). Then the associated Lagrangian fibration is locally
fiberwise symplectomorphic to the direct product of k. elliptic, kj, hyperbolic, and k ¢
Sfocus—focus singularities, multiplied by a trivial non-singular fibration R” x R".

Thus, a non-degenerate singularity is completely determined by its type and rank.

1.3. Bi-Hamiltonian systems and construction of the family F.

Definition 5. Two Poisson brackets Py, P (on a smooth manifold M) are called com-
patible if any linear combination of them is a Poisson bracket again. The set of non-zero
linear combinations of compatible Poisson brackets T1 = {a Py + B Pso} is called a
Poisson pencil.

Remark 1.2. Sometimes it is necessary to consider complex values of & and B. In this
case o Py + B P should be treated as a complex-valued Poisson bracket on complex-
valued functions. The corresponding Poisson tensor is a bilinear form on the complexified
cotangent space at each point.
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Since it only makes sense to consider Poisson brackets up to proportionality, we write
Poisson pencils in the form

I[M={P.= Py +)»POO}A€E.
Definition 6. The rank of a pencil I1 at a point x € M is defined to be

rank IT(x) = mfx rank Py (x).

The rank of T1 on M is

rank [1 = maxrank [T(x) = me;x rank P; (x).
X X,

Definition 7. A vector field v is called bi-Hamiltonian with respect to a pencil I1, if it is
Hamiltonian with respect to all brackets of the pencil.

Let IT be a Poisson pencil, and let v be a vector field which is bi-Hamiltonian with
respect to IT. The following construction allows us to obtain a large family of integrals
for v, which are in involution with respect to all brackets of IT (see [4]).

Proposition 1.1. Let T1 = { P, } be a Poisson pencil. Then

1. If f is a Casimir function of P;, for some A, then f is an integral of any vector field
that is bi-Hamiltonian with respect to I1.

2.1If f is a Casimir function of Py, g is a Casimir function of P, and . # u, then f
and g are in involution with respect to all brackets of the pencil.

3.If f and g are Casimir functions of Py, and rank Py (x) = rank I1 for almost all
Xx € M, then f and g are in involution with respect to all brackets of the pencil.

Let 7 be the system generated by all Casimir functions of all brackets of the pencil
satisfying the condition rank P; = rank I1. Proposition 1.1 implies that F is a family
of integrals of v in involution. Our goal is to study the singularities of . However, we
need to slightly modify the definition of F for the following two reasons.

1. In general, we cannot guarantee that brackets of the pencil possess globally defined
Casimir functions.

2. Even if globally defined Casimir functions do exist, their behavior may be unpre-
dictable near those points where the rank of the corresponding bracket drops.

Since the properties of the singularities we are going to discuss are local, we will
work in a small neighborhood of a singular point x € M and will use local Casimir
functions of only those Poisson brackets whose rank in this neighborhood does not
drop. More precisely, the algebra of commuting integrals F considered throughout the
paper is defined as follows.

Let x € M be such that rank I[1(x) = rank I'T. Then we can find @ € R such that
rank P, (x) = rank Il. Moreover, we can find a neighbourhood U (x) and ¢ > 0 such
that for any v satisfying |v — «| < ¢ the following is true:

1. rank P,(y) = rank I1 for any y € U(x);
2. P, admits k independent local Casimir functions defined in U (x), where k = corank IT.

Consider the family F = F, . generated, as a vector subspace of C*°(U (x)), by all
these Casimir functions. Proposition 1.1 implies the following.
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Proposition 1.2. F is a (local) family of integrals in involution for any system which is
bi-Hamiltonian with respect to T1.

Remark 1.3. The choice of @ and ¢ is not important, which means that our results remain
true for any choice of «, . Moreover, under some additional conditions, we will get the
same family of integrals for all «, e. What is important is that F is generated by the
Casimir functions of brackets which are regular at the point x (see Example 2.5). In
applications, F can be replaced by the family F of global Casimirs under two additional
assumptions, which are easy to verify:

1. Existence of global Casimirs: for almost all P, € I there are k = corank IT Casimir
functions whose differentials are independent at x.

2. Smooth dependence of Casimirs on the parameter of the pencil: if rank P, = rank IT,
then every Casimir f (x) of P, canbe included into a family f; (x),A € (Ag—3, Lo+3)
smoothly depending on A such that f; (x) is a Casimir for P; and f3,(x) = f(x).

First of all, we need to discuss completeness conditions for F.

Definition 8. The spectrum of a pencil T1 at a point x is the set
Alx)={r e C : rank P (x) < rank IT(x)}.
Let
S={x:AKx) #£07}.

Definition 9. A pencil T1 is Kronecker, if the set S has measure zero (i.e. if the spectrum
is empty almost everywhere).

In other words, a pencil is Kronecker if its Jordan—Kronecker decomposition has only
Kronecker blocks (i.e. has no Jordan blocks) almost everywhere on M (see “Appendix A”).

Theorem 2 ([5]). Assume that rank P, (x) = rank IT and let O(«, x) be the symplectic
leaf of Py passing through x. Then F | g («,x) is complete at x if and only if x ¢ S.

Corollary 1.1. F is complete on O(a, x) if and only if the set S N O(«, x) has measure
zero.

Corollary 1.2. If I1 is Kronecker, then F is complete on almost all regular symplectic
leaves.

The theorem also implies that the singular points of F | («,x) are exactly the points
where the rank of some bracket Pg € Il drops. The main goal of the present paper
is to answer the following question: how to check non-degeneracy of these points and
determine their type? It turns out that the answer can be given in terms of the so-called
linearization of the pencil IT, which is defined in the next section.

2. Main Constructions and Results

2.1. Linearization of a Poisson pencil. Let P be a Poisson structure on a manifold M
and x € M. It is well-known that the linear part of P defines a Lie algebra structure on
the kernel of P at x. This structure is defined as follows. Let &, n € Ker P(x) C T} M.
Choose any functions f, g such thatd f = &, dg = n, and set

[§.n] = d{f. g}.

The following is well-known.
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Proposition 2.1. Ifrank P(x) = rank P, then Ker P(x) is an Abelian Lie algebra.

Consider a Poisson pencil IT = {Py, = Py + AP} and fix a point x such that
rank I[1(x) = rank I1. Denote by g, the Lie algebra on the kernel of P; at the point x.
For regular A (i.e. for A ¢ A(x))the algebra g, is Abelian. For singular A (i.e., A € A(x))
this is not necessarily the case, and therefore g, carries non-trivial information about the
behavior of the pencil in the neighborhood of x.

Remark 2.1. For A € R, the algebra g, is real. However, for complex values of X, the
space Ker Py (x) is a subspace of T} M ® C, and therefore g, is considered as a complex
Lie algebra (see Remark 1.2).

It turns out that, apart from the Lie algebra structure, g, carries one more additional
structure.

Proposition 2.2. For any a and 8 the restrictions of Py (x) and Pg(x) to gy (x) coincide
up to a constant factor.

Proof. Since P vanishes on g, , all other brackets of the pencil are proportional. O

The restriction Py|g, is a 2-form on g; C T*M and, therefore, can be interpreted as
a constant Poisson tensor on g} .

Proposition 2.3. The 2-form Py g, interpreted as a constant Poisson tensor on g5, is
compatible with the Lie—Poisson bracket on gj.

The proof follows from the next well-known statement.

Proposition 2.4. Let g be a Lie algebra, and let A be a skew-symmetric bilinear form
on g. Then A is compatible with the Lie—Poisson bracket if and only if it is a 2-cocycle,
ie.

dA, n.0) = A&, n]. O) + A([n, ¢1, &) + A([£. 6], m) =0

forany&,n,¢ € g.

Proof of Proposition 2.3. Since P, and P, are compatible, we have

/. &as hha + g Pa [1o + By fla ght
+{fs ghns bl + {8, has [l +{{R, 1, 8}a = 0.

Ifdf,dg, dh € Ker P,, then the first three terms vanish, and
{f. ghns hya + {{g, o, fla+{th, fIr, 8)e = 0.

So, for any &, n, ¢ € g; we have

Po (5,11, 8) + Pou(ln, C1,8) + Po([5, €], m) =0,
ged O
Consequently, Py|g, defines a Poisson pencil on g} . Denote this pencil by d; IT(x).
Definition 10. The pencil d,T1(x) is called the A-linearization of I1 at the point x.

The pencil d, I1(x) is generated by a linear and a constant Poisson bracket. We call
such pencils linear and discuss some of their basic properties in the next section.
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2.2. Linear pencils.

Definition 11. Let g be a Lie algebra, and A be a skew-symmetric bilinear form on g.
Then A can be considered as a Poisson tensor on the dual space g*. Assume that the
corresponding bracket is compatible with the Lie—Poisson bracket. The Poisson pencil

e = {Pf’A}, where

A
PP ()&, n) = (x, [E,n]) + 1A, n),  for &,neg=Tig",
is called the linear pencil associated with the pair (g, A).
By Proposition 2.4, a linear pencil is a Lie algebra g equipped with a 2-cocycle A.

Example 2.1 (Frozen argument bracket). Let g be an arbitrary Lie algebra, and a € g*.
Then the form A, (&, n) = (a, [, n]) is a 2-cocycle (moreover, it is a coboundary).
The corresponding Poisson bracket is called the frozen argument bracket. This bracket
naturally appears in the context of the argument shift method [21,22]. For this reason,
linear pencils associated to A, are called argument shift pencils.

Following the general scheme from Sect. 1.3, we want to use linear pencils to construct
commuting functions. To that end, we need the following property of regularity.

Definition 12. We say that a cocycle A on g is regular, if rank 194 = rank A.

Example 2.2. For A = A, regularity of A is equivalent to regularity of the element
a e g*.

Suppose that A is a regular 2-cocycle on g. Then we can apply the construction
of Sect. 1.3 to the pencil I194 and obtain the commutative family F defined in the
neighbourhood of the origin 0 € g*.

Definition 13. Let A be a regular 2-cocycle on g. The pencil TI% is called integrable
if F is complete on the symplectic leaf of A passing through the origin.

Thus, if a pencil T1%4 is integrable, then it canonically defines an integrable system
on the symplectic leaf of A passing through the origin. This integrable system and its
singularity at the origin are discussed in the next section.

2.3. Singularities associated with integrable linear pencils. Consider an integrable lin-
ear pencil IT%4 and the integrable system associated to it on the symplectic leaf of A
passing through the origin. The origin is a zero-rank singular point for this system. This
means that every integrable linear pencil canonically defines a zero-rank singularity,
i.e. a germ of an integrable system at a zero-rank singular point. Denote the singularity
associated with T194 by Sing(IT%4). Our goal is to understand under which conditions
on g and A this singularity is non-degenerate and, if so, to determine its type. We start
with simple examples.

Example 2.3. Let g be a real semisimple Lie algebra with two-dimensional coadjoint
orbits and A = A, be an argument shift form where a € g >~ g* is a regular element.
Below are the corresponding singularities.

e 50(3) — an elliptic singularity. See Fig. 1.
e 5[(2) — ahyperbolic singularity if the Killing form is positive on a (Fig. 2), an elliptic
singularity if it is negative (Fig. 3), and degenerate if it is zero (Fig. 4).
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/ ) b \ / 4 / "// / / "

Fig. 1. Singularity corresponding to s0(3)

- =

Fig. 3. Singularity corresponding to s[(2) with (a,a) <0

Fig. 4. Singularity corresponding to s((2) with (a,a) =0
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Example 2.4. Let g be a real semisimple Lie algebra with four-dimensional coadjoint
orbits and A = A, be an argument shift form where a € g >~ g* is a regular element.
Below are the corresponding singularities.

e 50(4) ~ s0(3) @ s0(3) — a center—center singularity, i.e., the product of two elliptic
singularities.

e 50(2,2) >~ 51(2) @ sl(2) — saddle—saddle (the product of two hyperbolic singulari-
ties), saddle—center (a product of an elliptic and a hyperbolic singularity), center—center
(the product of two elliptic singularities), or a degenerate singularity.

e 50(3,1) ~s0(3, C) >~ s1(2, C) — afocus—focus singularity if a is semisimple, and a
degenerate singularity otherwise.

Further, we show that no semisimple Lie algebras except for the sums of s0(3), s[(2)
and so0(3, 1) give rise to non-degenerate singularities. The counterpart of this fact in
the theory of integrable systems is the Eliasson theorem: all non-degenerate singulari-
ties are products of elliptic, hyperbolic and focus—focus singularities (see Theorem 1).
However, some non-semisimple Lie algebras, as we shall see below, may “produce”
non-degenerate singularities too.

Definition 14. An integrable linear pencil T1%4 is called non-degenerate, if the singu-
larity SINg(T1%4) is non-degenerate.

In Sect. 2.5, we reformulate this definition in algebraic terms and classify all non-
degenerate linear pencils.

2.4. Main theorems. Let I = {P;} be a Poisson pencil of Kronecker type on M
(Definition 9), and x € M be such that rank [T(x) = rank I1. In a neighborhood of
x, we consider the commutative family F defined in Sect. 1.3. To state necessary and
sufficient conditions for x to be a non-degenerate singular point of F, we need to intro-
duce one algebraic condition on the pencil IT(x).

Definition 15. A pencil I1 will be called diagonalizable at a point x, if for each . € A(x)
and any o # ) the following is true

dim Ker (Pa (%) |Ker pk(x)) = corank IT(x).

Remark 2.2. If Py and P, were non-degenerate, then the spectrum of the pencil would
be just the spectrum of the recursion operator R = — P! Py, and the diagonalizability
condition would mean the diagonalizability of R. Since Py and P, are degenerate, it
is not possible to define the operator R on the whole cotangent space. However, it can
be defined on a certain quotient space (see Sect. 4.1). The diagonalizability condition
means that this operator on the quotient is diagonalizable.

In terms of the Jordan-Kronecker decomposition of the pencil IT at x the diagonaliz-
ability condition means that all the Jordan blocks J(X;) have size 1 x 1, i.e., are trivial
(see “Appendix A”).

Theorem 3 (Non-degeneracy condition). Letx € M anda € R be such thatrank P, (x) =
rank I1. Let also O(«a, x) be the symplectic leaf of the bracket P, passing through x.
Then x is a non-degenerate singular point of the integrable system F | o (q,x) if and only
if the following two conditions hold.

1. I is diagonalizable at x.
2. For each . € A(x) the A-linearization d, T1(x) is non-degenerate.
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The proof of this theorem is given in Sect. 4.6.

Remark 2.3. Note that under conditions 1-2 of Theorem 3 the pencil IT is Kronecker,
and the family F |o(q,x) is a completely integrable system.

Recall that F, by definition, is generated by Casimir functions of regular brackets.
The following example shows that the statement of Theorem 3 may be wrong if F
contains a Casimir function of a bracket which is singular at x.

Example 2.5. Consider so0(3)* with the following Poisson structure
Py = (x® + % +2%) Psog3),

where Pgq(3) is the standard Lie—Poisson structure on s0(3)*, and let Py, be any constant
bracket of rank two. It is easy to check that Py and P, are compatible.

Choose x2 + y? +z2 as a Casimir function of Py. The restriction of this function to the
symplectic leaf of Py, passing through the origin defines an integrable system. The origin
is a non-degenerate elliptic singular point of this system. However, the linearization of
the pencil at the origin is zero, therefore the conditions of Theorem 3 do not hold.

However, if we take a Casimir function of a regular bracket, it will look like

()c2 + y2 + 22)2 + linear terms,

and its restriction to the symplectic leaf of Py, will be degenerate, as predicted by
Theorem 3.

The problem is that the function x? + y? + z? is an “isolated” point in the set of all
Casimir functions of all brackets of the pencil. If the set of all Casimir functions formed
a smooth family, then Theorem 3 could be applied even if F contained Casimir functions
of a singular bracket. This can be easily shown by continuity argument.

2

Theorem 4 (Type theorem). Assume that conditions 1-2 of Theorem 3 hold. Then the
type of the singular point x is the sum of types of Sing(d;, I1(x)) for all . € A(x). In
other words, the type of x is (k., kp, k), where

ke= > k), k= D ki), kp= D k),

] ] rEA(Y),
reA(x)NR reA(x)NR =A%

and (k. (L), kp (L), k(1)) is the type of Sing(d; IT(x)).
Remark 2.4. The sums for k. and k, are taken over the real part of the spectrum, because
the singularity Sing(d, IT(x)) is always focus—focus if A is not real.

The proof of Theorem 4 is given in Sect. 4.6.
Taking into account the Eliasson theorem (Theorem 1), we can reformulate Theorem
4 as follows.

Theorem 5 (Bi-Hamiltonian linearization theorem). Assume that conditions 1-2 of
Theorem 3 hold. Then the singular Lagrangian fibration of the system F |0 (a,x) IS
locally symplectomorphic to

[T Sing@.me)) | x ® x RY),

reA(x),
ImA>0

where R* x R¥ is a trivial non-singular Lagrangian fibration, and k is the rank of x.
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In other words, the Lagrangian fibration of a bi-Hamiltonian system is locally sym-
plectomorphic to the direct product of the Lagrangian fibrations of its A-linearizations
and a trivial fibration.

2.5. Description of non-degenerate linear pencils. Suppose that [T%4 is a linear pen-
cil. Then Ker A is necessarily a subalgebra (by the cocycle identity). Moreover, if
A is regular in the sense of Definition 12, then Ker A is an Abelian subalgebra (see
Sect. 4.4).

Suppose that all elements of Ker A are ad-semisimple, i.e. Ker A is an ad-diagonalizable
subalgebra. Then g admits a “root” decomposition

g®C=KerA®C+ » (Vi + V).

where £1; € (Ker A)* ® C are roots, and V4, are root spaces, which means that for
any £ € Ker A®QC, e, € V), wehave [£, e),] = 1;(§)e,,. Notice that in our situation,
the roots come in pairs £A;, since the operator adg belongs to sp(g/Ker A, A) for any
& € Ker A by the cocycle identity.

Obviously, the maximal possible number of linearly independent roots is

1 1
n= E(dimg — dim Ker A) = Erank A.

The following theorem gives algebraic conditions for a linear pencil to be non-
degenerate in the sense of Definition 14.

Theorem 6. A linear pencil T1%4 is non-degenerate if and only if Ker A C g is an
Abelian subalgebra, and there exists a root decomposition

n
g®C=KerA®C+ D (Vi +V_y). ey
i=1

where

1. A1, ..., A € (Ker A)* ® C are linearly independent.
2. Each space Vz,, is one-dimensional.
3. ForallE e Ker A®C, ey, € V), we have [£, e;;] = Ai(£)ey,;.

The type of Sing(I1%4) in this case is (ke, kp, k) where k. is the number of purely
imaginary roots, kj, is the number of real roots and k y is the number of pairs of complex
conjugate roots.

Remark 2.5. If g is a complex Lie algebra, then we do not need to take the tensor product
with C.

This algebraic condition makes it possible to classify all non-degenerate linear pencils
completely. To state this result, first we need to define three special Lie algebras. Denote
by © the real Lie algebra with basis elements e, f, h, ¢ satisfying the following relations:

[e,f]:h, [tve]zfa [tvf]z_e~
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This algebra is known as the Diamond Lie algebra [28], or the Nappi—Witten Lie algebra
[29]. Denote the complexification of the Diamond Lie algebra by DC. The algebra oC
has another real form, which is generated by e, f, h, t with the following relations:

le, fl=h, l[t,el=e [t f1=—F.
Denote it by D”.

Remark 2.6. The algebras © and ©" are the only non-trivial one-dimensional central
extensions of ¢(2) and e(1, 1) respectively.

Let g >~ © be the Diamond Lie algebra, and let a € g* be such that
athy=1, a(e)=a(f)=a()=0.

Consider the argument shift cocycle A, (€, n) = (a, [£, n]). Letus show that the singular-
ity corresponding to the pencil I194« is non-degenerate elliptic. The Casimir functions
of the Lie—Poisson bracket are given by

fi=h, fr=e*+ f2+2h.

The family F is generated by f1, f2 and ¢, which is a Casimir of A,. The symplectic
leaf of A, passing through the origin is given by {t = 0, 2 = 0}. The restriction of
F to this leaf is generated by one single function, namely e + f2. Consequently, the
corresponding singularity is indeed non-degenerate elliptic.

Analogously, ©" and o€ correspond to a hyperbolic and a focus-focus singulari-
ties. Also, we have already seen that the algebras so(3), s[(2) and so(3, 1) define non-
degenerate singularities. It turns out that all Lie algebras admitting non-degenerate linear
pencils can be obtained from these six algebras by means of three elementary operations:
direct sum, quotient by a central ideal, and adding an Abelian Lie algebra.

Theorem 7 (Classification of complex non-degenerate linear pencils). A complex linear
pencil TI®A is non-degenerate if and only if the following two conditions hold.

1. The algebra g can be represented as

1P 506, 08 (P 2°) eV, @)

where V is Abelian, and |y C P DC is a central ideal.
2. Ker A is a Cartan subalgebra of g.

The proof is given in Sect. 4.7.

Remark 2.7. Recall that a Cartan subalgebra [j of a Lie algebra g is a self-normalizing
nilpotent subalgebra. For g belonging to the list (2), a Cartan subalgebra is the same as
a maximal ad-semisimple Abelian subalgebra.

Theorem 8 (Classification of real non-degenerate linear pencils). A real linear pencil
194 is non-degenerate if and only if the following two conditions hold.

1. The algebra g can be represented as
1=Pso3) @ Psi2) @ PsoB3.0) @ (@@ o@Po e @@C) /@ V,
(3)
where V is Abelian, and [y C DD & D" © @ DC is a central ideal.
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2. Ker A is a Cartan subalgebra of g.

Ifareal linear pencil T1%4 is non-degenerate, then the type of SIng(I1%4) is (k,, ky,, k),
where

o k, = the number of s0(3) terms in (3) + the number of ® terms in (3) + the number of
50(2) terms in (3) such that the Killing form on s[(2) N Ker A is negative;

e k;, = the number 0f@h terms in (3) + the number of sl(2) terms in (3) such that the
Killing form on s1(2) N Ker A is positive;

o ks = the number of 50(3, C) terms in (3) + the number of’D(C terms in (3).

The proof of the first part of the theorem is given in Sect. 4.8. The proof of the second
part is given in Sect. 4.9.

3. Periodic Toda Lattice

In this section we consider the classical periodic Toda lattice. As it was shown by
Foxman and Robbins [30], singularities of this system coincide with those points where
the corresponding Lax operator has double periodic or anti-periodic eigenvalues, and
all singularities are non-degenerate elliptic. Their approach is based on the study of the
higher Lax flows, i.e. the Lax flows corresponding to the integrals of the system. Our
aim is to show that these results are easily obtainable by the bi-Hamiltonian approach,
without considering the integrals or the corresponding Lax flows. As it will be seen
later, the singularities of the Toda lattice are, in essence, defined by the geometry of the
corresponding quadratic Poisson bracket.

3.1. Bi-Hamiltonian structure. The phase space Mt of the periodic Toda lattice with n
sites is R} x R" endowed with Flaschka variables

a=(ay,...,ay) €RY, b= (by,...,b,) €R".
It is convenient to treat a and b as infinite n-periodic sequences
a € R, ajwn = ai, b eR*® b, =b;.

The equations of motion are

6:15 = a;(bis1 — by),
bi =2(a} —a? ).

It is well known that these equations are bi-Hamiltonian. The corresponding pencil I17
is given by

{ai,bi}o = aibi, {ai,bit1}o = —aibiy1, {ai,air1}o = —zaiain,

2
{bi, bisi}o = —2a?, {ai,bi}oo = ai, {ai,bis1}eo = —ai.

The corresponding Hamiltonians are

n
> b; for A # o0,
H}LZ l?l |
a2+ =3 b? forir = oo.
1 2 1
i=1

i=1
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Remark 3.1. Different authors use different forms of compatible Poisson structures for
the Toda lattice. The above form is similar to the one used in [31,32].

The integrals of the Toda lattice are the Casimir functions of the pencil IT7. Taking
all of these Casimirs, we obtain an integrable system Fr. Our goal is to study the
singularities of this system. First, let us make several preliminary remarks.

1. The pencil I1r admits globally defined Casimirs depending smoothly on A, which
justifies the application of our scheme to the study of singularities of 77 (see Remark
1.3).

2. Our approach is only suitable for points x satisfying rank 17 (x) = rank I17. How-
ever, since the rank of Py, is constant (since a; > 0), all points x € M7 satisfy this
condition.

3. Our results can be applied to the restriction of F7 to any symplectic leaf of P, since
all symplectic leafs of this bracket are regular.

According to the general scheme, in order to study the singularities of F7, we need
to do the following.

1. For each point x € M7 determine the spectrum of the pencil at x. The point x is
singular if and only if the spectrum is non-empty.

2. If x is singular, then for each X in the spectrum, check the following conditions:
e dim Ker (Poo(x) |Ker pk(x)) = corank [17(x);
e The linearized pencil d, I17 (x) is non-degenerate.
The point x is non-degenerate if and only if these conditions are satisfied for each A
in the spectrum. If x is non-degenerate, determine its type by adding up the types of
dyp IT(x).

3.2. Computation of the spectrum. First of all, compute the corank of the pencil. Note
that all brackets of the pencil possess a common Casimir function

C = Zlogai,

so corank IT > 2. On the other hand, corank Py, = 2, so corank I17 = 2.

Let x = (a,b) € My. Following [31], consider the map 7, : My — My sending
(a, b)to (a, b—1).Clearly, 7, maps the bracket P, to the bracket Py. So, A € A(x) ifand
only if the rank of Py drops at 7 (x). This observation reduces the study of singularities
of the pencil to the singularities of Pp.

The kernel of Py consists of infinite n-periodic sequences «, B € R satisfying
difference equations

i1y — Ai 101 — 2b; B; +2bi1Biv1 =0, @
aibja; — ai—1biti—y +2a?Biz — 2a?_ Bi—1 = 0.

Clearly, the space of all (not necessarily periodic) solutions of these equations is
4-dimensional, so dim Ker Py < 4. On the other hand, dim Ker Py > 2. Consequently,
dim Ker Py is 2 or 4. Singular points of Py are exactly those where dim Ker Py = 4. To
describe these points, consider the infinite Lax matrix
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L(a,b) =

ai biy1 ain ’

and the equation
L(a,b)§ =0, ®)

where & € R*. This equation can be written as an infinite sequence of difference
equations

ai—1&i—1 +bi&i +ai§iv1 = 0.
Denote the space of solutions of (5) by Ker L. Clearly, Ker £ is two-dimensional.
Proposition 3.1. Assume that &, n € Ker L. Then

o = &iniv1 +Eni,

6
Bi =& ©

is a solution of (4).
The proof is a straightforward computation.

Remark 3.2. A similar observation regarding the KdV equation is made in [33]: the
product of two solutions of the Hill equation belongs to the kernel of the Magri bracket.

The solution of (4) given by (6) will be denoted by & x 5. Let &, n be a basis in
Ker £. Then & x &, n x n, and & x 5 are three solutions of (4). A fourth solution is the
differential of the common Casimir C. It is easy to check that the four solutions

E§x§& nxn, &xn, dC

are independent and thus span the space of solutions of (4). Obviously, all these four
solutions are periodic if and only if € and n are either both periodic, or both anti-periodic.
Consequently, dim Ker Py = 4 if and only if the equation L(a, b) & = 0 has either two
periodic, or two anti-periodic solutions, i.e. zero is a multiplicity-two periodic or anti-
periodic eigenvalue of the L(a, b).

Remark 3.3. Note that dim Ker Py > 2, so the space of periodic solutions of (4) is at
least two-dimensional. One periodic solution is dC. A second periodic solution can be
constructed as follows. Let &, n be two solutions of (5). Then it is easy to see that the
quantity

WE, n) =W, n) =a;i(Eiani — &iniv1) (7N

does not depend on i. Further, consider the operator on R* which shifts a sequence to
the left by n. Its restriction to Ker £ is the monodromy operator

M: Ker L — Ker L.
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Let &, n be a basis in Ker £. Then

Wn+l($v 77)
Wl(év ’7) '

so M € SL(2, R). There are two possible cases.

det M =

1. M is diagonalizable. Let &, n be the eigenvectors of M. Then the corresponding
eigenvalues have product one, which implies that £ x 7 is a periodic solution of (4).

2. M has a Jordan block with an eigenvalue 1. Let & be the eigenvector of M. Then
& x & is a periodic solution of (4).

Now describe the spectrum and the singular set. Recall that A € A(x) if and only if
the rank of Py drops at 7, (x). Further,

L(T,.(x)) = L(x) — AE,
which implies the following.

Theorem 9. Consider the Poisson pencil Tt associated with the periodic Toda lattice.

1. The spectrum of the pencil at a point x € M coincides with the set of multiplicity-two
periodic or anti-periodic eigenvalues of the Lax operator L(x).

2. The singularities of the system are exactly those points where there are multiplicity-
two periodic or anti-periodic eigenvalues of the Lax operator L(x).

Remark 3.4. Instead of considering the infinite Lax matrix £, it can be restricted to the
double period.

Since the Lax operator £ is symmetric, we obtain the following.

Corollary 3.1. The spectrum of the pencil It is real.

3.3. Diagonalizability. Let x € M7, and . € A(x). In this section we compute the
restriction of P, (x) to the kernel of P (x), and hence prove the diagonalizability of the
pencil.

According to the previous section, we may assume that A = 0. The kernel of Py(x)
is generated by

Exé& nxn &xn, dC,

where £ and n are two periodic or anti-periodic solutions of (5).
Since C is a common Casimir, we have dC € Ker Py. A simple computation shows
that

Poo(E X £, x ) = 4W(E, 0) D_Emi,  Pool€ x 1, & x £) = —2W(E, n) D_ &7,

i=1 i=1

Poo(& X 0.1 x ) = 2W(E, 1) D 0,

i=1

where W(&, n) is given by (7). Introduce the scalar product

& m) =D &mn,
i=1
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and let &, n be an orthonormal basis in Ker £. Then

Poo(§ xE,nxn) =0, PyoE xn&x&)=-2W(E,n),
Poo(§ x n,m x ) =2W(, 1),

so the kernel of Py, restricted to Ker Py(x) is generated by dC and & x & + 1 x n, which
proves that the pencil is diagonalizable.

3.4. Linearization. Let x € My, and . € A(x). In this section we compute the A-
linearization of the pencil and hence prove that all singularities are non-degenerate
elliptic. Analogously to the previous section, we may assume that A = 0.

Compute the Lie structure of Ker Py(x). Let (a, B), (¢’, B') € Ker Py(x). By defin-
ition, their commutator is computed to be («”, 8”), where

1 1
of = Sai-1(@ioj_y — 0ji—1) + Saivi (@in1 0] — ojy0) +bi(@i ] — aify)

+bi(e it — i) +2ai (Bivi B — Bl B,
and
B = ai(eip] — o;Bi) + ai—1(aj_; Bi — i—1B)).
Using formulas (6) for the x-product, we obtain

[Ex&Enxn]=2WE néExn, [Exné&xEl=-2WEnExE,
[E xn,mxn]=2W(E,nnxn.

Further, C is a Casimir, so dC belongs to the center of Ker Py. Consequently,
Ker Py(x) ~ sl(2, R) ® R.

Let &, n be an orthonormal basis in Ker £. Then the kernel of P restricted to Ker Py(x)
is generated by dC and & x & +1 x n. Clearly, these two elements span a Cartan subalgebra
in Ker Py(x), so the linearization doI1(x) is non-degenerate. Moreover, the eigenvalues
of the operator ad(§ x & + n x n) are pure imaginary, so Sing(dpIT(x)) is an elliptic
singularity. We conclude with the following.

Theorem 10. All singularities of the periodic Toda lattice are non-degenerate elliptic.

Corollary 3.2. All, including singular, trajectories of the periodic Toda lattice with n
sites evolve on m-dimensional tori, m < n — 1. These tori are stable in a sense that if
two initial conditions are close, so are the tori on which they lie.

Remark 3.5. The above analysis suggests the similarity between the geometry of the
quadratic Toda bracket and the linear bracket on the Virasoro dual. In particular, the
transverse Poisson structure at singular points is s[(2, R) & R for both brackets.
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4. Proofs

4.1. Space L and recursion operators. In this section we study properties of two com-
patible Poisson brackets at a point, i.e. properties of a pair of skew-symmetric bilinear
forms on a vector space. Note that all of these properties can be easily deduced from the

Jordan—Kronecker theorem (see “Appendix A”).
Consider a pencil IT = {Py}, and let x € M be such that rank I[T(x) = rank IT.

Consider the spectrum of IT at the point x:
A={re C : rank P (x) < rank IT(x)},

and define the subspace of T M spanned by the kernels of regular brackets:

L= Z Ker P, (x) C T:M.
reR\A
Proposition 4.1 (Properties of the space L).

1. The space L is isotropic with respect to any bracket of the pencil.
2. The skew-orthogonal complement to L given by L+ = {£ € TiM | Py(§, L) = 0}

does not depend on the choice of « € R.
3. Any regular bracket of the pencil is non-degenerate on L+/L.
4. Let k > dim L. Then for any distinct oy, . .., ax € R\ A the following equality holds

k
Z Ker Py, = L.
i=1

5. dim(Ker P, N L) = corank IT(x) forall A € R.
6. Similarly, dimc(Ker P, N L ® C) = corank IT(x) for all . € C\R.

Corollary 4.1. Let F be the system of functions defined in Sect. 1.3. Then dF = L.

Proof. By construction, F is generated by local Casimir functions of an infinite number
of regular brackets. So,

dF = Z Ker P,, (8)

ael

where I C R\ A is an infinite set. Consequently, dF C L. On the other hand, by item 4
of Proposition 4.1, any k = dim L summands of (8) generate L,sodF = L. O

Since L is isotropic w.r.t. Pg, the form Ppg is well defined on Lt /L. Moreover, if 8
is regular, i.e., B ¢ A, then L contains the kernel of Pg and therefore Pg on Lt/L is
non-degenerate. Thus, the recursion operator

R =Py Py LY /L — L*/L

is well-defined.
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Proposition 4.2 (Properties of recursion operators).

1. For any «, y and regular B, § we can find constants a, b, ¢, d such that

RE = (aR) +DE)"' (cR) +dE).

Consequently, the operators Rg and RS commute and have common eigenspaces. If
one of the recursion operators is diagonalizable, then all of them are diagonalizable.

2. Let Poo € T1 be regular at x. Then the spectrum of the recursion operator R3° is
minus the spectrum of the pencil, i.e.

o (RG") = {—A}ren-
The A-eigenspace of R(® is
Ker (RG® — AE) = Ker (P_;L |LL/L) .

3. The eigenspaces of a recursion operator are pairwise orthogonal with respect to all
brackets of the pencil.

4. A pencil is diagonalizable at the point x (in the sense of Definition 15) if and only if
the recursion operators are C-diagonalizable.

The proof is straightforward.

4.2. OperatorD g P and non-degeneracy. Since inour paper we deal with Poisson brack-
ets, it will be convenient to reformulate the standard definition of non-degenerate sin-
gularities (Definition 3), given in terms of the symplectic form, in the dual language of
Poisson structures. To that end, in this section we replace linearizations of Hamiltonian
vector fields by dual operators acting on the cotangent space and study properties of
such operators.

Let P be a Poisson bracket on M, x € M, and f be a function such that d f(x) €
Ker P(x). Define D¢ P: TfM — T} M by the following formula

Dy P(§) =d{f. g}x),
where g is an arbitrary function such that dg(x) = §.
Proposition 4.3 (Properties of D s P).

1. In local coordinates D ¢ P reads

AP df + pii 3 f

(DfP(é))k=WW'§j ij,

and therefore D ¢ P(§) does not depend on the choice of g.
2. Dy P is dual to the linearization of the vector field sgrad f at the point x.
3. Dy P is skew-symmetric with respect to the form P, i.e.

PDsP (&), n)+PE DpPm) =0.

4. Ker P(x) is invariant with respect to Dy P.
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5. Let & € Ker P(x). Then

DyP(§) =[df(x), &l

where [, ]is the bracket on Ker P (x) viewed as the linearization of P at x (see Sect.
2.1). Equivalently, D¢ P |ger p(x)= ad d f (x).
6. Ifrank P(x) = rank P, then Dy P vanishes on Ker P (x).

7. Ifdf(x) =0, then D P(€) = d2f (P (£)).

The proof is straightforward.
If we consider P asamap P : TfM — T, O(x), then items 2, 3 and 4 of Proposition
4.3 imply the commutativity of the diagram

Ty 2 *
M — TiM

|» |» ©)

T, 0 (x) A T, 0(x)

where A ¢ is the linearization of sgrad f at x € M.

This simple observation allows us to reformulate Definition 3 of a non-degenerate
point in terms of operators Dy P. We simply need to modify the scheme preceding
Definition 3 by replacing A y with D ¢ P and passing to the dual objects.

Let F C C*(M) be a commutative subalgebra, which defines an integrable system
on the symplectic leaf O(x) passing through x € M. For simplicity, we assume that
O (x) is regular, i.e., rank P(x) = rank P.

Consider the subspace

V =dF(x) = {df ()} jer C TEM.

Since O(x) is regular then, without loss of generality, we may assume that F contains
(local) Casimirs of P so that Ker P C V. If not, we simply set V = dF(x) + Ker P and
then the construction below can also be applied to singular symplectic leaves.

Consider the skew-orthogonal complement to V with respect to P, i.e. the subspace
vl ={(t ¢ TiM | P(&,V) = 0}. Since F is commutative, then V is isotropic and
V C V<. Moreover, since V contains Ker P, the quotient V1/V carries a natural
symplectic form induced by P.

Similarly, set

W = {sgrad f(x) = Pdf(x)}rer C T2 O(x),

and let W be the skew-orthogonal complement to W with respect to the symplectic
form w on O (x) induced by P. As F is commutative, then W is isotropic and the space
WL/ W is symplectic with respect to w.

Now let f € F and d f(x) € Ker P. Since F is commutative, D s P vanishes on V,

and item 3 of Proposition 4.3 implies that V- is invariant under D P. Consequently,
the operator D ¢ P is well-defined on the space VL/V. Similarly, the linearization A f
is a well-defined operator on W/ W.
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Proposition 4.4. Consider the map P : TiM — T, O (x). The following is true:

L w(P$), P(n)=PE,n), §neTiM.

2.P(V)=W.

3. Pp(vhH =wt

4. P induces an isomorphism between the symplectic spaces (V<) V, P)and (WL /W, w).
5.Let f € F, df(x) € Ker P. Then the following diagram is commutative:

DfP
viy =L vy

I I
wiw —2 s wilw

The proof easily follows from Proposition 4.3 and can be understood as a reduction
of the commutative diagram (9).

Corollary 4.2. A singular point x of F is non-degenerate on the regular symplectic leaf
O (x) of P passing through x if and only if the set of operators

Dr = {DfP |VL/V}fe_7:,dfeKerP

is a Cartan subalgebra of sp(V+/V, P). The type of the point x coincides with the type
of this Cartan subalgebra.

Proof. According to Definition 3, x is non-degenerate if and only if the linearizations
A ¢ of the Hamiltonian vector fields sgrad f, where f € J and sgrad f(x) = 0, span a
Cartan subalgebra in sp(W/ W, w). Now we apply the isomorphism and commutative
diagram constructed above in Proposition 4.4. O

4.3. Operator D ¢ P and bi-Hamiltonian systems. In this section, we consider the Pois-
son pencil I1 = { P, } and the corresponding family of commuting functions F from Sect.
1.3. Let O(x, «) be a regular symplectic leaf of P, € I, i.e. rank P, (x) = rank I1. By
Corollary 4.2, the non-degeneracy of x can be formulated in terms of the commutative
family of operators D s P, for f € F. Notice that in this case, the subspace V = dF(x)
coincides with L defined in Sect. 4.1 (Proposition 4.1) so that

Dr = {DfPa |LJ‘/L}f€]-',dfeKerPa Csp(LT/L, Po). (10)

In this section, we shall see that D  possesses some very special algebraic properties.

The following lemma allows us to rewrite the operator D¢ Py, f € F as Dy Py for
an appropriate function g € F. In particular, this implies that in (10) the choice of « is
not important (see Corollary 4.3).

Lemma4.1. Let oy, ...,ox € C, and fy, be an arbitrary Casimir function of Py,
i=1,...,k Consider

k
f= Zfa,-v
i=1
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and assume that d f (x) € Ker Py(x). Let also B € C\{ay, ..., ax} and consider the
function

Then

1. dg(x) € Ker Pg(x),
2. Dy Py =Dy Pg.

The proof is a straightforward computation.

Corollary 4.3. Let f € F and o, B € C. Then there exists g € F such that D Py =
D, Pg.

Proof. Let

k
f = Zfa,w
i=1

where f,, is a Casimir function of P,,. If 8 # «; for any i, then the statement follows
from Lemma 4.1. Assume that § = «1. Let 1 — « and let f; be a Casimir function of
P, depending smoothly on ¢. Consider

k
fO=fi+D fur-

i=2
By Lemma 4.1, there exists g(¢) € F such that
Dy P = Dgr) Pp-
Consequently,

DyPy = lim Dy Py = lim Dy Pp.

so D ¢ P, belongs to the closure of {Dj, Pg},e 7. Now note that {Dy, Pg}pe 7 C End(TFM)
is a finite-dimensional vector space, so it is closed. Therefore, D y P, = D Pg for some
geF,qed. O

Corollary 4.4. Let f € F and df (x) € Ker Py. Then Dy Py is skew-symmetric with
respect to all brackets of the pencil.

Proof. It is enough to show that D s P, is skew-symmetric with respect to two brackets
of the pencil. By Proposition 4.3, it is skew-symmetric with respect to P,. By Lemma
4.1 we can find y # « and a function g such that Dy P, = D, P,,. Therefore, D¢ P, is
skew-symmetric with respect to P, as well, q.e.d. O
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It follows from the previous section that the operator D s P, is well-defined on the
space L /L for any f € F, df € Ker P, and moreover Dy Py [p1/ belongs to the
symplectic Lie algebra sp(L+/L, P,). As was shown in Sect. 4.1, each Pg induces a
skew-symmetric form on L /L and if Pg is regular, then this form is non-degenerate.

Thus, L+/L is endowed with a pencil of skew-symmetric forms { P |; 1 / 1} and almost
all of them are non-degenerate. Thus, it makes sense to introduce the bi-symplectic Lie
algebra associated with the pencil IT by setting

sp(LY/L,TI) = ﬂ sp(L*/L, Pg) = sp(LY/L, Pg,) Nsp(L*/L, Pg,),
B

where Pg, Pg, and Ppg, are regular in I1, 81 # B;.

Proposition 4.5. The commutative subalgebra D r defined by (10) possesses the follow-
ing properties.
1.Dx C sp(L+/L, TI).
2. Dr commutes with the recursion operators, i.e., [D, Rg] =O0forall D € Dr.
3. Common eigenspaces of the recursion operators are invariant under D r.
4. For any D € Dx, we have DRg € D, i.e. D is invariant under multiplication by
o
Rj.
Proof. Items 1-3 are straightforward. Let us prove item 4. Since all the recursion oper-
ators are rational functions of each other, the choice of « is not important, and we may
assume that « is such that all Casimir functions of Py belongto 7. Let D =Dy Py |1/,

for some f € F,df € Ker P,. Take a Casimir function f, of P, such thatdf, =df.
Then d(f — fy) = 0 and

D = DfPOl |LL/L: Df—faPOl |LL/L .
On the other hand, by item 7 of Proposition 4.3,
DyofoPa iy =d*(f = fo) (Pulpiyr) -
Therefore,
DRY = d*(f = fa) (Pa iz R,‘;) =d*(f = fu) (Pp l1ej1) =Dy s Pp l1oy1,
o) DRg €eDr,qed. O

The following Proposition allows us to calculate D¢ P, on an eigenspace of the
recursion operator.

Proposition 4.6. 1. Let [ = Zi-;] Ja;» where fo, is a Casimir function of a regular
bracket Py,. Let also d f (x) € Ker Py, and A € A(x). Then Dy Py |Ker p,= ad§,
where

k
o — o
= d y
3 Zk_al_ fan

i=1

and ad & is the adjoint operator on g, = Ker P;.
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2. The following sets of operators are equal

{Dys Py |ker P, }fef,dfeKer p, = (ad&lecgnL,
where ad & is the adjoint operator on g, = Ker P;.
Proof. This directly follows from Proposition 4.3 and Lemma 4.1. O
Remark 4.1. If A is complex, L should be replaced by L ® C in item 2.

Notice that if the recursion operators are diagonalizable, we are now able to express
D¢ Py on the whole L1 /L via adjoint operators.

4.4. Regular cocycles and central extensions. In this section we give a condition for a
2-cocycle to be regular in terms of the associated central extension. Let g be a Lie algebra
over a field K. Suppose that A is a 2-cocycle on g. Let us consider the space g4 = g+K!,
where K! = (z) is a one-dimensional vector space, and define a commutator [, ]4 on
g4 by the following rule:

[x,yla =[x, y]1+ A(x, y)z, forany x,y € g C ga,
[z, 9414 = 0.
It is easy to see that if A is closed, then the commutator [, ]4 turns g4 into a Lie
algebra. Also note that g = g4/(z), and the lift of A to g4 is an exact form. This means

that every closed 2-form on a Lie algebra becomes exact after being lifted to a certain
one-dimensional central extension. The following is straightforward.

Proposition 4.7. A 2-cocycle A on g is regular if and only if its lift to g 4 is a coboundary
of a regular element a € g.

Corollary 4.5. If A is a regular cocycle on g, then Ker A is Abelian.

Proof. Let A be the lift of A to g4. Since A is exact and regular, Ker A is Abelian. Let
7 ga — ¢ be the natural projection. Then Ker A = m(Ker A). Consequently, Ker A is
also Abelian, g.e.d. O

Corollary 4.6. If A is a regular cocycle on g, then the set of operators

{ad & |g/KerA}$€KerA (1)
is an Abelian subalgebra of sp(g/Ker A, A).

It is proved in the next section that T1%4 is non-degenerate if and only if the set (11)
is not just an Abelian subalgebra, but a Cartan subalgebra.

4.5. Proof of Theorem 6. Let T1%4 be an integrable linear pencil. Construct the system
F (see Sect. 1.3) for this pencil. The origin is the singular point of F restricted to the
symplectic leaf of A. By Corollary 4.2, to check non-degeneracy and find the type of
this point, we need to calculate the operators D A on L+/L for each f € F such that
df € Ker A.

By Proposition 4.6, we have

{DfA |Ker PO}fe]—',dfeKerA = {ad s}SGKer PoNL>
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where Py is the Lie—Poisson bracket. Since Ker Py = g, and Ker A = L, we have
{DfA}fe]-',dfeKer A = {ad&}eeker a-

Since L1 = g, we have

DrAlL/L} e arekern = (8dE lg/Ker abeeker a-

Taking into account Corollary 4.2, this proves the following.

Lemma 4.2. An integrable linear pencil 1194 is non-degenerate if and only if the set of
operators

{ad & |g/Ker A}eeKer A

is a Cartan subalgebra in sp(g/Ker A, A). The type of Sing(I1%4) coincides with the
type of this subalgebra.

Corollary 4.7. If TI®4 is non-degenerate, then Ker A consists of ad-semisimple ele-
ments.

Assume that Ker A is a commutative subalgebra which consists of semisimple ele-
ments. Then all operators ad&, £ € Ker A may be simultaneously diagonalized (over
C). So, we can consider the root decomposition of g:

n
g C= KerA®(C+Z(V;LI. + Vo)

i=1

where each V4, is spanned by one common eigenvector corresponding to the eigenvalue
+X(&). Eigenvalues enter in pairs because the operators ad & are symplectic.
Lemma 4.2 implies the following.

Proposition 4.8. Let T1%4 be an integrable linear pencil. If Ker A is diagonalizable,
then the pencil is non-degenerate if and only if L1, ...\, are linearly independent as
linear functions on Ker A. Type of SIng(I194) is (ke, kp, k) where k. is the number
of pure imaginary X;’s, kj, is the number of real X;’s, and k y is the number of pairs of
complex conjugate A;’s.

Proof of Theorem 6. Taking into account Corollary 4.7 and Proposition 4.8, it suffices
to show that if g admits decomposition (1) satisfying the conditions of Theorem 6, then
A is regular and T1%4 is integrable.

To prove regularity, note that the conditions of the theorem are still satisfied if we
pass to the central extension associated with A. So, by Proposition 4.7, it is enough to
consider the case when A = A,. In Sects. 4.7, 4.8 we show that the conditions of the
theorem imply that g belongs to the list (2) or (3). For these Lie algebras, the dimension
of a maximal Abelian ad-diagonalizable subalgebra equals the index. Therefore, a is a
regular element of g*, q.e.d.

Now note that integrability follows from non-degeneracy at the origin. O
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4.6. Proof of Theorems 3 and 4. By Corollary 4.2, a singular point x is non-degenerate
on a regular symplectic leaf of a bracket P, if and only if the set of operators

Dr ={DfPulpi/r}reF.dfeKer Py

is a Cartan subalgebra in sp(L~/L, P,). The type of the singular point coincides with
the type of D r.

Proposition 4.9. Suppose that a point x is non-degenerate. Then the pencil I1 is diago-
nalizable at x.

Proof. Indeed, since D is a Cartan subalgebra in sp(L1/L, P,), it contains a semi-
simple operator D with distinct eigenvalues. On the other hand, by Proposition 4.5, any
recursion operator commutes with D. Therefore, all recursion operators are diagonaliz-
able. So, by Proposition 4.2, the pencil is diagonalizable at x. O

Without loss of generality, assume that oo ¢ A(x). Denote
AR =AX)NR, Ac = Ax)N(C\R).

In the diagonalizable situation, the space L+ /L is (symplectically) decomposed into the
direct sum of common eigenspaces of the recursion operators (Proposition 4.2):

Lr/L=EP ko P K. (12)

rEAR (A A}eAc

where K is the kernel of the operator Rgo +AEif L € R, and K AR is the kernel of
(RG° +AE)(Ry° + AE) for a pair of complex conjugate eigenvalues {1, 1} C Ac.
Decomposition (12) is determined by the pencil. All these spaces are pairwise skew-
orthogonal w.r.t. P,, and the restriction of P, on each of them is non-degenerate.
Notice that in the case of a diagonalized recursion operator, the bi-symplectic Lie
algebra sp (LL /L, l'I) naturally splits into the direct sum

P spk) & P speK, ).

rEAR (L, A}eAc

This follows immediately from the fact that sp (L+/L,TI) is the intersection of
5P (LJ- /L, Pa) with the centralizer of the recursion operator RG® which is the direct

sum
P ok & P alck, 5.

rLeAR (L, A}eAc

Here glc (K ;) denotes the algebra of operators that commute with the natural com-
plex structure J : K »i — K j defined by the restriction of the recursion operator
RG° onto K ;. Namely, if A = « + if, then this restriction has the form «E + 8/,
where J2 = —E. Notice that the dimension of K, s is divisible by 4, and 5pC(KA,A) is
isomorphic to sp(2n, C).

These eigenspaces K and K, 3 are invariant with respect to the operators D € Dz
(Proposition 4.5). Denote

D, =Dz |x,={D |k,. D € D} C sp(Ky),
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and, similarly,

DAA =Dr |Ku {D |KM’D IS D]:} CBP(K;M)})-

Notice that D, j can also be considered as a subalgebra of the complex symplectic Lie
algebra 5P(C(KA 5),1.e., Dy 5 Cspe(K; 5) Csp(K, ;).
Using the decomposition (12) we can define the natural projection

m:Dr—> P Do P D
AEAR {r,A)eAc
Proposition 4.10. The projection 7 is an isomorphism.
Proof. Clearly, & is injective, so it is enough to show that 7 (D) D D) and 7 (D) D
D, j foreach A € A(x). We prove this for real A. For a pair of complex eigenvalues, the
proof is similar.

Since R3° is diagonalizable, we can find a polynomial p; such that p(R3°) is the
projection onto K. By, Proposition 4.5, D is invariant under right multiplication by
RG°, so

Dr pi(RG") C Dg.
On the other hand, by definition of p,,

Dz pi(RG") =Dy,
which proves the proposition. 0O

Proposition 4.11. Let I1 be diagonalizable at a point x, and o ¢ A(x). Then the singular
point x is non-degenerate on the symplectic leaf of P, if and only if

D, Csp(Ky) and DA,X C sp (KA,X)

are Cartan subalgebras for all .. € A(x). The type of x is the sum of the types of D, and
Dx,i over A € A(x) N {ImA > 0}.

Proof. This follows from Proposition 4.10 and Corollary 4.2. O

Proposition 4.12. Let I1 be diagonalizable at x and A € Aw. Then D, is a Cartan
subalgebra in sp(K,,) if and only if the pencil d; I1(x) is non-degenerate. The type of D;,
coincides with the type of Sing(d, I1(x)).

Proof. Recall that g, = Ker P, C L and K; C L*/L is the image of g; under the
natural projection of L — L' /L. By Proposition 4.6,

{DfP“ |Ek}fef,df€KerPa = {ad&}eegintL-

By Proposition 4.1, dim (g, N L) = corank IT(x). Since II is diagonalizable at x, this
implies that

gnNL=KerA, where A= Py g, .
So,
{Dy P, ng}fef,dfeKer p, = {ad &}ecker a,
and, taking into account that K, = g, /Ker A, we get
{DsP, IKA}fEf’dfeKer p, = {ad & | g, /Ker A}seKer A-
Now it suffices to apply Proposition 4.2. O
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Proposition 4.13. Let T1 be diagonalizable at x and {\, 1} € Ac. Then D, ; isa Cartan
subalgebra in sp(K;, 3) if and only if the pencil d; I1(x) is non-degenerate. In this case,

D, 5 is of pure focus type.

Proof. If A and A are complex numbers, ImA # 0, then the subspaces K, Kj, Dy
and Dj still make sense but now all of them are related to the complexified space

(LY/L)C = (L+/L) ® C, namely,
Ky =Ker (P ljne) € LH/DE, Ky =Ker (P lgoye) € LH/0)C
and
D, ={D |x,. D € D5} Csp(K;), Dj={D |x;, D € Dr} C sp(Ky).

From the algebraic viewpoint, the relationship between these subspaces and subal-
gebras can be described as follows.

With the vector space K, j, we can associate two symplectic Lie algebras sp(K; 3)
and spc (K A 7) (they are 1sorn0rphlc to sp(4k, R) and sp(2k, C) respectively). The

complexified vector space KC N K, ; ® C naturally splits into the direct sum
K C = K, @ Kj. This leads to the following complexifications of the symplectic
Lle algebras sp(K, )L) and 5PC(KA )

sp(K; 5) ® C=sp(K, & K3) ~ sp(dk, C)
and
spe(K; ;) ® C =sp(Ky) @ sp(K3) >~ sp(2n, C) @ sp(2n, C).

We consider an Abelian subalgebra D, ; Cspc(K; ;) Csp(K, 7)andare interested
in conditions under which D, 7 is a Cartan subalgebra of sp(K;, 7).

Inourcase, D, ; satisfies an additional important property of being invariant under left
multiplication by the complex structure J, i.e., for every D € D, s wehave JD €D, ;.

This immediately implies the following algebraic conclusion: DA ;= =D, ;®C =
D;. @ Dj and the following conditions are equivalent: ’

D, j is a Cartan subalgebra of sp(K; 7),

D, ; is a Cartan subalgebra of 5P(C(K,x,,'\)’

DA’is a Cartan subalgebra of sp(K}),
Djs is a Cartan subalgebra of sp(K7).

If one of these conditions is fulfilled then D, ; is of pure focus type as a Cartan
subalgebra of the (real) symplectic Lie algebra 5p(K A

To complete the proof it remains to notice that the statement of Proposition 4.12
still holds true for complex A € A(x). The only difference is that the pencil d; IT(x)
is complex and all the Cartan subalgebras of sp(K;) are of the same type, i.e., are
conjugate. 0O

Proof of Theorem 3. By Proposition 4.9, if a point x is non-degenerate, then the pencil
is diagonalizable at x. Therefore, it suffices to show that for diagonalizable pencils, x
is non-degenerate if and only if for each A € A(x) the linear pencil d,IT(x) is non-
degenerate. This follows from Propositions 4.11,4.12 and 4.13. 0O

Proof of Theorem 4. The proof follows from Propositions 4.11,4.12 and 4.13. O
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4.7. Proofof Theorem 7. Takinginto account Theorem 6, we need to prove the following.

Lemma 4.3. Let g be a complex Lie algebra, and let ) C g be an Abelian subalgebra.
Then the following two conditions are equivalent.

1. The Lie algebra g admits a decomposition

g=b+> (Vi + V),

i=1

where

(@) AL, - ., Ay € b* are linearly independent.

(b) Each space Vy,, is one-dimensional.

(c) Forallé € by, ey, € V), we have [€, e),] = X;(§)e;,.
2. The Lie algebra g can be represented as

1=P 0. 08 (P o) /wav. (13)

where V is Abelian, Iy C P DC isa central ideal and by C g is a Cartan subalgebra.

Proof. The implication 2 = 1 is straightforward. Prove 1 = 2.

Obviously, h is a Cartan subalgebra, so it suffices to prove that g admits representation
(13).

Standard arguments show that if e, € V,, and eg € Vg, then [ey, eg] € V4. Since
the roots are independent, o + 8 is a root if and only if 8 = —«. Consequently, the
following relations are satisfied.

[V)»iv V—)\i]ehv [V)\,-y V:t)uj]ZO for i 7&‘]

Let ¢; be a basis vector in Vj, and e_; be a basis vectorin V_;,. Denoting h; = [e;, e_;]
and using the Jacobi identity, we have

[hi,ejl =[lei,e—i]l,ej]=0
for i # j. Therefore,
Aj(hi) =0 for i # j.

Now suppose that 1;(h;) # 0 for some value of i. Then the triple ¢;, e_;, h; gener-
ates a subalgebra isomorphic to so(3, C). Let us show that it admits a complementary
subalgebra in g. Let

h={heh:rh) =0}
Denote

G=h+> (Vi + V4.
J#i

Then it is easy to see that g splits into the direct sum:

g=0® (e, e_i, h;).
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After separating s0(3) summands for all i such that A; (h;) # 0, we may assume that
A;j(h;) = O for all i. Now separate an Abelian summand. Decompose the center of g into
a direct sum of Z(g) N [g, g] and an arbitrary complementary subspace:

Z(g)=Z@nNlg.gh®V.

Thenitis easy to see that V can be separated from g as a direct summand. After separating
an Abelian summand, we may assume that Z(g) C [g, g]. This means that the center is
spanned by {%;}. Decompose the subalgebra b as follows.

h=(h1,.. ) @T.

Since A;(h;) = Oforalli and j, the linear functions A1, ..., A, are linearly independent
on T*. Moreover, since T NZ(g) = 0, for each ¢ € T there exists i such that 1;(¢) # 0.
Therefore, the set of A1, ..., A, is a basis in T* and we can choose a basis 71, ..., #, in
T such that

Ailtj) = bij.
Consequently, g is generated by e;, e_;, h;, t; with the following non-zero relations
lei,e—il=hi, l[ti,ei]l =ei, [ti,e—i]=—e_;.

If hy, ..., h, were linearly independent, then g could be decomposed into a direct sum
of subalgebras isomorphic to ©C. Since hy, ..., h, are not necessarily independent, g
is a quotient of a direct sum by a central ideal, which completes the proof. O

4.8. Proof of Theorem 8. The classification of all real non-degenerate linear pencils can
be obtained by describing real forms of the algebras from the list (2). However, we need
to know the types of singularities corresponding to these real forms, so it is better to give
an explicit classification of real non-degenerate linear pencils. Proof of the first part of
Theorem 8 follows from the following.

Lemma 4.4. Let g be a real Lie algebra, and let ) C g be an Abelian subalgebra. Then
the following two conditions are equivalent.

1. The Lie algebra g admits a decomposition

n
gRC=hRC+ D (Vi +V_y). (14)
i=1

where

(@) A1, ..., Ay € b* ® C are linearly independent.

(b) Each space Vy,, is one-dimensional.

(c) Forall§ € b, ey, € Vy, we have [§, ey;] = A;(§)ey,;.
2. The Lie algebra g can be represented as

1=Pso3) #Pst(2) ®Ps0(3.C) @ (@@ ePo e @@‘C) /o®V,

15)

where V is Abelian, |y is a central ideal, and ty C g is a Cartan subalgebra.
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Proof. Analogously to the previous section, it suffices to prove the implication 1 = 2,
namely that g admits representation (15).
Decomposition (14) implies that g can be represented as

g=b+span(esr, ..., ek, fel,- oy fil €41y f41s s étms fm),  (16)
with
[h, exi] = thi(Wexi, [h,éxil = £& (W)éxi F ni(h) fui,
(h, fail = i (h) fxis [hy fail = £0i(W)éw £ & (h) fai

and Aq, ..., Ay Dy ey 5 EL Dy - o5 Emy I € b being independent. Analogously
to the previous section, the non-zero relation are

lei,e—ileh, [fi,f-ileb, [e.é—il=~—fi,f-ileb, le, f~il=I[fi,e-ileh.
Suppose that A; ([e;, e—;]) # 0 for some i. In this case the triple ¢;, e_;, [e;, e_;] spans a
subalgebra isomorphic to s[(2, R). It can be shown that this subalgebra can be separated
as a direct summand, analogous to the complex case.

Similarly, for w; ([ fi, f=i]) # 0, we obtain a summand isomorphic to so(3, R) if
wi(Lfi, f=i]) > 0, or a summand isomorphic to s[(2, R) if u; ([fi, f—i]) <O.

Further, it is easy to see that

ni(léi,é—i1) = &([é—;, ;1) and & ([é;,é—i]) = —ni([é—i, fi]),

so & and n; are either linearly independent on the subspace generated by [é;, e—i],

[e—;, fl or both vanish. In the first case the elements &;, é_;, f,, f_l, lei,e—il, [e—i, fA,-]
generate a subalgebra isomorphic to s0(3, C).
After separating all simple summands, we may assume that

lei,e_i1 € Z(g), Lfi foil € Z(g), [é1,é-i)=—Lfi, f-il € Z(g), [é,
foil = Ui, é-i) € Z(g).

In the way absolutely similar to the complex case, it can be shown that g is decomposed
into the sum of an Abelian algebra and the quotient of the sum of several copies of
D D, DC by a central ideal, which completes the proof. O

4.9. Proof of the second part of Theorem 8. By Proposition 4.8, the type of Sing(IT1%4)
is the triple (/, k, m), where [, k, m are the numbers entering decomposition (16). From
the proof of Lemma 4.4, we conclude:

1. Each quadruple (££;, £n;) gives an s0(3, C) or DC summand in (15). Therefore,
m coincides with the number of summands isomorphic to s0(3, C) or o€,
2. For a pair £, there are three possibilities.
(a) H‘]([fj’ S- j]) =0=9.
(b) 12(Lf7. 1) < 0= sl2, R).
© i (Ufr. i) > 0= 503, F).
Consider the second case and calculate the Killing form on z = [ f;, f—;]. Since

[z, fil=n;j@f; and [z, f—j]=—n;@@) [}

the value of the Killing form on the element z is equal to tr (adz)? = —2u; (2)? <0.
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3. For a pair £ ;, there are two possibilities.
(@) Aj(lej,e—;]) =0= D"
(b) Aj(lej,e—;]) #0 =512, R).
Consider the second case and calculate the Killing form on z = [e;, e_;]. Since

[z.ejl=Xj(x)e; and [z,e_;]=—Xj(2)e_j,

the value of the Killing form on z is tr (adz)? = 2A (2)? > 0.

‘We conclude that the number / is equal to the number of ® terms in (15) plus the number
of s0(3, R) terms plus the number of s[(2, R) terms such that the Killing form is negative
onsl(2, R) NKer A.

Analogously, the number & is equal to the number of ©” terms plus the number of
50(2, R) terms such that the Killing form is positive on s[(2, R) N Ker A, g.e.d.
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Appendix A: Jordan—Kronecker Decomposition

The theorem below describes a simultaneous normal form for an arbitrary pair of skew-
symmetric forms. Almost all properties of a pencil IT = {P,} of compatible Poisson
brackets at a fixed point x, that we used in this paper, can be easily derived from this
linear algebraic result.

Theorem 11 (Jordan—Kronecker theorem [33-37]). Let A and B be two skew-symmetric
bilinear forms on a complex vector space V. Then there is a basis in V where A and B
have the following canonical block-diagonal form:

Aq B
A2 B

Ag By
where the pairs of the corresponding blocks A; and B; can be of the following three

types:
1. Jordan type (1; € C)

J(A) —E
Ai = , Bi =
—JT () E

where J (A;) denotes the standard Jordan block
Ao 1

o= M

and E stands for the identity matrix.
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2. Jordan type with A = 0o

—E J(0)
A = , B =
E —JT(0)
3. Kronecker type
S T
A = , Bi=
—sT -T7
where S, T are
1 0 0 1
S = . , T = C
1 0 0 1

The Jordan—Kronecker form has the following important properties.

e If (A;, B;) is a Jordan pair, then a generic combination A; + A B; is non-degenerate,
and

rank (A; + AB;) < max if and only if A = A;.
e If (A;, B;) is a Kronecker pair, then any combination A; + A B; is degenerate, and
rank (A; + AB;) = const.
e If (A;, B;) is a Kronecker pair, then the space

L= ZKer (A; + AB;)
A
is maximal isotropic with respect to any form A; + A B;.
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