PERFECT COMPLEXES ON ALGEBRAIC STACKS

JACK HALL AND DAVID RYDH

ABSTRACT. We develop a theory of unbounded derived categories of quasi-
coherent sheaves on algebraic stacks. In particular, we show that these cat-
egories are compactly generated by perfect complexes for stacks that either
have finite stabilizers or are local quotient stacks. We also extend Toén and
Antieau—Gepner’s results on derived Azumaya algebras and compact genera-
tion of sheaves on linear categories from derived schemes to derived Deligne—
Mumford stacks. These are all consequences of our main theorem: compact
generation of a presheaf of triangulated categories on an algebraic stack is local
for the quasi-finite flat topology.

INTRODUCTION
Our first main result is the following.

Theorem A. Let X be a quasi-compact algebraic stack with quasi-finite and sep-
arated diagonal. Then the unbounded derived category Dgc(X), of Ox-modules
with quasi-coherent cohomology, is compactly generated by a single perfect com-
plex. Moreover, for every quasi-compact open subset U C X, there exists a compact
perfect complex with support exactly X \ U.

This generalizes the results of A. Bondal and M. Van den Bergh [BB03, Thm. 3.1.1]
for schemes and B. Toén [To€12] Cor. 5.2] for Deligne-Mumford stacks admitting
coarse moduli spaces (i.e., X has finite inertia). While we can show that every com-
pact object of Dgc(X) is a perfect complex (Lemma [£.4), a subtlety in Theorem [A]
is that the converse does not always hold in positive characteristic. Indeed, if X is
not tame, then the structure sheaf is perfect but not compact.

Theorem [A] as well as the theory developed to establish it, have been used to
classify the thick tensor ideals in Dq.(X)¢ [Hall6] (generalizing work of [Kri(9,
DM12]), to resolve the telescope conjecture for algebraic stacks [HR17] (extending
[Ant14]), and for results on dg-enhancements [CS16] [BLS16].

Extending Theorem [A] to certain stacks with infinite stabilizer groups is our
second main result. We briefly recall a notion from [Ryd15], §2]: an algebraic stack
X is of s-global type if étale-locally it is the quotient of a quasi-affine scheme by
GLy for some N.

Theorem B. Let X be an algebraic stack of s-global type. If X is of equichar-
acteristic zero (i.e., it is a Q-stack), then the unbounded derived category Dgyc(X)
is compactly generated by a countable set of perfect complexes. Moreover, for ev-
ery quasi-compact open subset U C X, there exists a compact perfect complex with
support exactly X \ U.
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Stacks of s-global type are frequently encountered in practice. Sumihiro’s Theo-
rem [Sum74] and its recent generalization by Brion [Bril5] show that many quotient
stacks are of s-global type (Proposition . Thus, we have the following corollary
(see Corollary for an amplification).

Corollary. Let X be a variety over a field k of characteristic zero. Let G be an
affine algebraic k-group acting on X. If X is either (a) normal or (b) seminormal
and quasi-projective, then D(QCohg(X)) = Dq([X/G]) is compactly generated.
Moreover, for every G-invariant open subset U C X, there exists a perfect G-
equivariant complex with support exactly X \ U.

A key advantage of Theorem [B|over previous results (e.g., [BZEN10Q, Cor. 3.22]
and [Lie04, Prop. 2.2.4.13]) is its applicability to a much wider class of stacks. The
main result of [AHRI5| implies that algebraic stacks of finite type over a field with
affine diagonal and linearly reductive stabilizers at closed points (e.g., stacks with
a good moduli space) are of s-global type [AHR15, Thm. 2.25]. In general, it is not
possible to generate Dq.(X) by a single perfect complex (e.g., X = BG,,).

Theorems [A] and [B] are both consequences of a general result that we now de-
scribe. Let 8 be a cardinal. Let X be an algebraic stack. We say that X satisfies
the 5-Thomason condition if:

(1) Dgc(X) is compactly generated by a set of cardinality < 3; and
(2) for every quasi-compact open subset U C X, there is a compact perfect
complex supported on the complement.

We say that X satisfies the Thomason condition if it satisfies the S-Thomason
condition for some . Our main results are that a very large class of stacks satisfy
the Thomason condition. In order to prove these results, however, we found it
necessary to consider the following refinement of the Thomason condition.

We say that X is S-crisp if the S-Thomason condition is satisfied for every étale
localization of X (Deﬁnition. If X is B-crisp and S is finite, then X is compactly
generated by a single perfect complex. Hence Theorems [A] and [B] are implied by

Theorem C. Let p: X' — X be a morphism of quasi-compact and quasi-separated
algebraic stacks that is representable, separated, quasi-finite, locally of finite pre-
sentation, and faithfully flat. If X' is B-crisp, then X is B-crisp.

Theorem [C] is proved using the technique of quasi-finite flat dévissage for alge-
braic stacks—due to the second author [Ryd11]—together with some descent results
for compact generation. In sections these descent results are stated in great
generality—for presheaves of triangulated categories—without requiring monoidal
or linear structures. This allows us to establish compact generation in other con-
texts (see below, Theorem and . Along the way, we will review and develop
foundational material for unbounded derived categories on algebraic stacks.

We also wish to point out that for schemes the fppf and quasi-finite flat topologies
coincide, but for algebraic stacks they differ. Moreover, compact generation is
not fppf local for algebraic stacks. Indeed, Dgyc(BrG,) when k is of characteristic
p > 0 has no compact objects besides 0; thus, it is not compactly generated—even
though it is so fppf-locally [HNR14, Prop. 3.1]. In particular Theorem |C| (as well
as its generalizations to other contexts in this article), which is about quasi-finite
local compact generation, can be viewed as the correct generalization of fppf local
compact generation results to algebraic stacks.

Azumaya algebras and the cohomological Brauer group. Our work is strongly
influenced by Toén’s excellent paper [Toél2] on derived Azumaya algebras and gen-
erators of twisted derived categories. In [To€12], Toén shows that compact gen-
eration of certain linear categories on derived schemes is an fppf-local question.
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The salient example is the derived category of twisted sheaves D(QCoh®(X)), where
the twisting is given by a Brauer class o of H?(X,G,,). A compact generator of
D(QCoh™(X)) gives rise to a derived Azumaya algebra—the endomorphism algebra
of the generator [Toél2, Prop. 4.6]. More classically, a twisted vector bundle that
is generating gives rise to an Azumaya algebra A.

The Brauer group Br(X) classifies Azumaya algebras A up to Morita equiva-
lence, that is, up to equivalence of the category of modules Mod(A). Moreover,
Mod(A) ~ QCoh™(X) for a unique element o in the cohomological Brauer group
Br'(X) := H?(X,G,,)tors- Existence of twisted vector bundles thus answers the
question whether Br(X) — Br’(X) is surjective.

Constructing twisted vector bundles, or equivalently Azumaya algebras, is dif-
ficult. Indeed, the question is not local as vector bundles rarely extend over open
immersions. When X is affine, or the separated union of two affines, Gabber proved
in his thesis that Br(X) = Br'(X) [Gab81], or equivalently, that D(QCoh®(X)) is
compactly generated by a twisted vector bundle [Lie04, Thm. 2.2.3.3]. The state of
the art is also due to Gabber: twisted vector bundles exist if X is quasi-projective
[Jon03].

Compact objects of the derived category are typically easier to construct as we
may extend them over open immersions using Thomason’s localization theorem
(Corollary [3.13). With this technique, M. Lieblich proved that D(QCoh®(X)) is
compactly generated when X is any quasi-compact and quasi-separated scheme [Lie04],
Cor. 2.2.4.14]. Lieblich has also studied twisted vector bundles in great detail and
obtained a number of arithmetic applications.

In §9] we prove that compact generation is quasi-finite flat local for twisted
derived categories. In particular, we prove that on a quasi-compact algebraic
stack with quasi-finite and separated diagonal every twisted derived category has
a compact generator (Example . We thus establish a derived analogue of
Br(X) = Br/(X) for such stacks, extending the results of Toén [Toé12] and Antieau—
Gepner [AG14].

Sheaves of linear categories on derived Deligne—-Mumford stacks. Al-
though we work with non-derived schemes and stacks, our methods are strong
enough to deduce similar results for derived (and spectral) Deligne-Mumford stacks
(Example . Indeed, if X is a derived Deligne-Mumford stack, then the small
étale topos of X is equivalent to the small étale topos of the non-derived 0-truncation
moX . Thus, (local) compact generation of a presheaf of triangulated categories on
X can be studied on 7y X.

Sometimes results for stacks can be deduced from schemes using a similar ap-
proach: if m: X — X5 is a coarse moduli space, then a presheaf T of triangulated
categories on X induces a presheaf 7,7 of triangulated categories on X¢ps. If w1, T
is locally compactly generated, then it is enough to show that compact generation
is local on X¢ms to deduce compact generation of T(X). This is how Toén extends
his result to Deligne-Mumford stacks admitting a coarse moduli scheme [To€12]
Cor. 5.2].

Perfect and compact objects. As we already have mentioned, some care has
to be taken since perfect objects are not necessarily compact. The perfect objects
are the locally compact objects or, equivalently, the dualizable objects. If X is a
quasi-compact and quasi-separated algebraic stack, then the following conditions
are equivalent (Remark :

e cvery perfect object of Dyc(X) is compact;
e the structure sheaf Ox is compact;
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e there exists an integer dg such that for all quasi-coherent sheaves M on X,
the cohomology groups H%(X, M) vanish for all d > dy; and

o the derived global section functor RT': Dyc(X) — D(Ab) commutes with
small coproducts.

We say that a stack is concentrated when it satisfies the conditions above.

In [HR15, Thm. B] we give a complete list of the group schemes G/k such that
BG is concentrated: every linear group and certain non-affine groups in charac-
teristic zero but only the linearly reductive groups in positive characteristic. Note
that [HRI5, Thm. A] also gives many examples of classifying stacks that are not
concentrated, yet compactly generated.

Drinfeld and Gaitsgory have proved that noetherian algebraic stacks with affine
stabilizer groups in characteristic zero are concentrated [DGI13, Thm. 1.4.2]. This
is generalized in [HR15, Thm. C] to positive characteristic. In particular, a stack
with finite stabilizers is concentrated if and only if it is tame.

Perfect stacks. Ben—Zvi, Francis and Nadler introduced the notion of a perfect
(derived) stack in [BZENTO]. In our context, an algebraic stack X is perfect if and
only if it has affine diagonal, it is concentrated and its derived category Dyc(X)
is compactly generated [BZFNI0, Prop. 3.9]. A direct consequence of our main
theorems and [HR15, Thm. C] is that the following classes of algebraic stacks are
perfect:

(1) quasi-compact tame Deligne-Mumford stacks with affine diagonal; and
(2) Q-stacks of s-global type with affine diagonal.

The affine diagonal assumption is needed only because it is required in the definition
of a perfect stack. It is useful though: if X is perfect, then D(QCoh(X)) = Dqc(X)
by [HNR14].

In the terminology of Lurie [DAGXI| Def. 8.14], an algebraic stack is perfect if
it has quasi-affine diagonal, is concentrated and Dg.(X) is compactly generated.
Thus in Lurie’s terminology, we have shown that

(1) quasi-compact tame Deligne-Mumford stacks with quasi-compact and sep-
arated diagonals; and
(2) Q-stacks of s-global type

are perfect.

Coherence. Compact generation is extremely useful and we will illustrate this
with a simple application—also the origin of this paper. Let A be a commuta-
tive ring and Mod(A) the category of A-modules. A functor F': Mod(A4) — Ab is
coherent if there exists a homomorphism of A-modules M; — M together with
isomorphisms

F(N) = coker(Hom 4 (M3, N) — Homy (M, N))

natural in N. This definition is due to Auslander [Aus66] who initiated the study
of coherent functors. Hartshorne studied in detail [Har98] coherent functors when
A is noetherian and M; and M> are finitely generated and obtained some very nice
applications to classical algebraic geometry. For background material on coherent
functors, we refer the reader to Hartshorne’s article. Recently, the first author has
used coherent functors to prove Cohomology and Base Change for algebraic stacks
[Hall4] and to give a new criterion for algebraicity of a stack [Hall7].

Using the compact generation results of this article, we can give a straightforward
proof of the following Theorem (combine Theorem [A| with Corollary |4.16]).

Theorem D. Let A be a noetherian ring and let w: X — Spec A be a proper
morphism of algebraic stacks with finite diagonal. If F € Dqe(X) and G € D2, (X),
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then the functor
Homo  (F,5 ®p, Li.(—)): Mod(A) — Mod(A)
is coherent.

Theorem |§| generalizes a result of the first author for algebraic spaces [Hall4,
Thm. E], which was proved using a completely different argument. The first author
has also proved a non-noetherian and infinite stabilizer variant of Theorem[D]at the
expense of assuming that G has flat cohomology sheaves over S [Hall4, Thm. C].

Related results. The first proof that Dgy.(X) is compactly generated when X is a
quasi-compact separated scheme appears to be due to Neeman [Nee96, Prop. 2.5] al-
though he attributes the ideas to Thomason [TT90]. Bondal-Van den Bergh [BB03,
Thm. 3.1.1] adapted the proof to deal with quasi-separated schemes and noted that
there is a single compact generator. Lipman and Neeman further refined the result
by giving an effective bound on the existence of maps from the compact genera-
tor [LNO7, Thm. 4.2]. Asnoted by Ben-Zvi, Francis and Nadler, the proof of Bondal
and Van den Bergh readily extends to derived schemes [BZEN10, Prop. 3.19].

In [DAGXI, Thm. 6.1] and [DAGXII, Thm. 1.5.10] Lurie proves that compact
generation is étale local on E..-algebras and on spectral algebraic spaces for quasi-
coherent stacks (sheaves of linear co-categories). Lurie uses scallop decompositions,
which are a special type of étale neighborhoods (or Nisnevich squares). Unfor-
tunately, scallop decompositions do not exist for algebraic stacks. This is what
necessitates our stronger inductive assumption—_-crispness—for our local-global
principle, Theorem [C] Indeed, to apply Thomason’s localization theorem it is nec-
essary to establish the existence of compact objects with prescribed support. On
affine schemes (which appear in the scallop decompositions) this is done using
Koszul complexes, cf. Bokstedt and Neeman [BN93| Prop. 6.1]. This is the basis
for our induction and also used in all previous proofs, e.g., Toén [Toél2, Lem. 4.10]
and [AG14, Prop. 6.9].

Drinfeld and Gaitsgory [DG13, Thm. 8.1.1] prove that on an algebraic stack of
finite type over a field of characteristic zero with affine stabilizers, the derived cate-
gory of D-modules is compactly generated. They remark that compact generation
of Dy (X) is much subtler and open in general [DG13| 0.3.3].

Antieau [AntI4] has considered local-global results for the telescope conjecture.
Some of these are generalized in [HRIT).

Krishna [Kri09] has considered the K-theory and G-theory for tame Deligne—
Mumford stacks with the resolution property admitting projective coarse moduli
schemes (i.e., projective stacks).

Future extensions. In [LNO7, Thm. 4.1], Lipman and Neeman prove that pseudo-
coherent complexes can be approximated arbitrarily well by perfect complexes on
a quasi-compact and quasi-separated scheme. Local approximability by perfect
complexes is essentially the definition of pseudo-coherence so this is a local-global
result in the style of Theorem [C] This result has been extended to algebraic spaces
in [Stacks, 08HH] and we expect that it can be extended to stacks with quasi-finite
diagonal using the methods of this paper amplified with ¢-structures. Similarly, we
expect that there is an effective bound on the compact generator in Theorem [A] as
in [LNO7, Thm. 4.2].

Contents of this paper. In §§1-2 we recall and develop some generalities on
unbounded derived categories of quasi-coherent sheaves on stacks and concentrated
morphisms—working in the unbounded derived category is absolutely essential for
this range of mathematics. Unfortunately some important foundational notions,
such as concentrated morphisms, had not been considered in the literature before.
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In §3, we recall the concept of compact objects and Thomason’s localization
theorem for triangulated categories.

In §4, we address fundamental results on perfect and compact objects in the
derived categories of quasi-coherent sheaves on algebraic stacks. Using this we
establish a general projection formula for stacks, tor-independent base change, and
finite flat duality. We also prove Theorem [D] assuming Theorem [A]

In §85—6 we introduce presheaves of triangulated categories and Mayer—Vietoris
triangles. We also prove our main result on descent of compact generation (Theorem
6.9).

In §7 we introduce the p-resolution property, which gives a convenient method
to keep track of the number of vector bundles needed for generating the derived
category of a stack with the resolution property.

In §8, we introduce compact generation with supports and S-crispness and relate
these to Koszul complexes.

In §9, we prove the main theorems.
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article.

Notations and assumptions. For an abelian category A, denote by D(A) its
unbounded derived category. For a complex M € D(A), denote its ith cohomol-
ogy group by H!(M). For a sheaf of rings A on a topos E, denote by Mod(A)
(resp. QCoh(A)) the category of A-modules (resp. the category of quasi-coherent
A-modules). If the sheaf of rings A on the topos E is implicit, it will be convenient
to denote Mod(A) as Mod(E) and D(Mod(A)) as D(E).

For algebraic stacks, we adopt the conventions of the Stacks Project [Stacks].
This means that algebraic stacks are stacks over the big fppf site of some scheme,
admitting a smooth, representable, surjective morphism from a scheme (note that
there are no separation hypotheses here). A morphism of algebraic stacks is quasi-
separated if its diagonal and double diagonal are represented by quasi-compact
morphisms of algebraic spaces.

For a scheme X denote its underlying topological space by |X|. For a scheme X
and a point = € |X|, denote by x(z) the residue field at .

Let f: X — Y be a l-morphism of algebraic stacks. Then for any other 1-
morphism of algebraic stacks g: Z — Y, we denote by fz: Xz — Z the pullback

of f by g.

1. QUASI—COHERENT SHEAVES ON ALGEBRAIC STACKS

In this section we review derived categories of quasi-coherent sheaves on algebraic
stacks. For generalities on unbounded derived categories on ringed topoi we refer
the reader to [KS06, §18.6]. In [KS06, §18.6], a morphism of ringed topoi is assumed
to have a left exact inverse image—we will not make this assumption, but instead
indicate explicitly when it does and does not hold.

Let X be an algebraic stack. Let Mod(X) (resp. QCoh(X)) denote the abelian
category of O x-modules (resp. quasi-coherent O x-modules) on the lisse-étale topos
of X [LMBI, 12.1]. Let D(X) (resp. Dqc(X)) denote the unbounded derived category
of Mod(X) (resp. the full subcategory of D(X) with cohomology in QCoh(X)).
Superscripts such as +, —, > n, and b decorating D(X) and D..(X) are to be
interpreted as usual.
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If X is a Deligne-Mumford stack (e.g., a scheme or an algebraic space), then there
is an associated small étale topos which we denote as X¢;. There is a natural mor-
phism of ringed topoi resy : Xjis.et — Xet. Let Mod(Xg;) (resp. QCoh(Xgt)) denote
the abelian category of O x,,-modules (resp. quasi-coherent O x,,-modules). The re-
striction of (resx).: Mod(X) — Mod(Xgt) to QCoh(X) is fully faithful with essen-
tial image QCoh(X¢;) [LMB| Prop. 13.2.3]. Let Dqc(Xe;) denote the triangulated
category Dqcon(xs)(Mod(Xet)). Then the natural functor R(resx).: Dgc(X) —
Dyc(Xst) is an equivalence of categories [LMBI Prop. 12.10.1]. If X is a scheme, then
the corresponding statement for the Zariski topos also holds [LMB| Lem.13.1.5].

1.1. Hypercoverings and simplicial sites. We now recall the relationship be-
tween the unbounded derived categories of quasi-coherent sheaves on an algebraic
stack and those on a smooth hypercovering (i.e., cohomological descent). Our ap-
proach follows [OIs07] and [LOO0S]. Let X be an algebraic stack and let pe: Us — X
be a smooth hypercovering by algebraic spaces. Typically, we will take U, to be
the 0-coskeleton associated to a smooth covering pg: Uy — X, where Uj is an al-
gebraic space. In plainer language, U, is the (n + 1)th fiber product of Uy over X
and the simplicial structure (i.e., face and degeneracy maps) come from the various
projections and diagonals between the U,, as n varies.

The simplicial algebraic space U, gives rise to two semi-simplicial topoi: U, .+ lisét

and Uj: «- The semi-simplicial topos U, t  is formed as follows: for each integer

e ét
n > 0 there is the étale topos U, ¢ and for each injective map 0: [n] = {0,...,n} —
[m] = {0,...,m} there is a morphism of topoi §: Up, ¢ — U,et. A sheaf F, on
Uj: & is a sheaf Fj, on each U, ¢ together with transition maps 5-1F, — F,, for

each injective map J: [n] — [m] that are compatible with composition; the sheaf
F, is cartesian if the transition maps are always isomorphisms.
The topos U, « 1s naturally ringed by the flat sheaf (9;5. .- Here flat means

that the transition maps 6 'Oy, & — Ou,, & are flat. Let Mod(Uj'ét) denote the

associated category of modules and Modcart(Uj' Gt
sheaves. Here cartesian means that the transition maps 6*F, = § ' F, ®s-104, .,
Ou — F,,, are isomorphisms.

An Oa ~module is quasi-coherent if it is cartesian and its restriction to each

) the subcategory of cartesian

m,ét

Un.¢t is quasi-coherent. Let QCoh(U, j‘ «) denote the category of quasi-coherent
sheaves. Let D(U',,) be the unbounded derived category of Mod(U[,, ), let Dcart(Uj:ét)

o ét e 6t
denote the subcategory whose objects have cartesian cohomology sheaves and let
Dqe (U, .+ ) denote the subcategory with quasi-coherent cohomology sheaves. The
semi-simplicial topos U, .+ lis.et and its various module categories are defined similarly.
Thus, there are natural morphisms of ringed topoi:

resy, U+

e ét”

prlis»ét
(11) X]is_ét — [jJr

o lis-ét

One way phrasing smooth descent of quasi-coherent sheaves is that these morphisms
of topoi induce equivalences of abelian categories:

( :ris-éc)* resy, )

QCoh(X) 2= QCoh(U o) ~eXy QCoh(U,)

In [LOO8|, Ex. 2.2.5], it is shown that this can be improved to unbounded cohomo-
logical descent, that is, these morphism of topoi induce equivalences of triangulated
categories:

R(p:r,lisfét)* + R(resu, )« +
(1.2) Dge(X) ¢———— Dqc(U, )ty DqC(U.,ét)'

o lis-ét

The morphisms pj‘_lis_ét and resy, have left exact inverse image functors.
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1.2. Operations in unbounded categories of modules. We now record for
future reference some useful formulas [KS06l §§18.4 and 18.6]. If M and N € D(X),
then there is

M®g, Ne€D(X) (the derived tensor product)

RHomeo, (M,N) € D(X) (the derived sheaf Hom functor)

RHomg,, (M,N) € D(Ab) (the derived global Hom functor)
If in addition P € D(X), then we have a functorial isomorphism:
(1.3) Homo (M ®% N, P) = Homg , (M, RHomeo . (N, P)),
as well as a functorial quasi-isomorphism:
(1.4) RHomo (M @5, N,P) ~ RHome (M, RHome (N, P)).
Letting R['(X, —) = RHomp, (Ox, —), there is also a natural quasi-isomorphism:
(1.5) RHomg , (M, N) ~ RTRHome , (M, N).

If M and N belong to Dgc(X), then M ®'(9X N € Dgc(X). Indeed, using homotopy
colimits and triangles we reduce to the case where M and N are quasi-coherent
sheaves. Then it follows from the definition of quasi-coherence [LMBI Déf. 13.2.2].
Since the category Dgo(X) is well generated [HNR14, Thm. B.1] and the functor
— ®f,, M: Dge(X) — Dge(X) preserves small coproducts, it admits a right adjoint
[NeeO1bl Thm. 8.4.4]

RIHomg (M, —): Dge(X) = Dge(X).
In fact, if
Qx: D(X) = Dge(X)
is the right adjoint to the inclusion Dy (X) C D(X), which exists for the same
reasons as above, then

RHomg (M, —) =~ Qx (RHomo , (M, —)).

Note that while the formation of RHome, (M, —) is smooth local on X, this
is not true in general for Rﬁfom%cx (M, —=). Tt is true, however, if M is perfect

(Lemma |4.3|(2))).

1.3. Direct and inverse image. For a morphism of algebraic stacks f: X — Y,
the induced morphism of ringed topoi flis.st: Xiis-6t — Yiis-6t does not necessarily
have a left exact inverse image functor [Beh03l 5.3.12]. Thus the construction of the
correct derived functors of f*: QCoh(Y) — QCoh(X) is somewhat subtle. There are
currently two approaches to constructing these functors. The first, due to M. Olsson
[01s07] and Y. Laszlo and M. Olsson [LOO0S], uses cohomological descent. The other
approach appears in the Stacks Project [Stacks, Tag 07BD]. In this article, we will
employ the approach of Olsson and Laszlo—Olsson, which we now briefly recall.

Let f: X — Y be a morphism of algebraic stacks. Let g: V' — Y be a smooth
surjection from an algebraic space. Let U — X Xy V be another smooth surjection
from an algebraic space. Let f: U — V be the resulting morphism of algebraic
spaces and let p: U — X be the resulting smooth covering. By , there is an
induced 2-commutative diagram of ringed topoi:

+
Pg lis-ét TesyU,

(1.6) X~ U:flis-ét U.Jfét
s fl if
+ +
Y ‘/o7lis—ét resy, ‘/O,ét .

9o lis-ét
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The 2-commutativity of the diagram above induces natural transformations:

(1.7) R( fris-¢t )+ = R(qilis_ét)*R(f:ns-ét)*L(p:r,lis-ét)* and
(1.8) R(fFe)s = Rlresy, )«R(fiee)sL(resy, ),

which are natural isomorphisms for those complexes with quasi-coherent cohomol-
ogy that are sent to complexes with quasi-coherent cohomology by R(f." lis.ét )+ OF

R(fdeo)s-

Remark 1.1. Note, however, that if f: X — Y is not representable, then R( fiis ¢t )«
does not, in general, send Dyc(X) to Dgc(Y)—even if f is proper and étale and
X and Y are smooth Deligne-Mumford stacks [Stacks, 07DC|. The problem is
that quasi-compact and quasi-separated morphisms of algebraic stacks can have
unbounded cohomological dimension, which is in contrast to the case of schemes
and algebraic spaces [Stacks, 073G]. In the next section we will clarify this with the
concept of a concentrated morphism.

Another crucial observation here is that the morphism of topoi fj‘ & has a

left exact inverse image functor. The general theory now gives rise to an un-
bounded derived functor L( ~j:ét)*: D(V:ét) — D(U:fét)7 which is left adjoint to
R(fj'ét)*: D(UJ,,) — D(V,,,). The functor L(fj'ét)* is easily verified to preserve
small coproductis and compiexes with quasi—coherént cohomology. Using the equiv-
alences of (I.2)), we may now define a functor L fiei Dae(Y) = Dge(X) such that
HO(LfzM[0]) = f*M, whenever M € QCoh(Y). It is readily verified that the func-
tor L fg. is unique up to canonical natural isomorphism, that is, it does not depend
on the choice of charts U and V. If f: X — Y is flat, then for all integers ¢ and
all M € Dgc(Y) there is a natural isomorphism:

(1.9) SRV = FHI(Lf3.M)

Since the category Dgc(Y) is well generated [HNRI14, Thm. B.1] and the functor

L /e preserves small coproducts, it admits a right adjoint [NeeO1bl Thm. 8.4.4]
R(fqe) s Dge(X) — Dge(Y).

The functor above is closely related to the functors we have already seen. Indeed,

since Lf;. Oy [0] ~ Ox|0], it follows that if M € Dqc(X), then

(1.10) RT(Y, R(fqe)+M) ~ RT(X, M).

We now describe R(fqc)« locally. Let

Q.. DIViE) = Dac(Vily)

e ét

be a right adjoint to the natural inclusion functor DqC(V.fét) — D(V,',), which
exists by [NeeOlbl Thm. 8.4.4]. A straightforward calculation, utilizing the equiv-

alences , induces a natural isomorphism of functors:

(L1 R(fae)e = R(g e oL (res) Qs RO ) R(rests, ) Lpd )"

The following Lemma clarifies the situation somewhat.

Lemma 1.2. If f: X = Y is a morphism of algebraic stacks that is quasi-compact
and quasi-separated, then the following hold.

(1) The restriction of R(fiis-s1)« to DE.(X) factors through D (Y).
(2) The restrictions of R( fiis-6t)« and R(fqc)« to DE.(X) are isomorphic.

(3) For each integer d, the restriction of the functor R(fqc)« to D([flc’oo)(X) pre-
serves direct limits (in particular, small coproducts).


http://stacks.math.columbia.edu/tag/07DC
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10 J. HALL AND D. RYDH
(4) Consider a 2-cartesian diagram of algebraic stacks:

x4 ox

f’l J{f
L

If g is flat, then the base change transformation

LgieR(fac)« = R(fge)«L(9) e

s an isomorphism upon restriction to D+ (X)

Proof. Clalm [OlsO? Lem. 6.20]. Claim (2] follows from cohomological de-
scent , clalm and equations (|L.7] . ., and -

For 1 ), by (2| . we may replace R(fqc)s by R(fiis-¢t)«. The hypercohomology
spectral sequence:

(1'12) (fhs et) (M) = RT—H(flls et) M

now applies and it is thus sufficient to prove that the higher pushforwards
Rr(flis—ét)*: QCOh(X) — QCOh(Y)

preserve direct limits for every integer » > 0. This is local on Y for the smooth
topology, so we may assume that Y is an affine scheme. Thus it suffices to prove
that the cohomology functors H" (Xjis.et, —): QCoh(X) — Ab preserve direct limits
for every integer r > 0. Since X is quasi-compact and quasi-separated, this is
well-known (e.g., [Stacks| (0739]).

The base change transformation of exists by functoriality of the adjoints.
Applying (2) we may replace (fqc)« and (fic)« by (fiis-et)« and (fi 4 )+ respectively.
The statement is now local on Y and Y’ for the smooth topology, so we may assume
that both Y and Y’ are affine schemes. Small modifications to the argument of
[Stacksl 073K] complete the proof. O

In §2| we describe a class of morphisms for which the conclusions of Lemma
remain valid in the unbounded derived category.

1.4. Comparison with definitions in derived algebraic geometry. We will
now compare the derived category of quasi-coherent sheaves Dq.(X) that we are
using in this paper with derived categories of quasi-coherent sheaves as defined in
derived algebraic geometry. This is not used in the remainder of the paper (but see
Example .

First recall that if A is an abelian category, then the derived category D(A) is
the homotopy category of a natural stable co-category D(A) [HAL Def. 1.3.5.8].
If in addition € C A is a weak Serre subcategory, then we can consider the full
oo-subcategory De(A) of objects with cohomology in € and this has homotopy
category De(A). We thus define Dge(X) := Dqcon(x)(Mod(X)) which has ho-
motopy category Dyc(X). If X is Deligne-Mumford, we also define Do (Xgt) :=
DQcoh(xs:)(Mod(X¢;)) which is equivalent to Do (X) [LMBL Prop. 12.10.1].

Proposition 1.3 (cf. [DG13, Rem. 1.2.3]). Let X be an algebraic stack. Then
Dye(X)= lim  D(Mod(4))
Spec A—X

where the limit is taken in the co-category of co-categories and is over either (i) the
category of all affine schemes over X, (ii) the full subcategory of those smooth over
X, or (i) the subcategory of those smooth over X with only smooth X -morphisms
Spec A — Spec B.


http://stacks.math.columbia.edu/tag/0739
http://stacks.math.columbia.edu/tag/073K
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We denote the limit of the right-hand side going over all morphisms by QCoh(X).
This is a stable co-category which is left- and right-complete, and has a t-structure
with heart the abelian category QCoh(X) [SAG, Cor. 9.1.3.2, Rem. 9.1.3.3]. The
oo-category QCoh(X) also makes sense for any contravariant functor X from affine
schemes to groupoids and can be adapted to variants in derived algebraic geometry.
This is how derived categories of quasi-coherent sheaves usually are defined in
derived algebraic geometry, cf. [BZEN10, §3.1], [DG13|, §1.2], [SAG, §6.2.2] and
[GR17, Ch. 3, §1.1].

The category Dgo(X) is left-complete [HNRI14, Thm. B.1]. We do not use this
fact in the proof so we obtain an independent proof of the left-completeness of both
Dye(X) and Dy (X).

Proof of Proposition[1.3 The limit restricted to smooth morphisms, or to smooth
morphisms with smooth maps between them, is also equivalent to QCoh(X) [GRI7,
Ch. 3, §1.4.2]. Moreover, if U — X is a smooth presentation and U is the corre-
sponding semi-simplicial algebraic space, then restricting the limit to the diagram
U} gives the same limit (use that X is a stack and that AT C A is right cofinal,
cf. [SAG] Prop. 6.2.3.1 and pf. of Prop. 9.1.3.1] or [GR17, Ch. 3, Cor. 1.3.11]). We
may also instead take the limit over the site Ui o since UJS: AT — Uf’ « 1is right
cofinal.
We have a sequence of maps between oco-categories
Dge(X) == Dee(U]

e.6t

) 2 lim Dee(Uf V)
veut

e 6t

5 Jim Dye(V) ¢ QCoh(X).
veu;t

®. 6t

That « is an equivalence follows by unbounded cohomological descent . That
B is an equivalence follows from Lemma [1.6]applied to the semi-simplicial étale site
Uj: & since having quasi-coherent cohomology can be verified locally. The map ~
comes from the morphism of topoi e: U: «/V — Ve Since e, (restriction) is exact
and €* is exact and fully faithful with essential image the cartesian modules, we
obtain equivalences between cartesian modules and between derived categories of
modules with cartesian cohomology sheaves, cf. [LMB| Prop. 12.10.1]. This shows
that ~ is an equivalence. We saw that § was an equivalence above. (|

Remark 1.4. The maps § and v are also equivalences if we replace quasi-coherent
cohomology with cartesian cohomology.

Remark 1.5. If in addition X has affine diagonal, or is noetherian and affine-pointed,
then the natural functor D¥(QCoh(X)) — DZ.(X) is an equivalence [HNRI4,
App. C]. Tt follows that Dt (QCoh(X)) — QCoh™(X) is an equivalence, which
can also be proven directly, cf. [DGI3, Rem. 1.2.10] and [GRI7, Ch. 3, Prop. 2.4.3].
Note that D(QCoh(X)) and D(QCoh(X)) are not always left-complete, e.g., when
X = BG, in positive characteristic [Neell]. They are left-complete, and hence
coincide with Dgc(X) and Dy (X), respectively, when Dgc(X) is compactly gener-
ated [HNR14, Thm. 1.2].

Lemma 1.6. Let (T,0) be a ringed topos and let (T/U,O|y) denote the localized
topos for any U € T. Then the assignment U — D(Mod(O|v)) is a sheaf, that is,
there is a limit preserving functor

T° — Catoo

U — D(Mod(O|p)).
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Proof. We identify a ringed topos with a E..-ringed co-topos by taking nerves. Such
an oo-topos is a 1-topos, that is, discrete, and O is discrete. We let Mody denote
the oco-category of O-module spectra. Its heart is the category of usual modules
Mod(O) [SAG| Def. 2.1.0.1, Rem. 2.1.2.1]. By the universal property of derived
categories, there is a functor D*(Mod(0|y)) — Modg|,,. This functor extends to
a fully faithful functor D(Mod(O[y)) — Mod|, whose essential image is the full
subcategory of hypercomplete objects [SAG, Cor. 2.1.2.3].

By [SAG, Rem. 2.1.0.5], there is a limit-preserving functor U +— Modg,, . Since
being hypercomplete is a local property [HTT], Rem. 6.5.2.22], we obtain a limit-
preserving functor U — D(Mod(0O|y)). O

Remark 1.7 (Deligne-Mumford stacks). If X is a Deligne-Mumford stack, we can
associate a spectral Deligne-Mumford stack X to X. To X, one associates a sta-
ble oco-category of quasi-coherent sheaves QCoh(X), a subcategory of Mod(X) =
Mod(Ox,,). It is equivalent to QCoh(X) as defined above [SAGL Prop. 6.2.4.1],
hence to Dye(X). This can also be seen directly as follows [SAGL Cor. 2.2.6.2].
The oo-category D(Mod(Ox,,)) can be identified with the full subcategory of hy-
percomplete objects of Mod(X) [SAG] Cor. 2.1.2.3] and QCoh(X) can be identified
with the full subcategory of hypercomplete objects with quasi-coherent homotopy
sheaves [SAG Prop. 2.2.6.1]. That is, Dqc(Xet) = QCoh(X).

2. CONCENTRATED MORPHISMS OF ALGEBRAIC STACKS

A morphism of schemes f: X — Y is concentrated if it is quasi-compact and
quasi-separated [Lip09, §3.9]. Concentrated morphisms of schemes are natural
to consider when working with unbounded derived categories of quasi-coherent
sheaves. Indeed, if f is concentrated, then

(1) R(fgc)s coincides with the restriction of R(fzar)« to Dgc(X),
(2) R(fqc)+ preserves small coproducts, and
(3) R(fqc)« is compatible with flat base change on Y.

Here, as before, R(fyc)+ denotes the right adjoint to the unbounded derived functor
Lfae: Dqe(Y) = Dge(X). In this section we isolate a class of morphisms of algebraic
stacks, which we will also call concentrated, that enjoy the same properties.

Definition 2.1. Let n > 0 be an integer. A quasi-compact and quasi-separated
morphism of algebraic stacks f: X — Y has cohomological dimension < n if for all
i >n and all M € QCoh(X) we have that R¥( fiis.¢t)«M = 0 (by Lemma , this
is equivalent to R*(fqc)M = 0).

The next result is inspired by [Alp13, Prop. 3.9], where similar results are proven
in the context of cohomologically affine morphisms. Note, however, that cohomo-
logically affine morphisms are not quite the same as morphisms of cohomological
dimension < 0 [Alp13] Rem. 3.5].

Lemma 2.2. Let f: X — Y be a 1-morphism of algebraic stacks that is quasi-
compact and quasi-separated. Let n > 0 be an integer.

(1) Let a: f = f" be a 2-morphism. If f has cohomological dimension < n,
then so has f'.

(2) Let g: Z =Y be a 1-morphism of algebraic stacks that is faithfully flat. If
fz: X Xy Z — Z has cohomological dimension < n, then so has f.

(3) If f is affine, then it has cohomological dimension < 0.

(4) Let h: W — X be a 1-morphism of algebraic stacks that is quasi-compact
and quasi-separated and let m > 0 be an integer. If f (resp. h) has coho-
mological dimension < n (resp. <m), then the composition foh: W —Y
has cohomological dimension < m + n.
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(5) Let g: Z =Y be a 1-morphism of algebraic stacks that is quasi-affine. If f
has cohomological dimension < n, then so has the 1-morphism fz: X Xy
Z — 7.

(6) Let g: Z — Y be a 1-morphism of algebraic stacks. If f has cohomologi-
cal dimension < n and Y has quasi-affine diagonal, then the 1-morphism
fz: X Xy Z = Z has cohomological dimension < n.

Proof. The claim (|1)) is trivial. To address the claim (2)) we note that higher pushfor-
wards commute with flat base change (Lemma ) As faithfully flat morphisms
are conservative, the morphism f has cohomological dimension < n. The claim
follows trivially from . The claim follows from the Leray spectral sequence.

We now address the claim . Denote the pullback of g by fasgx: Zx — X and
throughout we fix M € QCoh(Zx). We first assume that the morphism g is a quasi-
compact open immersion. In this situation the adjunction (gx ). ((9x )is-¢t)« M —
M is an isomorphism. For ¢ > 0 we deduce that there are isomorphisms in QCoh(Z):

RY((f2)nis-et)s (9% )i (9 tis-et )« M) = RY((f2)tis-ét) « M.

Since higher pushforward commute with flat base change, we deduce that for all
1 > 0 there are isomorphisms:

R (fris-e0)« (9 )is-et)« M) = RY((f2)1is-s6)« M.

Since ((9x)is-6t)«M € QCoh(X), it follows that fz: Xz — Z has cohomological
dimension < n. Next assume that the morphism g is affine. Then the morphism
gx is also affine and so, by , both morphisms have cohomological dimension
<0. By we conclude that the composition fogx: Zx — Y has cohomological
dimension < n. But we have a 2-isomorphism f o gx = g o fz and so by the
morphism go fz has cohomological dimension < n. By the Leray spectral sequence,
however, we see that there is an isomorphism for all ¢+ > 0:

(qris-ét)« R ((f2 )tis-st)« M — R*((g © f2)is6t) M.

Since the morphism g is affine, the functor g, is faithful; thus we conclude that the
morphism fz has cohomological dimension < n. In general, a quasi-affine morphism

g: Z — Y factors as Z 5 Z 25 Y, where the morphism j is a quasi-compact open
immersion and the morphism g is affine. Combining the above completes the proof
of .

To prove the claim @ we observe that by the statement is smooth local on
Z—thus we are free to assume that Z is an affine scheme. Since the diagonal of
the stack Y is quasi-affine, the morphism ¢: Z — Y is quasi-affine. An application
of now gives the claim. O

We wish to point out that Lemma [2.2(6)) is false if Y does not have affine stabi-
lizers [HR15, Rem. 1.6].

Definition 2.3. A quasi-compact and quasi-separated morphism f: X — Y of
algebraic stacks has finite cohomological dimension if there exists an integer n > 0
such that the morphism f has cohomological dimension < n.

Morphisms of quasi-compact and quasi-separated algebraic spaces have finite
cohomological dimension [Stacks, 073G|. V. Drinfeld and D. Gaitsgory [DGI3|
Thm. 1.4.2, §2] have shown that a morphism of quasi-compact and quasi-separated
algebraic stacks f: X — Y has finite cohomological dimension if Y is a Q-stack
and f has affine stabilizers and finitely presented inertia. This result is refined
and generalized in [HR15]: the condition on inertia is not required and in posi-
tive characteristic f has finite cohomological dimension exactly when f has linearly
reductive stabilizers.


http://stacks.math.columbia.edu/tag/073G
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Definition 2.4. A morphism of algebraic stacks f: X — Y is concentrated if it is
quasi-compact, quasi-separated, and for every quasi-compact and quasi-separated
algebraic stack Z and every morphism g: Z — Y, the pulled back morphism
fz: Xz — Z has finite cohomological dimension.

By the result of Drinfeld and Gaitsgory, a quasi-compact and quasi-separated
morphism of algebraic stacks f: X — Y is concentrated if ¥ is a Q-stack and f
has affine stabilizers.

The next result is immediate from Lemma 2.2

Lemma 2.5. Let f: X — Y be a 1-morphism of algebraic stacks that is quasi-
compact and quasi-separated.
(1) If f is concentrated, then it remains so after base change.
(2) Let g: Z =Y be a 1-morphism that is faithfully flat. If fz: X Xy Z — Z
s concentrated, then so is f.
(3) If f is representable, then it is concentrated.
(4) Let h: Y — W be a 1-morphism that is concentrated. Then the composition
ho f: X — W is concentrated if and only if f is concentrated.
(5) Assume that'Y is quasi-compact with quasi-affine diagonal. Then f is con-
centrated if and only if it has finite cohomological dimension.

The main result of this section is the following Theorem that refines Lemma[T.2}

Theorem 2.6. Let f: X — Y be a concentrated 1-morphism of algebraic stacks

(1) If Y is quasi-compact and quasi-separated, then there is an integer n such
that the natural morphism

P2IR(fqe) M = 2R (fge) o (F21770)
is a quasi-isomorphism for every integer j and M € Dgc(X).
(2) The restriction of R(fus-¢t)+ t0 Dqe(X) coincides with R(fyc)s-
(3) The functor R(fqc)+ preserves small coproducts.

(4) If g: Y’ = Y is a flat morphism of algebraic stacks, then the 2-cartesian
square:

x 2. x

f 'l lf
yvi_ 9. vy
induces a natural quasi-isomorphism for every M € Dgc(X):

LgécR(qu)*M = R(féc)*l‘gzl*cM'

Proof. For , choose a diagram as in . By the natural transformations ,
(L8), and (L.11)), it is sufficient to prove that the restriction of R( ~:fét)* to DqC(Uiét)
factors through DqC(V.Jfét). This can be verified smooth locally on Y, so we may
assume that Y is quasi-compact and quasi-separated and f has cohomological di-
mension < n for some integer n. In particular, Ri(f:fét)*M = 0 for every i > n and
Me QCoh(U:fét). By [LO08, Lem. 2.1.10], for every M € DqC(U:fét

the natural morphism:

(2.1) TZjR( f+ )M — TZJ'R( f+ )*(TZj—nM)

e.6t e, 6t

) and integer j

is an isomorphism. By Lemma [1.2|(2) the result follows. Note that the equation
(2.1) now proves . Finally, the claims and follow from and the
corresponding results for the bounded below category in Lemma [1.2 (]
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Corollary 2.7. If f: X = Y is an affine morphism of algebraic stacks, then there
is a natural equivalence of triangulated categories

7+ Dae(Yiiset, fOx) — Dae(X).

Proof. Pick a diagram as in (1.6). Since f is an affine morphism, we may assume

that U; = X xy V;. The morphism of ringed topoi f"' Ut — V', factors as:

0.6t Y eét 0.6t

; k
(Uj,_ét’ OUjjét) % (V:,réw (fj:ét)*OUiét) - (V:,rét’ Ovjjét)-

We claim that gil(fj:ét)*OU:r’ét — OUiét is flat. It is sufficient to verify this
upon restriction to each (U;)g and then work étale-locally; thus, we may as-
sume that f is a morphism of affine schemes Spec B — Spec A. Hence, it suffices
to prove that the induced morphism of ringed sites f: ((Spec B)st, Ospec Be) —
((Spec A)st, (far)+Ospec ) is flat. This can be verified at geometric points, so let
p be a prime ideal of B. We must prove that if ¢ = f(p), then the induced ring
homomorphism B ® 4 Aah — B;h is flat, where sh denotes the strict henselization
at the relevant prime ideal. Since Spec(B ® 4 Azh) has flat diagonal over Spec B
and Spec B;h is a flat Spec B-scheme, the assertion is clear and the claim is proved.

It follows that g*: l\/lod(V:ét, (f )*OUjét) — I\/Iod(Uj:ét7 OU:rét) is exact. More-

0.6t

over since f is affine, it has cohomological dimension <0 (Lemmaw) and is con-
centrated. In particular, the restriction of Rg. to Dgc (U Op+ ) factors through
0. ét

e ét)
ac (V%

e ét?
the adjunctions Id = Rg.Lg" and Lg*Rg. = Id to complexes with quasi-coherent
cohomology sheaves are isomorphisms. By the exactness, it is sufficient to prove
that the restrictions of the underived adjunctions Id = g.g* and ¢g*g. = Id to
quasi-coherent modules are isomorphisms. Unwinding the definitions, this is just
the assertion that QCoh(X) = QCoh(Viset, f+Ox). By smooth descent, we may
reduce to the situation where X and Y are affine schemes. The result now follows
from [EGAL §II.1.4]. O

( fj: ét)*OUjét) and is exact. It remains to prove that the restriction of

Corollary 2.8. Let f: X = Y be a quasi-affine morphism of algebraic stacks and
let M € Dye(X). If R(fqc)«M =~ 0, then M ~ 0, that is, R(fqc)« is conservative.

Proof. We may factor f as X L X' EAN Y, where j is a quasi-compact open
immersion and f’ is an affine morphism. By Corollary the result is true for f’.
Hence, we are reduced to the situation where f is a quasi-compact open immersion.
In this case, however, Ax/y: X — X xy X is an isomorphism. By Theorem 2.6/(4)
LfacR(fqe)«M =~ M and the result follows.

3. TRIANGULATED CATEGORIES

In this section we will recall some results on triangulated categories that may
not be familiar to everyone. For excellent and comprehensive treatments of these
topics see [Nee92b| and [Tho97, §2]. In particular, we will recall thick and localiz-
ing triangulated subcategories. This leads to the concept of compact objects and
Thomason’s localization theorem.

Throughout this section, let 8§ be a triangulated category with shift operator X.

A functor F: 8§ — 8 between triangulated categories is triangulated if F sends
triangles to triangles and is compatible with shifts. We say that a full subcategory
R of § is triangulated if the category R is triangulated and the inclusion functor
R — § is triangulated. A subcategory R C 8 is thick (also known as épaisse or
saturated) if it is full, triangulated, and every 8-direct summand of every r € R
belongs to R.
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Example 3.1. For a triangulated functor F': 8§ — 8’ we denote by ker F' the
full triangulated subcategory consisting of those x € 8 such that F(x) ~ 0. The
subcategory ker F' C § is thick.

Example 3.2. Given triangulated subcategories ;1 C Ry C 8 such that Ry is a
thick subcategory of 8, then R; is a thick subcategory Ro.

Kernels of triangulated functors produce essentially all thick subcategories [Tho97,
§1.3]. Indeed, for every thick subcategory R C 8 there is a quotient functor
Q: 8 — 8/R such that R = ker @), @ is essentially surjective, and satisfies a univer-
sal property [NeeQ1bl Thm. 2.1.8].

For a class R C 8 the thick closure of R is the smallest thick subcategory R C 8
containing R. A subcategory R C 8 is dense if it is full, triangulated, and its thick
closure coincides with §.

If the triangulated category 8 is essentially small, then there is a notion of Ko(8):
it is the free abelian group on the set of isomorphism classes of objects in 8§ modulo
the relation that given an S-triangle s; — so — s3, then [so] = [s1] + [s3]. It is
easy to see that for s, t € 8 then [s @ t] = [s] + [t] and [s] = —[Xs]. Also, for
every o € Ko(8), there exists s € 8§ such that o = [s]. Given a triangulated functor
F: 8 — 8 between essentially small triangulated categories, there is an induced
group homomorphism Ko (F): Ko(8) = Ko(8'). The following is a nice result of A.
Neeman [Nee92bl, Cor. 0.10] (also see [ITT90] 5.2.2] and [Tho97, Lem. 2.2]).

Lemma 3.3. Let 8§ be an essentially small triangulated category and let R be a
dense subcategory. If s € S, then s € R if and only if s belongs to the image of
Ko(R) in Ko(8). In particular, if s € 8, then s @ s € R.

A pair of triangulated functors R — 8 oTis left-exact (resp. almost exact,
resp. ezact) if R is a thick subcategory of 8 via the functor R — 8 and the functor
F: 8§ — T factors through the quotient F': §/R — T and this functor is fully faithful
(resp. fully faithful and dense, resp. an equivalence). The following (well-known)
Lemma will be useful.

Lemma 3.4. Let F: 8 — T be a triangulated functor. If F' has a right adjoint
G: T — 8§ such that the adjunction e¢: FG — Idg is an isomorphism, then the

F A
sequence ker F' — 8 — T is exact.

Proof. We will show that F' satisfies the universal property of the quotient. Let
P: 8 — P be a triangulated functor such that ker F C ker P. We must prove
that there is a functor P': T — P and an isomorphism «: P ~ P’F unique up
to unique isomorphism. For the uniqueness, let P/, Pj be two such functors with
isomorphisms «;: P o~ P/F. Then the isomorphism asa;': P{F ~ PyF induces a
unique isomorphism P| ~ P{FG ~ PjFG ~ Pj compatible with the o;. For the
existence, set P’ = PG and let o = P,n, where n: Ids — GF is the unit of the
adjunction. Now F,n is an isomorphism since € is an isomorphism, so o = P,7n is
an isomorphism since ker F' C ker P. O

A triangulated category is said to be closed under small coproducts if it admits
small categorical coproducts and small coproducts of triangles remain triangles. If
the triangulated category § is closed under small coproducts, then we say that a
subcategory R C 8 is localizing if it is a full triangulated subcategory, closed under
small coproducts, and the functor R — 8 preserves small coproducts. For a class
R C 8, where 8 is closed under small coproducts, there is a smallest subcategory
R C 8§ that is localizing and contains R. We refer to R as the localizing envelope of
R.
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Example 3.5. If a subcategory R C 8 is localizing, then it is thick. Indeed, given
reRand r~7" @r"” in 8§, the Eilenberg swindle produces an 8-isomorphism:

" erere--~2rerdrd---.

Since R is localizing, " @ r @& r & --- € R. The cone of the natural morphism
reTr®- =" @rord--- isr”; thus € R

A result of A. Neeman [Nee92bl Prop. 1.9] says that if a subcategory R C § is
localizing, then the quotient @: 8 — 8§/R preserves small coproducts. In particular,
since the quotient is essentially surjective, the category 8/R is closed under small
coproducts.

Example 3.6. If F': § — §' is a triangulated functor that preserves small coprod-
ucts, then the subcategory ker F' is localizing.

An object s € 8 is compact if the functor Homg (s, —) preserves small coproducts.
Denote by 8¢ the full subcategory of compact objects of 8.

Example 3.7. Let A be aring. A complex of A-modules is compact in D(A) if and
only if it is quasi-isomorphic to a bounded complex of finitely generated projective
A-modules [Stacks, 07LT]. That is, the compact objects of D(A) are the perfect
complexes of A-modules.

Example 3.8. Let F': § — 8’ be a triangulated functor that admits a right ad-
joint G: 8 — 8. If G preserves small coproducts, then F sends 8¢ to 8 [Nee90),
Thm. 5.1 “="].

Example 3.9. If f: X’ — X is a concentrated morphism of algebraic stacks, then
Lfae sends Dgc(X)¢ to Dgc(X)¢. This follows by combining Example with
Theorem [2.6((3]).

A class S C 8§ is generating if given x € 8 such that Homg(X"s,x) = 0 for all
s€ S and n € Z, then x ~ 0. The triangulated category 8 is compactly generated
if it admits a set of generators consisting of compact objects.

Example 3.10. Let A be a ring. Denote the unbounded derived category of A-
modules by D(A). Then the set {A} compactly generates D(A). Hence D(A) is
compactly generated.

Example 3.11. This is a refinement of Example Let F': 8 — 8 be a triangu-
lated functor that admits a right adjoint G: 8’ — 8 that preserves small coproducts.
In addition, assume that G is conservative (i.e., G(z) ~ 0 implies  ~ 0). If 8 is
compactly generated by a class S, then 8 is compactly generated by the class

{F(s) : s€ S}.

We now recall Thomason’s Localization Theorem, which was proved in this gen-
erality by A. Neeman [Nee92bl Nee96, Thm. 2.1] (also see [TT90l 5.1]).

Theorem 3.12 (Thomason’s Localization). Consider an exact sequence of trian-
gulated categories R — 8 Es T that are closed under small coproducts. If the
triangulated category 8 is compactly generated and R is the localizing envelope of a
subset R C 8¢, then there is an induced sequence R¢ — 8¢ — T¢ which is almost
exact. In particular, R¢ = 8° N R and R° is the thick closure of R.

Combining Theorem [3.12] with the elementary Lemma [3.3] produces something
very surprising, which was observed by A. Neeman [Nee92bl Cor. 0.9].

Corollary 3.13. In Theorem[3.19 assume that the category T¢ is essentially small.
Then for every t € T¢, there exists an s € 8¢ and an isomorphism t @ Xt ~ F(s).
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Another useful Corollary is the following [Nee96, Thm. 2.1.2].

Corollary 3.14. In Theorem [3.13 suppose that R is a generating set for 8, then
R =38.

4. PERFECT COMPLEXES, PROJECTION FORMULAS, AND FINITE DUALITY

We now use the results of the previous section to prove some useful results for
derived categories of algebraic stacks. We begin with the notion of a perfect complex
on an algebraic stack.

4.1. Perfect complexes. We recall some notions from [SGA6, Exp. II] (also see
[Stacks, Tag 08FK]). If A is a ring, then a complex of A-modules P is strictly perfect
if it is a bounded complex of finitely generated and projective A-modules. More
generally, if A is a sheaf of rings on a site E, then a complex P = (P*) of A-modules
is strictly perfect if it is a bounded complex and each term P* is a direct summand
of a finite free A-module. A complex P € D(A) is perfect if it is locally strictly
perfect.

Let X be an algebraic stack. Then a complex P on X is perfect if it is a perfect
object of D(X). Note that all perfect complexes on X belong to Dg.(X). The
following lemma provides a useful criterion for perfection.

Lemma 4.1. Let X be an algebraic stack and let P € Dy (X). The following
conditions are equivalent.
(1) P is perfect; and
(2) for every x € | X|, there exists a flat morphism f: Spec A — X with image
containing x such that RT'(Spec A,Lfs.P) is a strictly perfect complex of
A-modules.

Moreover, every perfect complex on an affine scheme is strictly perfect.

Proof. 1t is sufficient to prove that if A — B is a faithfully flat ring homomorphism
and M € D(A), then M is a strictly perfect complex of A-modules if and only if
M ® 4 B is a strictly perfect complex of B-modules. This is [Stacksl Tag|068T]. O

Example 4.2. Let X be an algebraic stack. Then every flat O x-module of finite
presentation defines a perfect complex in Dgo(X). In particular, if f: X — Y is
a morphism of algebraic stacks that is finite, flat, and of finite presentation, then
f+Ox is perfect in Dy (Y).

We recall the following well-known definition (e.g., [Braldl Defn. 4.7.1] or [BZFNT0,
Defn. 3.3]). Let X be an algebraic stack. An object P € Dyo(X) is dualiz-
able if there exists PV € Dqe(X) together with morphisms e: PV ®f P — Ox,
¢: Ox = P®f  PY such that the two induced maps:

c®Idp

Idy ®e
Ox o, P25 el PYel P22

P

Id,v ®c e®Idpv
PVRL Ox —=P' L Pey PV —=PV
are isomorphisms. It is standard that P dualizable implies that PV ~ Rf}Com%CX (P,0x)
and the e and ¢ maps are simply those arising from the adjunction between —®'@X P
and RHomy (P, —).
The following Lemma is straightforward but crucial.
Lemma 4.3. Let X be an algebraic stack and let P € Dqc(X) be a perfect complex.

(1) The double duality morphism P — RHome, (RHome, (P,0x),0x) is a
quasi-isomorphism.


http://stacks.math.columbia.edu/tag/08FK
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(2) The restriction of the functor RHome, (P, —): D(X) — D(X) to Dy (X)
factors through Dq.(X) and preserves small coproducts in Dyc(X). More-
over, if M € Dqc(X), then there is a natural quasi-isomorphism:

RHomo . (P,0x) ®g, M =~ RHomo, (P, M).

In particular, RHom (P, —) ~ RHomo (P, =) =~ P¥ ® — on Dge(X).
(3) If P € Dye(X) is dualizable, then it is perfect.

In particular for every algebraic stack X, the notions of perfect and dualizable
objects in Dqyo(X) coincide.

Proof. To prove , we note that the existence of the double duality morphism
follows from RHom-® adjunction. That it is a quasi-isomorphism can be verified
smooth-locally on X, so we may assume that X = Spec A is an affine scheme. To
prove , we may argue similarly to reduce to the affine setting. Now the collection
of all P that satisfy the conclusions of and is closed under finite coproducts,
direct summands shifts, and the taking of cones, that is it is a thick subcategory

of Dgc(X) ~D Slnce O x satisfies the conclusions of (1)) and (2]) and X is affine,
and (|2)) follow
For (3): since dualizable implies locally dualizable, it follows that we may as-

sume that X is affine. In this case, the result is classical. One may also argue
as follows: Q being dualizable implies that there is an isomorphism of functors
RHom{ (Q,—) ~ Q¥ ®g, — from Dge(X) to Dge(X). In particular, the functor
RHom (Q,—): Dge(X) — Dge(X) preserves small coproducts. Taking global sec-
tions, we see that Homg, (Q,—) preserves small coproducts. Hence, Q is compact
in Dge(X). But X is affine, so Q is perfect. O

4.2. Compact complexes. We now move on to a description of the compact
objects of Dgc(X) and their relationship to perfect complexes.

Lemma 4.4. Let X be a quasi-separated algebraic stack.
(1) If Q € Dgo(X)©, then Q is perfect.
(2) If P is perfect on X and Q € Dg(X)®, then Q ®f P € Dge(X)°.
(3) If X is concentrated, then Ox € Dqo(X)®; in particular, if P is perfect on
X, then P € Dgc(X)°.

Proof. We first prove . Consider a smooth morphism p: Spec A — X. It follows
from the quasi-separatedness of X that p is quasi-compact, quasi-separated, and
representable. In particular, p is concentrated (Lemma [2.5((3)) and so Lp;.Q €
Dyc(Spec A)¢ by Example The claim now follows from Example|3.7|and Lemma

To prove , we note that if M € D(X), then (L.3)) implies
Homo , (2 ®p, P, M) =~ Home, (Q, RHome (P, M)).

By Lemmal[£.3|[2), the restriction of RHom(P, —) to Dyc(X) preserves small coprod-
ucts. Since Q € Dy(X)¢, it follows that the restriction of RFHome, (Q ®'(9X P, -)
t0 Dqc(X) preserves small coproducts. Hence, Q ®f P € Dqe(X)°.

For (3), we note that if M € D(X), then by definition RHomg, (0x, M) =
RT'(Xis-¢t, M). Since X is concentrated, Theorem 3]) implies that the restriction
of RT'(Xiis-¢t, —) t0 Dge(X) preserves small coproductb. Thus, Ox € Dgc(X)¢. The
latter claim follows from the former and . O

In the following Lemma we provide criteria for a perfect complex on an algebraic
stack to be compact. We have not seen this characterization in the literature before.
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Lemma 4.5. Let X be a quasi-compact and quasi-separated algebraic stack and let
P € Dye(X) be a perfect complex. The following conditions are equivalent:
(1) P is a compact object of Dyc(X);
(2) there exists an integer r > 0 such that Homgo, (P, N[i]) = 0 for all N €
QCoh(X) and i > r; and
(3) there exists an integer r > 0 such that the natural map

72/ RHomg . (P, M) — 72/ RHomg . (P, 729 7"M)
is a quasi-isomorphism for all M € Dyo(X) and integers j.

Proof. Assume that does not hold. Then there is an infinite sequence of quasi-
coherent O x-modules My, M, ... and strictly increasing sequence of integers d; <
dy < ... such that Homg , (P, M;[d;]) # 0 for every . Since Dqc(X) is left-complete
[HNR14, Thm. B.1], there is a quasi-isomorphism in Dqc(X):

This implies that the natural morphism

P Homo, (P, M;[d;]) — Homo , (P, D Mi[di]) ~ [ [ Homo , (P, M;[ds])
i=1 i=1 =1

is not an isomorphism. In particular, P is not compact. Thus, by the contrapositive,
we have proved the implication :.

For :>, first choose a diagram as in (L.6) with V' =Y = SpecZ. Let
Pl = Rlresu, )uL(pd je60) P and MY o, = R(vesy, )L (p] jis.6.)*M. Note that

o 6t

R(resy, )« L(pY i) RHomo (P, M) ~ RHomo . ) (PF . M

e 6t o7ét)

Ni]) = 0

e 6t

has quasi-coherent cohomology (Lemma and that RHomoU . (PF
0. ét
for all i > 7 and N € QCoh(Uiét). Tt is enough to prove that
M) — 77/RHomg, , (P}

e 6t TEjiTM)
for every integer j and M € DqC(U:fét). This follows as in the proof of [LOOS|

Lem. 2.1.10] with e, replaced by Homo (P

TZj RHOmoU+ (CPJ'_

e 6t

e )
Finally, for :», we note that because P is perfect, it is dualizable. Thus,
for all M € Dqc(X) and integers j, there are natural quasi-isomorphisms:
72IRHomg (P, M) =~ 729 RHomg , (P, 729 7"M)
~ sz RF(Xlis-ét7 Ppv ®I('9X TZj_TM).

Also since P is perfect, the restriction of the functor PV ®f (=) to D/~ (X)

factors through D2/ ~'(X) for some fixed integer r’. The result now follows from

Lemma |1.2{(3)). O
For future reference, we summarize the situation in the following remark.

Remark 4.6. Let X be a quasi-compact and quasi-separated algebraic stack. Then
the following are equivalent:
(1) every perfect object of Dgc(X) is compact;
(2) the structure sheaf Ox is compact;
(3) X has finite cohomological dimension; and
(4) the derived global section functor RI': Dqc(X) — D(Ab) commutes with
small coproducts.
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The equivalence of the first two conditions follows from Lemma [£.:4] The structure
sheaf is compact, if and only if X has finite cohomological dimension (Lemma [4.5]).
The last condition is equivalent to the definition of O x being compact.

4.3. Supports and generation. Let X be a scheme and let M € QCoh(X). The
support of M is the subset

supp(M) = {x € | X| : M, # 0}.
More generally, if X is an algebraic stack and M € QCoh(X), then we define the
support of M as follows: let p: U — X be a smooth surjection from a scheme U;

then supp(M) = p(supp(p*M)). It is easily verified that this is well-defined (i.e.,
independent of the cover p).

Definition 4.7. Let X be an algebraic stack and let E € Dy (X). Define the
cohomological support of E to be the subset

supph(E) = Upez supp(H"(E)) C |X]|.

Recall that if X is a quasi-separated algebraic stack, then for every z € |X|,
there is a quasi-affine monomorphism i,: G, — X with image x, where G, is a
gerbe over a field k(z), the residue field at « [Ryd11, Thm. B.2]. We refer to this
data as the residual gerbe at x. We now have the following lemma.

Lemma 4.8. Let X be a quasi-compact and quasi-separated algebraic stack. Let E
be a perfect complex on X.
(1) Then x € supph(E) if and only if the complex L(i.)5.E is not acyclic in
Dyc(SGz), where iy: G — X is the residual gerbe.
(2) If f: X! —» X is a quasi-compact and quasi-separated morphism, then
supph(Lfs.E) = f~! supph(E).
(3) supph(E) is closed with quasi-compact complement.

Proof. For , then x € supph(E), if and only if there exists a smooth and surjec-
tive morphism p: U — X, where U is a scheme, and u € U such that p(u) = z and
(Lpi.E)u is not acyclic in Dge(Op,y ). By [Tho97, Lem. 3.3(a)], this is equivalent to
(Lp;.E) @ k(u) not being acyclic in Dgc(rk(u)). Since Spec r(u) — G, is faithfully
flat, the result follows.

For (2)), we use and argue as in [Tho97, Lem. 3.3(b)], with the additional
observation that for every z’ € |X’|, the induced morphism on residual gerbes
Gar — Gf(ar) is faithfully flat.

For , by , the conclusion may be verified smooth-locally. In particular,
we may assume that X is an affine scheme, and the result follows from [Tho97,
Lem. 3.3(c)]. O

If X is an algebraic stack and Z C | X]|, then we define
Dyc,jz|(X) = {M € Dgc(X) : supph(M) C Z}.
If j: U — X is a flat monomorphism, e.g., an open immersion, then
ch,|X\U|(X) = {M S DqC(X) : j*M ~ O}

Lemma 4.9. Let X be an algebraic stack and let P € Dyc(X) be a perfect com-
plex with support Z = supph(P). If M € Dyez/(X), then M ~ 0 if and only if
RHomeo, (P, M) ~ 0.

Proof. The question is local on X for the smooth topology, so we may assume that
X is an affine scheme. By [BN93| Prop. 6.1], there is a perfect generating complex
K € Dgc, z/(X)¢ (a Koszul complex). As P is perfect and the support of P is |Z],
it follows from [Nee92al Lem. A.3] that K is in the thick closure of P, so P is also
a generator of Dye | z(X). Thus, RHomg , (P, M) ~ 0 if and only if M ~ 0. O
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Lemma 4.10. Let X be a quasi-compact and quasi-separated algebraic stack and
let j: U — X be a quasi-compact open immersion with complement |Z|.
(1) If Dyc, z|(X) is generated by a set whose elements have compact image in
Dqc(X), then there exists a compact object Q of Dqc(X) with support |Z|.
(2) If Dyc(X) is generated by a set of compact objects {Qp}vep and there exists
a perfect complex P on X with support |Z|, then Dye | z(X) is generated by
the set {Qp ®'@X Ploep (whose elements have compact image in Dye(X)).

Proof. For (I): let {Qx}aea be a set of generators for Dy, z|(X) whose elements
have compact image in Dg.(X). Let z € |Z| be a point and choose a representa-
tive, that is, a field £ and a 1-morphism of algebraic stacks Z: Speck — X with
image z. Since the diagonal of X is quasi-compact and quasi-separated, it follows
that Z is quasi-compact and quasi-separated. By Lemma [1.2J|4), it follows that
ngCR(EqC)*(‘_)speCk ~ 0 and so there exists a A € A, an integer n, and a non-zero
morphism Qj[n] = R(Zgc)«Ospec k. By adjunction, LZ5.Qx # 0 and we deduce that
Uxea supph(Qy) = |Z]. Tt suffices to show that there is a finite subset A’ C A such
that Uxeas supph(Qy) = |Z]. This is obvious if X is noetherian or, more generally,
if Z has a finite number of irreducible components.

In complete generality, we note that | Z| is constructible (by hypothesis) and that
supph(Q,) is constructible for every A (by Lemma[4.8{[3)). Indeed, both subsets are
closed with quasi-compact complement. We conclude that |Z| = Uxea supph(Qy)
has a finite subcovering since the constructible topology is quasi-compact.

For : first note that the complex Q, ®'@X P, which belongs to Dy |z(X), is a
compact object of Dye(X) (Lemma ) Let M € Dgg,jz(X) and suppose that
RHomg  (2® P, M) ~ 0. By adjunction (L.3), RHome (2, RHomo (P, M)) ~
0. Since the set {Qp}pep is generating, it follows that RHome , (P, M) ~ 0. Thus
M ~ 0 by Lemma |4.9 (]

4.4. Projection formula. A typical application of Corollary is given by the
following Proposition. The given argument is a variant of [Nee96, Prop. 5.3], though
we have not seen this Proposition in the literature before.

Proposition 4.11 (Strong projection formula). Let A be a ring and let 7: X —
Spec A be a morphism of algebraic stacks. Let Q be a compact object of Dyo(X) and
let G € Dyo(X). Then for every I € D(A), there is a natural quasi-isomorphism:

RHomo, (Q,9) ®4 I ~ RHomo (2,5 ®p , L)
Proof. First we describe the morphism: by adjunction, there is a natural morphism
Ly R(mqe)«RHomo (2, 9) — RHomo, (2,9)

and so by (1.3)) there is a natural morphism

(L} R(mqe)«RHomo (2, 9)) ®p, Q®p, Lrid = §®p, LI,
By (1.3) again, there is a natural morphism:

Lt [R(7rqe)« RHOmo  (Q,9) ®Y I] = RHomo (9,5 @, Lri.I).
By adjunction and (1.5 and (1.10) we deduce the existence of the required natural

morphism
¢r: RHomo, (Q,9) ®4 I — RHomo (9,5 ®p, Lmi.I).

Let K C D(A) be the full subcategory with objects those I such that ¢; is a quasi-
isomorphism. It remains to show that X = D(A). Clearly, X is a triangulated
subcategory that contains A[k] for every integer k. Moreover, since Q is a compact
object of Dge(X), X is closed under small coproducts. The result now follows from

Corollary O
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A straightforward implication is the usual projection formula for concentrated
morphisms of algebraic stacks.

Corollary 4.12 (Projection formula). Let f: X — Y be a concentrated 1-morphism
of algebraic stacks. The natural map

(R(fqe)sM) @5, N = R(fae) (M &0 LfGN)
is a quasi-isomorphism for every M € Dgo(X) and N € Dgc(Y).
Proof. By adjunction, there is a natural morphism
LfaeR(fae) M &5 LGN = M@, LfgN.
By adjunction again, we deduce the existence of a natural morphism
Un (R(fae):M) @5, N = R(fae) (M @ LEGN).

It remains to show that ¢ is a quasi-isomorphism for every N € Dgy.(Y). Note that
the verification of this is smooth local on Y, so by Theorem [2.6{[4]), we may reduce
to the situation where Y is an affine scheme. By Lemma Ox is compact
and the result now follows from Proposition [4.11 O

4.5. Tor-independent base change. Let f: X — Y and ¢g: Y’ — Y be mor-
phism of algebraic stacks. We say that f and g are tor-independent if for every
smooth morphism Spec A — Y and every pair of smooth morphisms Spec B —
X xy Spec A and Spec A’ — Y’ xy Spec A we have that Torf‘(B,A’) = 0 for all
i > 0. Equivalently, Tor)"9(Ox,O0y/) = 0 for every integer i > 0 (see [Hall7,
App. C] for details). Note that if g is flat, then it is tor-independent of every f.
The projection formula of Corollary is powerful enough to prove a very general
tor-independent base change result which extends Theorem [2.6/4)).

Corollary 4.13. Fix a 2-cartesian square of algebraic stacks

x 2. x

f’l J{f
vy 2.y,

If f and g are tor-independent and f is concentrated, then there is a natural quasi-
isomorphism for every M € Dy (X):

Proof. By Theorem , the result can be verified smooth-locally on Y and Y.
Thus, we may assume that Y = Spec A and Y’ = Spec A’. In particular, g and
¢’ are affine. Since g is affine, R(gqc)« is conservative (Corollary . Hence, it
is sufficient to verify that the morphism in question is a quasi-isomorphism after
application of the functor R(gqc)«. By the projection formula applied to g and then
f, there are natural quasi-isomorphisms

R(gqc)*l—gécR(ch)*M =~ R(ch)*M ®Oy R(gqc)*OY’
= R(qu)*(M ®|(9X I—f;cR(qu)*oY')~

Note, however, that because f and g are tor-independent and g is affine, the natural
map

Lf:;CR(qu)*Oy/ - R(géc)*OX’
is a quasi-isomorphism. Indeed, this may be verified smooth-locally on X, so we

may assume that X = SpecC. The morphism in question corresponds to the map
C®Y4 A" = (C®a A)[0] in D(C), which is a quasi-isomorphism because f and g
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are tor-independent. With the projection formula and functoriality, we now obtain
the following natural sequence of quasi-isomorphisms:

R(fae)s M R, LfrR(gae)«Oy7) ~ R(foe)« (M @5, R(g4)-0x7)
=~ R(fae)+R(gge) s LggeM
=~ R(gqe)+R(fge) s LggeM.
The result follows. O

Note that in the setting of derived algebraic geometry, tor-independence is not
necessary to obtain a base change result [BZFN10, Prop. 3.10].

4.6. Finite duality. Using the projection formula, we can also establish finite
duality.
Theorem 4.14. Let f: X — Y be a concentrated morphism of algebraic stacks.

(1) R(fye)s: Dge(X) = Dgc(Y) admits a right adjoint f*.

(2) For every M € Dy (Y) there is a natural quasi-isomorphism:

R(qu)*fX (M) = Rf}{om%"y (R(qu)*OX, M)
(3) If f is affine, then for every M € Dy (Y') there is a natural quasi-isomorphism.:
P O) = JRIComfs, (£.0x,M),

where ?* 1s the functor from Corollary .
(4) If f is affine and f.Ox is perfect, then for every M € Dy (Y) there is a
natural quasi-isomorphism:
F*(0y) @b, f*(M) = f*(M).
In particular, f* preserves small coproducts. Moreover, f* is compatible

with tor-independent base change on Y. If in addition f is surjective, then
f* is conservative.

Proof. By Theorem [2.6{(3), the functor R(fyc)« preserves small coproducts. Since
Dgo(X) is well generated [HNRI4, Thm. B.1], the existence of f* follows from
[Nee01b| Prop. 1.20]. Now fix N € Dgc(Y'); then there are natural isomorphisms:

Homo, (N, R(fqe)« f* (M)) = Homo (LGN, (M)
> Homa, (R(fae)sLf2.N, M)
= Homo, ((R(fqe)«0x) ®p, N, M)
= Homg, (N, RHomg (R(fqe)«O0x,M)).

The penultimate isomorphism follows from the projection formula (Corollary [4.12]).
By the Yoneda Lemma, this proves .
We now address (3). Let f*: Dge(Y) — Dge(X) be the functor

(M) = F RHom (f.0x, M),

where ?* comes from the equivalence of Corollary We claim there is a natural
transformation of functors f* = f*. To see this, let N € Dy (X) and M € Dy (Y);
then there are natural morphisms:

Homo ¢ (N, f*(M)) = Homo, (R(fae)«N, R(fae)f* (M)
= Homo, (R(fge)«N, RHom (f.O0x,M))
— Homg,, (R(fqe)«N, RHom{ (Oy, M))
= Homo, (R(fqe)+N, M)
>~ Homg,, (N, f*(M)).



PERFECT COMPLEXES ON ALGEBRAIC STACKS 25

By the Yoneda Lemma, we have the claim. Since f is affine, to prove that the
natural transformation f ¥ = f* is an isomorphism, it is sufficient to prove it is
after application of R(fyc)« (Lemma . This follows from the definition of f*
and .

We now treat . By adjunction and the projection formula (Corollary we
obtain a natural morphism for every M &€ Dgc(Y):

F(0y) @ Lfac (M) = f* (V).
Since f is affine, it is sufficient to prove this morphism is an isomorphism after appli-

cation of R(fyc)« (Lemma. By and the projection formula (Corollary ,
we see that it is sufficient to prove that the induced morphism:

RHomg (f.0x,0y) ®p, M — RHom (f.0x, M)

is a quasi-isomorphism for every M € Dy (Y). But f.Ox is perfect, so Lemma
now gives the claim.

For the compatibility of f* with base change, we consider a tor-independent
2-cartesian diagram of algebraic stacks:

X’L>X

o)

vy 2.y

Adjointness and tor-independent base change (Corollary |4.13) provides a natural
transformation Lggef* — (f')*Lgg. of functors that we must show is an isomor-
phism. Tor-independent base change also implies that there is a quasi-isomorphism:
LgacR(fae)«Ox =~ R(fi)«LggeOx. Since R(fqe)«Ox is perfect, it follows that
R(fic)«Ox is perfect. By the formula just determined for f*, we thus see that
it is sufficient to prove that Lgye f*(Oy) — (f')*Lg;.(Oy) is a quasi-isomorphism.
Since f (and so f’) is affine, it is sufficient to verify this after application of R(f!.)«-
This observation, together with and tor-independent base change shows that it
is sufficient to prove that the morphism:

Lgae Rf}{om%cy (f+0x,0y) = RHomo,,, (Lg;.(fOx), Oy')

is a quasi-isomorphism. But f.Ox and Lg}.(f.Ox) are both perfect and so du-
alizable (Lemma . In particular, the derived pullback of the dual of f,Ox
coincides with the dual of Lg;.(f«Ox). It follows that the asserted map is a quasi-
isomorphism and the claim follows.

Finally, we address the conservativity. For this, it is sufficient to observe that if
f is surjective, then supph(f.Ox) = |Y]. But RHomo, (f.Ox,M) ~ 0 if and only
if M ~ 0 (Lemma[£.9). O

Corollary 4.15. If f: X — Y is a finite and faithfully flat morphism of finite
presentation between algebraic stacks, then the functor

X)) = ?*Rﬂ{omoy (f:0x, M), where M € Dy (Y),

is right adjoint to R(fgc)s: Dqe(X) = Dgc(Y'). Moreover, f* is compatible with ar-
bitrary base change on'Y, f* (Oy)@léx f*(=) = f*(-), preserves small coproducts,
and is conservative.

4.7. Coherent functors. Combining the strong projection formula of Proposition
with the characterization of compact objects in Lemma[4.5] we can prove most
of Theorem
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Corollary 4.16. Let A be a noetherian ring and let m: X — Spec A be a morphism
of finite type between noetherian algebraic stacks. Suppose that
(1) for everyi >0 and M € Coh(X), the cohomology H'(Xyis-st, M) is a finitely
generated A-module (e.g., ™ proper); and
(2) Dge(X) is compactly generated.

Then, for every F € Dyc(X) and G € D2, (X), the functor
Homo  (¥,5 ®p, Lmi.(—)): Mod(A) — Mod(A)
is coherent.

Proof. We begin by observing that the coherent functors Mod(A) — Mod(A) consti-
tute a full abelian subcategory of the category of A-linear functors, which is closed
under products (where everything is computed “pointwise”) [Halldl Ex. 4.9]. Let
T C Dgc(X) denote the full subcategory with objects those I € Dqc(X) where the
functor Home , (F,5®f L7} (—)) is coherent for every § € D, (X). In particular,
T is closed under small coproducts, shifts, and triangles. By Corollary it is
enough to prove that T contains the compact objects of Dgc(X). If Q € Dgc(X) is
compact, then the strong projection formula (Proposition implies that there
is a natural quasi-isomorphism:

RHomo, (Q,9) ®4 I ~ RHomo  (Q,5 ®p , Lrs.I).
(

Since Q is compact, it is perfect (Lemma ) and so RHome , (9,9) € D2, (X).
The assumption on preservation of coherence implies that R(7qc). sends D&, (X)
to DE,, (A). In particular, RHomg (2, §) ~ R(mqc)«RHomo  (2,5) € DE,, (A). By
Lemmawe also have RHomg , (Q, §) € D?(A). Thus the functor Homo , (Q, 58§
Lry.(—)) is coherent [Hall4l Ex. 4.13] and we deduce the result. O

5. PRESHEAVES OF TRIANGULATED CATEGORIES

Throughout this section we fix a small category D that admits all finite lim-
its. Let TCat denote the 2-category of triangulated categories. A D-presheaf of
triangulated categories is a 2-functor T: D° — TCat.

Given a morphism f: U — V in D, there is an induced pullback functor f&: T(V) —
T(U). When there is no cause for confusion, we will suppress the subscript T from
f&. For any such f (not necessarily a monomorphism), we let

T\ (V) = ker(f*: T(V) — T(U)).
We say that T has adjoints if for every morphism f: U — V in D, the pullback
functor f*: T(V) — T(U) admits a right adjoint f,: T(U) — T(V).
Definition 5.1. Suppose that T is a D-presheaf of triangulated categories with
adjoints. Let f: U — V be a morphism in D and let N € T(V). We denote by

77{\,: N — fof*N the unit of the adjunction. A morphism g: W — V in D is
T-preflat if for every cartesian square in D:

gu
Uy ——

fwl lf
W—=V,
the natural transformation ¢*f. — (fw)«(gu)* is an isomorphism. A morphism

g: W — Vin D is T-flat if for every morphism V' — V| the pullback ¢': W' — V'
of g is T-preflat.

Note that because monomorphisms are stable under base change, T-flat monomor-
phisms are stable under base change.
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Example 5.2. Let Y be an algebraic stack that is quasi-compact and quasi-
separated. Let Rep™ /Y denote the category of 1-morphisms X — Y that are
representable and of finite presentation. The category Repfp/ Y is small. We
have a Rep™ /Y -presheaf of triangulated categories Dg: (Reple /Y)° — TCat,
that sends X — Y to Dgq(X) and a I-morphism f: X’ — X in Rep®/Y to
Lfae: Dqe(X) = Dge(X’). The functor Lf;. admits a right adjoint R(fge)« so Dec
is a presheaf with adjoints.

By Theorem , if f is a flat morphism, then it is Dyc-flat. Conversely, if
f: X' = X is Dyc-flat, then f is flat. Indeed, this is local on the source and target
of f, so it is sufficient to show that if f: Spec B — Spec A is Dqc-preflat, then B
is a flat A-algebra. For this, we note that if I is an ideal of A, then corresponding
toi: Spec(A/I) — Spec A we see that there is a quasi-isomorphism (A/I) ®Y B ~
(B/IB)[0]. That is, for all n > 0 and ideals I of A we have that Tor’y (B, A/I) = 0—
hence B is flat over A. It follows that the Dy.-flat monomorphisms are the quasi-
compact open immersions [EGAl TV.17.9.1].

Example 5.3. Our notion of T-flatness is not always optimal. In particular, it
is weaker than expected in the derived setting. If T is a presheaf of triangulated
categories with t-structures, then a better definition is that f is T-flat if f* is t-exact.

To illustrate this, suppose D = SCR® is the co-category of affine derived schemes,
that is, the opposite category to the oo-category of simplicial commutative rings.
Further, let 7 = Mod(—) be the functor that takes a simplicial commutative ring
A to the stable oo-category Mod(A) of (not necessarily connective) A-modules.
Then every morphism in D is T-flat whereas Spec B — Spec A is flat exactly when

L
the pullback B ® 4 —: Mod(A) — Mod(B) is t-exact. Nevertheless, just as in
the non-derived case, the finitely presented T-flat monomorphisms are exactly the
quasi-compact open immersions since every monomorphism of derived schemes is

formally étale [HAGII 2.2.2.5 (2)].

Lemma 5.4. Let T be a D-presheaf of triangulated categories with adjoints. Fix a
commutative diagram in D:

Wy 2w
fvj/ l/f
v—1oX
(1) If j is a T-preflat monomorphism in D, then the adjunction j*j. — Idg v

18 an isomorphism.
(2) f*: Tx\w(X) = T(W) factors through Ty, (W).

(3) If the diagram is cartesian and j is T-preflat, then the functor f.: Ty \w, (W) —

T(X) factors through Tx\v(X) and is right adjoint to f*: Tx\v(X) —
Ty (W)

Proof. If j: V — X is a monomorphism, then the commutative diagram:

Id
Xy

Vv
Id j
Vé$_

<

is cartesian, whence j*j. ~ (Idy).(Idy)* ~ Idg(y).
By functoriality is trivial. For (3)), given M € Tyw,, (W), then j* f,M ~
(fv)«(jw)*M ~ 0, hence f. M € Tx\y(X). O
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Definition 5.5. Fix a D-presheaf of triangulated categories T with adjoints. A
Mayer—Vietoris T-square is a cartesian diagram in D:

’

U/ ']H X/

o)

UH]-X,

satisfying the following three conditions:

(1) jis a T-flat monomorphism,

(2) the natural transformation f*j. — j. f;; is an isomorphism, and

(3) the induced functor f*: Tx\y(X) = Txnp/(X’) is an equivalence of cate-
gories.

Condition for a Mayer—Vietoris T-square is satisfied if f is a T-(pre)flat
morphism. By tor-independent base change (Corollary , if T = Dgc, then
condition is satisfied for every f. In [HR16], we will consider applications of
these Mayer—Vietoris triangles to a result of Moret-Bailly [MB96]. For this intended
application, it is essential that we permit f to be non-flat.

Example 5.6. We continue with Example Let f: X’ — X be a representable,
quasi-compact, and quasi-separated étale neighborhood of a closed subset |Z| C | X|
with quasi-compact complement |U|. Let j: U < X be the resulting quasi-compact
open immersion. Then the cartesian square:

U/ ]H/ X/

17

U—1sXx ,
is a Mayer—Vietoris Dgc-square. To see this, it remains to prove that the functor L,
induces the desired equivalence. Now the exact functor f*: Mod(X) — Mod(X")
admits an exact left adjoint fi: Mod(X’) — Mod(X) [Stacks, 03DI]. Explicitly, for
M € Mod(X") we have that fiM is the sheafification of the presheaf

(V= X)— @My % x).
¢€Homx (V,X")

Note that the natural map M — f*fiM is an isomorphism for all M € Mod(X")
such that j*M = 0. Also, if N € Mod(X) and j*N = 0, then the natural map
fif*N — N is an isomorphism. The exactness of the adjoint pair (f, f*) now
gives an adjoint pair on the level of derived categories (fi, f*): D(X) < D(X') and
that the relations just given also hold on the derived category. Next, we observe
that the restriction of f* to Dqc(X) coincides with Lfg.. Thus it remains to prove
that if M € Dge(X') and L(j)5. M =~ 0, then fiM € Dqc(X). The exactness of fi
and L(j);. show that is sufficient to prove this result when M is a quasi-coherent

sheaf such that (j')*M = 0. Note that (U & X, X’ ER X) is an étale cover of X,
JhM = (fuh(j))*M = 0 and f*fiM = M. We deduce that étale-locally fiM is
quasi-coherent. By descent fiM is quasi-coherent and the result is proved. For a
different proof in a more general context, see [HR16, Prop. 4.2].

Example 5.7 (Etale cohomology). Let Y be an algebraic stack that is quasi-
compact and quasi-separated. Let A be a noetherian ring such that A is torsion and
|A| is invertible on Y. We have the derived category D, (Y, A) of bounded below

cart
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lisse-étale A-modules on Y with cartesian cohomology [LMBl 12.10]. More gener-

ally, we have a Rep'? /Y -presheaf of triangulated categories D, . (—, A): (Rep™/Y)° —

cart
TCat, that sends X — Y to D}, (X, A) and a 1-morphism f: X’ — X in Rep'?/Y
to f*: DL, (X,A) — DI, (X', A) [OIs07, 9.16]. By smooth base change, f, takes
cartesian sheaves to cartesian sheaves so the functor f* admits a right adjoint
Rf. [OIs07, Prop. 9.9], i.e., D{ . (—, A) is a presheaf with adjoints. Moreover, étale
and smooth morphisms are D7, (—, A)-flat.

If f: X’ — X is an étale neighborhood of |Z| C |X| as in the previous example,
then the resulting square is a Mayer—Vietoris D, , (—, A)-square. Indeed, if i: Z —
X is a closed immersion for some scheme structure on Z, then i* and i, induce an
equivalence of categories DY, | v\ (X, A) 2 D& (Z, A).

We also have a subpresheaf DF(—, A) where DI (X,A) C D, (X, A) consists
of the objects with constructible cohomology sheaves [LMB 18.6]. If YV is quasi-
excellent of finite dimension, A = Z/NZ and N is invertible on Y, then DF(—, A)
has adjoints (Deligne-Gabber’s finiteness theorem) and an étale neighborhood is a
Mayer—Vietoris D (—, A)-square.

These results are also valid for unbounded derived categories [LZ12] 6.3.3-6.3.4].

Example 5.8. Consider a 2-commutative diagram of triangulated functors:

e
R <37 %

1, b

R<—-38,

and assume that they all have right adjoints, which we will denote as fi, j«, 74,
and j,, respectively. Let K = ker(5*) and X' = ker(j'*). Let D be the category
consisting of the following objects and arrows:

R/ # S/

1k

R—155.

There is a D-presheaf of triangulated categories T with adjoints such that T(S) = 8
etc. The square above is a Mayer—Vietoris T-square if and only if the following
conditions are satisfied:

(1) the natural transformations j*j,. — Id and j*j. — Id are isomorphisms,

(2) the natural transformation j* f, — r,j"* is an isomorphism,

(3) the natural transformation f*j. — j.r* is an isomorphism, and

(4) the induced functor X — X’ is an equivalence of categories.
Condition (1)) implies that R = /XK, R' = 8'/K" and K, K’ are Bousfield subcate-
gories of 8, 8 respectively (Lemma [3.4) and [NeeO1b, Ch. 9]).

Mayer—Vietoris T-squares give rise to many nice properties. In particular, we
obtain a familiar distinguished triangle.

Lemma 5.9. Let T be a D-presheaf of triangulated categories with adjoints. Con-
sider a Mayer—Vietoris T-square in D:

U/ JH’ X/

e s

Uv—1-X.
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(1) If N € T(X), then there is a unique map d that makes the triangle:
<77]7.\f ) ; )
4 N wn —Fe T
N*>7IN J«J*N & fo f*N (e »)

distinguished. Moreover, this d is functorial in N.

(2) Let M € Txny(X') and let N € T(X). Then there is a natural bijection:
Homg(x)(f« M, N) = Homg(x/) (M, f*N).

(3) Given Ny € T(U), N' € T(X'), and an isomorphism ¢: j”*N' — [Ny,
define N by a distinguished triangle in T(X):

fuf*Guj* N —4= N1

N—>j,Ny & f.N’ (g 7o) fef* 5Ny — N[1],

where a: fuN' — f.f*j. Ny is the composition:
/ f*ﬂ';\,// NN f*jié S opx ~ * -
JeN' —— i, " N' ——= [ JoNu = fof 3« Nu.
Then the induced maps j*N — Ny and f*N — N' are isomorphisms.
(4) If N € T(X) satisfies j*N € T(U)¢, f*N € T(X'), and fj*N € T(U')°,
then N € T(X)°.

Proof. An equivalent formulation of is that

n.]

J«J*N
\Ln]]:] lnyf*j*N
* f*f*n] * v 3k

f*.f N4N>f*f Jx] N

is a homotopy cartesian square [NeeO1b| Def. 1.4.1] whose differential d is unique
and is functorial in N. To see that the square is cartesian, first choose C' such that
we have a distinguished triangle:

C—Ls N N s o).

Since j is a T-flat monomorphism, j*nf\, is an isomorphism (Lemma ) It
follows that j*C' =0, so C € Tx\y(X), and né is an isomorphism. We thus obtain
a morphism of distinguished triangles:

nd

C ! N il Jui*N m c]

| |
f ol Fef )" rofufrm

c—= fof N — o p N S o)

for some morphism u. We can certainly let u = 77}: N and we will soon see that this
is actually the only possible u. On the other hand, we can choose u such that the
middle square is a homotopy cartesian square by the Octahedral Axiom [Nee0O1bl
Lem. 1.4.3]. After applying j.j* to the middle square and adjoining to it the natural
square relating v and j,j*u we obtain the commutative diagram:

. Gud* e e N o
Jaf*N —————— " j* N =———— j,j*N

ij*j*nfv lm‘*u lu

R B o O o RTINS el
JxJ f*f N—N>]*.7 f*f JxJ NMf*f J«J*N.
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Since j is a T-flat monomorphism, the horizontal maps are all isomorphisms and it
follows that u = 77;* j«n- Moreover, it is readily verified that the induced differential

d:=1[1]o (t) "1 o fuf*m: fof*juj*N — N1

;
is independent of the choice of the triangle C LN G«i*N % C[1]. The
functoriality of the Mayer—Vietoris triangle now follows from the construction. Fi-
nally, to show that d is unique, if d’: fif*j.j*N — NJ[1] is another morphism that
makes a distinguished triangle, then there is an induced morphism of distinguished
triangles:

N—juj*N @ fuf N —= fuf*juj*N “—= N[1]
!

‘
¥ 7

N ——=juj*"N & fuf*"N — f.f"juj"N — N[1]

It remains to show that 6 is the identity morphism. Splitting up the sum in the
middle square, we obtain the commutative diagram:

f*f*nj * 0 ek
f*f*N4N>f*f J«J*N
-
Ff
fofS N —— = ——— fufT N

Applying j.j* to this diagram, we may append another square on the right to
obtain the commutative diagram:

VI A ”,J};*f*.‘*‘*N s ek
JeJ e f" N4N>J*J T 734" <#f*f J«J*N

e |
. " . . x Mo g™ N . x
Jug* fef*N g [5G N <——"— f.f*jj*N
where the horizontal arrows are isomorphisms. It follows that 6 is the identity.
To obtain the isomorphism in 7 first note that by the definition of a Mayer—

Vietoris square, the counit f*f.M — M is an isomorphism since M € Txn g/ (X').
This gives us a natural isomorphism

Homg(x) (M, f*N) = Homg(x (f* f« M, f*N) = Homg(x)(fs M, f f*N).

Now apply the homological functor Homg(x(f«M, —) to the triangle N — j,j*N &
N = fif*jej*N from . Since j*f«M =~ 0 we obtain an isomorphism
Homg(x)(f« M, N) = Homgx)(f M, fof*N) and the result follows.

For (3), the natural maps v;: j*N — Ny and vs: f*N — N’ are obtained
by adjunction from the maps v}/: N — j7.Ny and v}/: N — f.N’ in the defining
triangle of N. The defining triangle exhibits N as a homotopy pullback. We may
thus find a morphism of distinguished triangles [NeeQ1bl Lem. 1.4.4] (Octahedral
axiom):

Y
v

C N . j*NU
o e
C f«N' = fef"§« Ny ——— C[1]

Since j is a T-flat monomorphism, we have that j*« is an 1somorphlsm7 so j*C' 2 0.
It follows that j*vjvz J*N — 7%j«Ny is an isomorphism and hence that v;: j7*N —
Ny is an isomorphism (Lemma [5.4{(1).
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Now, by , we have a morphism of distinguished triangles:

N —= "N @ f.f*N — f. f*j.j*N —4> N[1]
|
\
N——j,Ny® fN —— [, f*j. Ny —— N|1].

As before, it follows that § = f. f*j.v; by considering the application of j,j* to the
middle square. Since v; is an isomorphism, it follows that f,vs is an isomorphism.
Now, if we let W be a cone of vy, then f,W ~ 0. We will be done if we can show
that j"*vy is an isomorphism. Indeed, it would then follow that j”*W ~ 0 and so
W ~ f*f,W ~ f*0 ~ 0. To this end, since the following diagram commutes:

j/*f*N JTvs j/*N/

Canl J((S
fovi

foi*N — f;Nu,

and all appearing morphisms except j™*vy are known to be isomorphisms, it follows
that j™*vs is an isomorphism.

For , let h € {j, f,jo fu}. Since h* admits a right adjoint, it commutes with
small coproducts. Thus if {@Qx} is a set of objects of T(X), then

®x Hom(N, h,.h*Qx) = @) Hom(h*N,h* Q)
=~ Hom(h*N, ®\h* Q)
~ Hom(h"N, h*(©xQx))
=~ Hom(N, h.h* (©rQ2))-

The result now follows by consideration of the Mayer—Vietoris triangles associated
to @ and )@, together with the long exact sequence given by the homological
functor Hom(NV, —). O

In the following definition, we axiomatize the required properties of open immer-
sions of algebraic stacks.

Definition 5.10. Let T be a D-presheaf of triangulated categories with adjoints.
Let £ be a collection of morphisms in D. We say that £ supports T if it satisfies
the following five conditions:
(1) if j: U — X belongs to £, then j is a T-flat monomorphism;
(2) if j: U — V is an isomorphism, then j belongs to £;
(3) if j: U —»V and k: V — X belong to £, then k o j belongs to £;
(4) if j: U — X belongs to £ and f: X’ — X is a morphism in D, then the
induced morphism j': U x x X’ — X’ belongs to £; and
(5) ifi: U - X and j: V — X belong to £, then there exists a commutative
diagram:

where k belongs to £, and the square is a Mayer—Vietoris T-square.
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Note that UNV =U xx V.

Example 5.11. We continue Example Let J be the collection of morphisms
in Rep'™ /Y that are open immersions. By Example and standard arguments,
J supports Dc.

We now have a straightforward lemma.

Lemma 5.12. Let T be a D-presheaf of triangulated categories with adjoints. Let
L be a collection of morphisms in D that supports T. If i: U — X and j: V — X
belong to L, then

(1) Tx\ouv(X) = Tx\v(X) NTx\v(X), and

(2) there is an exact sequence of triangulated categories:

Tx\ouv (X) = Tx\v(X) L Tonvnv (U).

Proof. Certainly, we have Tx\pyuv (X) C (keri*) N (kerj*). For the other in-
clusion let M € (keri*) N (ker j*). If k: UUV — X denotes the morphism induced
by Definition , then k*M € T(UUV). Now let k: UNV — U UV denote
the induced morphism. There is a triangle in T(U U V):

K*M — 3,7°k* M 6 7,7°k* M — k& k*M.
Functoriality induces isomorphisms 7*k* ~ ¢*, 7%k* ~ j* and Tk~ Jitt. By
hypothesis i*M and j*M vanish, so the triangle gives k*M ~ 0. Hence M €
Tx\vov (X)-

(2) Lemma shows that the functor i*: Tx\y (X) — T(U) factors through
Tinunv (U) and the kernel is (keri*) N (ker j*) = Tx\pyuv (X) by (). Also, Lemma
‘j shows that i.: Ty\unv (U) = Tx\v(X) is a right adjoint to i* and Lemma

{

1)) shows that the natural transformation i*i, — Id is an isomorphism. It
follows that the sequence is exact by Lemma ]

6. DESCENT OF COMPACT GENERATION

For this section we fix a small category D that admits all finite limits. We also
fix a collection £ of morphisms in D.

Definition 6.1. An admissible (£, D)-presheaf of triangulated categories is a D-
presheaf T of triangulated categories with adjoints ( satisfying

(1) for all X € D, the triangulated category T(X) is closed under small co-
products;

(2) for all (f: X — Y) € D, the push-forward f.: T(X) — T(Y) preserves
small coproducts; and

(3) £ supports T (Definition [5.10)).

Example 6.2. We continue Example Dyc is an admissible (J, Rep™®/Y)-
presheaf of triangulated categories. Indeed, the only non-trivial condition is that f.
preserves small coproducts, which follows from Theorem since representable
morphisms are concentrated.

Definition 6.3. Let 8 be a cardinal and let X € D. We say that an admissible
(L, D)-presheaf of triangulated categories T is compactly generated with L-supports
by 8 objects at X if for every j: V' — X in £ the triangulated category Tx\v (X) is
generated by a set of cardinality < § whose elements have compact image in T(X).

In practice, D will often contain an initial object () and for every X € D it will be
the case that () — X) € £ and T(()) ~ 0. Hence, in this situation, T(X) = Tx\p(X)
is also compactly generated by a set of cardinality < 3. Also observe that if 3 is
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a finite cardinal, then T can always be compactly generated with supports by one
object at X. In this section we will give conditions on T that guarantee that
the condition of compact generation with L-supports by 8 objects descends along
certain morphisms and diagrams in D.

Our first result is of an elementary nature and is similar to the arguments of
Toén [To€l2, Lem. 4.11]. First we require a definition:

Definition 6.4. Let T be an admissible (£, D)-presheaf of triangulated categories.
A morphism f: X' — X in D is T-quasiperfect with respect to £ if the following
three conditions are satisfied:
(1) fis T-flat (Definition [5.1]);
(2) if P € T(X')¢, then f.P € T(X)%;
(3) f. admits a right adjoint f* such that for every j: V — X in L, the
restriction of f* to Tx\y (X) factors through Tx vy x/(X').

By Example a potentially easy way to verify condition above is for f* to
preserve small coproducts. To verify condition above, it is sufficient to prove the
following: for every j: V. — X in £, if j': V! — X’ is the pullback of j along f and
fv: V' = V is the projection to V, then f, and (fy ). both admit right adjoints
and the natural transformation j™* f* — f7j* is an isomorphism of functors.

Example 6.5. We continue with Example If ¢: W/ — W is a finite and faith-
fully flat morphism of finite presentation, then ¢ is Dyc.-quasiperfect with respect
to J (Corollary . In [HR15, App. A], we prove that if ¢: W' — W is a proper,
smooth and locally schematic morphism of noetherian algebraic stacks, then ¢ is
Dqc-quasiperfect with respect to J.

We now have the first important result of this section.

Proposition 6.6. Let 8 be a cardinal. Let T be an admissible (£,D)-presheaf of
triangulated categories. Let f: X' — X be a morphism in D that is T-quasiperfect
with respect to L. If the functor f* (which exists because f is T-quasiperfect) is
conservative and T is compactly generated with L-supports by B objects at X', then
T is compactly generated with L-supports by [ objects at X. In fact, if j: V — X
belongs to £, let V! = X' xx V and let B' C T(X")* N Txny/(X') be a subset of
cardinality < 8 generating Txnv/(X'), then f.B" C T(X)° N Tx\v(X) and f. B’
generates Tx\y (X).

Proof. It suffices to prove the latter assertion. Set B = f,B' = {f.P : P € B'}.
Then B has cardinality < f, and B C Tx\y(X) by Lemma [5.4(3). Moreover,
B C T(X)¢, since f is T-quasiperfect with respect to £. It remains to show that
B generates Tx\y(X). Let N € Tx\y(X) satisfy Homg(x)(f«P[n], N) = 0 for
all P € B’ and all n € Z. Since f is T-quasiperfect with respect to £, it follows
that f*N € Txnv/(X'). As B’ is generating for Tx:\y/(X’), we may conclude
that f*N ~ 0. By assumption, f* is conservative. Thus N ~ 0 and B generates
Tx\v(X). O

Our next descent result is deeper, relying on Thomason’s Localization Theorem
First, however, we require a lemma.

Lemma 6.7. Let 8 be a cardinal. Let T be an admissible (£, D)-presheaf of tri-
angulated categories. Suppose that T is compactly generated with L-supports by 3
objects at X € D. Let W — V and V — X belong to L. Then the following holds.
(1) Tx\w(X) is closed under small coproducts and the subcategory Tx\y (X) C
Tx\w (X) is localizing;
(2) Tx\v(X) is the localizing envelope of a set of compact objects of Tx\w (X);
and
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(3) ‘TX\V(X)C = ‘IX\W(X)C N TX\V(X>-

Proof. First, observe that T(X) is closed under small coproducts. Also, if f: X' —
X is a morphism in D, then f* admits a right adjoint, so f* preserves small
coproducts. Hence, we see that Tx\x/(X) is a localizing subcategory of T(X).
In particular, Tx\ x/(X) is closed under small coproducts. The claim is now
immediate.

By hypothesis, Tx\ (X) is generated by a subset R that has compact image in
T(X), hence also in Tx\w (X). Let R € Tx\w(X) denote the localizing envelope
of R, then R C Tx\y(X). Applying Corollary to R C Tx\v(X), we find
R = Tx\v(X), proving . The claim is now an immediate consequence of
and Thomason’s Theorem B.12 O

Proposition 6.8. Let 8 be a cardinal. Let T be an admissible (L, D)-presheaf of
triangulated categories. Consider a Mayer—Vietoris T-square (Definition :

U/L>X/
fU\L if
U*j>X

with j € L. If T is compactly generated with L-supports by 8 objects at U and X',
then T is compactly generated with L-supports by B objects at X.

Proof. Let V — X belong to £. Form the cartesian cube:

unv V'
U’/ s < I
o
fo unv — |—=v

By Lemma [5.12] we have an exact sequence
(6.1) TX/\U/UV/ (Xl) _> TX(\V( (X/) _> ‘J’U/\U/QVI(U/)'

The category Txny (X ") is compactly generated and by Lemma it is also
closed under small coproducts. By Lemma the subcategory Txnpruv/ (X') C
Txnv(X') is the localizing envelope of a set of compact objects of Ty (X').
Now let P € T(U)° N Tinunv(U). Then fiP € T(U') since (fu). preserves
coproducts (Example and f; P € Tynpnv/ (U') (Lemma ) Thus f5P €
Tunvnv (U by Lemma. We now apply Thomason’s localization Theorem,
in the form of Corollary [3.13] to the exact sequence (6.1). This gives us P’ €

Txnv (X)) =T(X")NTxny/ (X') and an isomorphism j™*P" ~ f5(P & P[1]). As
in Lemma [5.9((3)), form the following triangle in T(X):

P = j.(P®P1) @ f.P' — f.f*j.(Pa® P[1)).

By Lemma.“ ) we have that j*P P®P[1] and f*P ~ P’ and that P € T(X)°.
Since j.j*P, fof*P and f,f*j.j*P € Tx\v(X), it follows that P € Tx\v(X).

Now let Q € Txnpruv/(X'), and note that f.Q € Tx\puv (X Lemma-.
Moreover, f*f.Q — @ is an isomorphism, because f* : Tx\y(X) — Txnpu (X)
is an equivalence of categories. We also have that j*f,Q ~ 0 and j”* f*f.Q ~
Thus, if in addition @ € T(X’)¢, then f.Q € T(X)® by Lemma [5.9|4).
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By hypothesis, there is a subset Bg € T(U)° N Tinpay (U) (resp. By € T(X)N
Txnoruv/ (X)) of cardinality < § generating Ty\pnv (U) (resp. Txnupruvs (X')).
Define: R

B={P: PeBo}tU{f.Q : Qe B}
If B is infinite, then the cardinality of B is < 8, and if 3 is finite then the same is
true of B. By the above considerations, B C T(X )¢ N Tx\y(X) and it remains to
show that B generates Tx\y (X).

Let M € Tx\v(X) so that f*M € Tx/\y/(X’) and j*M € Ty\unv (U). Suppose
that Homg(x)(f.Q[n], M) = 0 for all Q € B, and all n € Z. By Lemma [5.9([2), we
see that Homg(x)(Q[n], f*M) = 0 for all Q € B, and all n € Z. Let K be a cone
of f*M — jij™* f*M. Note that

Homg(x/)(Q[n], i f*M) = Homgx (5 Q[n], j” f*M) = 0

so Homg(x)(Q[n], K) = 0. Since K € Txnyruy(X') and By is generating, we see
that K ~ 0, so fuf*M — f.j.9*f*M ~ f.f*4.5*M is an isomorphism. From the
Mayer—Vietoris triangle M — j,.j*M @& fof*M — fof*j.j* M, we deduce that the
natural map M — j,j*M is an isomorphism for all such M.

Now suppose that M also satisfies Homg(X)(P[n],M) = 0 for all P € Bj and
n € Z. Since the natural map M — j,j*M is an isomorphism, it follows that
Homg(U)(j*P[n],j*M) =0 for all P € By and n € Z. By Lemma , j*P ~
P @ P[1] and so Homg(y)(P[n], j*M) = 0 for all P € By and all n € Z. By
assumption, By generates Tynpyny (U) and thus j*M ~ 0. Since M ~ j,.5*M ~ 0,
we deduce that B generates Tx\y (X). O

We are now in a position to prove the main technical result of the article.

Theorem 6.9. Let X be a quasi-compact and quasi-separated algebraic stack. Let
D be Rep™®/X or one of the full subcategories Rep™ TP /X or Rep™ 5P /X,
Let J denote the set of open immersions in D. Let T be a presheaf of triangulated
categories on D. Assume that

(1) T(W) is closed under small coproducts for all W € D,

(2) for every morphism f: Wy — Wy in D, the pullback f*: T(Wsy) — T(Wh)
admits a right adjoint f. that preserves small coproducts,

(3) for every cartesian square in D

UWg—U>U

Nt

w2V,
such that g is flat, the natural transformation g*f. — (fw)«(gu)* is an
isomorphism,
(4) for every open immersion U — W and étale neighborhood f: W' — W of
WA\ U, the pullback f* induces an equivalence Tyry (W) — Ty (W),
(5) for every finite faithfully flat morphism W' — W of finite presentation,
the functor f.: T(W') — T(W) admits a right adjoint f* that preserves
small coproducts, is conservative, and commutes with pullback along open
1TMMETSIONnS.

Let € C D be the collection of all objects W such that for every separated étale mor-
phism q: W' — W in D and every open immersion V' — W' in J, the triangulated
category Ty v (W') is generated by a set of cardinality < 8 whose elements have
compact image in T(W').

If p: W — X is a separated, quasi-finite and faithfully flat morphism in D such
that W € C, then X € C.
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Proof. Condition says that T has adjoints. Condition says that flat mor-
phisms are T-flat. Conditions and imply that étale neighborhoods are
Mayer—Vietoris squares. In particular, J supports J. Combining this with condi-
tions and , we conclude that T is an admissible (J, D)-presheaf of triangulated
categories.

By assumption, there exists an object W € € with W — X separated, quasi-
finite and faithfully flat. We will apply [Ryd11, Thm. 6.1] to deduce that X € C.
To do this, we need to verify the following three conditions for a flat morphism
q: W' — W in D.

(D1) If W € € and ¢ is étale and separated, then W’ € C;

(D2) if W’ € € and ¢ is finite and surjective, then W € €; and

(D3) if ¢ is an étale neighborhood of W\ U, where U — W is an open immersion

in D, and U and W’ belong to €, then W € C.

Now (D1) tautologically follows from the definition of €. For (D2), Condition
implies that p is T-quasiperfect with respect to J. By Proposmon [6.6] we deduce
that (D2) is satisfied. As noted previously, Conditions (3|) and (4)) unply that étale
neighborhoods are Mayer—Vietoris T-squares. By Proposmon ) is satisfied.
The result follows. O

7. ALGEBRAIC STACKS WITH THE ﬂ—RESOLUTION PROPERTY

Let X be an algebraic stack. Recall that X is said to have the resolution property
if every quasi-coherent O x-module M is a quotient of a direct sum of locally free O x-
modules of finite type. The resolution property is a subtle and difficult property,
although it is always satisfied for quasi-projective schemes. It has been studied
systematically by several authors, with notable contributions due to Thomason
[Tho87], Totaro [Tot04], and Gross [Grol0l [GrolT].

The following simple refinements of the resolution property will be useful for
us. Let VB(X) C QCoh(X) denote the subcategory of locally free O x-modules of
finite type. Let S be a cardinal. We say that X has the B-resolution property if
there exists a subset B C VB(X) of cardinality < g, with the property that every
quasi-coherent O x-module M is a quotient of a direct sum of elements of B. If,
in addition, it can be arranged that B consists of vector bundles that are compact
objects of Dgc(X), then we say that X has the compact -resolution property.

If X is concentrated, then every locally free O x-module of finite type is a compact
object of Dgc(X) (Lemma ) In particular, if X also has the S-resolution
property, then X has the compact S-resolution property. Since quasi-compact,
quasi-separated schemes and algebraic spaces are concentrated, the compact (-
resolution property and the S-resolution property coincide for schemes and algebraic
spaces.

The following simple Lemma will be important.

Lemma 7.1 ([Grol7, Prop. 1.8 (v)]). Let f: X — Y be a quasi-affine morphism
of algebraic stacks. Let B be a cardinal. If Y has the B-resolution property or the
compact B-resolution property, then so does X.

Proof. If B C VB(Y) is a resolving set of cardinality 8, then f*B = {f*E : E €
B} is a resolving set of cardinality 5. Indeed, f* is right-exact and f*f.M — M
is surjective for every M € QCoh(X). In addition, if B consists of compact objects
of Dy (Y), then f*B consists of compact objects in Dy (X) (Example O

Remark 7.2. Similarly, there is the following partial converse: if f: X — Y is fi-
nite and faithfully flat of finite presentation and X has the S-resolution property
or compact S-resolution property, then so does Y. In this case, one takes f.B as
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the resolving set and uses that f, is right-exact and that f.f'M — M is surjec-
tive [Grol7, Prop. 1.13]. But f' = f* preserves coproducts (Corollary , SO fi
preserves compact objects (Example .

Proposition 7.3. Let X be an algebraic stack. If X is quasi-affine, then X has
the 1-resolution property. If X is quasi-compact and quasi-separated with affine
stabilizer groups, then the following are equivalent:

(1) X has the Ng-resolution property;

(2) X has the resolution property; and

(3) X =[V/GLy, 7] where V is a quasi-affine scheme.
When these conditions hold, X has affine diagonal.

Proof. The first statement follows from the fact that Ox € QCoh(X) is a gen-
erator if X is quasi-affine. Trivially, (I) = (2). That — is Totaro’s
theorem [Tot04l [Grol7]. Finally, to see that = it is enough to prove that
BGL,, 7z has the Nyp-resolution property since X — BGL,, 7 is quasi-affine. That
BGL,, z has the resolution property is a special case of [Tho87, Lem. 2.4]: every
coherent sheaf on BGL,, 7 is a quotient of a finite-dimensional subrepresentation of
a finite number of copies of the regular representation. Since there is a countable
number of vector bundles on BGL,, 7, the Rg-resolution property holds.

The last statement follows since [V/GL,, z] has affine diagonal. O

Question 7.4. FEvery algebraic stack that admits a finite flat cover V. — X with
V' quasi-affine has the compact 1-resolution property by Remark[7.3 Are all stacks
with the (compact) 1-resolution property of this form? Is every algebraic space with
the 1-resolution property quasi-affine?

Many quotient stacks have the resolution property:

Example 7.5. Let S = Spec R be a regular scheme of dimension at most 1 (e.g.,
R =7Zor R is a field). Let G — S be a flat affine group scheme of finite type
and let V be an algebraic space with an action of G. Then X = [V/G] has the
resolution property in the following cases [Tot04, Thm. 2.1]:
(1) V is quasi-affine.
(2) V is normal, noetherian and has an ample family of line bundles (e.g. V'
quasi-projective) and G is an extension of a finite flat group scheme by
a smooth group scheme with connected fibers (this is automatic if R is a
field).
(3) V has an ample family of G-equivariant line bundles (e.g. V is quasi-
projective and G is acting linearly).

For (1)), use that BG g has the resolution property [Tho87, Lem. 2.4] and Lemma
For (2) use [Tho87, Lem. 2.10 and 2.14] and for (3) use [Tho87, Lem. 2.6]. Note that
in (2) it is crucial that V' is normal to apply Sumihiro’s theorem [Sum75, Thm. 1.6]
and deduce that sufficiently high powers of the line bundles carry a G-action. In
fact, this is false otherwise (cf. [Tot04, §9]) and whether X has the resolution
property in this case is not known in general. Alternatively, we could assume that
V is a quasi-projective scheme with a linear action of G, as in [BZEN10, Cor. 3.22].

We conclude this section with a simple lemma.

Lemma 7.6. Let X be a quasi-compact and quasi-separated algebraic stack. The
following conditions are equivalent:
(1) X has the compact -resolution property.
(2) X has the B-resolution property and there exists a vector bundle F such
that supp(F) = X and F is a compact object of Dgc(X).
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(3) There is a vector bundle F on X that is a compact object of Dye(X) and
a subset B C VB(X) of cardinality < B such that the set {F ® E}pes
generates QCoh(X).

(4) There is a subset B C VB(X) of cardinality < 8 that generates QCoh(X)
and an integer r > 0 such that Extfgx (E,N)=0 foralli>r, ol E€B
and all N € QCoh(X).

(5) There is a subset B C VB(X) of cardinality < S that generates QCoh(X)
and an integer v > 0 such that the natural map

72/ RHomg , (E, M) — 72/RHomg . (E, 727 7"M)
is a quasi-isomorphism for all integers j, all E € B and all M € Dy (X).

Proof. ([[)=(2): there is a surjection F - Ox with F a vector bundle on X that
is compact in Dgo(X). Note that supp(F) = X.

:>: If € C VB(X) is a resolving set of vector bundles, then so is the set
{F® FV ® E}gce. Indeed, the evaluation map F' ® FY — Ox is surjective. We
take B = {FY ® E}gee.

B)=@): for all i, all E € B, and N € QCoh(X) we have Ext{, (F® E,N) =
Ext’bx(F, EY ® N). Now choose 7 > 0 as in Lemma for F.  An identical
argument gives é. Also, G) is trivial.

[@=(1): immediate from Lemma O

8. CRISP STACKS

In this section we define -crisp stacks and show that the compact S-resolution
property implies [-crispness.

Definition 8.1. Let 3 be a cardinal. Let X be an algebraic stack. We say that X
satisfies the B-Thomason condition if:

(1) Dge(X) is compactly generated by a set of cardinality < §; and
(2) for every quasi-compact open immersion j: U < X there exists a perfect
object P of Dyc(X) with support X \ U.
We say that X is S-crisp if for every representable, étale, separated, and quasi-

compact morphism X’ — X the stack X’ satisfies the S-Thomason condition.

By Lemmas and[8:2] an equivalent definition for 3-crispness is that for every
representable étale morphism W — X that is quasi-compact and separated, and
every quasi-compact open immersion j: U < W, the triangulated category

ch,\W|\|U\(W) = {M S DqC(W) DM~ 0}
is generated by a set of cardinality < 3 consisting of compact objects of Dqc(W).

Lemma 8.2. Let f: X — Y be a quasi-affine morphism of algebraic stacks. Let B
be a cardinal. If Dy (Y') is compactly generated by 5 objects, then so is Dgo(X). In
fact, if B C DY) is a subset that generates Dqc(Y'), then the set {Lfs.B : B €
B} compactly generates Dgc(X).

Proof. Since f is concentrated, R(fgc)« preserves small coproducts. Since R(fqc)«
is conservative (Corollary [2.§)), the result follows from Example O

Remark 8.3. We do not know if the analogue of Lemma holds for the -
Thomason condition or even S-crispness.

The main result of this section is the following
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Proposition 8.4. Let X be a quasi-compact algebraic stack with affine diagonal.
Let B8 be a cardinal. If X has the compact B-resolution property, then it is B-crisp.
In particular, concentrated stacks with the B-resolution property are [(B-crisp. In
fact, Dgc(X) is compactly generated by any resolving set of compact vector bundles.

Proof. By Lemma the compact S-resolution property is preserved under quasi-
affine morphisms. By Zariski’s Main Theorem [LMB| Thm. 16.5] étale morphisms
that are quasi-compact, separated, and representable are quasi-affine. Thus it is
enough to prove the following statement: if j: V — X is a quasi-compact open
immersion with complement |Z|, then there exists a generating subset Bj; C
Dqc,z|(X), of cardinality < 3, with compact image in Dgc(X).

Choose a resolving set B C VB(X) of cardinality < 5 and an integer r > 0 as in
Lemma [7.6|[5). Let M € Dqc(X). We claim that if n € Z is such that H" (M) # 0,
then there exists an E € B and a non-zero morphism E[—n] — M in Dy (X). We
prove this claim by a small modification (which is likely well-known—e.g. [DG13|
Rem. 1.2.10]) to the argument of A. Neeman [Nee96, Ex. 1.10].

Thus, for all E € B, all n € Z and all M € Dy (X) we have

Homg . (E, M[n]) = Home (E,7=~"M|n]).

We may consequently assume that M ¢ D(‘{C(X). By [Lur04, Thm. 3.8], the natu-
ral functor D*(QCoh(X)) — D{.(X) is an equivalence of triangulated categories.

Hence, we are free to assume that M is a complex (--- — M* ﬂ MFEHL 5 )
of quasi-coherent O x-modules. By assumption H"(M) # 0, so there exists E € B
and a morphism F — ker(d") such that E — ker(d™) — H"™(M) is non-zero. The
composition E — ker(d™) — M™ thus induces a non-zero morphism E — M|n| in
Dgo(X) and we deduce the claim.

We now return to the proof of the Proposition. The above considerations shows
that the set B compactly generates Dqc(X). Now let i: Z < X be a closed im-
mersion with support |Z]. Since X has the resolution property and j: V — X is
quasi-compact, we may choose ¢ such that the quasi-coherent ideal sheaf I defining
Z in X is of finite type. It follows that there is a surjection F' — I, where F' is a
finite direct sum of objects of B. Corresponding to the morphism s: F — Ox, we
obtain a section sV € I'(X, F'Y) with vanishing locus |Z|. If K(sY) is the resulting
Koszul complex [FL85l IV.2], then K(sY) is a perfect complex on X with support
|Z|. By Lemma [£.10)2), we deduce the claim. O

We conclude this section with examples of algebraic stacks that are crisp.

Example 8.5. Let A be a ring. Then Spec A is 1-crisp. Indeed, Spec A has the
1-resolution property and is concentrated, thus the result follows from Proposition

B4

Example 8.6. Let X be a concentrated stack with affine stabilizers and the reso-
lution property. Then X has the Rg-resolution property and affine diagonal (Propo-
sition , hence is Rg-crisp (Proposition .

Examples are stacks of the form X = [V/G] where V and G are as in Example[7.5]
and either S = Spec(Q) or G is linearly reductive (e.g., a torus). Indeed, under these
assumptions on G, the classifying stack BG is concentrated, so X is concentrated
since X — BG is representable. More generally, we can take any stack X = [V/G]
as in Example with linearly reductive stabilizers. Such stacks are concentrated
by [HR15, Thm. C].

Remark 8.7. Let X be a quasi-compact algebraic stack with affine diagonal and the
resolution property. When X is concentrated, then Dy.(X) is compactly generated
(Proposition [8.4) and Dgy.(X) is an example of a unital algebraic stable homotopy
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category [HPS97| Def. 1.1.4]. Note that the localizing envelope of a set of compact
generators is the whole category (Corollary .

The proof of Proposition [8:4] actually shows that even if X is not concentrated,
then D(QCoh(X)) is perfectly generated. Note that since D(QCoh(X)) may not be
compactly generated, Corollary does not apply. Nonetheless D(QCoh(X)) is
well-generated [NeeOla, Thm. 0.2] and there is a version of Corollary for well-
generated triangulated categories [NeeO1b, Thm. 1.14]. This result and others are
also discussed in [AJPV17]. Thus, D(QCoh(X)) is a non-algebraic stable homotopy
category in the sense of [HPS97, Def. 1.1.4]. Note that this says nothing about
perfect or compact generation of Dgc(X), because the functor D(QCoh(X)) —
Dge(X) can fail to be fully faithful or essentially surjective (e.g., if X = BG,
in positive characteristic [HNR14]). Compact generation of Dq.(X), however, is
sufficient to prove that D(QCoh(X)) — Dqc(X) is an equivalence [HNRI14].

9. QUASI—FINITE FLAT LOCALITY OF ﬂ—CRISPNESS AND APPLICATIONS

We are now in a position to prove Theorems [A] [B] and [C] and address the
applications mentioned in the Introduction.

Proof of Theorem[( Take D = Repfp/X. By Examples E ‘ 6.2| and . the
()5

D-presheaf of triangulated categories Dy satisfies Conditions of Theorem
[6.90 The result now follows from Lemma [£.10] and Theorem [6.9

Proving Theorems [A] and [B] is now very simple.

Proof of Theorem[4] By [Ryd1l, Thm. 7.1] there exists a locally quasi-finite flat
morphism p: X’ — X, where X’ is a scheme. Since X is quasi-compact, we may
further assume that X’ is an affine scheme, and consequently the morphism p is

also quasi-compact and separated. The result now follows by combining Example
with Theorem [Cl O

Proof of Theorem[B Since X is of s-global type, there exists an integer N > 0,
a quasi-affine Q-scheme V' with an action of GLy, together with an étale, repre-
sentable, separated and finitely presented morphism p: [V/GLy] — X. Now the
result follows from Theorem [C] and Example O

We now recall some results of Sumihiro and Brion.

Proposition 9.1 (Sumihiro and Brion). Let X be a variety over a field k. Let G
be an affine algebraic k-group scheme acting on X. Assume that either X is

(1) geometrically normal, or

(2) quasi-projective and either
(a) geometrically seminormal, or
(b) chark=p >0, or
(c) the action is linearizable, or
(d) G° is a torus.

Then there exists a finite field extension k'/k, a quasi-projective variety W' over

k' with a linear action of G' = (G ®y k') oa and an étale G'-equivariant morphism
f: W' — X

Proof. Choose a finite field extension k'/k such that X’ = X x k' is normal (resp.
seminormal, resp. G’ is smooth, resp. G’ is a split torus). By construction G’ is
then a smooth connected group scheme.

If X’ is normal, then by Sumihiro’s theorem, we can choose f as a Zariski-open
covering [Sum74l, Lem. 8] (see [Sum75, Thm. 3.8] when k is not algebraically closed,
or replace k with a finite field extension). If X’ is seminormal and quasi-projective,
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then an étale f exists by Brion [Bril5l, Thm. 4.7]. If chark > 0, then an étale
f exists by [Brild, §4.3]. If the action is already linearizable, then let f be the
identity. If G’ is a split torus, then an étale f, with W’ affine, exists by [Bril5l
Thm. 4.8]. O

In [AHRI5], Thm. 2.6] it is proved that if G acts with linearly reductive stabilizers
at closed points (e.g., if G is linearly reductive), then the result of Proposition
holds for any algebraic space of finite type (not necessarily normal, quasi-projective
or even separated). In particular, if G° is a torus, we may drop the requirement
that X is quasi-projective.

The Corollary of Theorem [B|is a special case of the following.

Corollary 9.2. Let (X,G,k), and (W',G' k") be as in Proposition . Then
(1) [W’'/G'] has the resolution property;
(2) the map [W'/G'] — [X'/G'] — [X/G] is quasi-finite and faithfully flat; and
(3) [X/G] is of s-global type.
If in addition, chark =0 or (G ®j, E)Sed is a torus, then
(4) [W'/G'] is concentrated and No-crisp;
(5) D(QCohg (X)) = Dgc([X/G]) is compactly generated; and
(6) for every G-invariant open subset U C X, there exists a compact perfect
G-equivariant complex with support exactly X \ U.

Proof. is Example [7.5((3), is by construction, and follows from
and [Ryd15, Prop. 2.8(iii)]. Under the additional assumption on k and G, we have
that BG' is concentrated [HR15, Thm. B, hence so is [W’/G’] and (4) follows from
Proposition It follows that [X/G] is Rg-crisp by Theorem [C| We always have
that QCohg(X) = QCoh([X/G]) and we have that D(QCoh([X/G])) = Dy ([X/G])
since Dqc([X/@G]) is compactly generated [HNR14]. O

Example 9.3 (Brauer groups). Let X be a quasi-compact algebraic stack with
quasi-finite and separated diagonal. Let a € H?(X,G,,) be an element of the
(bigger) cohomological Brauer group and let X denote the G,,-gerbe corresponding
to a. Since X has quasi-finite diagonal, there exists a quasi-finite flat presentation
p: X' — X such that X’ is affine and p*a = 0. Indeed, recall that X admits a
quasi-finite flat presentation q: U — X by an affine scheme [Ryd15, Thm. 7.1] and
then we may trivialize ¢*« by a further surjective étale morphism of schemes. In
particular, X x y X’ = X’ x BG,,, has the resolution property and is cohomological
affine. It follows that Dgc(X xx X') and Dgc(X) have countable sets of compact
generators by Proposition [8.4] and Theorem [C]

Let D = Rep/X and let T = D(QCoh®(—)) be the presheaf of derived cat-
egories of a-twisted sheaves. Then the conditions of Theorem are satisfied.
Indeed, there is a canonical decomposition Dy (X xx T') = D(QCoh(X xx T)) =
D,,,cz D(QCoh™(T)) which is respected by pullbacksﬂ Since Dy (X x x —) satisfies
conditions 7 of Theorem so does 7.

Thus, D(QCoh®(X")) = D(QCoh(X’)) = Dqc(X’) is compactly generated by 1
object with supports. It follows that D(QCoh®(X)) is compactly generated by 1
object with supports (Theorem . The endomorphism algebra of this object, in
a dg-enhancement of D(QCoh®(X)), is a derived Azumaya algebra [Toé12).

Alternatively, one could argue as follows. Take the degree 1 part of the compact
generators of Dqc(X). This gives a countable generating set {P;} of compact ob-
jects in DG, (X). For sufficiently large n > 0, the direct sum P := @, P gives

Here we have tacitly used [HNRI4] to identify Dqc(X X x T') = D(QCoh(X X x T)), which holds
since Dqc(X x x T') is compactly generated. In general, one could define Dg.(X) as the degree one
part of Dgc(X).
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a compact object that locally generates D§.(X). Indeed, since D (X') = Dqc(X")
and X' is affine, it is sufficient that supph(p*P) = |X’| (Lemma [£.9). This com-
pact local generator P is enough to produce a derived Azumaya algebra [Toé12]
Prop. 4.6].

This latter argument also works for any quasi-compact and quasi-separated al-
gebraic stack X such that Dg.(X) has a set of compact generators. In this case,
take p: X’ — X as a smooth presentation by an affine scheme such that p*« = 0.
By [AHRI5, Thm. 2.26], Dyc(X) is compactly generated for any algebraic stack X
of finite type over a field, with affine diagonal, and linearly reductive stabilizers at
closed points. We can thus conclude that for such X, every cohomological Brauer
class comes from a derived Azumaya algebra.

Example 9.4 (Sheaves of linear categories on derived stacks). Let (X,0x) be a
derived (or spectral) Deligne-Mumford stack. The O-truncation (X,mOx) is an
ordinary Deligne-Mumford stack with the same underlying topos X. In fact, even
for a non-connective E..-algebra A, the category of étale A-algebras is equivalent
to the category of étale myA-algebras [HA, Thm. 7.5.0.6].

Let F € QStk(X) be a quasi-coherent stack on X [DAGXI, §8], e.g., F =
QCoh(X). For every object U in the small étale topos of X, this gives an Ox (U)-
linear oo-category F(U). Let hF be the presheaf of triangulated categories that
assigns to each étale U — X the homotopy category of F(U). Compact generation
of F(U) is a statement about its homotopy category [HAL Rem. 1.4.4.3]. Moreover,
since the conditions f of Theoremcan all be verified étale-locally, it follows
that Theorem can be applied to hF to deduce compact generation of F(X) from
local compact generation of F'.

APPENDIX A. GENERATORS FROM ABOVE

Let w: W — X be an étale, separated, finitely presented and representable
morphism of algebraic stacks. Define

P'(w) = {R(wge)sR(uge)s P : (u: U — W) € Rep™ > /W and P € Dy (U)°}

and let P(w) C Dge(X) be the smallest thick subcategory of Dgy.(X) containing
P’'(w). The following Lemma—requested by Neeman—is a natural generalization
to algebraic stacks of a result that has found applications to Grothendieck duality
for schemes [Neel4l Lem. 3.1].

Lemma A.1. Let w: W — X be an €tale, separated, finitely presented, repre-
sentable and surjective morphism of algebraic stacks. If X is quasi-compact and
quasi-separated and Dqc(X) is compactly generated, then

Dee (X)° C P(w).

Proof. Let @ C Rep™ 5P /X be the subcategory with objects those V such that
Dae(V)? C P(W xx V — V). Note that if W xx V' — V admits a section, then
it is clear that V € C. In particular, it follows immediately that W € C. Now we
will prove that X € € using [Ryd11l, Thm. 6.1]. To do this, we need to verify the
following three conditions for a morphism v: V' — V in Rep'P¢t:seP /X.

(D1) If V € C, then V' € C;

(D2) if V' € € and v is finite and surjective, then V' € €; and

(D3) if v is an étale neighborhood of V\U, where j: U — V is an open immersion

in Repfp’ét’sep/X, and U and V' belong to €, then V € C.

For (D1): Lemma (and Theorem imply that Dg.(V’)¢ is the smallest
thick subcategory of Dq.(V’) containing Lv;.Q, where @ € Dq.(V)°. A simple
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argument involving flat base change (Theorem ) and the preservation of com-
pact objects under concentrated morphisms (Example now shows that V'’ € C.
For (D2): Proposition (and Theorem imply that Dqc (V)¢ is the smallest
thick subcategory of Dy (V') containing the collection of complexes R(vqc)«Q, where
Q € Dgc(V')¢. The property now follows from the trivial observation that

{R(vge)uM : M € P(W xx V' =V} CPW xx V= V).

For (D3): we note that the Mayer—Vietoris triangle of Lemma [5.9(|1) implies that
if P € Dgc(V)®, then there is a distinguished triangle:

P = R(Jae)«Lige P ® R(fae)«LIge P = R(fae) «LfGeR(jqe) < Lige P — P[1].
Since Lf5.R(jge)« = R(jge)«Lfoe, where j': U' = U xy V' = V' and f: U" — U

¢’
are the projections, it follows immediately that Dy (V)€ is contained in the smallest

thick subcategory of Dqc(V') containing the objects:

¢ {R(jge)«M : M e P(W xx U —U)},

o {R(fqe)sM : M € P(W xx V' = V’)}, and

e {R((foj)qe)M : M ePW xx U —U")}.
But all the objects above are contained in P(W x x V' — V') and the claim follows.
Since W € €, we may now conclude that X € C. O
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