GAGA THEOREMS

JACK HALL

ABSTRACT. We prove a new and unified GAGA theorem. This recovers all
analytic and formal GAGA results in the literature, and is also valid in the
relative and non-noetherian setting. Our method can also be used to establish
various Lefschetz theorems.

1. INTRODUCTION

Let X be a noetherian scheme. Frequently associated to X is a flat morphism
of locally ringed spaces:

c: X — X,

where X is some type of analytic space with coherent structure sheaf. When X is
proper over Spec R, where R is a suitable noetherian ring (usually connected to the
construction of the analytic object X), there is frequently an induced comparison
isomorphism on cohomology of coherent sheaves:

H!(X,F) ~ H(X,c'F)
and an equivalence of abelian categories of coherent sheaves:
c*: Coh(X) ~ Coh(X).

Since Serre’s famous paper [GAGA], such results have been called “GAGA the-
orems”. Restricting these comparison isomorphisms and equivalences to specific
subcategories of sheaves (e.g., vector bundles or finite étale algebras) leads to both
local and global “Lefschetz Theorems” [SGA2|]. We briefly recall some examples of
these phenomena below.

1.1. Archimedean analytification. Assume X is locally of finite type over Spec C.
Naturally associated to X is an analytic space Xa,. This consists of endowing the
C-points of X with its Euclidean topology and its sheaf of holomorphic functions.
This is the setting of the original GAGA theorem proved by Serre [GAGA]. This
was all generalized to proper schemes over Spec C in [SGAT] X11.4.4] and to proper
Deligne-Mumford stacks in Toén’s thesis [Toé99) 5.10]. Generalizations have re-
cently been developed for higher derived stacks by Porta—Yu [PY16]. There is also
a relative version for projective morphisms, due to Abramovich-Temkin [ATI1S]
App. C], which we generalize (Example . Also if X is a scheme, proper over
SpecR, then there is a notion of a real analytification and suitable GAGA results
due to Huisman [Hui02].
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1.2. Formal completion. Let Z C X be a closed subscheme. Then we may
form the formal completion X sz of X along Z. The locally ringed space X /z has
underlying topological space Z and sheaf of functions the formal power series along
Z; that is, OX/Z = l&ln Ox/I"™, where Z = V(I). There are recent variations of
this in the non-noetherian situation due to Fujiwara—Kato [FKI3] and the Stacks
Project [Stacks|. This is also the typical setting for local and global Lefschetz
theorems, which have seen recent interest [Kol13| BJ14! [Kol16].

1.3. Non-archimedean analytification. Assume X is separated and locally of
finite type over Spec K, where K is a complete non-archimedean field. Then there
are various analytifications associated to X: the Berkovich Xgek, the adic Xagic
[Hub94], and the rigid X,i;. These constructions are all quite different, but all
have equivalent topoi. There is also a GAGA theorem in this context, due to Kopf
[Kop74]. Also, see the work of Conrad [Con06] for a more recent account. In special
situations, there are even analytifications when X is not locally of finite type—this
is the setting of the Fargues—Fontaine curve [FF18].

1.4. Unification. All of these results have previously been proved separately, though
their general strategies are very similar. Indeed, once the cohomology of line bun-
dles on projective space is completely determined (Cartan’s Theorems A & B),
the results are proved directly for projective morphisms. Using Chow’s Lemma, a
dévissage argument is then used to reduce the case of a proper morphism to the
projective situation.

The main theorem of this article is that these GAGA results are true much more
generally and can be put into a single framework. There is no dévissage to the
projective situation and all existing results follow very easily from ours (see §9)).

We state one such result in the noetherian situation for locally G-ringed spaces.

Theorem A. Let R be a noetherian ring. Let X be a proper scheme over Spec R.
Let c: X — X be a morphism of locally G-ringed spaces. Let X be the set of closed
points of X and let Xey . = ¢~ 1(Xa). Assume that

) Ox is coherent;

(2) if F € Coh(X), then ®;H (X, F) is a finitely generated R-module;

(3) ¢: Xer,e — Xa is bijective;

(4) if F € Coh(X) and F, =0 for all x € X1, then F=0; and

(5) if v € Xete, then Ox o(z) — Ox .o is flat and k(c(w)) — k(c(z)) R0y (0
s an isomorphism.

)Ox,x

Then the comparison map:
HY(X,F) — H (X, c*F)

is an isomorphism for all coherent sheaves F on X and
¢*: Coh(X) — Coh(X)

is an exact equivalence of abelian categories.

Our method is very powerful. Theorem [A]is a consequence of a general non-
noetherian result (Theorem 7 where we do not even need to assume flatness or
properness. In future work, we will address algebraic stacks and their derived coun-
terparts. Our method derives from the innovative approach to the non-noetherian
formal GAGA results proven in the Stacks Project [Stacks, Tag 0DILJ]. This result
also follows from our Theorem (see Example .
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Remark 1.1. Basic properties of completions of noetherian local rings show that
Theorem [A|5) is implied by:
(B) if * € Xepe, then Ox , is noetherian and the morphism Ox c(zy — Oxo
induces an isomorphism on maximal-adic completions.

While it is possible to state a version of Theorem [A] for algebraic spaces, this
requires a discussion of points in henselian topoi. While these have been discussed
elsewhere [Conl0)], we felt that this would be a significant detour. We instead prove
Theorem [9.1] which should be just as easy to apply as Theorem [A]in practice.

Applying Theorem [A] to a quasi-compact and separated morphism of schemes
c:' Y — X, a short argument using Corollary shows that c is an isomorphism.
This is what we should expect from the Gabriel spectrum [Gab62]: every exact
equivalence F': Coh(X) — Coh(Y) that sends Ox to Oy is of the form ¢* for a
unique isomorphism of schemes c: Y — X. We also wish to point out that the
conditions of Theorem [A] are essentially necessary (see Remark .

In fact, our techniques are so malleable, we can even prove Lefschetz-style theo-
rems as below.

Theorem B. Let X be a quasi-compact and quasi-separated algebraic space. Let
c: X — Xg be a morphism of ringed topoi and i: Z — X a closed immersion.
Assume
(1) X — Z is quasi-affine,
(2) Ox is coherent or i,Qy is perfect,
(3) ¢ and i are tor-independent,
(4) Dyo(Xet,1:07) ~ Dy (X, c*i.07),
(5) HO(X,0x) ~ H(X, Ox) and H' (X, O0x) — HY(X, Ox).
Then the comparison map:
HY(X, F) — H°(X,c*F)
s an isomorphism for all vector bundles F on X and
¢*: Vect(X) — Vect(X)
is fully faithful.

We will see in Theorem that Theorem |B| implies the full faithfulness of the
analytification functor for vector bundles on the Fargues—Fontaine curve [FF18|
KL16]. Also see Theorem [9.9)for a variant of [BJ14| §1].

Theorem [B| is a special case of a more general result (Theorem that does
not even require tor-independence and also compares the higher cohomology groups.
Essential surjectivity results along the lines of Theorem [B| are much more subtle.
Certainly, some follow readily from our general GAGA result (Theorem. Lack-
ing a good localization and support theory for analytic sheaves makes more general
results difficult to come by (see Remark . There are of course well-established
techniques to handle related problems—that continue to be developed to this day—
using methods from commutative algebra.

The following technical question arose in this work. It would be nice to have a
conclusive answer.

Question 1.2. Let X be a quasi-compact and separated algebraic space. Leti: Z —
X be a closed immersion. What conditions on X and Z gquarantee the existence of
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a perfect complex P on X such that P lies in the thick closure of D, .(Z) in Dgc(X)
and has support |Z|?

In Lemma we prove that if Ox is coherent then there is always a P as
in Question [[.2] This is sufficient for our intended applications. It is certainly
necessary that the complement of Z in X is quasi-compact.

Acknowledgements. It is a pleasure to thank Amnon Neeman and David Rydh
for several supportive and useful discussions. We also wish to thank Bhargav Bhatt
and Brian Conrad for some helpful comments and suggestions on a draft.

2. SPECIAL CASES

In this section we will establish Theorems [A] and [B]in some special cases, where
certain optimizations can be made. We do this to advertise the simplicity of the
core argument and illustrate the general strategy.

2.1. GAGA. Here we will prove Theorem [A] when R is assumed to be a field k
and X — Speck is a smooth projective morphism. We will further assume that X
is a locally ringed space and that c is flat and bijective on closed points.

We will be concerned with the triangulated categories D%, (X) and D%, (X). The
objects of these categories are bounded complexes of O y-modules and Oy-modules,
respectively, with coherent cohomology sheaves. Since the morphism c¢: X — X is
flat, there is a derived pullback functor

c D[éoh (X> - Dléoh(x)'
Our first observation is that condition implies that this functor admits a right
adjoint c¢,: D2, (X) — D%, (X). This is a non-trivial result, but it is a simple
consequence of a theorem of Bondal and van den Bergh [BB03, Thm. 1.1] that we
will now briefly explain. Let M € DZ_, (X) and consider the cohomological functor

Fyi: D2y (X)° — Vect(k): P+ Homg. (c*P,M).

Since X is smooth, its local rings are regular. In particular, if P € D%, (X), then
P is a perfect complex. Hence, ¢*P is a perfect complex and

Fy(P) = Homg, (¢* P, M) ~ Homeg, (Ox, ¢*(P") ®g, M) =~ H(RT'(X,c*(PY) @5, M)),

where PY = RHome, (P,Ox) is the dual of P. Now ¢*(PV) is also a perfect
complex and so ¢*(PY) ®p, M € D¢, (X). It now follows easily from condition
that @®; F(P[i]) is a finite-dimensional k-vector space. This means that the
cohomological functor Fy is of finite type and [BB0O3, Thm. 1.1] implies that there
is an M € DL, (X) such that Fy(P) ~ Home, (P, M) for all P € D%, (X).
Standard properties of adjoint functors show that the assignment M +— M defines
a right adjoint c,.: D2, (X) — D, (X) to ¢*: D2, (X) — D2, (X).

Our next observation is the following: if P € D%, (X) and M € D%, (X), then
there is always a projection formula:

(M) ®, P~ (M ®'(9x c*P).
This follows from the smoothness of X (so every object of D%, (X) is perfect and
dualizable) and abstract nonsense about adjoints and dualizables (see Lemma[4.3).
For the full faithfulness of c¢*, it is sufficient to prove that ny: N — c.c*N is a

quasi-isomorphism for all N € ch’:oh (X). Let Hy be a cone of ny. By Nakayama’s
Lemma, it is sufficient to prove that Hy ®'(5X k(y) =~ 0 for all closed points y € X.
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Fix a closed point y € X. The projection formula shows that Hy ®g  #(y) ~
HN@bx“(y)' But N ®'@X k(y) is just a direct sum of shifts of k(y). Hence, we
are reduced to proving that 7, (,) is a quasi-isomorphism. An elementary argument
using stalks shows that ¢*k(y) ~ k(z) in D%, (X) for some unique closed point
z € X (see the proof of Theorem [A]). Thus, it remains to prove that r(y) — c.x(z)
is a quasi-isomorphism. If ¢ # y is a closed point, then again there is a unique
closed point 2’ € X such that c¢*s(y’) ~ k(z’) in D&, (X). The projection formula
shows us that:

(cor(@)) &b K(y) = cu((e) @5, K(2')) = 0.

It follows that c.k(z) is supported only at y. In particular, we can determine c,k(x)
from its global sections. But

RT'(X, cxk(x)) = RHomg, (Ox, cik(z)) ~ RHome, (Ox, k(x)) ~ RT'(X, k(z)) ~ k(x).

Since x(y) — k(x) is an isomorphism, we conclude that 7, is a quasi-isomorphism
and c* is fully faithful.

For the essential surjectivity of c¢*: D%, (X) — D%, (X), let M € D%, (X). Set
M = c,M € D%, (X). We will prove that M algebraizes M; that is, the adjunction
ext: c*exM — M is a quasi-isomorphism. Let Ey¢ be a cone for e)¢. Again by
Nakayama’s Lemma, it is sufficient to prove that Fyg ®'(9x k(x) ~ 0 for all closed
points x € X. Now we have already seen that if x € X is closed, then k(x) ~ ¢*k(z')
for a unique closed point ' of X. In particular, it follows that it is sufficient to
prove that Eyg ®'@x c*k(z") = 0 for all closed points 2’ of X. But the projection
formula shows that we have quasi-isomorphisms:

(c*esM) ®p, *K(2) = (M@, k(z') = cFeu (Mg, k().

It follows immediately that Ey ®f_ c*r(z) ~ EM®bew(w,). Again, M®G, c*r(z)
is just a finite direct sum of shifts of ¢*x(z’). Hence, it remains to prove that
c*ec*k(2') = ¢*k(2’) is a quasi-isomorphism. But we’ve already seen that x(z') —
cxc*k(2") is a quasi-isomorphism, and the result follows.

Note that the full faithfulness of ¢*: D2, (X) — D&, (X) implies the cohomo-
logical comparison result. Indeed, if F' € Coh(X), then

H' (X, F) ~ Homg, (Ox, F[i]) ~ Home. (c*Ox, c* F[i])
~ Homg, (Ox, c¢*F[i]) ~ H (X, c*F).

2.2. Lefschetz. We will prove the following variant of Theorem [B] which is suffi-
cient to establish the full-faithfulness of the analytification of vector bundles on the
Fargues—Fontaine curve, which is a regular noetherian scheme of dimension 1 that
is universally closed and separated but not locally of finite type over Spec Q.

Theorem 2.1. Let X be a regular noetherian scheme of dimension 1. Let ¢: X —
X be a morphism of locally ringed spaces. Let x € X be a closed point. Assume
(1) U =X —{z} is quasi-affine;
(2) ¢~ L(x) consists of a single point y;
(3) Ox,z = Oxy is flat and k(x) — K(x) @0y, Ox,y is an isomorphism; and
(4) H(X,0x) ~ HO(X, Ox) and H (X, O0x) — HY(X, Ox).
Then the comparison morphism:

HO(X,F) — H°(X,c*F)



6 J. HALL

is an isomorphism for all vector bundles F on X.

Proof. With no finiteness at our disposal, we have to work with unbounded derived
categories of sheaves. Specifically, we consider the adjoint pair:

Le™: Dge(X) = D(X): Rege s

These will be discussed in great detail in If N € Dgc(X), then we have the
adjunction ny: N — Recqe«Lc*N; let Qn denote a cone for this morphism. We
must prove that if F is a vector bundle on X, then 7<°Qp ~ 0. Observe that the
projection formula implies that for a coherent sheaf NV on X we have Qo ®'(5X N ~
Qn (this is because X is regular, so N is perfect). Set Q = Qo ; hence, it suffices
to prove that 7<°Qu, =~ 0. Conditions (2) and (3), just like in the previous
section, combine to show that @ ®'(5X k(x) =~ 0. Now let j: U < X be the resulting
open immersion; then localization theory (e.g., [HR17bl Ex. 1.4]) now implies that
Q ~ Rj,.Lj*Q. But U is quasi-affine, so it follows that 7=°Q ~ 0 if and only if
7S9RT(X, Q) ~ 0. We now have the long exact sequence:

0—H(X,Q) = HX,0x) — H(X,0x) — H'(X,Q) — H'(X,0x) — H (X, Ox).

Certainly, 7<71Q ~ 0, so we have H™1(X, Q) ~ H*(X, H~1(Q)). But H*(X,0x) ~
HO(X, Ox), 50 H(X, H1(Q)) = 0 and H~(Q) ~ 0. Hence, H*(X, Q) ~ H(X, H°(Q)).
The injection H' (X, Ox) — H(X, Ox) allows us to conclude that H°(Q) ~ 0 too.
The result follows. O

Remark 2.2. Assume that we are in the situation of Theorem 2.1} Let X, be the set
of closed points of X and let X¢j . = ¢ 1(X4). Additionally, assume the following:
(5) c« preserves direct limits of Oyx-modules; and
(6) X has the following property: given a direct system of vector bundles with
injective transition maps {&,},>0 such that hgn &n ®oy £(y) ~ 0 and
lim (X, €&,) ~0, then &, = 0 for all n.
Condition (6) holds if X is a scheme (by support theory), but in the adic/analytic
setting seems difficult (or false). We sketch an argument that the conditions above
imply that cqc « is conservative on vector bundles; this is not quite enough to deduce
that ¢*: Vect(X) — Vect(X) is an equivalence, but it is very close. If V € Vect(X),
consider V®g, c¢*7,0py. Observe that j,.Oy = lim L™, where L = ker(Ox — k(x)).
By the projection formula, cqe«(V ®0, ¢*5:00) = cge, (V) @0 j«Ou. Now take
En =V ®o, c*L™; then

lim &, @ k() = V Gox ¢ (.00 Bo k() = 0.

Now if cqc (V) > 0, then it follows immediately from the projection formula calcu-
lation above that hﬂnf(fx, &,) =0 too. By (6), &, =0 for all n; hence, V = 0.

3. A FINITENESS RESULT

Our first task is to consider a variant of the finiteness result [BB03, Thm. 1.1] for
non-noetherian algebraic spaces. This was recently established in the noetherian
case in [BZNPI7] and in general in [Stacks], where it is formulated in terms of
pseudo-coherence [SGA6]. Since the non-noetherian situation will be important to
us, we will briefly recall these ideas.

Let B be a ring. A bounded complex of finitely generated and projective B-
modules is called strictly perfect. Let m € Z. A complex of B-modules M is
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m-pseudo-coherent if there is a morphism ¢: P — M such that P is strictly perfect
and the induced morphism H'(¢): H'(P) — H'(P) is an isomorphism for i > m
and surjective for ¢ = m. A complex of B-modules M is pseudo-coherent if it is
m-pseudo-coherent for all integers m € Z; equivalently, it is quasi-isomorphic to
a bounded above complex of finitely generated and projective B-modules [Stacks,
Tag 064T]. These conditions are all stable under derived base change [Stacks, Tag
0650] and are flat local [Stacks, Tag |068R].

We let D, (B) denote the full triangulated subcategory of the derived cate-
gory of B-modules, D(B), with objects those complexes of B-modules that are
quasi-isomorphic to a pseudo-coherent complex of B-modules. We let DgC(B) -
D;C(B) be the triangulated subcategory of objects with bounded cohomological
support. If B — C is a ring homomorphism, then derived base change induces
— ®Y% C: Dye(B) = Dy (C). If C has finite tor-dimension over B (e.g., C is B-
flat), then the derived base change sends bounded pseudo-coherent complexes to
bounded pseudo-coherent complexes.

The above generalizes to ringed sites [Stacks, Tag|08FS|. Let X be a ringed site.
A complex of Ox-modules is strictly perfect if it is bounded and each term is a
direct summand of a finitely generated and free Ox-module [Stacks, Tag 08FL].

Example 3.1. Let X be an algebraic space. If i: D C X is a Cartier divisor, then
i+Op € Dgyc(X) is perfect. More generally, if i: Z < X is a regular embedding
(i.e., i is locally the zero locus of a regular section of a vector bundle), then .0z €
Dqo(X) is perfect. Also, if X is quasi-compact and quasi-separated and j: U C X
is a quasi-compact open immersion, then there is a perfect complex P € Dy (X)
whose cohomological support is precisely X \ U [HRITa, Thm. A].

Let m € Z. A complex of Oyx-modules M is m-pseudo-coherent if locally on
X there is a morphism ¢: P — M such that P is strictly perfect and the induced
morphism H(¢): H(P) — H*(M) is an isomorphism for i > m and surjective for
i =m. A complex of Ox-modules is pseudo-coherent if it is m-pseudo-coherent for
every m € Z.

Let D;.(X) denote the full triangulated subcategory of D(X), the unbounded
derived category of Ox-modules, with objects those complexes that are quasi-
isomorphic to a bounded above pseudo-coherent complex. We let DY (X) € D, (X)
be the full triangulated subcategory of objects with bounded cohomological support.
If ¢: X — X is a morphism of ringed sites, then the restriction of Le*: D(X) — D(X)
to D, (X) factors through D (X) [Stacks, Tag 08H4|. Moreover, if ¢ has finite tor-
dimension (e.g., it is flat), then L¢* preserves bounded complexes.

Example 3.2. Perfect complexes on sites (i.e., complexes that are locally strictly
perfect) are pseudo-coherent. In particular, vector bundles of finite rank are pseudo-
coherent.

Example 3.3. Let X be a ringed site with a coherent structure sheaf. For example,
a locally noetherian algebraic space or an analytic space. Let * € {—,b}. Then
D (X) = Dgop(X); that is, a complex M € D(X) is pseudo-coherent if and only
if it is quasi-isomorphic to a bounded above complex of sheaves with coherent
cohomology [SGAG, Cor. 1.3.5].

The following lemma improves upon those given in Example [3.1]in the coherent
situation. To state this lemma, we recall the following definition [NeeOll §2.1].


http://stacks.math.columbia.edu/tag/064T
http://stacks.math.columbia.edu/tag/0650
http://stacks.math.columbia.edu/tag/068R
http://stacks.math.columbia.edu/tag/08FS
http://stacks.math.columbia.edu/tag/08FL
http://stacks.math.columbia.edu/tag/08H4
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Let T be a triangulated category. A subcategory 8 C T is thick (or épaisse) if it
is triangulated and is closed under direct summands. If S C T is a collection of
objects, we let (S) C T denote the thick closure of S; that is, it is the smallest thick
triangulated subcategory of T containing S.

Lemma 3.4. Let X be a quasi-compact and quasi-separated algebraic space. Let
1: Z — X be a finitely presented closed immersion. Let

D} z(X) = ker(Lj*: D) (X) — D (U)),

where j: U — X is the open immersion complementary to i: Z — X. If Ox is
coherent, then (Ri,.Db.(Z)) = ch |Z‘(X).

Proof. Clearly, Ri*DgC(Z) C Dll;c,\Z|(X)' Since DZC,|Z\(X) is a thick subcate-
gory of DY (X), it follows that (Ri.Db.(Z)) C lewc,\Z|(X)' For the reverse in-
clusion, by induction on the length of a complex, it is sufficient to prove that
if M € Cohjz(X) = ker(j*: Coh(X) — Coh(U)) then M € (Ri.D} (Z)). Let
I =ker(Ox — i.0z). By [HR10, Lem. 2.5(1)], it follows that there exists an integer
n > 0 such that I"t'M = 0. Hence, M admits a finite filtration by 7,© z-modules
and so belongs to (Ri,D}.(Z)). O

Let A be a ring. A B-algebra A is pseudo-coherent if it admits a surjection
from a polynomial ring ¢: Alzy,...,z,] - B such that B is a pseudo-coherent
Alxy,...,z,]-module. Pseudo-coherence is stable under flat base change on A and
is étale local on B. See [Stacks, Tag |067X] for more background material. This
definition generalizes readily to morphisms of algebraic spaces [Stacks| Tag 06BQ).
We now recall some examples that will be important to us.

Example 3.5. Let A be a noetherian ring. If X — Spec A is a locally of finite
type morphism of algebraic spaces, then it is pseudo-coherent [Stacks, Tag 06BX].

Example 3.6. Let A be a ring. If X — SpecA is a flat and locally of finite
presentation morphism of algebraic spaces, then it is pseudo-coherent [Stacks, Tag
06BV].

Example 3.7. Let A be a universally cohesive ring. That is, every finitely pre-
sented A-algebra is a coherent ring. The standard example is an a-adically complete
valuation ring; for example, A = Oc,, the ring of integers in the p-adically com-
pleted algebraic closure of Q,, C,. If X — Spec A is a locally of finite presentation
morphism of algebraic spaces, then it is pseudo-coherent. This is the setting for
Fujiwara—Kato’s formalism of rigid geometry [FK13].

The main result of this section is the following small refinement of [Stacks)
Tag |0CTT].

Theorem 3.8. Let A be a ring. Let X — SpecA be a quasi-compact, sepa-
rated, and pseudo-coherent morphism of algebraic spaces. Let M € Dqo(X). If
RHomg, (P, M) € D(A) is pseudo-coherent (pseudo-coherent and bounded) for all
perfect complexes P, then M is pseudo-coherent (pseudo-coherent and bounded).

Proof. Tt is sufficient to prove that the condition implies that RT'(X, E ®'@X M) e
D(A) is pseudo-coherent for all pseudo-coherent F on X. Indeed, pseudo-coherent
morphisms are locally finitely presented, so M is pseudo-coherent relative to A


http://stacks.math.columbia.edu/tag/067X
http://stacks.math.columbia.edu/tag/06BQ
http://stacks.math.columbia.edu/tag/06BX
http://stacks.math.columbia.edu/tag/06BV
http://stacks.math.columbia.edu/tag/0CTT
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[Stacks, Tag 0CTT]. Since X — Spec A is pseudo-coherent, M is pseudo-coherent
on X [Stacks, Tag 0ODHQ)|. The boundedness result is [BZNP17, Lem. 3.0.14].

We begin by observing that if P € Dy (X) is perfect, then RHomg , (PY, M) ~
RI(X, P ®'(9X M) € D(A), which is pseudo-coherent by assumption. Now there
exists an integer n such that H"(X,N) = 0 for all » > n and N € QCoh(X)
[Stacks, Tag 073G|. By [LO08, Rem. 2.1.11], 72™RI['(X, G) ~ 72™RT(X, 72!G) for
allme Z,l <m—n, and G € Dy (X). Let E € Dyc(X) be pseudo-coherent and
fix m € Z. Let j € Z be such that 7>/M ~ 0 and 77/E ~ 0. Choose a perfect
complex P € Dy (X) and morphism ¢: P — E such that 72%cone(¢) ~ 0, where
a =m —n — j [Stacks, Tag 08HP]. Then

TZMRO(X, E @5 M) :TE’”RP(X,P’” "(E g, M))
~ rZMRT(X, 72" (12 "I E) ®0X M))
:TZ"LRF(X,T>’” ((rEmTIP) @ M)
~ 7ZMRO(X, 72" (P @, M))
~ 72"RL(X, P ®5, M).

We have already seen that RI(X, P ®g M) € D(A) is pseudo-coherent, and the
claim follows. O

Remark 3.9. Theorem [3.8 has a converse if X — Spec A is proper. If M is pseudo-

coherent (resp. pseudo-coherent and bounded) and P is perfect, then RHome ,, (P, M) ~

RU(X, PV ®'@X M). Replacing M by PV ®'@X M, it suffices to prove that RT'(X, —)
sends pseudo-coherent complexes to pseudo-coherent complexes. If A is noetherian,
this is just the usual coherence theorem for algebraic spaces [Knu7l, Thm. IV.4.1].
If X is a scheme and A is not necessarily noetherian, this is Kiehl’s Finiteness The-
orem [Kie72l Thm. 2.9]. If X — Spec A is flat, this is in the Stacks Project [Stacks,
Tag |0CSC]. If A is universally cohesive, then this is due to Fujiwara—Kato [FKI13|
Thm. 8.1.2]. Using derived algebraic geometry, the argument given in the Stacks
Project readily extends to the general (i.e., non-flat) situation; that is, a version of
Kiehl’s finiteness theorem for algebraic spaces. This is done by Lurie in [SAG].

As noted in [BZNP17, Rem. 3.0.6], it is Theorem that fails miserably for
algebraic stacks with infinite stabilizers. In future work, we will describe a variant
of Theorem [3.8] for a large class of algebraic stacks with infinite stabilizers that is
sufficient to establish integral transform and GAGA results.

We conclude this section with a simple corollary of Theorem[3.8] Variants of this
are well-known (see [Lip09} Ex. 4.3.9] and |[Ryd14] in the finite type noetherian, but
non-separated situation).

Corollary 3.10. Let A be a universally cohesive ring (e.g., noetherian). Let X —
Spec A be a quasi-compact and separated morphism of algebraic spaces. If RT'(X, —)
sends DgC(X) to DgC(A), then X — Spec A is proper and of finite presentation.

Proof. By absolute noetherian approximation [Ryd15|, there is an affine morphism
a: X — Xy, where X is a separated and finitely presented algebraic space over
Spec A. Using Nagata’s compactification theorem for algebraic spaces [CLO12],
a blow-up, and absolute noetherian approximation again, we may further assume
that Xg — Spec A is proper and finitely presented. Since A is universally cohesive,


http://stacks.math.columbia.edu/tag/0CTT
http://stacks.math.columbia.edu/tag/0DHQ
http://stacks.math.columbia.edu/tag/073G
http://stacks.math.columbia.edu/tag/08HP
http://stacks.math.columbia.edu/tag/0CSC
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Ox, is coherent. Now let P € Dyo(Xo) be a perfect complex; then
RHomg (P, a.0x) = RHomp (La*P, 0x) = R['(X,La*PY) € Dy, (A).

Hence, Theorem implies that a,Ox € Coh(Xy). That is, a is finite and finitely
presented. By composition, X — Spec A is proper and of finite presentation. [

4. ADJOINTS

Throughout we let X be an algebraic space. Consider a morphism of ringed topoi
c: X — Xg. There is an adjoint pair on the level of unbounded derived categories

Le®: D(X) = D(X): Re..

The inclusion Dq(X) C D(X) is fully faithful and also admits a right adjoint, the
quasi-coherator RQx : D(X) — Dqc(X). It follows immediately that

(1) the restriction of Le* to Dyc(X) is left adjoint to RQxRe,; and

(2) if M € Dy (X), then the natural map M — RQ x (M) is a quasi-isomorphism.
We will let

Le™: Dge(X) &= D(X): Rege,
denote the resulting adjoint pair. Let M € Dy.(X) and N € D(X). Let
My M — ReqexLe™ M and  en: Le*Rege s N — N

denote the morphisms resulting from the adjunctions.
We now use Theoremto show that Reqc,« frequently preserves pseudo-coherence.

Proposition 4.1. Let A be a ring. Let X — Spec A be a quasi-compact, separated,
and pseudo-coherent morphism of algebraic spaces. Let c: X — Xg be a morphism
of ringed topoi. Let x € {b,—}. If RT'(X,—) sends D;.(X) to D}.(A), then the
restriction of Reqe « to D} (X) factors through Dy (X).

Proof. Let M € D (X) and let P € Dgc(X) be perfect. Then Le*PY € Dge(X) is
perfect, so M ®'@x Le* P € Dy (X). Hence,

RHomg . (P, Rege,«M) =~ RHomg  (Le* P, M) ~ RT(X, Le* PY ®l@x M) € Dy (A).
By Theorem Rege« M € Dy (X). O

Remark 4.2. A variant of Proposition that is valid for finite type cohomolog-
ical functors for proper schemes over noetherian bases, which generalizes [BB03,
Thm. 1.1], appears in [Neel§].

We now return to our general discussion. The categories Dyc(X) and D(X) are
symmetric monoidal and the derived pullback Lc¢* is strong monoidal. This lets us
apply the formalism in Appendix[A]to our situation. We record some consequences
here.

Lemma 4.3. If M € Dy (X) and N € D(X), then there is a natural projection
morphism
TNt M ®g  (RegesN) = Rege(Le* M @5, N).

This is an isomorphism if M is perfect or Ox is a compact object of D(X).
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Proof. It M is perfect, then it is a dualizable object of Dyo(X) [HRI17al Lem. 4.3].
Hence, the projection morphism is an isomorphism in this case by Theorem
If Oy is a compact object of D(X), then Lc*: Dgc(X) — D(X) preserves compact
objects [HR17b, Lem. 2.3(2)], so its right adjoint Reqc .« preserves small coproducts
[Nee96, Thm. 5.1]. Hence, the full subcategory of Dy.(X) consisting of those M
for which 7y, is an isomorphism is localizing and contains the perfect complexes.
By Thomason’s localization theorem [Nee96, Thm. 2.1.2], the result follows. O

Remark 4.4. The condition that O is a compact object of D(X) is subtle, but
frequently satisfied. A useful criterion is [Stacks, Tag 094D|, which shows that it is
sufficient for cohomology of abelian sheaves on X to commute with filtered colimits

and have finite cohomological dimension. It follows that O« is a compact object of
D(X) whenever

(1) X is equivalent to the topos of a noetherian topological space of finite Krull
dimension (Grothendieck’s Theorem, see [Gro57, Thm. 3.6.5] and [Stacks)
Tag 02UZ));

(2) X is equivalent to the topos of a spectral topological space of finite Krull
dimension (this generalizes the above, see [Sch92, Thm. 4.5] and [Stacks,
Tag 0A3G];

(3) X is equivalent to the topos of a compact Hausdorff space of finite cohomo-
logical dimension (e.g., it has finite covering dimension).

5. EQUIVALENCES

In this section, the following setup will feature frequently.

Setup 5.1. Let X be an algebraic space. Let ¢: X — Xy be a morphism of ringed
topoi. Let A be a quasi-coherent sheaf of Ox-algebras. Let Z and Z be the
ringed topoi (X, A) and (X, ¢*A), respectively. There is an induced 2-commutative
diagram of ringed topoi:

Z

ét

Cz

—

24— 2

— Xt
Assume that

Lez: Dpe(Z) — Dpe(2)
is an equivalence.

Remark 5.2. In Setup if Z denotes the algebraic space defined by the quasi-
coherent sheaf of algebras A, then there is a natural equivalence Dyc(Z) ~ Dyc(2)
[HR17a, Cor. 2.7]. This equivalence restricts to one on pseudo-coherent complexes.

Remark 5.3. In practice, the equivalence Lc7 in Setup is often quite easy to
check. For example, when the underlying topoi of X and Xg; are equivalent and
A — A®p, Ox is an isomorphism of Ox-algebras. This always the case when c is
a formal completion along a closed immersion.

The following two lemmas provide a sanity check in Setup

Lemma 5.4. Assume Setup |5.1. The restriction of Rez ge« to Dy (Z) induces an
equivalence:

L Dyu(Z) S Dioo(Z): Reg g

pc


http://stacks.math.columbia.edu/tag/094D
http://stacks.math.columbia.edu/tag/02UZ
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Proof. Let P, Q € D;.(Z). Then there are isomorphisms:
RHomg, (P, @) ~ RHomg, (Lc P, Le; Q) ~ RHome , (P, Rez,qc,«LeZ Q).

Thus if Hg denotes the cone of the adjunction morphism 7z, : @ — Rcz,qc,«Lc5 @,
then RHomg, (P,Hq) ~ 0 for all P € D_.(Z). But D_.(Z)) contains the per-
fect complexes of Z, so Hg ~ 0 [HRI7a, Thm. A]. That is, 7z, is an isomor-
phism for all @ € D;.(Z). Now let Q € D .(Z). Then @ € D, .(Z) and there
is an isomorphism Q ~ Lc;Q. By what we have proved so far, it follows that
Rez,qe,+Q =~ Rez ge,« Ly @ =~ Q. That is, Rez qc « restricts to a functor from D;C(Z.)
to D,.(Z). It follows immediately from general nonsense that Rez e« is right

adjoint to Lel: Dy (Z) — Dp.(Z) and we have the claimed adjoint equivalence. [

The following lemma is where the technicalities of this section are buried.
Lemma 5.5. Assume Setup (5.1, Let N € D .(X) and define
Vn ={Q € D(X) : 7N, is an isomorphism},
T={QeD(X) : eq is an isomorphism}, and
8 ={P € Dy(X) : np is an isomorphism}.

Then (Ri,D,.(2)) € V. If c and i are tor-independent, then (Ri,D.(Z)) C T and
(Ri.D,.(Z)) C 8.

Proof. Clearly, we can view Vy, T, and 8 as full subcategories of D(X), D(X),
and Dg.(X), respectively. Moreover, they are obviously triangulated and thick
subcategories. It remains to prove the following.
(1) If Qo € D.(Z), then Ri,Qy € V: this is essentially just the functoriality of
the projection formula. Specifically, we apply Lemma with € = Dy (X),
D = D(X), €' = Dgc(Z), and D' = D(Z) with the natural functors and
adjoints already described. Lemma @ now implies that 7y Rri o, is an
isomorphism whenever 7 ;«n o, is an isomorphism. But Li*N € D .(Z),
Qp € D,.(Z), and L, and Reg gc « are an adjoint equivalence on pseudo-
coherent complexes (Lemma , so the claim follows from Remark
(2) Assume that c and i are tor-independent. If Qy € D.(Z), then Ri,Qy € T:
to see this, we note that the following diagram commutes

Le*Rege »RiLQg — Le*RiwRez e Qo

ERi;QOl J
-1
RZ*EQO

Ri’,Qp ¢——>— Ri’.LelRez.qexQo-

The claim now follows from functoriality (the top morphism) Lemmas
(the bottom morphism) and (the right morphism).

(3) Assume that c and i are tor-independent. If Qo € D;.(Z), then Ri.Qo € 8:
this is almost identical to (2), so is omitted. O

We now introduce a key definition. We appreciate that it is difficult to parse.
Such a definition appears necessary, however, to treat the lack of tor-independence
that appears in the non-noetherian situation as well as the subtleness of the pro-
jection morphism. When tor-independence is available, Proposition [5.7] provides a
useful criterion for Z-equivalence.
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Definition 5.6. Assume Setup Let M € D(X), N € D, (X). We say that c is
(a) faithful along M at N if
UneN 't Rege M @ Rege s N = Rege s (M @5, N)

is an isomorphism; and
(b) an equivalence along M at N if (a)) holds and

M@ ex: M@k Le*Rege N — M@, N

is an isomorphism.

If the above holds for all N, then we omit the “at N”. If M = /. Oy, then we will
replace “M” with “Z”.

The simplest method to produce an equivalence along Z is to use the following.

Proposition 5.7. Assume Setup . Let M € Dge(X) and N € D (X).

(1) If nar is an isomorphism, then c is faithful along Le*M at N if and only if
TymN @8 an isomorphism.

(2) If c and i are tor-independent and M € (Ri.D; . (Z)), then c is an equiva-
lence along M at N if and only if mprn 45 an isomorphism.

Proof. By definition of the projection morphism (A.1)), the following diagram com-
mutes:

Ny QRceqe, «

N
M ®'(9X (Rege,«N) Reqe,«Le* M ®'(9X (Rege,«N)

Vie* M, N
TM,N

Rege,« (Le* M ®'@x N).

This proves (). If M € (Ri. D,.(Z)) and c and i are tor-independent, then 7/ is
an isomorphism (Lemma . By Lemma the following diagram commutes:

Le*(M ®(L9X Reqe,«N) —— Lt M ®'@x Lc*Rege,« N

LC*WM’N\L ch*M@eN
ELe* Mok N

Le*Rege,s (Le* M @b N) ———— Le*M @ N.

The top morphism is an isomorphism, as is the bottom (Lemmas|5.5|and[B.1]). The
stated equivalence follows. (I

Many examples are provided by the following two results.

Corollary 5.8. Assume Setup[5.1 and ¢ and i are tor-independent. If
(1) ¢ 4s a Cartier divisor; or
(2) 1.0z is perfect; or
(3) Ox is a compact object of D(X) (see Remark[4.4);

then c is an equivalence along Z.

Proof. We use the criterion of Proposition Case is a special case of (2)). In
cases and the projection morphism is an isomorphism by Lemma [
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Corollary 5.9. Assume Setup c and i are tor-independent, and i is a closed
immersion. If Ox is coherent, then there is a perfect complex M € (Ri.D,.(Z))
with 72°M ~ Oz such that ¢ is an equivalence along Lc* M.

Proof. By perfect approximation [Stacks| Tag 08HP], there exists a perfect complex
M € D&, ,(X) with 72°M ~ 0. By Lemma3.4, M € (Ri.D,(2)), so Le*M e

(Rif,D,.(2)) (Lemma |B.2). Now apply Lemma |4.3]and Proposition O

Lacking tor-independence, these notions can be quite subtle. We will give some
interesting examples at the end of this section, however. In the meantime, we
content ourselves with the following useful lemma.

Lemma 5.10. Assume Setup[5.1, Let My € Dy o(2), N € Dyo(X). If Rege, o N € Do (X)
and c is faithful along Ri"My at N, then c is an equivalence along Ri’ My at N.

Proof. We have the following commutative diagram:

TReqe, » N,Ril, Mg

Reqge,«(Le*Reqe « N @ Ril, Mo) Rege,«(N) ®f . Rege,« R, Mo

VN,Ri/, Mg
-/
Rege,« (ex ®Ri, Mg

Reqe (N @5, RiLMo.)

Since c is faithful along Ri/, Mg at N, the vertical map is an isomorphism. By Lemma
the horizontal map is an isomorphism. It follows that the diagonal map is an
isomorphism. Let Q be a cone for ey; then Q € D (X). Hence, Q ®'@x Ri, My ~

Ré/ (Li™*Q ®(ng' Mp) (Lemma B.1). Let Qp = Li™*Q ®'(9Z Mo; then Qp € D.(Z) and
0 = Rege,(Q @, RiLMo) = Rege,«Ri, Qo =~ Ri,Rcz,e.+ Qo

It follows immediately that Qp ~ 0 and the claim follows. ]

The whole reason for introducing these notions is the following key result.

Proposition 5.11. Assume Setup[5.1] Let M € D(X) and N = Lc*N, where N €

D;C(X). If Tn v i an isomorphism, then the following conditions are equivalent:

(1) c is faithful along M at N;
(2) Rege M@ ny is an isomorphism.

Proof. This is immediate from the commutativity of the following diagram (A.1):

NN ®Rcge,«M "
N ®5  (Rege M) N Rege,«Le* N ®f  (Rege,« M)

Vle* N, M
TN, M

Rege,« (LN ®'@x M). 0

We conclude this section with more methods to produce examples. These are
non-noetherian and not necessarily tor-independent. In particular, they can be
safely skipped by those only interested in the proof of Theorem [A]

Lemma 5.12. Assume Setup [5.1]


http://stacks.math.columbia.edu/tag/08HP
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(1) ¢ is faithful along M if and only if
RT(X, Reqe, - M @5 . RegexN) = RI(X, M @5, N)
is an isomorphism for all N € D (X).
(2) If f: X — Spec A is flat; A= Ox/f*I, where I C A is an ideal; and
A/I ®Y% RT(X,N) — RT(X, Li"*N)
is an isomorphism for all N € D;C(X); then c is an equivalence along Z.

Proof. For : the necessity is clear. For the sufficiency, the perfect complexes
compactly generate Dy (X) [HR17a, Thm. A], so it suffices to prove that

RHomg , (P, Rege, s M ®  Rege,«N) = RHomg , (P, Rege (M @5, N))

is an isomorphism for all perfect P. Since perfects are dualizable, the morphism
above is an isomorphism if and only if the following morphism is an isomorphism:

RT(X, PY ®f , Rege M@, RegesN) = RI(X, PY @ Reges (M @5, N)).
The projection formula (Lemma and adjunction says that this morphism is an
isomorphism if and only if the following is an isomorphism:

RT(X, Rege,« (Le*PY @, M) ®f . RegesN)) — RT(X, Le*PY ®p, M @5, N).
The claim follows.

For (2)), we take M = ¢* f*(A/I) = ¢* A = i,0z; then Reqe, M =~ RiRez e, Oz ~
A = f*(A/I) ~ Lf*(A/I). We next observe that the usual projection formula
[HRIT7&, Cor. 4.12] implies that

RT(X,Lf*(A/I) ®%, RegesN) = A/T @Y RT(X, Rege«N) ~ A/T ®Y% RT(X,N).
The claim now follows from . O

Remark 5.13. Lemma can easily be refined when X is quasi-affine:
(1) c is faithful along M at N if and only if the following is an isomorphism:

RT(X, Rege s M @, Rege,«N) = RD(X, M @, N).
(2) If f: X — Spec A is flat; A = Ox/f*I, where I C A is an ideal; and
A/ ®Y% RT(X,N) — RT(X, Li”*N)
is an isomorphism; then ¢ is an equivalence along Z at N.

We have the following non-noetherian and non-tor-independent example that
comes from [Stacks, Tag |0DIA].

Example 5.14. Let {A,},>0 be an inverse system of rings with surjective tran-
sition maps and locally nilpotent kernel. Let A = 'mn A,. Let X — SpecA
be a proper, flat, and finitely presented morphism of algebraic spaces. Let I, =
ker(A — A,) andlet Ox, = Ox/I,0x, . Since X — Spec A is flat, the natural map
Ox®44, — Oy, in D(X) is an isomorphism. Let X be the ringed topos with under-
lying topos X and sheaf of rings Oy = an Ox, in Mod(X). There is a morphism
of ringed topoi ¢: X — Xg; corresponding to Ox — Ox. Let n > 0; then [Stacks)
Tag 0CQF] and a local calculation shows that Ox, — Ox, = Ox/ker(Ox — Ox,)
is an isomorphism of sheaves of O x-algebras. Let i,,: X,, — X and i/,: X,, — X be
the resulting morphisms; note that co i, = i,.


http://stacks.math.columbia.edu/tag/0DIA
http://stacks.math.columbia.edu/tag/0CQF
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First we show that if M € D, (X), then R['(X, M) € D (A). For each n > 0
let M, = LiyM € D_.(X,). By [Stacks, Tag 0CQF] and a local calculation,
M =~ holim Ri/, , M,, in D(X). Also RT'(X, —) preserves homotopy limits, so

o :

RI(X, M) = holim RT(X, Ri,, ,M,,) = holim RT'(X,,, M,).

Let M, = RT(X,,M,). Then M, is a pseudo-coherent complex of A,-modules
(a special case of Kiehl’s Finiteness Theorem, see [Stacks, Tag 0CSD]) and the
projection formula [HR17a), Cor. 4.12] and the flatness of X — Spec A implies that:

M1 ®%,,, An ~ RT(Xp41, My g1 ®<van+1 Ox,) =~ M,.

Thus, M is A-pseudo-coherent and RT'(X, M) ®Y A,, ~ R['(X,,, M,,) [Stacks, Tag
0CQF]. By Proposition Rege«M € Do (X).

In Setup we take Z = Xy. By the above and Lemma , c is faithful
along Z. By Lemma [5.10} ¢ is even an equivalence along Z.

Example 5.15. Let X be a quasi-compact and quasi-separated algebraic space.
Let L be a line bundle on X and let s € I'(X,L). Let s¥: LY — Ox be the dual
morphism and let I = im(s¥) and K = ker(sV). Let i: Z < X be the closed
immersion defined by I. That is, ¢ is the vanishing locus of s. Let Oy be a sheaf of
O x-algebras (not necessarily quasi-coherent) such that

(a) Ox/I — Ox /10y is an isomorphism; and

(b) K 2 ker(s¥ ®o, Ox).
This holds, for example, when X is locally noetherian, s is a regular section of
L (i.e., K = 0), and Oy is the formal completion of X along I. This also holds
when X is non-noetherian [Stacks, Tag 0BNG]|. More generally, it holds when s is a
regular section of L and of ¢*L. Note that if s is a regular section, then s remaining
a regular section of ¢* L is easily seen to be equivalent to the tor-independence of ¢
and ¢. y

Let A=0x/I in Setup Let X = (X¢t, Ox) and C = [LY 2= O], which is

perfect. We will establish the following:

(1) ne is an isomorphism;

(2) c is faithful along Lc¢*C; and

(3) if N € D, (X) is such that N®'@X C or N®'@X K belongs to Do (X), then

c is an equivalence along Lc¢*C at N.

Condition is of course trivially satisfied when s is a regular section of L.
We first prove . Consider the morphism of distinguished triangles:

HH O ¢ HOO)0] ————HH(O)[2]

| | J |

H™H(Rege,Le*C)[1] —— Rege,Le*C ——— HO(Rege, Le*C) [0] —— H ™1 (Rege, Le*C)[2].

Now H~9(C) = Ox/I and H(Lc*C) = Ox /IOy, which are isomorphic by (a)).
Similarly, H~1(C) = ker(LY — Ox) and H~}(Lc*C) = ker(LY ®p, Ox — Ox) are
isomorphic by (b). In particular, both H°(Le*C') and H ! (Lc*C) are quasi-coherent
Ox-modules. It follows immediately that Lc*C' is a quasi-coherent O x-module and
50 Rege«Lc*C ~ ReLerC ~ C ®|(7_)X O« as Ox-modules. The claim follows.


http://stacks.math.columbia.edu/tag/0CQF
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We next prove (2). Now condition () implies that Mod(Z) ~ Mod(Z), so

D,.(Z) = D,.(%). Since C is perfect, Lemma and Proposition [5.7((I)) together
with imply c is faithful along L¢*C'. Claim (3]) is similar, so its proof is omitted.

The previous example can be generalized to the vanishing locus of a section of
vector bundle.

Example 5.16. Let X be a quasi-compact and quasi-separated algebraic space.
Let F be a vector bundle on X and let s € T'(X, F). Let i: Z < X be the vanishing
locus of s. Let Ox be a sheaf of O x-algebras (not necessarily quasi-coherent) such
that K(s") — K(sV)®{  Ox is a quasi-isomorphism of O x-modules, where K (s")
is the Koszul complex associated to sV: FV — Ox [FL85, §IV.2]. If s is regular
section of F', then this condition is equivalent to s remaining a regular section of
F ®o0, Ox. As before, this condition is satisfied when s is a regular section and
Oy is the formal completion of Ox along I = im(sY). If F is a line bundle, then

K(sY) =[FY 0 x]. Hence, we see that this condition is equivalent to those in
Example Arguing as in Example [5.15] one can establish the following:
(1) c is faithful along Lc* K (sV); and
(2) if N € D, (X) is such that N®f K (s") € Dge(X), then ¢ is an equivalence
along Lc* K (sV) at N.

6. LEFSCHETZ THEOREMS

To illustrate the strength of our reformulation, we can already give a brief proof
of the following Lefschetz theorem.

Theorem 6.1. Let X be a quasi-compact and quasi-separated algebraic space. Let
c: X — Xeg be a morphism of ringed topoi. Let i: Z — X be a closed immersion
and let r > 0 be an integer. If
(1) U =X —Z is quasi-affine;
(2) RT'(X,0x) — RI(X, Ox) is r-connected; and
(3) there exists M € D(X) such that
(a) Reqe,«M is perfect with cohomological support |Z|, and
(b) c¢ is faithful along M at O«;

then Ox — Reqe,«Ox is r-connected. In particular, if E € Vect(X), then
RI'(X,E) — RI(X,c*E)
is r-connected.

Proof. By the projection formula (Lemma , Tox,M is an isomorphism. Thus,
Proposition implies that Rcge «M ® o is an isomorphism. Let @) be a cone
for noy : Ox — Rege,«Ox; then we have just proved that Q®'@X Rege,«M >~ 0. Tt re-
mains to prove that 7="@Q ~ 0. Let j: U — X be the resulting open immersion. The
theory of smashing Bousfield localizations implies immediately that @ ~ Rj.Lj*Q
(e.g., [HRI7b, Ex. 1.4]). But U is quasi-affine, so it follows that 7<"Q ~ 0 if and
only if 7S"RT(X, Q) ~ 0 [HRIT7a, Cor. 2.8]. Finally, R['(X,0x) — R['(X, Ox) =~
RT'(X, Rege,«Ox) is r-connected. The result follows. O

We can now prove Theorem [B]
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Proof of Theoren{Bl If i,04 is perfect, then set M = Lc*i,O0z. If Ox is coher-
ent, then set M = Lc*M, where M is as in Lemma [5.9, Since ¢ and ¢ are tor-
independent, Corollary (in the perfect case) and Corollaryﬁ (in the co-
herent case) imply that c is faithful along M. Moreover, Lemma implies that
Rege,«M = Rege,«Le*M ~ M, which is perfect with cohomological support | Z|. Now
the conditions H*(X, Ox) ~ H%(X,Ox) and HY (X, Ox) — HY(X,Ox) are equiva-
lent to RT'(X,0x) — RT'(X, Ox) being 1-connected. The result now follows from
Theorem [6.11 O

In the following theorem, we can optimize the above results substantially in the
case of a Cartier divisor, making them amenable to an inductive process.

Theorem 6.2. Let X be a quasi-compact and quasi-separated algebraic space. Let
c: X = Xg be a morphism of ringed topoi. Let L be a line bundle on X, s €
I(X,L), and i: Z — X its vanishing locus. Let v > 0 be an integer. If

(1) U =X — Z is quasi-affine;

(2) C — RegesLc*C is r-connected, where C = [LY 2= Ox]; and

(3) RT'(X,0x) — RI'(X, Ox) is r-connected;
then Ox — Reqe,«Ox is r-connected. In particular, if E € Vect(X), then

RI(X, E) — RI(X,c*E)

is r-connected. In addition, if s is a regular section of L and c¢*L (equivalently, c
and i are tor-independent), then we may replace with

(2) Oz = Rc,. Oz is r-connected, where ¢: Z = (X,c*0z) — (Xet, O0z).

qc,*
Proof. If N € Dyc(X), let Qn be a cone for 7y ; then we must show that 757Qu  ~
0. Clearly C is perfect, so by Lemma TCLer0x 15 an isomorphism. Hence, the
commutative diagram implies that Qo ®'@X C ~ Qc¢. By condition ,
we conclude that 7"(Qo, ®f, C) ~ 0. We now let Q = Qo and consider the
distinguished triangle:

Vo Q——Q——Ch Q—— LY ah Q]

But LY is a line bundle, so 7" (LY @ Q) ~ LY @ 7="Q. It follows immediately
from the distinguished triangle above that C®'@XT§7Q ~0 Letj: U=X—-272—> X
be the resulting open immersion; then the theory of smashing Bousfield localizations
implies immediately that 7<"Q ~ Rj,Lj*7<"Q (e.g., [HRI7b, Ex. 1.4]). But U is
quasi-affine, so it follows that 7<"Q ~ 0 if and only if R['(X,75"Q) ~ 0 [HR17a),
Cor. 2.8]. Finally, RI'(X,0x) — RI['(X, Ox) =~ RI'(X, Reqe,«Ox) is r-connected (by
(@), s0 0 ~ 7="RI(X, Q) ~ RI'(X, 75"Q). The result follows. O

7. PSEUDO-CONSERVATION

Let X be a ringed topos. We say that a collection S C D(X) is pseudo-conservative
if whenever M € D (X) satisfies M ®'(9x Q~0 for all Q € S, then M ~ 0.

Example 7.1. Let X be a quasi-compact and quasi-separated algebraic space.
Let | X be the set of closed points of X. The collection {x(x)},¢|x|,, is pseudo-
conservative. This is immediate from Nakayama’s Lemma.

Example 7.2. Let X be a locally ringed space. The collection {x(z)}.,¢|x]., is
pseudo-conservative. This is again immediate from Nakayama’s Lemma.
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Example 7.3. Let A be a ring. Let X — Spec A be a quasi-compact and closed
morphism of algebraic spaces. Let I C A be an ideal contained in the Jacobson
radical of A. Let X = X Xgpec a Spec(A/I) and take i: Xo — X be the resulting
closed immersion. Then {Ox,} is pseudo-conservative. Indeed, if M € D (X) is
non-zero, then its top cohomology group HP(M) is finitely generated. It follows
that its support W is a non-empty closed subset of X. The image of W in Spec A
is closed and non-empty so must meet Spec(A/I) because I is contained in the
Jacobson radical of A.

We have the following useful lemma.

Lemma 7.4. Let X be a ringed topos, where O is coherent. Let S C D~ (X) be a
collection of objects. Consider the collection:
S = {H'(Q) : Qe S} C Mod(X),
where t(Q) denotes the top cohomological degree of Q. The following are equivalent:
(1) S is pseudo-conservative;
(2) if M € Coh(X) and M ®¢, Q=0 for all Q € S, then M 0.
Proof. This is immediate from the following: if M, N € D~ (X), then

HOVHD M @5 N) 22 HOO (M) @0, HOI(N). -

8. GAGA

In this section, we prove our general GAGA theorem. We will see in §9] that
this implies all existing results in the literature for algebraic spaces. Given what
we have already established, its proof is straightforward.

Theorem 8.1. Let X be a quasi-compact and quasi-separated algebraic space. Let
c: X — Xg be a morphism of ringed topoi. Consider a family of quasi-coherent
sheaves of Ox-algebras {Ax}rea. Let Zy and Z be the ringed topoi (X, Ax) and
(X, c*Ay), respectively. There is an induced 2-commutative diagram of ringed topoi:

Z)\L)Z)\

X — Xy
For each A € A, let My € (Riy Dy (2x))-
(i) Let N € D, (X). Assume that Rege «Le™N € Dy (X) and {Rege «Ma}aen
is pseudo-conservative. If for all X € A, c is faithful along My at Lc*N,

then
s M — Reqe L™ M

s an isomorphism.
(ii) Let N € D (X). Assume that Rege «N € Dy (X) and {My}rea is pseudo-
conservative. If for all A € A, ¢ is an equivalence along My at N, then
en: Le*Rege M — M
18 an tsomorphism.
In addition assume that x € {b,—} and

(1) X is proper and pseudo-coherent over an affine scheme Spec A;
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(2) RT(X, ) sends D;.(X) to D;.(A); and
(3) if = b, then Lc* sends Db (X) to DY (X).
If {Reqe«Mataea (resp. {Mi}aea) is pseudo-conservative and for all X € A, ¢ is
faithful (resp. an equivalence) by My, then
Le™: Dy (X) — Dy (X)
is fully faithful (resp. essentially surjective).

Proof. For (i), by Lemma and Proposition we have that Reqe .My @ ny
is an isomorphism for all A € A. But N and Rege «Le*N € D (X), so cone(ny) €

D, (X). Since {Reqe +Ma}aea is pseudo-conservative, the claim follows.
For (i), M ® ex is an isomorphism for all A € A. But N, Lc*Reqe, N € D, (%),
so cone(ex) € Dy (X). Since {My}xea is pseudo-conservative, the claim follows.
The last claim is immediate from the above and Proposition O

9. APPLICATIONS

We will now demonstate how Theorem [8:1] establishes all existing GAGA results
in the literature. We begin with the following tor-independent GAGA theorem.

Theorem 9.1. Let A be a ring. Let m: X — Spec A be a proper and pseudo-
coherent morphism of algebraic spaces. Let c: X — Xg be a morphism of ringed
topoi. Consider a family of quasi-coherent sheaves of ideals {In C Ox }rea. Let Z)
and Zy be the ringed topoi (Xg, Ox /1)) and (X,c*Ox /1), respectively. There is
an induced 2-commutative diagram of ringed topoi

Z,)\LZ)\

X 46) Xt
Let x € {b,—}. Assume that
(a) RT(X,—) sends D;.(X) to D5.(A);
(b) for all A € A, ¢ and iy are tor-independent;
(c) for all X € A, Ley: Do(Zx) — Dy.(22) is an equivalence;
(d) if x =, then Lc* sends DgC(X) to DIZ’)C(DC);
(e) Ox is coherent; or Ox is a compact object of D(X); or for all A € A, iy .0z,
1s perfect.
If {Oz, }aen (resp. {0z, }ren) is pseudo-conservative, then
Le™: Dy (X) — Dy (X)
is fully faithful (resp. essentially surjective).
Proof. In the case where Ox is a compact object of D(X) or iy .0z, is perfect for
all A € A, the result is immediate from Theorem [8:I] and Corollary [5.8] In the case
where Ox is coherent, we apply Corollary to produce a perfect complex My €
(Ri.Dy.(Zx)) with ¢ an equivalence along Le* M)y, for all A € A. But if {Oz, }aea

(resp. {Oz, aea) is pseudo-conservative, then {My}rea (resp. {Lc*My}aea) is
pseudo-conservative (Lemma . Now apply Theorem O

We now prove Theorem [A]
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Proof of Theorem[4] We simply verify the conditions @—(@ of Theorem with
A indexing the set of closed points of X and x = b. Clearly, conditions (1)) and

of Theorem imply condition @ Condition @ is obvious.
Let S = Xa.. We next check conditions (b)) and (d). Let M € D¢, (X)
and s € S; then (Lc*M)y ~ M) ®(L9X o Ox,s. If 7<"M =~ 0 for some n, then

(T<"Lc* M) s ~ T<"(Mc(s)®'@x,c(s)ox7s). By condition (B]), 7<" (M.(s) ®I(_9X,c(s) Ox,s) =

Condition gives 7<"(Lc* M) ~ 0, so Le*: D, (X) — Dy (X) is t-exact.

We next prove that if s € S, then the induced map on residue fields k(c(s)) —
%(s) is an isomorphism. By condition (§), s(c(s)) — k(c(s)) ®o, .., Ox,s is an
isomorphism. But we also have a surjective morphism r(c(s)) ®o ., Ox,s — K(5)-
Consequently, the map of fields k(c(s)) — k(s) is surjective, hence an isomorphism.

We next prove that if s € S, then the natural morphism e: ¢*k(c(s)) — k(s) is
an isomorphism of sheaves. If t € X, then (c*r(c(s)))r = £(c(8))e(t) @O y.o(r) Ox,t-
Condition tells us that this is 0 if ¢ # s and is k(c(s)) ®o .., Ox,s = K(s)
if t = s. Observe that condition implies that ¢~ %(X — {c(s)}) = X — {s}
and so X — {s} is admissible and c¢*k(c(s)) is the sheafification of the presheaf
C: U~ mwgc(u)(m(c(s))(W) R0 w) Ox(U)); obviously, C(U) = 0 if s ¢ U and
the same is true for its sheafification. We now apply the elementary Lemma to
the sheaf ¢*k(c(s)) with the point s to obtain the isomorphism c¢*k(c(s)) — k(s).

Let s € S and let ¢5: (X, k(s)) = (|X],k(c(s))) be the induced morphism of
G-ringed spaces. Then c*: Mod(|X|, x(c(s))) — Mod(X, k(s)) is an equivalence
(Lemma [9.2). Hence, condition (] is satisfied and we have a t-exact equivalence

Lt Dl():oh (X) — Dléoh (x)
The cohomological comparison and the equivalence on hearts follows trivially. [

Lemma 9.2. Let X be a G-ringed space. Let F be a sheaf of Ox-modules. Let
x € X be a closed point and i: {x} — X the inclusion. We will regard {x} as a
ringed space with structure sheaf Ox . Assume that:

(1) if W C X is admissible and x ¢ W, then F(W) = 0; and

(2) X —{z} has an admissible cover.
Then the natural morphism & — i,i*F is an isomorphism. In particular, the functor

Mod (X, k(z)) — Mod(k(z)): G — G,
is an exact equivalence of abelian categories.

Proof. We first prove that F — ¢,4*JF is an isomorphism of sheaves of O x-modules.
That it is an epimorphism of sheaves is obvious. That it is a monomorphism:
condition implies that it suffices to prove that if U is admissible and = € U,
then the natural morphism F(U) — F, is injective. Let f € F(U) and suppose
that f, = 0 in F,. By definition of the stalk, there exists an admissible open V of
U containing x such that f|y = 0 in F(V). By condition (2)), X — {z} = U;e/W;,
where each W, is admissible and I is some indexing set. Now JF is a sheaf, so
FU) CTFOV) x [Lies TUNW;) = F(V), since ¢ UNW; for all 4. Since f|y =0,
the claim follows.

To prove the equivalence, we may assume that Oy = k(z). Obviously, if G is
a sheaf of k(x)-modules, then G satisfies condition ; hence, § — i,i*G is an
isomorphism. This proves that the functor G +— G, is fully faithful. The essential
surjectivity is trivial and the result follows. [



22 J. HALL

Remark 9.3. We now explain the necessity of the conditions in Theorem [A] Assume
that X is a G-locally ringed space with Oy coherent and there is a set of closed
points S of X such that

(a) if s € S, then Ox , is noetherian;

(b) if s € S, then k(s) € Coh(X); and

(¢) if F € Coh(F) and Fs =0 for all s € S, then F = 0.
Now suppose that ¢: X — X is a morphism of G-locally ringed spaces such that
Le*: D, (X) — Dg,, (X) is a t-exact equivalence. We claim that S = ¢ *(Xq)
and the remaining conditions of Theorem |A| are satisfied. Conditions and
are obvious. Let z € Xg; then I'(X, c*k(z)) = T'(X, k(z)) # 0. Hence, there exists
s € S such that (c*r(x))s # 0. Now if t € S, then (c*r(x))r = K(T)c(r) @05 o0y Ot
We deduce immediately that ¢(s) = x. Thus, we have a local ring homomorphism
Ox — Oxs that induces a morphism on residue fields x(z) — k(s) and the
induced morphism of sheaves of Ox-algebras c¢*k(z) — k(s) is surjective. But
then k(x) — cqc,«k(8) is a surjective morphism of coherent O x-modules and k(x)
is a skyscraper sheaf, so this forces the morphism to be an isomorphism. Hence,
c*r(x) ~ k(s). Examining the stalk at s, we further see that k(z) ®o, , Oxs —
k(s) is an isomorphism. Also, comparison of global sections of ¢*x(z) and x(s)
shows that the morphism of fields k(z) — x(s) is an isomorphism. Further, if
It € X — {s} such that ¢(t) = z, then (¢*k(x)): # 0; but this is nonsense in view of
the established isomorphism ¢*k(z) =~ k(s). Also if s € S, then (cqc +k(s))s # 0 for
some x € X.. Hence, there exists a non-zero morphism cqc «£(s) — k(z) and so
a non-zero morphism r(s) — c*r(z). It follows that c(s) = x; thus, S = ¢~} (Xq)
and c: S — X is bijective. Finally, the t-exactness of Le*: D, (X) — D, (X)
implies that Tor(fx’““)(/f(c(s)),ox’s) = 0 whenever s € S. By the local criterion
for flatness, Ox .(s) — Ox,s is flat whenever s € S. This establishes conditions (3],

(), and (5) of Theorem [A]
It is easy to use Theorems [A] and [0.1] to prove existing GAGA results.

Example 9.4 (Analytic spaces). Let X — SpecC be a proper scheme. Let
c: Xan — X be its complex analytification. Now X,, is a Hausdorff topologi-
cal space and c is bijective on closed points; indeed | X,,| = X (SpecC). Also, the
local rings of Ox,, are noetherian and the induced morphism Ox ) — Ox,, «
is an isomorphism on maximal-adic completions [SGA1l, XII.1.1]. By Remark
we see that conditions , , and are satisfied. The Grauert—-Remmert The-
orem |[GR84 10.5.6] implies that if F € Coh(Xay), then condition is satisfied.
Oka’s Coherence Theorem [GR&4), 2.5.3] is that Oy, is coherent, so condition
is satisfied. By Theorem [A| we may conclude that if F' € Coh(X), then

H (X, F) ~ H"(Xan, Fan)
and ¢*: Coh(X) — Coh(X,,) is an equivalence.

Example 9.5 (Formal GAGA). Let X — Spec R be a proper morphism of schemes.
Assume that R is noetherian. Let I C R be an ideal and assume that R is complete
with respect to the I-adic topology. Let c: X — X be the formal completion of X
along the closed subscheme Xy = X ® g (R/I). Tt is easily verified using the results
of [EGA| IIT;] that ¢ satisfies the hypotheses of Theorem [A| Hence, we have the
cohomological comparison result and the equivalence on categories of sheaves. It
is also easy to use these arguments and Theorem to prove formal GAGA for
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proper algebraic spaces. We again leave this as an exercise to the reader. One can
also use these arguments to prove the formal GAGA statements of [FK13|, which
hold for certain non-noetherian base rings A (e.g., A is the a-adic completion of a
finitely presented V-algebra, where V is an a-adically complete valuation ring.).

Example 9.6 (Rigid GAGA). Let X — Spec R be a proper morphism of schemes.
Let k be a complete nonarchimean field. Assume that R is an affinoid k-algebra;
that is, it is a Banach k-algebra that is a quotient of some Tate algebra T, =
kE(Y1,...,Y,), where Y, is the subalgebra of k[[Y1,...,Y,]] consisting of power
series that are convergent with respect to the Gauss norm (i.e., suprema of co-
efficients). Associated to X is a natural morphism of G-locally ringed spaces
c: Xyig — X, where X, is a rigid analytic space. The underlying topological
space of X.i, is Hausdorff and its points correspond to closed points of X. More-
over, Ox,,, is a coherent sheaf with noetherian local rings. Also, R is noetherian.
Kieh!’s Finiteness Theorem [Kie67] implies that the cohomology of coherent sheaves
on Ox,,, satisfies the condition of Theorem |A| Again, we get the cohomological
comparison result and equivalence on categories of coherent sheaves. Using [CT09],
one can make sense of rigid analytifications of separated algebraic spaces. This
allows one to prove rigid GAGA in this context too. One can also prove adic and
Berkovich GAGA statements using this method.

Example 9.7 (Non-noetherian formal GAGA). Here we will use Theorem to

prove the GAGA result in the Stacks Project [Stacks, Tag|0DIA]. The situation is

as in Example and it is immediate from that we obtain an equivalence
Le™: Dpe(X) = Dy (X0).

pc

We now use Theorem to prove a generalization of relative analytic GAGA
from projective n-space to proper algebraic spaces, which recently appeared in
[AT18, Thm. C.1.1]. As far as we are aware, this was previously unknown.

Example 9.8. Let (Y,Y) be an analytic germ [ATI18l App. B]; that is, Y is an
analytic space and i: Y C Y is a semianalytic subset. Associated to (Y,Y) is a
locally ringed space, Yy, which has underlying topological space Y and sheaf of
rings i~ 1Oy. In particular, Yy only depends on an open neighborhood of Y in Y
and its structure sheaf is easily checked to be coherent using Oka’s Theorem.

A morphism of germs (Y1,Y1) — (Yo2,Y2) is a morphism of analytic spaces
f: Uy — Yo, where U; C Yy is an open neigborhood of Y; and f(Y7) C Yo—
we call f a representative. Morphisms of germs are declared equivalent if they
admit equal representatives. The morphism is without boundary if there is a rep-
resentative f with f~1(Y2) = Y;. Obviously, a morphism of germs gives rise to a
well-defined morphism on their locally ringed spaces. A Yy -space is a morphism of
germs (X, X) — (4,Y).

If P is a property of morphisms of morphisms of analytic spaces, then we say
that a morphism of germs is P if there exists a representative that is P and without
boundary. By the usual Grauert—-Remmert Theorem and Proper Base Change in
topology, it follows that a proper morphism of germs sends a bounded complex of
coherent sheaves to a bounded complex of coherent sheaves.

A germ is affinoid if it admits a closed immersion into a germ of the form
(C™, D), where D is a closed polydisc in C". If (Y,Y) is affinoid, then (i) R =
I'(Yy, Oy, ) is an excellent noetherian C-algebra; (ii) I'(Y,—) induces an exact
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equivalence between coherent Oy, -modules and finitely generated R-modules; the
map c: |Y| — |Spec R| is injective with image the closed points; and if y € Y,
then Ogpec re(y) — Ov,y is a morphism of noetherian local rings that induces an
isomorphism on maximal adic completions [AT18, Lem. B.6.1].

If X is a locally of finite type and locally separated algebraic space over Spec R,
then there is a relative analytification Xy y), . More precisely, there is a functor
from locally of finite type and locally separated algebraic spaces over Spec R to Yy -
spaces. It is easily verifed that separated, proper morphisms are sent to separated
and proper morphisms, respectively. Similarly, étale morphisms are sent to local
isomorphisms. It is easily verified that there is an induced flat morphism of ringed
sites ¢: X(y,y),..¢t — Xe- We claim that the induced functor:

Dgoh (X) — Dth (X(H’Y)an)

is a t-exact equivalence. This generalizes the main result of [AT18, App. C] from
X = P} to algebraic spaces that are proper over Spec R. To do this, we simply
verify the conditions of Theorem with A the set of closed points of X. In light
of the above discussion and the arguments in Example this is obvious.

The following is a variant of the results established in [BJ14) §1]. It is a simple
consequence of Theorem [6.2}
Theorem 9.9. Let X be a quasi-affine scheme. Let A=T(X,0x) anda € A. Let

Xo =Spec(A/a)NX C X and let c: X — X be the formal completion of X along
Xo. Assume

(1) A is a-adically complete;

(2) a is not a zero divisor of A; and

(3) Nysoa™HY(X,0x) =0 (see Remark.
Then

¢*: Vect(X) — Vect(X)

is fully faithful.
Proof. By Theoremand Example it suffices to prove HO(X, Ox) ~ H(X, 0 )
and H' (X, 0x) < H!(X, O¢). Since a is not a zero divisor of A, we can apply the
second exact sequence of [BJ14, Lem. 1.2] to every affine open of X to conclude
that O ~ ho}Lim Ox/a"Ox in D(X). Hence, we may apply [loc. cit.] again to

obtain injections:
m H(X, 0x)/a" — H(X,0%) and lmH'(X,0x)/a" = H'(X,0).

H
n n
Since H’(X,0x) = A and is a-adically complete, the first map is an isomor-

phism; that is, HO(X, Ox) =~ H(X, O¢). But the kernel of the map H'(X,0x) —
lim H(X, OX)/a”Ais just (,,50 a"H' (X, Ox), which vanishes by hypothesis. Hence,
Hl(X,Ox)‘%Hl(X,OXv) too. (I
Remark 9.10. Condition of Theorem while subtle, is frequently met in
practice. Indeed, if H}(X,Ox) is a finitely generated A-module, then it holds: we
always have H'(X,Ox), = 0, so if H'(X,0x) is a finitely generated A-module,
then aVH!(X,0x) = 0 for all N > 0.

Example 9.11. Let (A, m) be a noetherian local ring. Let X = Spec A —{m}. Let
a € Aandlet ¢: X — X be the a-adic completion of X (as a formal scheme). If
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(1) A is a-adically complete,
(2) a is not a zero divisor of A, and
(3) depth,,(A) > 3,

then ¢*: Vect(X) — Vect(X) is fully faithful.
APPENDIX A. THE PROJECTION FORMULA

We recall some results on the projection formula. An excellent source is [FHMO03].
Let (€, ®,a, 0,1, ), p) be a symmetric monoidal category. That is,

C is a category;

—® —: € x € — Cis a functor;

for each triple z, y, z € € there is a functorial isomorphism
Upyzt (TQY) @21 (Yo 2),

which satisfies the pentagram law;
for each pair z, y € € there is a functorial isomorphism

Opy: TRY=YRQT

such that oy, 0 0, = Id, and is compatible with « in the obvious sense;
1e¢;
for each x € C there are functorial isomorphisms

M:1l®r~zx and p:x®1~z,
such that \; = p; and are compatible with o and ¢ in the obvious sense.
Typically, we will just denote this data by €. For background material on symmetric
monoidal categories, we refer the interested reader to [SR72, ML9g|. Consider an
adjoint pair of functors:
L:C=D: R,
where € and D are symmetric monoidal categories, and L is strong monoidal. This
means that for c1, co € G, there is a natural isomorphism
Py ent L(c1 ®e ¢2) = L(ey) ®p L(ca)
as well as an isomorphism
L: L(l@) ~ 1@
that are compatible with the rest of the data defining a symmetric monoidal cate-

gory. We denote this package of data by (L, R, i, ¢).
If c € C and d € D, then we have the resulting unit/counit morphisms

Ne: ¢ — RL(c) and €4: LR(d) — d.
If di, d2 € D, then there is a natural “conjugate” of fic, c,,
Vdy,dy* R(dl) Xe R(dg) — R(d1 XD dg)

It is obtained as the adjoint to the composition:

L(R(dl) Re R(dz)) LR(dl) XD LR(dg) di Qp ds.

In perhaps more familiar terms: the right adjoint to a strong monoidal functor is
lax-monoidal. It follows that if ¢ € € and d € D, then there is a natural projection
morphism

L(pr(ay), rdz)) €a, @y

Ted: ¢ Qe R(d) = R(L(c) @p d).
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Indeed, it is given as the composition:

Ne®ldRr(a) nr(e),d
T

(A1) ¢ Qe R(d) RL(c) ®c R(d) —— R(L(c) ®p d).
Remark A.1. Note that if L is an equivalence, then 7. 4 is an isomorphism.
There is another way to produce a projection morphism
Ted: ¢ Qe R(d) — R(L(c) @p d).
It can be given as the adjoint to the composition:

e, R(d) Idp(c)®ea

L(c®e R(d)) L(¢) ®p LR(d) L(c) @p d.

We wish to point out that v (and so consequently 7) depend on the choice of the
right adjoint R. Occasionally, it will be useful to observe this, and we do so by
using a suitable superscript (e.g., v1f).

Lemma A.2. 7. g =Tcgq.
Proof. The adjoint to 7.4 factors as:

C L( ), ) €L(c)®€
Lic®e R(d) 2 1(RL(e) ®e R(d)) —2 "L RI(e) @0 LR() —27% L) @ d.

The following square also commutes, by naturality:

-®Id
Lic e R(d)) 22,

//Lu,R(d)J/

L(c) ®p LR(d)

(RL(c) ®e R(d))
J{L(HRL(C),R(d))

O T RL(e) @p LR(d).

Hence, the adjoint to 7.4 factors as:

c, L(n. 1d €1 (c)®E€
L(c®e R(d)) 2% 1(¢) @0 LR(d) %8 LRL(¢) ®1 LR(d) 222% L(e) @ d.
By the unit/conuit equations for adjunction, the composition of the last two mor-

phisms results in Id ® ¢;. The result now follows. ([

Remark A3. If k: (L, R,u*, /%) = (L', R',i',/') is a natural transformation of
symmetric monoidal functors, then there is a canonically induced natural transfor-
mation k¥: R’ = R between their right adjoints. If ¢ € € and d € D, then it is
easily verified from Lemma that the following diagram commutes:

L’ R

c®e R'(d) —2— R'(L'(c) ®p d)

Vv
Id@nvl \

¢ @ R(d) ——— R(L(¢) ©p d) ———— R(L'(c) 9 d).

In the following lemma we record some useful commutative diagrams.
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Lemma A.4. Let ¢, x € C and d € D. The following diagrams commute.

(A.2) L(c®e R(d)) —=" I(¢) @9 LR(d)
L(wc,d)l lld@éd
LR(L(c) ® d) —=2°" L(¢) @ d.
(A.3) c®er — 2" 3 RL(c ®e )

C®7]ml lR(Hc,z)

c®e RL(z) —— R(L(c) ®p L(x)).

Te,L(x)

Proof. The diagram is just a restatement of Lemma For the commuta-
tivity of , we observe that the adjoint of the composition going right and then
down is simply p. .. Working the other way, we see that the adjoint map is the
composition:

L(Id®nz) He,RL(x) Id®er (o)

L(c®e ) ——— L(c ®e RL(x)) L(¢) ®p LRL(x) L(c) ®@p L(x).

By functoriality and naturality, the following diagram commutes:

L(c®e ) ——* 3 L(c) ®p L(x)

L(Id®nm)l lld@an

L(c®e RL(z)) 2"} [(¢) ®@p LRL(x).
It follows that the map we are interested in is actually the composition:

1d®Ln, Id®er (a)

L(e®ez) —="— L(¢) ®p L(z) ——= L(c) ®p LRL(z) L(c) ®p L(z).

By the unit/counit equations for the adjunction, the final two morphisms compose
to give the identity. The result follows. O

The following two lemmas establish the functoriality properties of the projection
morphism.

Lemma A.5. Consider symmetric monoidal functors:

e (LR, ") D (S,T,u5 0

Then RT is right adjoint to SL and

(1) SL: € — D’ is also symmetric monoidal, via the compositions:

S(1E en)

S
pSE: SL(er ®e c) S(L(c1) @p L(es)) LHDDs 61 (e1) @y SL(co)

SL. 5(5) oS
1?7 SL(le) —= S(1p) — 1op.

2) The conjugate (via RT) to pSt,. is the composition:
jug M(117C2

L.R s,T
SL,RT . ’ s\ T T / / R(Vdi’dlz) / /
VLT RT(dy)@eRT (dy) R(T(d}) 0T (dy)) —%s RT(d,0pd)).
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(3) If ce € and d' € D', then the following diagram commutes:

<L R
c,T(d")

c®e RT(d) R(L(c) ®p T(d"))

s, T
SL,RT lR(wLC»d’)
Trc,d’

RT(SL(c) @p: d').

Proof. Claim is straightforward. Claim follows from . Claim follows
from the definition of the projection morphism (A.1)) and . O

Lemma A.6. Consider a 2-commutative diagram of symmetric monoidal cate-
gories:

e

FT A Ts
e—L.p

Assume that L, L', F, and S admit respective right adjoints R, R', G, and T. Let
ce Candde D'. Then the following diagram commutes:

c®e RT(d) — 22" t9e GR(d) —"Y s G(F(c) @ R'(d))
”c,T(d>J( J{GWF(C),d
R7p(c),a kY (kRId)

R(L(c) @p T(d))
Proof. Combine Lemma with Remark (]

An object ¢ € € is dualizable if there is a triple (c¢*,s,t), where ¢* € € and
s:1—=c®c*and t: ¢* ® ¢c = 1 are morphisms such that the two compositions

RT(SL(c) @1 d) —"2% GR(L'F(c) @ d)

>‘c_1 ®Id Qe c* ¢ Id®t c

c 1®c— (@) @c—"5c@ (@) — c® 1o ——c,
P 1d® a t®1d b
c* s c*,c,c* o*

c* cF®1 FRERC) —=(F®)RcF ——= 1@ —— ¢*

are the identity morphism. Another way of expressing this is that the functor ¢*® —
is left adjoint to ¢ ® —. In the following standard lemma, we do not require the
existence of a right adjoint R to L.

Lemma A.7. If ¢ is dualizable, then L(c) is dualizable. More precisely: let (c*, s, t)
be a dual of c. Then (L(c*),sr,tr), where sy, is the composition:

1p <5 L(1e) 2 Lic e ) 29 L(e) @ L(c),

and tr, is the composition:
1

L(¢") @ L(¢) —=% L(c* ®e ¢) 25 L(1e) S 1.
is dual to L(c).
Proof. This is a routine diagram chase. ([l

We now come to the main result of this appendix.
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Theorem A.8. If c € C is dualizable, then
Te,d: € Qe R(d) — R(L(c) ®p d)
is an isomorphism.

It is not difficult to prove that c®e R(d) and R(L(c) ®p d) are isomorphic when
c is dualizable. The subtlety is showing that this isomorphism can be witnessed by
the projection morphism 7. 4. In applications, this is critical.

The standard reference for Theorem [A.8| (in the context of closed symmetric
monoidal categories) is [FHMO03, Prop. 3.12]. Note that Theoremis not actually
proved in [loc. cit.]—there is an extra coherence condition for strong monoidal
functors specified in [FHMO03, Eq. 3.7]. It is shown in [MS06, Rem. 2.2.10], however,
that this coherence condition is implied by the other conditions. Because of its
importance to this article, we give a self-contained proof here using dualizables.

Proof of Theorem[A.8 Let (c*,s,t) be a dual of c. Let z € €. Then observe that
we have the following natural sequence of bijections:

Home(z, ¢ ®¢ R(d)) = Home(¢* ®e x, R(d))
= Homp (L(c* Q¢ z),d)
= Homyp (L(c*) ®p L(z),d)
= Homqp (L(x), L(c) ®p d) (Lemma
=~ Home (z, R(L(c) ®p d)).

L
L

By the Yoneda lemma, it follows that there is a unique isomorphism
Teq: ¢® R(d) ~ R(L(c) ®p d)

inducing the above. By Lemma it remains to prove that 7.4 = wé, 4 We will
do this using the Yoneda lemma. Fix f: 2 — ¢ ®e R(d). By definition, the L-R
adjoint to the composition 7. 4 o f we can express as the composition:

L(z) 29 Lic®e R(d)) 2252 L(e) @0 LR(d) 2224 L(c) @ d.

The adjoint to this morphism (afforded by L(c¢*) ® — and L(c) ® —) is thus the
composition:

L(¢*) @ L(z) 225D 1) @ Lic ©¢ R(d))

St (Y @ (L(c) @9 LR(d))

Qp L(c*),L(c),LR(d) (L(C*) R L(C)) Rp LR(d)

tr, ®Id

€ * Ap,
M8, (1(c*) @p L(e)) ®p d L2 15 @p d 22% 4.
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We now look at the image of f under the compositions defining 7, ; via the Yoneda
lemma. What we see is that:

Fo (¢ @ez 220 & 9¢ (c®e R(d))

Qe c* ¢, R(d)

(¢* ®e ) @p R(d)
t®Id le ®e R(d) Ae,R(d) R(d))
= (L(e* @e 2) 2180 Lk 96 (e @e R()))

L(ac,c*,c,r(d)) L(t®Id)
e, ===

L((c" ®¢ ¢) ®c R(d)) L(le ®e R(d))

LOm@), 1 pig) s g)

It remains to show that precomposing the above morphism with ,u;l,z coincides
with the other morphism described above. This follows from the commutativity of
the following diagram, and that all of the vertical arrows are isomorphisms:

Id®L(f) 1d®muc, Rd ap L(t)®1d
Lc*®z) — 2 L(c*® (c®Rd)) — > L((c* ®c) ® Rd) — > L(c* ® ¢) ® LRd — L(l¢) ® LRd

Hex o He* c@Rd “c*,c®ld L®Id
Idg e, Rd L(ag) tp ®Id

L(c*) ® L(z}dwﬂuc*) ® L(c® Rd) — L(c*) ® (Lc ® LRd) — (L(c*) ® Lc¢) ® LRd —> 1 ® LRd.

([l

APPENDIX B. TWO LEMMAS FOR RINGED TOPOI

We include in this appendix two simple lemmas, which we expect to be well-
known to experts.

Lemma B.1. Let W be a ringed topos. Let B be a sheaf of Ow-algebras. Let W' be
the ringed topos (W, B). There is an induced morphism of ringed topoi j: W — W.
Let M € D(W) and N € D(W'). Then the projection morphism

e M@, RiN = R (Li*M @5, N)

is an isomorphism. In particular, if Q € D (W) and P € (Rj.D,.(W')), then
Q ®(L9W P € (Rj.D,.(W')).
Proof. Let F be a K-flat complex of Oyw-modules quasi-isomorphic to M and P a

K-flat complex of Oyy:-modules quasi-isomorphic to N. The exactness of j, implies
that M ®'@W Rj.N is the total complex of (F" ®¢,, j«P?)r s. Clearly,

T Doy 1:P° = 4.(°F" ®o,, P°).

Moreover, j, commutes with the formation of total complexes (it commutes with
small coproducts). The result is now immediate. For the latter claim, we set

Do = {R € (Ri.D,.(W)) : Q@" R € (Rji.D, (W))}.

Clearly, Dg is a thick triangulated subcategory of (Rj.D.(W’)). Thus, it suffices
to prove that N € D .(W') implies Q ®'(9W Rj.N € (Rj.D,.(W')). This is obvious
from the projection formula. ([l
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Lemma B.2. Let m: Y — W be a morphism of ringed topoi. Let B be a sheaf of
Ow-algebras. Let W' and Y’ be the ringed topoi (W, B) and (Y, 7n*B), respectively.
There is an induced 2-commutative diagram of ringed topoi:

A 1V
1
y—"5wW.
If m and j are tor-independent and N € D(W'), then there is a natural isomorphism:
L7*Rj N ~ Rj.La"™*N.
In particular, if Q € (Rj.Dy.(W')), then Lm*Q € (Rj.D,.(¥')).
Proof. Now j,, j. are exact and 7~ 1j, = j'7'~!. By tor-independence of 7 and j:
Lr*RjN = Oy @k 1, 71N 2 (0w @1, 7 15 0y) @h 1) o, 7 N
~ .0y Qrrj0, T AN

-/ L - 1—1
2]*03' ®ji7r’*1ow, J«T N
~ jL(Oy @5 1, ™ IN) = RjLLa"*N.
The latter claim follows from a similar argument to that in Lemma [B1} O
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