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1 Introduction

The purpose of this lecture is to discuss various forms of convergence that exist in Probability
Theory. I used the following works for background. [1, 2, 3, 4]

2 Borel-Cantelli Lemmas

First, limits of sequences of sets must be defined and motivated.

Definition 1. Let {An} be a countable collection of sets.

lim inf An =

∞⋃
n=1

⋂
m≥n

Am

lim sup An =

∞⋂
n=1

⋃
m≥n

Am

The liminf of events is referred to as the event ”An eventually.” That is, for any element in the
liminf, there is an N such that the element is in every set in the rest of the limit. Conversely, the
limsup of events is referred to as the event ”An infinitely often (i.o.).” For every element in the
limsup, for every N, there exists an An with n ≥ N that has the element. If the liminf equals the
limsup, then that is the limiting set of the sequence. Sequences of set do not generally converge.

Example: Let An = {0, (−1)n}. Then lim inf An = {0} and lim sup An = {0,−1,+1}. So An has no
limit in this case.

Now we have the means to define and show the Borel Cantelli Lemmas.

Theorem 2.1 (Borel-Cantelli 1). In (Ω,F , P), given a sequence {An} subset F , if
∑∞

n=1 P[An] < ∞,
then P[An i.o.] = 0

Proof. Noting that
⋃

m≥1 Am ⊇
⋃

m≥2 Am ⊇
⋃

m≥3 Am ⊇ ... is a decreasing sequence, subadditivity of
the measure can be applied such that

P[lim sup An] = lim
n→∞

P

⋃
m≥n

Am

 ≤ lim
n→∞

∑
m≥n

P[Am]
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Since
∑

m≥n P[Am] < ∞, the limit of the tail must go to zero. Thus P[Ani.o.] = 0. �

Theorem 2.2 (Borel-Cantelli 2). In (Ω,F , P), let {An} ⊂ F be a sequence of independent events.
If Σ∞n=1P[An] = ∞, then P[Ani.o.] = 1

To prove this theorem, note that An i.o. = Ac
n eventually and 1− x ≤ e−x. I leave it as an exercise.

The Borel-Cantelli Lemmas allow us to grasp limiting behaviors.
Example 1: Let Xi be Bernoulli random variables (coin flips), then Borel-Cantelli 2 tells us that

P[Xi = 1 i.o.] = 1 since
∑

P[Xi = 1] =
∑

p = ∞. So heads and tails will happen infinitely often if
a coin flipped infinitely many times.

Example 2: Let Xn be independent identically distributed random variables with distribution
P[Xn > x] = e−x for x > 0. Then ∀α > 0, P[Xn > α log n] = n−α. Applying the Borel-Cantelli
Lemmas,

P[Xn > α log(n) i.o.] =

{
0 α > 1
1 α ≤ 1

Let L = lim sup
(

Xn
log n

)
. Then

P[L ≥ 1] ≥ P[Xn > log n i.o.] = 1

P
[
L ≥ 1 +

2
k

]
≤ P

[
Xn > (1 +

1
k

) log n i.o.
]

= 0

⇒ P[L > 1] = 0⇒ P[L = 1] = 1.

3 Almost Sure Convergence

Almost sure convergence or (probability 1 convergence) is one of the strongest forms of conver-
gence in probability theory.

Definition 2. A sequence of random variables Xn converge to a random variable X almost surely
(almost everywhwere or with probability 1) if {ω ∈ Ω : Xn(ω)9 X(ω)} is measure zero (probability
zero).
Equivalently: 1. P[lim Xn = X] = 1
2. ∀ε > 0, P[|Xn − X| > ε i.o.] = 0

Remark, this is the strongest convergence I will introduce. However, there are stronger forms of
convergence like L2 convergence of random variables. The associated theorem is the Strong Law
of Large Numbers.

Theorem 3.1 (Strong Law of Large Numbers). Let Xi be independent random variables such that
E[Xk] = 0 and E

[
X4

k

]
≤ K ∀k. Let S n = X1 + ... + Xn. Then P

[
S n
n → 0

]
= 1.

Proof.

E
[
S 4

n

]
= E

ΣkX4
k + 6

∑
i< j

X2
i X2

j


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Since the cross terms with a factor of Xk must equal 0. Note E
[
X2

i X2
j

]
= E

[
X2

i

]2
≤ E

[
X4

i

]
≤ K.

Then
E

[
S 4

n

]
≤ nK + 3n(n − 1)K ≤ 3Kn2

E

[∑(S n

n

)4]
≤ 3K

∑
n−2 < ∞

⇒ P
[∑(S n

n

)4

< ∞

]
= 1

⇒ P
[S n

n
→ 0

]
= 1

�

The Strong Law confirms our intuition on expectation: weighing each outcome with its proba-
bility is exactly the right formula for describiing long term behavior of a repeated random variable.

4 Convergence in Probability

A weaker form of convergence is convergence in probability (or in measure). This convergence is
much easier to control and use.

Definition 3. Xn converges to X in probability if ∀ε > 0

lim
n→∞

P[|Xn − X| > ε] = 0

To show that probability in convergence is weaker than almost sure convergence. Assume that
Xn → X almost surely. Then

0 = P[|Xm − X| > ε i.o.]

By continuity from above

P[|Xm − X| > ε i.o.] = lim
n→∞

P

⋃
m≥n

{|Xm − X| > ε}


By Reverse Fatou’s Lemma

P

⋃
m≥n

{|Xm − X| > ε}

 ≥ lim sup P[|Xm − X| > ε] ≥ lim P[|Xm − X| > ε] ≥ 0

So Xn → X in probability.

Convergence almost everywhere is stronger than convergence in probability. If variables con-
verge in probability, then to show that the variables converge almost everywhere the condition that∑

P[|Xn − X| > ε] < ∞ must be satisfied. Then by Borel-Cantelli 1, P[|Xn − X| > ε i.o.] = 0, which
is almost sure convergence.
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To prove the Weak Law of Large Numbers, we need the Chebyshev inequality.

Theorem 4.1 (Chebyshev Inequality). Let g be a non-negative and increasing function. Then

P[|X − E[X]| ≥ ε] ≤
E[g(X − E[X])]

g(ε)

This is a powerful all purpose theorem for showing convergence and convergence rates.

Theorem 4.2 (Weak Law of Large Numbers). Let Xi be independent identically distributed random
variables with bounded variance (=M). Then if X̄n is the sample mean,

lim
n→∞

P[|X̄n − E[Xi]| < ε] = 1

Proof. Using the Chebyshev Inequality with g(x) = x2:

P[|X̄n − E[Xi]| < ε] ≤
Var(X̄n)
ε2 ≤

M
n2ε2 → 0 as n→ ∞

�

5 Convergence in Distribution

Convergence in distribution is weaker than the above distributions, but it does give a means to
estimate limiting probabilities in a clear way.

Definition 4. Probability measures Pn converge in distribution (or weakly) to P if ∀ continuous
and bounded f ∫

Ω

f dPn →

∫
Ω

f dP as n→ ∞

Random variables Xn converge in distribution if

lim
n→∞
E[ f (Xn)] = E[ f (X)]

If Fn(x) = P[Xn ≤ x], then Xn converges in distribution to X if for all x such that F(x) = P[X ≤ x]
is continuous,

Fn(x)→ F(x) as n→ ∞

These are all equivalent definitions. The main theorem for distributional convergence is one of
the most powerful:

Theorem 5.1 (Central Limit Theorem). If Xi are i.i.d. random variables with E[Xi] = µ and
σ2 = Var(Xi) < ∞, then x̄n−µ

σ/
√

n converges in distribution to the normal distribution with mean 0 and
variance 1. Equivalently,

P
[

x̄n − µ

σ/
√

n
≤ x

]
→

1
√

2π

∫ x

−∞

e−y2/2dy as n→ ∞
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The idea is to take a fourier transform or laplace transform and show all terms disappear except
the ones giving the normal distribution.
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