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CHAPTER 1

Group Actions

1-1. Symmetric Groups and Group Actions

Thesymmetric groupof ordern, denotedS n , is the group of permutations of[n] = f 1; 2; : : : ; ng. Let
� = ( � 1; � 2; : : : ), where the� i are arranged in weakly decreasing order, be a partition ofn, denoted� ` n.
That is, j� j =

P
i � i = n. Let � be a permutation of[n]. We say� is thecycle typeof � , denoted by

� = ct( � ), if the � i are the lengths of the cycles in the decomposition of� into disjoint cycles in weakly
decreasing order. Sometimes we write� = (1 c1 (� ) ; 2c2 (� ) ; : : : ), whereck (� ) is the number of parts of length
k in � for k � 1.

Example 1-1.1. Let � =
� 1

4
2
2

3
5

4
1

5
6

6
3

�
= (3 ; 5; 6)(1; 4)(2). Then the cycle type of� is (3; 2; 1), andc1(� ) =

c2(� ) = c3(� ) = 1 .

It is well-known that the number of permutations of[n] of cycle type

� = (1 c1 ; 2c2 ; : : : ; kck )

is

d� :=
n!

c1! 1c1 c2! 2c2 � � � ck ! kck
;

in which the denominator
z� := c1! 1c1 c2! 2c2 � � � ck ! kck

is the number of permutations inS n that commute with a permutation of cycle type� .

De�nition 1-1.2. An action of a groupA on a setS is a function

� : A � S ! S;

where forx 2 A ands 2 S, � (x; s) is writtenx � s. We say this action isnatural if both of the following
conditions are satis�ed:

x � (y � s) = ( xy) � s; idA �s = s;

for anyx; y 2 A ands 2 S.

Let A be a subgroup ofS m , and letB be a subgroup ofS n . We construct new groups as described
below.

De�nition 1-1.3. We de�ne two groupsA > B andA � B both isomorphic to the product ofA andB ,
whereA > B is a subgroup ofS m+ n andA � B is a subgroup ofS mn .

The elements of the product groups are of the form(a; b), wherea 2 A andb 2 B . The group operation
is de�ned by

(a1; b1) � (a2; b2) = ( a1a2; b1b2);

wherea1 anda2 are elements ofA, andb1 andb2 are elements ofB .
The groupA > B acts on the set[m + n] by

(a; b)( i ) =
�

a(i ); if i 2 f 1; 2; : : : ; mg;
b(i � m) + m; if i 2 f m + 1 ; m + 2 ; : : : ; m + ng:

(1)

1



1-1. SYMMETRIC GROUPS 2

Figure 1-1 illustrates the action of an element(a; b) of the groupA > B .

b

a

FIGURE 1-1. Group action ofA > B .

The groupA � B acts on the set[m] � [n] and may therefore be viewed as a subgroup ofS mn . The
action of an element ofA � B on an element of[m] � [n] is given by

(a; b)( i; j ) = ( a(i ); b(j )) ;

for all i 2 [m] andj 2 [n].

Figure 1-2 illustrates the action of an element(a; b) of the groupA � B .

b

a

FIGURE 1-2. Group action ofA � B .

De�nition 1-1.4. The wreath productof A andB , denotedB oA is the group in which the elements are
ordered pairs(�; � ), where� is a permutation inA and� is a function from[m] to B . An element(�; � ) of
B oA acts on the set[m] � [n] by

(�; � )( i; j ) = ( �i; � (i )j );

for all i 2 [m] andj 2 [n].
Figure 1-3 illustrates the action of an element(�; � ) of the groupB oA.

The composition of two elements(�; � ) and(�; � ) of B oA is given by

(�; � )( �; � ) = ( ��; (� � � )� );

where� 2 A is viewed as a function from[m] to [m], and(� � � )� denotes the point-wise multiplication of
� � � and� , both functions from[m] to B .

Again B oA can be identi�ed with a subgroup ofS mn . Note that the order ofB oA is
�
�B oA

�
� = jAj � jB jm :
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�

� (1)

� (m)

� (2)

FIGURE 1-3. Group action ofB oA.

Example 1-1.5. Let A be the symmetric group of order2, and letB be the cyclic group of order3. The
element(�; � ) in B oA, where� = (1 ; 2), � (1) = id and� (2) = (1 ; 2; 3), acts on the set[2] � [3] by

(1; 1) 7! (2; 1) (2; 1) 7! (1; 2)
(1; 2) 7! (2; 2) (2; 2) 7! (1; 3)
(1; 3) 7! (2; 3) (2; 3) 7! (1; 1)

Therefore, the element(�; � ) of B oA is a6-cycle.

The following Theorem is a generalization of the Cauchy-Frobenius Theorem, alias Burnside's Lemma.
For the proof of a more general result, with applications andfurther references, see Robinson [25]. Another
application is given in [6].

Theorem 1-1.6. (Cauchy-Frobenius)Suppose that a �nite groupM � N acts on a setS. The groupsM
andN , considered as subgroups ofM � N , also act onS. The groupN acts on the set ofM -orbits. Then
for anyg 2 N , the number ofM -orbits �xed byg is given by

1
jM j

X

f 2 M

�x( f; g );

where�x( f; g ) denotes the number of elements inS that are �xed by(f; g ) 2 M � N .

1-2. Ṕolya's Cycle Index Polynomials of Permutation Groups

De�nition 1-2.1. Let � be a partition ofn. Thepower sumsymmetric function in the variablesx1; x2; : : : [27,
p. 297] indexed by� , denotedp� , is de�ned by

pn = pn [x ] =
X

i

xn
i ; n � 1

p� = p� [x ] = p� 1 p� 2 � � � =
Y

k� 1

pck (� )
k ; if � = ( � 1; � 2; : : : ) = (1 c1 (� ) ; 2c2 (� ) ; : : : ):

Thep� form a basis for the ring of symmetric functions in the variablesx1; x2; : : : . We can also de�ne
power sum symmetric functions in the variablesy1; y2; y3; : : : , written asp� [y ], in a similar fashion.

De�nition 1-2.2. The operation calledplethysmon the ring of symmetric functions (see Stanley [27, p. 447])
is de�ned to be such that iff is a symmetric function in the variablesx1; x2; : : : , then the plethysmf � pn
is obtained from the expression forf in terms of thex i 's by replacing eachx i with xn

i . More generally, if
f andg are arbitrary symmetric functions, whereg is expressed as a function of the power sum symmetric
functions, i.e.,g = g(p1; p2; : : : ), thenf � g is the polynomial obtained fromf by replacing each variable
pk by g(pk ; p2k ; : : : ).

It follows immediately thatpm � pn = pmn for all positive integersm; n.
Next, we introduce an operation� on power sum symmetric functions that was studied by Harary [10],

and by Maia and Méndez [18].



1-2. PÓLYA'S CYCLE INDEX POLYNOMIALS OF PERMUTATION GROUPS 4

De�nition 1-2.3. We de�ne an operation� on the symmetric functions by letting

p� := p� � p� ;

where
ck (� ) =

X

lcm( i;j )= k

gcd(i; j ) ci (� )cj (� );

in which lcm(i; j ) denotes theleast common multipleof i andj , andgcd(i; j ) denotes thegreatest common
divisor of i andj , and then extending it to all symmetric functions through bilinearity.

Proposition 1-2.4. The operation� as de�ned by De�nition 1-2.3 is commutative and associative. That is,
for any partitions�; � and� ,

(commutativity)p� � p� = p� � p� ;

(associativity) (p� � p� ) � p� = p� � (p� � p� ):

PROOF. The commutativity is clear.

For the associativity, we write

(p� � p� ) � p� = p� ;

p� � (p� � p� ) = p� :

Using the fact that for any positive integersi andj ,

ij = lcm( i; j ) gcd(i; j );

we calculate the number of cycles of lengthl , for any integerl , in the partition� as follows:

cl (� ) =
X

lcm( i;j;k )= l

gcd(i; j ) gcd(lcm(i; j ); k) ci (� )cj (� )ck (� )

=
X

lcm( i;j;k )= l

ij
lcm(i; j )

lcm(i; j ) k
lcm(lcm( i; j ); k)

ci (� )cj (� )ck (� )

=
X

lcm( i;j;k )= l

ijk
lcm(i; j; k )

ci (� )cj (� )ck (� )

=
X

lcm( i;j;k )= l

ijk
l

ci (� )cj (� )ck (� ):

The calculation for the partition� is similar. �

The properties of� allow us to talk about the� operation on a set of partitions. Let� (i ) , i = 1 ; 2; : : : ; l ,
be partitions ofn1; n2; : : : ; nl , respectively. We have

p� (1) � p� (2) � � � � � p� ( l ) = p� ;

where� is a partition ofN = n1n2 � � � n l . It is easy to verify that

ck (� ) =
X

lcm( j 1 ;j 2 ;:::;j l )= k

Q l
r =1 j r

k

lY

i =1

cj i

�
� (i ) � :

De�nition 1-2.5. Let � 2 S n . The cycle type monomialof � , denotedZ (� ), is the monomial in the
variablesp1; p2; : : : ; pn de�ned by

Z (� ) =
nY

k=1

pck (� )
k = pct( � ) :
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In other words, the cycle type monomial of� is the power sum symmetric function index by the cycle type
of � .

Let A be a subgroup ofS n . Thecycle index polynomialof A, de�ned by Pólya [22, pp. 64–65], is

Z (A) = Z (A; p1; p2; : : : ; pn ) =
1

jAj

X

� 2 A

Z (� ):

Pólya [21] (translated in [22]) gave the cycle index polynomials of the product and the wreath product
of two permutation groups.

Theorem 1-2.6. (Pólya)Let A and B be permutation groups on[m] and [n], respectively. LetA > B be
the product ofA andB acting on[m + n], and letB oA be the wreath product ofA andB acting on[mn].
Then the cycle index polynomials ofA > B andB oA are

Z (A > B ) = Z (A)Z (B );

Z (B oA) = Z (A) � Z (B );

whereZ (A) � Z (B ) denotes the plethysm ofZ (A) with Z (B ).

1-3. Exponentiation Group

Let A be a subgroup ofS m , and letB be a subgroup ofS n . We introduce in the following another
representation of the wreath product (De�nition 1-1.4).

De�nition 1-3.1. Theexponentiation groupB A , studied by Palmer [19], is isomorphic to the wreath product
B oA. That means, the set of elements ofB A is the same as the set of elements ofB oA, and hence the order
of B A is the same as the order ofB oA, i.e.,

jB A j = jAj � jB jm :

However the exponentiation groupB A acts on[n]m , identi�ed with the set of functions from[m] to [n],
instead of[m] � [n]. Given any� 2 A and� 2 B m , the element(�; � ) 2 B A sends each elementf 2 [n]m

to the elementg 2 [n]m de�ned by

(( �; � )f )( i ) = g(i ) = � (i )( f (� � 1i )) ;

for anyi 2 [m]. Therefor,B A can be identi�ed with a subgroup ofS nm :

Figure 1-4 illustrates the action of an element(�; � ) of the groupB A .

Example 1-3.2. Let A, B , � and� be the same as in Example 1-1.5.
Let f : [2] ! [3] be such thatf (1) = 1 andf (2) = 3 . We see that the image off under the action of

(�; � ) 2 B A is the functiong : [2] ! [3] such thatg(1) = 3 andg(2) = 2 , as shown in Figure 1-5.
The action of(�; � ) on the set of functions from[2] to [3] is illustrated in Figure 1-6. Hence the cycle

type of(�; � ) is (6; 3).

The cycle index polynomial of the exponentiation group was given by Palmer and Robinson [20]. They
de�ned the following operatorsI k for positive integersk.

Let R = Q [p1; p2; : : : ] be the ring of polynomials with the operation� as de�ned by De�nition 1-2.3.
Palmer and Robinson de�ned for positive integersk theQ-linear operatorsI k on R as follows:

Let � = ( � 1; � 2; : : : ) be a partition ofn. The action ofI k on the monomialp� is given by

I k (p� ) = p
 ; (1)
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� (1)

� (
5)

� (2)

�(3)�(4)

�

�

�

�

�

FIGURE 1-4. Group action ofB A .

f (2) = 3

f g
(�; � )

g(1) = 3

g(2) = 2

f (1) = 1

FIGURE 1-5. The element(�; � ) of B A sendsf to g.

FIGURE 1-6. The cycle type of(�; � ) is (6; 3).

where
 = ( 
 1; 
 2; : : : ) is the partition ofnk with

cj (
 ) =
1
j

X

l j j

�
�

j
l

�� X

i j l= gcd(k;l )

ic i (� )
� gcd(k;l )

:
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Furthermore,f I kg generates aQ-algebra
 of Q-linear operators onR. For any elementsI; J 2 
 ,
anyr 2 R anda 2 Q, we set

(aI )( r ) = a(I (r )) ;

(I + J )( r ) = I (r ) + J (r );

(IJ )( r ) = I (r ) � J (r ): (2)

Remark 1-3.3. As discussed in Palmer and Robinson's proof of Theorem 1-3.6, if I m (p� ) = p� , then� is
the cycle type of an element(�; � ) of the exponentiation groupB A acting on[n]m , where� is a permutation
in A with a singlem-cycle, and� 2 B m is such that

ct ( � (m)� (m � 1) � � � � (2)� (1)) = �:

Example 1-3.4. We take the sameA; B; � and � from Examples 1-1.5. That is,A = S 2, B = C3,
� = (1 ; 2) and� (1) = id ; � (2) = (1 ; 2; 3). Then the cycle type of� is � = (2) , and the cycle type of
� (2)� (1) is � = (3) . The cycle type of(�; � ) acting on the set[3]2 is � = (6 ; 3), as shown in Figure 1-6,
hence

I 2(p3) = p3p6:

De�nition 1-3.5. Let f 1 andf 2 be elements of the ringR = Q [p1; p2; : : : ]. We de�ne theexponential
compositionof f 1 andf 2, denotedf 1 � f 2, to be the image off 2 under the operator obtained by substituting
the operatorI r for the variablespr in f 1.

Note that the operation� is linear in the left parameters, but not on the right parameters. We call this the
partial linearity of the operation� .

Let A be a subgroup ofS m , and letB be a subgroup ofS n . Palmer and Robinson proved the following
formula [20, pp. 128–131] for computing the cycle index polynomial of the exponentiation groupB A in
terms of the cycle index polynomials ofA andB .

Theorem 1-3.6. (Palmer and Robinson)Let A and B be as described in above. Then the cycle index
polynomial ofB A is the exponential composition ofZ (A) with Z (B ). That is,

Z (B A ) = Z (A) � Z (B ): (3)

Example 1-3.7. Continuing Example 1-3.4, we apply Theorem 1-3.6 to computethe cycle index of the
groupB A , whereA = S 2 andB = C3. Note that the order ofB A is

�
�B A

�
� = jAj � jB j2 = 18:

We get the cycle index polynomial ofB A

Z (B A ) = Z (A) � Z (B )

=
�

1
2

(p2
1 + p2)

�
�

�
1
3

(p3
1 + 2p3)

�

=
1
2

I 1

�
1
3

(p3
1 + 2p3)

�
� I 1

�
1
3

(p3
1 + 2p3)

�
+

1
2

I 2

�
1
3

(p3
1 + 2p3)

�

=
1
2

�
1
3

I 1(p3
1) +

2
3

I 1(p3)
�

�
�

1
3

I 1(p3
1) +

2
3

I 1(p3)
�

+
1
6

I 2(p3
1) +

1
3

I 2(p3)

=
1
18

I 1(p3
1) � I 1(p3

1) +
2
9

I 1(p3) � I 1(p3
1) +

2
9

I 1(p3) � I 1(p3) +
1
6

I 2(p3
1) +

1
3

I 2(p3)

=
1
18

p9
1 +

2
9

p3
3 +

2
9

p3
3 +

1
6

p3
1p3

2 +
1
3

p3p6

=
1
18

(p9
1 + 8p3

3 + 3p3p3
2 + 6p3p6):
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The cycle index polynomialZ (B A ) tells the structure of the groupB A . For example, the coef�cient6
for the termp3p6 tells that there are6 elements inB A with cycle type(6; 3). These elements are precisely
those(�; � ), where� is the2-cycle in groupA, and� : [2] ! B is such that� (1)� (2) is a3-cycle in group
B . Moreover, we observe that the termp3

3 in Z (B A ) with coef�cient 8 is contributed in two ways. One is
from those(�; � ) such that� is the identity element ofA, and� (1) and� (2) are3-cycles inB , each having
two choices; the other is from those(�; � ) such that� is the identity element ofA, one of� (1) and� (2) is
the identity ofB , and the other is a3-cycle inB , which gives rise to4 possibilities.

Remark 1-3.8. Let A andB be the same as in Theorem 1-3.6. Let(�; � ) be an element ofB A , where

ct( � ) = � = ( � 1; � 2; : : : );

and� 2 B m is such that the cycle type of� restricted on each� i -cycle of � is � (i ) , i.e., if thei -th cycle of
� is written as

(a1; a2; : : : ; a� i );

then� (i ) is the cycle type of the permutation

� (a1)� (a2) � � � � (a� i ):

Then the cycle type of(�; � ), as an element of the groupB A acting on the set of functions from[m] to [n],
is � for which

p� = I � 1 (p� (1) ) � I � 2 (p� (2) ) � � � � :
In such cases, for simplicity and without ambiguity, we write

p� = I (� ; � (1) ; � (2) ; : : : ):



CHAPTER 2

Combinatorial Theory of Species

2-1. De�nition of Species

The combinatorial theory of species was initiated by Joyal [12, 13]. In short, species are classes of
“labeled structures”. A formal de�nition (see Bergeron, Labelle, and Leroux [2, pp. 1–11]) is given in the
following.

De�nition 2-1.1. Let B be the category of �nite sets with bijections. Aspecies (of structures)is a functor
from B to itself, i.e.,

F : B ! B:

Given a speciesF , we obtain for each �nite setU a �nite setF [U], which is called the set ofF -structures
on U, and for each bijection� : U ! V a bijection

F [� ] : F [U] ! F [V ];

which is called thetransport ofF -structures along� .

We denote byF [n] = F [f 1; 2; : : : ; ng] the set ofF -structures on[n]. The symmetric groupS n acts on
the setF [n] by transport of structures. TheS n -orbits under this action are calledunlabeledF -structures of
ordern.

Example 2-1.2. The species ofgraphsis denoted byG. Note that by graphs we mean simple graphs, that
is, graphs without loops or multiple edges. Thus de�ned, we mean byG[U] the set of graphs with vertex
setU, and by aG-structure onU a graph with vertex setU. More formally, the species of structuresG
generates

� for any �nite setU, a set of graphs with vertex setU;
� for any bijection� : U ! V , a bijectionG[� ] : G[U] ! G[V ]:

1 53

42

a ec

db

U = f 1; 2; 3; 4; 5g

V = f a; b; c; d; eg

�

FIGURE 2-1. A bijection � from U to V induces a bijectionG[� ], the transport ofG-
structures along� , sending a graph with vertex setU to a graph with vertex setV .

Example 2-1.3. We give a list of examples of species.

� Theemptyspecies0 is de�ned by setting0[U] = ; for all U.

9
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� Thesingleton setspecies1 is de�ned by setting

1[U] =
�

f Ug; if U = ; ;
; ; otherwise:

� The species ofsingletonsX is de�ned by setting

X [U] =
�

f Ug; if jUj = 1 ;
; ; otherwise:

� The species ofsetsE is de�ned by settingE[U] = f Ug for each �nite setU.
� The species oflinear ordersL . In particular, the species of linear orders onn-element sets is

denoted byX n .
� The species ofconnected graphsGc.
� The species ofcomplete graphsK .
� The species ofpermutations� .

Example 2-1.4. For any graphG, we de�ne thespecies associated toG, denotedOG, to be such that

a) for each �nite setU, OG[U] is the set of graphs isomorphic toG with vertex setU. Note that
L (G) = jOG[n]j :

b) for each bijection� : U ! V , wherejUj = jV j, OG [� ] is a bijection fromOG[U] to OG [V ],
sending a graphH isomorphic toG with vertex setU to a graphOG[� ](H ) whose vertex labeling
is obtained from the vertex labeling ofH by replacing each labelu 2 U with � (u).

It is straightforward to see that the bijectionsOG[� ] further satisfy

i. for all bijections� : U ! V and� : V ! W , OG[� � ] = OG[� ]OG [� ].
ii. if U = V and� is the identity map onU, thenOG[� ] is also the identity map onOG[U].

G OG[f a; b; c; d; eg]

e

a

b

b e

dc

d a

b c

d

a c

ba

ed

c

b

ce

a

e

d

FIGURE 2-2. The5 OG-structures on the vertex setf a; b; c; d; eg for a given graphG.

De�nition 2-1.5. Each speciesF is associated with three generating series. First, theexponential generating
seriesof the speciesF , given by

F (x) =
X

n� 0

jF [n]j
xn

n!
;

counts labeledF -structures.

Second, thetype generating seriesof the speciesF , given by

eF (x) =
X

n� 0

f n xn ;

wheref n is the number of unlabeledF -structures of ordern, counts unlabeledF -structures.

The last, but also the most important, associated series is called thecycle indexof the speciesF :

ZF = ZF (p1; p2; : : : ) =
X

n� 0

� X

� ` n

�x F [� ]
p�

z�

�
:
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In this de�nition, �x F [� ] denotes the number ofF -structures on[n] �xed by F [� ], where� is a permutation
of [n] with cycle type� , andp� is the power sum symmetric function indexed by the partitions � of n.

The following theorem (see [2]) illustrates the importance of the cycle index in the theory of species.

Theorem 2-1.6. (Bergeron, Labelle and Leroux)For any species of structuresF , we have

F (x) = ZF (x; 0; 0; : : : );

eF (x) = ZF (x; x 2; x3; : : : ):

Remark 2-1.7. Consider the functorial aspects of the species of setsE and the species of complete graphs
K . We see that there is a natural transformation� that produces for every �nite setU a bijection between
E[U] andK [U], namely, sending the setU to the complete graph with vertex setU. Furthermore, the
following diagram commutes for any �nite setsU, V and any bijection� : U ! V :

E[U]
E[� ]

����! E[V ]

�

?
?
y

?
?
y �

K [U]
K [� ]

����! K [V ]

In this case we call these two speciesisomorphicto each other, denotedE = K . The general de�nition
of two species being isomorphic to each other is similar. As pointed out on [2, p. 21], the concept of
isomorphism is compatible with the transition to series. Therefore, we do not make distinctions between
isomorphic species during calculations.

Example 2-1.8. For � andL the species of permutations and the species of linear orders, we notice that
their exponential generating series are identical:

�( x) = L (x) =
1

1 � x
;

while their type generating series and cycle indices differ:

e�( x) =
Y

k� 1

1
1 � xk ; fL (x) =

1
1 � x

;

Z � =
Y

k� 1

1
1 � pk

; ZL =
1

1 � p1
:

This is because that although there are same number of permutations and linear orders on a given �nite
setU, the permutations and linear orders are not transported in the same manner along bijections. In fact,
a linear order admits only a single automorphism, while a permutation admits many automorphisms in
general.

2 1

34
2 5

3 5 4 1

a) b)

FIGURE 2-3. a) A linear order on[5] admits only a single automorphism.b) A permutation
on [5] admits six automorphisms.
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Example 2-1.9. Let G be the species of graphs. It is well-known that the exponential generating series of
G is given by

G(x) =
X

n� 0

2(n
2) xn

n!
:

The cycle index ofG was given on [2, p. 76]:

ZG =
X

n� 0

� X

� ` n

�x G[� ]
p�

z�

�
; (1)

where

�x G[� ] = 2
1
2

P
i;j � 1 gcd(i; j ) ci (� )cj (� )� 1

2

P
k � 1 (k mod 2) ck (� ) ;

in which ci (� ) denotes the number of parts of lengthi in � .

The above formulas permit us to write out the �rst several terms of the associated series ofG using
Maple:

G (x) = 1 +
x
1!

+ 2
x2

2!
+ 8

x3

3!
+ 64

x4

4!
+ 1024

x5

5!
+ 32768

x6

6!
+ 2097152

x7

7!

+ 68435456
x8

8!
+ 68719476736

x9

9!
+ � � � ;

eG (x) = 1 + x + 2x2 + 4x3 + 11x4 + 34x5 + 156x6 + 1044x7 + 12346x8 + � � � ;

ZG = 1 + p1 + ( p2
1 + p2) +

�
4
3

p3
1 + 2p1p2 +

2
3

p3

�

+
�

8
3

p4
1 + 4p2

1p2 + 2p2
2 +

4
3

p1p3 + p4

�

+
�

128
15

p5
1 +

32
3

p3
1p2 + 8p1p2

2 +
8
3

p2
1p3 +

4
3

p2p3 + 2p1p4 +
4
5

p5

�
+ � � � ;

2-2. Species Operations

We describe in this section some frequently used operationson species, namely, the sum, product, and
substitution of species. Readers are referred to [2, pp. 1–58] for more detailed de�nitions ofF1 + F2, F1F2,
F1(F2), F1 � F2, F �

1 , F 0
1 for arbitrary speciesF1 andF2.

De�nition 2-2.1. Thesumof F1 andF2 is denoted byF1 + F2. An F1 + F2-structure on a �nite setU is
either anF1-structure onU or anF2-structure onU.

or

F1 F2F1 + F2

=

FIGURE 2-4. Addition of speciesF1 + F2.
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The formulae forF1 + F2 are given by

(F1 + F2)(x) = F1(x) + F2(x);

(F̂1 + F2)(x) = fF1(x) + fF2(x);

ZF1+ F2 = ZF1 + ZF2 :

Each speciesF gives rise to acanonical decomposition

F = F0 + F1 + F2 + � � � + Fn + � � � ;

wheref Fn gn� 0 is the family of species de�ned by setting, for eachn,

Fn [U] =
�

F [U]; if jUj = n;
; ; otherwise.

If F = Fn , then we say the speciesF is concentratedon the cardinalityn. We denote byF+ the species of
nonemptyF -structures:

F+ = F1 + F2 + � � � + Fn + � � � ;

F+ [U] =
�

F [U]; if jUj � 1;
; ; if jUj = 0 :

Example 2-2.2. The species of setsE and the species of linear ordersL can be decomposed as

E = E0 + E1 + E2 + � � � = 1 + X + E2 + � � � :

L = L 0 + L 1 + L 2 + � � � = 1 + X + X 2 + � � � :

De�nition 2-2.3. Theproductof F1 andF2 is denoted byF1 � F2. An F1F2-structure on a �nite setU is
of the form(� ; f 1; f 2), where� is an ordered partition ofU with two blocksU1 andU2, Ui possibly empty,
andf i is anFi -structure onUi for eachi .

The formulae for the associated series ofF1F2 are given by

(F1F2)(x) = F1(x)F2(x);

( ]F1F2)(x) = fF1(x)fF2(x);

ZF1F2 = ZF1 ZF2 :

F1 � F2

F1 F2

=

FIGURE 2-5. Multiplication of speciesF1 � F2.

De�nition 2-2.4. Thecompositionof F1 andF2 is denoted byF1 � F2, or equivalently,F1(F2). An F1(F2)-
structure on a �nite setU is a tuple of the form(�; f; 
 ), where� is a partition ofU, f is anF1-structure on
� , and
 is a set ofF2-structures on the blocks of� .
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==

F1F1 � F2

F2

F2

F2

F2

F2

F2
F1

FIGURE 2-6. Composition of speciesF1 � F2.

The formulae for the associated series ofF1(F2) are given by

(F1(F2))( x) = F1(F2(x)) ;

(F̂1(F2))( x) = ZF1 (fF2(x); fF2(x2); : : : );

ZF1(F2 ) = ZF1 � ZF2 ;

where� is the operation of plethysm on symmetric functions de�ned by De�nition 1-2.2.

De�nition 2-2.5. A group A is said toact naturally on a speciesF if, for any �nite set U, there is an
A-action

� U : A � F [U] ! F [U]

so that for each bijection� : U ! V , the following diagram commutes:

A � F [U]
� U����! F [U]

idA � F [� ]

?
?
y

?
?
y F [� ]

A � F [V ]
� V����! F [V ]

De�nition 2-2.6. Thequotient species(see Bergeron, Labelle, and Leroux [2, p. 159]) ofF by A, denoted
F=A, is de�ned based on a groupA acting naturally on a speciesF such that

a) for each �nite setU, the set ofF=A-structures onU is the set ofA-orbits ofF -structures onU, i.e.,

(F=A)[U] = F [U]=A;

b) for each bijection� : U ! V , the transport of structures

(F=A)[� ] : F [U]=A ! F [V ]=A

is induced from the bijectionF [� ] that sends each orbit of the action ofA on F [U] to an orbit of the action
of A on F [V ].

The bijections(F=A)[� ] satisfy the functorial properties

(F=A)[� � ] = ( F=A)[� ](F=A)[� ]; (F=A)[id U ] = id (F=A )[U];

because of the functoriality of the speciesF .

The notion of quotient species appeared in [8] and [3] as an important tool in combinatorial enumeration.

Example 2-2.7. Let E+ be the species of nonempty sets. Then an(E+ � E+ )-structure on a �nite setU is an
ordered pair of nonempty subsets(U1; U2) whose union equalsU. The symmetric groupS 2 acts naturally
on the subscripts ofUi for i = 1 ; 2, with orbits unordered pairs of such(U1; U2). Thus we get a quotient
species(E+ � E+ )=S 2, the species ofpartitions into two blocks, denoted	 (2) .
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Proposition 2-2.8. Let F1 and F2 be two species. LetA be a group acting naturally on bothF1 and F2.
Then

(F1 + F2)=A = F1=A + F2=A: (1)

PROOF. An F1 + F2-structure on a �nite setU is either anF1-structure onU or anF2-structure onU.
It follows immediately that an orbit ofA acting on the set ofF1 + F2-structures onU is either an orbit ofA
acting on the setF1[U] or an orbit ofA acting on the setF2[U]. �

2-3. Molecular Species

De�nition 2-3.1. A species of structuresM is said to bemolecular[29, 30] if there is only one isomorphism
class ofM -structures, i.e., if two arbitraryM -structures are isomorphic.

In other words, the speciesM is molecular if and only ifM 6= 0 , M is concentrated onn, and any
element in the setM [n] can be sent through some transport of structures to any otherelement inM [n].

We introduce in the following a construction of, for any subgroupA of S n , a molecular speciesX n=A
(see Bergeron, Labelle, and Leroux [2, p. 144]). These species satisfy thatX n=A = X n=B if and only if A
andB are conjugates inS n . In fact, if M is any molecular species concentrated on the cardinalityn, and
s is anyM -structure, thenM is the same as the speciesX n =A, as de�ned in below, for someA that is the
automorphism group ofs.

De�nition 2-3.2. Let n be a non-negative integer,A a subgroup ofS n , U andV �nite sets of cardinalityn,
and� : U ! V a bijection. De�ne a speciesX n=A to be such that

a) the set ofX n=A-structures onU is the set of (left) cosets with respect toA of bijections[n] ! U.
That is,

(X n =A)[U] = f �A j � : [n] ! Ug;

where�A = f � � a j a 2 Ag:

b) the transport
(X n =A)[� ] : (X n =A)[U] ! (X n=A)[V ]

is de�ned by setting
(X n =A)[� ](�A ) = ( � � )A:

Example 2-3.3. a) There is only one element in the setEn [n], so that the condition “any two elements in
En [n] are isomorphic” is automatically true. Hence the speciesEn is a molecular species, and

En =
X n

S n
:

b) We denote byCn the species of oriented cycles of lengthn. We see thatCn is a molecular species,
and

Cn =
X n

Cn
;

whereCn is the cyclic group of ordern, i.e.,Cn is the subgroup ofS n in which all elements aren-cycles.

Remark 2-3.4. Let U be a �nite set of cardinalityn, and letA be a subgroup ofS n . ThenA acts naturally
on the set of linear orders onU. If we call the orbit of a linear orders on U under thisA-action theA-orbit
of s, then theX n=A-structures onU is just the set ofA-orbits of the action ofA on the set of linear orders
on U, which is also, as pointed out on [2, p. 160], the quotient species ofX n by A.

The following proposition (see [15, p. 117] Example 7.4) illustrates the close connection between
Pólya's cycle index polynomial and the cycle index of a species.
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Proposition 2-3.5. LetA be a subgroup ofS n . Then

Z (A) = ZX n =A :

PROOF. Recall that the set(X n =A)[n] is the set of cosets ofA in S n . We set

(X n =A)[n] = f g1A; g2A; : : : ; gkAg;

whereg1; g2; : : : ; gk are coset representatives. Then according to the de�nitionof cycle index series, we
have

ZX n =A =
1
n!

X

� 2 S n

�x
X n

A
[� ] Z (� );

whereZ (� ) is the cycle type polynomial of� , and the number of elements in(X n =A)[n] �xed by � is

�x
X n

A
[� ] = jf i 2 [k] : �g i A = gi Agj

=
�
� f i 2 [k] : g� 1

i �g i 2 Ag
�
� :

We notice that if for somei , g� 1
i �g i 2 A, then every elementg in the coset represented bygi A satis�es

g� 1�g 2 A: We notice also that each cosetgi A contains exactlyjAj elements.

Hence we get

�x
X n

A
[� ] =

1
jAj

�
� f g 2 S n : g� 1�g 2 Ag

�
� :

Therefore,

ZX n =A =
1
n!

1
jAj

X

� 2 S n

�
� f g 2 S n : g� 1�g 2 Ag

�
� Z (� )

=
1
n!

1
jAj

X

�; g 2 S n
g� 1 �g 2 A

Z (� ) =
1

jAj

X

g2 S n
� 2 A

1
n!

Z (� ) =
1

jAj

X

� 2 A

Z (� ) = Z (A):

�

Each subgroupA of S n corresponds to a molecular species concentrated on the cardinality n, namely,
X n=A. Proposition 2-3.5 says that Pólya's cycle index polynomial of A is the same as the cycle index of
the speciesX n =A, hence these two de�nitions are equivalent in the case of molecular species.

Example 2-3.6. There ared� = n!=z� permutations with cycle type� in S n . Thus the cycle index polyno-
mial of S n , which is the same as the cycle index of the speciesEn , is

ZEn = Z (S n ) =
1
n!

X

� ` n

d� p� =
X

� ` n

p�

z�
:

Example 2-3.7. Recall for any graphG, OG is the species associated toG. We oberve thatOG is indeed the
molecular speciesX n =aut(G); wheren is the number of vertices inG, andaut(G) is the automorphism
group ofG. It follows from Proposition 2-3.5 that the cycle index ofOG is the cycle index polynomial of
the automorphism group ofG. That is,

ZOG = Z (aut( G)) :

For example, the cycle index of the graphG in Figure 2-2 is

ZOG = Z (A);

whereA is the automorphism group ofG, which is the subgroup ofS 5 isomorphic toS 4. To be more
precise,

ZOG =
1
24

(p5
1 + 6p3

1p2 + 8p2
1p3 + 3p1p2

2 + 6p1p4):
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We see from De�nition 2-3.1 that molecular species are indecomposable under addition. This observa-
tion leads to amolecular decompositionof any species [2, p. 141]:

Proposition 2-3.8. Every species of structuresF is the sum of its molecular subspecies:

F =
X

M � F
M molecular

M:

Example 2-3.9. The molecular decomposition of the species of graphsG is given on [2, p. 421]:

G = 1 + X + 2E2 + (2 E3 + 2X E2) + (2 E4 + 2E2 � E2 + 2X E3 + 2E2
2 + 2X 2E2 + E � X 2) + � � �

Consider the molecular speciesX m =A and X n =B. That meansA is subgroup ofS m and B is a
subgroup ofS n . Yeh [29, 30] proved the following theorem for molecular species.

Theorem 2-3.10. (Yeh) LetA be a subgroup ofS m , andB a subgroup ofS n with n � 1. We have

X m

A
�

X n

B
=

X m+ n

A > B
;

X m

A
�

X n

B
=

X mn

B oA
;

where the product groupA > B acts on the set[m + n], and the wreath product groupB oA, as de�ned by
De�nition 1-1.4, acts on the set[mn].

Note that Yeh's results agree with Pólya's Theorem 1-2.6 for the cycle index polynomials ofA > B and
B oA.

In fact, as mentioned in Remark 2-3.4, we think of anX m =A-structure on the setU1 with jU1j = m as
anA-orbit of linear orders onU1, and anX n=B-structure on the setU2 with jU2j = n as aB -orbit of linear
orders onU2. Then an(X m =A) � (X n =B)-structure onU = U1 _ U2, where_ denotes thedisjoint union
admits an automorphism group isomorphic to the product group A > B , as shown in Figure 2-7.

B-orbits

A-orbits

FIGURE 2-7. (X m =A) � (X n =B) = X m+ n =(A � B ).

We also observe that an(X m =A)� (X n =B)-structure is anX m =A-structure on a set ofX n =B-structures,
which is the same as a set ofB -orbits of linear orders on[n], as shown in Figure 2-8, and hence admits an
automorphism group isomorphic to the wreath productB oA.
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B-orbits

A-orbits

B-orbits

B-orbits

FIGURE 2-8. (X m =A) � (X n =B) = X mn =(B oA).

2-4. Compositional Inverse ofE+

The species1 + X is the sum of the singleton set species1 and the species of singletonsX . A 1 + X -
structure on[n] is

(1 + X )[n] =

8
<

:

f;g ; if n = 0 ;
f 1g; if n = 1 ;
; ; otherwise.

The associated series of1 + X are

(1 + X )(x) = 1 + x;

1̂ + X (x) = 1 + x;

Z(1+ X ) = 1 + p1:

A virtual speciesis, roughly speaking, the formal difference of species [2, p. 121]. Since the species
1 + X satis�es(1 + X )(0) = 1 , Proposition18of [2, p. 129] gives that there exists a unique virtual species
� , so-called “connected(1 + X )-structures” as de�ned on [2, p. 121], with

1 + X = E(�) : (1)

In fact, Equation (1) leads to

X = E+ (�) ;

which implies that� is thecompositional inverseof E+ , written as

� = Eh� 1i
+ (X ):

The associated series of� are given by [2, p. 131]:

�( x) = log(1 + X )(x) = log(1 + x);

e�( x) =
X

k� 1

� (k)
k

log ^(1 + X )(xk ) =
X

k� 1

� (k)
k

log(1 + xk );

Z � =
X

k� 1

� (k)
k

logZ(1+ X ) � pk =
X

k� 1

� (k)
k

log(1 + pk);

where� denotes theMöbius function, de�ned by

� (k) =

8
<

:

0; if n has one or more repeated prime factors;
1; if n = 1 ;
(� 1)j ; if n is a product ofj distinct primes.
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In fact, we can compute the �rst several terms of the associated series of� :

�( x) =
x
1!

�
x2

2!
+ 2

x3

3!
� 6

x4

4!
+ 24

x5

5!
� 120

x6

6!
+ 720

x7

7!
� : : : ;

e�( x) = x � x2; (2)

Z � = p1 �
�

1
2

p2
1 +

1
2

p2

�
+

�
1
3

p3
1 �

1
3

p3

�
�

�
1
4

p4
1 �

1
4

p2
2

�
+

�
1
5

p5
1 �

1
5

p5

�
+ � � � :

Read [23, p. 4] derived identity (2) as the type generating series of the compositional inverse of the
speciesE+ .

Example 2-4.1. Let Gc be the species of connected graphs, andE the species of sets. The observation that
every graph is a set of connected graphs gives rise to the following species identity:

G = E(Gc); (3)

which can be read as “a graph is a set of connected graphs”, andgives rise to the identity

Gc = �( G+ );

which leads to the enumeration of connected graphs:

Gc(x) = log( G(x)) ;

fGc(x) =
X

k� 1

� (k)
k

log( eG(xk )) ;

ZGc =
X

k� 1

� (k)
k

log(ZG � pk � pk + 1) :

Using Maple, we can compute the �rst several terms of the associated series ofGc:

Gc (x) =
x
1!

+
x2

2!
+ 4

x3

3!
+ 38

x4

4!
+ 728

x5

5!
+ 26704

x6

6!
+ 1866256

x7

7!
(4)

+ 251548592
x8

8!
+ 66296291072

x9

9!
+ : : : ; (5)

fGc(x) = x + x2 + 2x3 + 6x4 + 21x5 + 112x6 + 853x7 + 11117x8 + � � � ;

ZGc = p1 +
�

1
2

p2
1 +

1
2

p2

�
+

�
1
3

p3 +
2
3

p3
1 + p1p2

�

+
�

19
12

p4
1 + 2p2

1p2 +
5
4

p2
2 +

2
3

p1p3 +
1
2

p4

�

+
�

193p3
1p2 +

2
3

p2p3 +
91
15

p5
1 + 5p1p2

2 +
4
3

p2
1p3 +

3
5

p5 + p1p4

�

+
�

1669
45

p6
1 +

91
3

p4
1p2 +

38
9

p3
1p3 +

43
2

p2
1p2

2 + 2p2
1p4 +

8
3

p1p2p3

+
4
5

p1p5 +
26
3

p3
2 +

5
2

p2p4 +
25
18

p2
3 +

5
6

p6

�
+ � � � : (6)

Recall Proposition 2-3.8 that states that there is a molecular decomposition of any species up to isomor-
phism. We can often identify a given species in terms of molecular species using combinatorial operators.
Figure 2-9 shows unlabeled connected graphs on no more than4 vertices.
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FIGURE 2-9. Unlabeled connected graphs onn vertices,n � 4.

In this way, the molecular decomposition of the species of connected graphsGc takes the form

Gc = X + E2 +
�

X E2 + E3

�
+

�
E2 � X 2 + X E3 + X 2E2 + E2E2 + E4 + D4

�
+ � � � ;

whereD4 is the molecular species corresponding to the dihedral group D4 of order4, that is,D4 = X 4=D4,
and

ZD4 = Z (D4) =
1
8

�
p4

1 + 2p2
1p2 + 3 p2

2 + 2p4

�
:

2-5. Multisort Species

The theory of multisort species [2, p. 100] is analogous to multivariate functions.

De�nition 2-5.1. A k-setU is ak-tuple of sets

U = ( U1; U2; : : : ; Uk ):

A multifunctionf from (U1; U2; : : : ; Uk ) to (V1; V2; : : : ; Vk ), denoted

f : (U1; U2; : : : ; Uk ) ! (V1; V2; : : : ; Vk );

is a k-tuple of functionsf = ( f 1; f 2; : : : ; f k) such thatf i : Ui ! Vi for i = 1 ; : : : ; k. Suchf is called
bijectiveif eachf i is a bijection.

Let Bk be the category ofk-sets with bijective multifunctions.

De�nition 2-5.2. A species ofk sorts, wherek � 1, is a functor from the category of �nitek-setsBk to the
category of �nite setsB, i.e.,

F : Bk ! B:

A k-sort speciesF gives rise for eachk-set

U = ( U1; U2; : : : ; Uk )

a �nite setF [U1; U2; : : : ; Uk ]; and for each bijective multifunction

� = ( � 1; � 2; : : : ; � k ) : (U1; U2; : : : ; Uk ) ! (V1; V2; : : : ; Vk )

a bijection
F [� ] = F [� 1; � 2; : : : ; � k ] : F [U1; U2; : : : ; Uk ] ! F [V1; V2; : : : ; Vk ]

that is called thetransport ofF -structures along� .

We denote byF (X; Y ) a 2-sort speciesF . We use the notation[m; n], wherem andn are positive
integers, to denote the2-set(f 1; 2; 3; : : : ; mg; f 1; 2; 3; : : : ; ng).
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F

FIGURE 2-10. Multisort species.

The exponential generating series ofF (X; Y ) is

F (x; y) =
X

m;n � 0

�
�F [m; n]

�
� xm

m!
yn

n!
;

whereF [m; n] = F [f 1; 2; : : : ; mg; f 1; 2; : : : ; ng] is the number of labeledF -structures on the2-set[m; n].
The type generating series ofF (X; Y ) is

eF (x; y) =
X

m;n � 0

f m;n xmyn ;

wheref m;n is the number of unlabeledF -structures in which the cardinality of the �rst sort set ism and the
cardinality of the second sort set isn.

The cycle index ofF (X; Y ) is

ZF (X;Y ) =
X

m;n � 0

� X

� ` m; � ` n

�x F [�; � ]
p� [x ]

z�

p� [y ]
z�

�
;

wherep� [x ] andp� [y ] are power sum symmetric functions in variable setsx1; x2; : : : andy1; y2; : : : , respec-
tively, �x F [�; � ] denotes the number ofF -structures on[m; n] �xed by F [�; � ], where� is a permutation
of [m] with cycle type� and� is a permutation of[n] with cycle type� .

Example 2-5.3. Let A (X; Y ) be the2-sort species of rooted trees whose internal vertices are ofsortX and
whose leaves are of sortY . Figure 2-11 shows the transport of structures of twoA (X; Y )-structures under
a bijective multifunction

� =
�

2
j

3
a

4
g

5
m

7
f

8
e

9
d

12
n

�
�
�
�

1
l

6
k

10
h

11
b

13
i

14
c

�
:

2-6. Arithmetic Product of Species

The arithmetic product was studied by Manuel Maia and MiguelMéndez [18]. They developed a de-
composition of a set, called arectangle, which, as we shall see, is essentially an equivalence classof high
dimensional linear orders.

De�nition 2-6.1. Let U be a �nite set. SupposejUj = ab. A rectangleon U of heighta is a pair(� 1; � 2)
such that� 1 is a partition ofU with a blocks, each of sizeb, and� 2 is a partition ofU with b blocks, each
of sizea, and ifB is a block of� 1 andB 0 is a block of� 2 thenjB \ B 0j = 1 .
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A [� ]
mf

e

ch

g

n

d

k bi

j

a

l

4

12

9

6 1113

2
57

8

1410 1

3

FIGURE 2-11. The transport of structuresA [� ] sends an element ofA [U1; U2] to an
element ofA [V1; V2], where

U1 = f 2; 3; 4; 5; 7; 8; 9; 12g, U2 = f 1; 6; 10; 11; 13; 14g,
V1 = f j; a; g; m; f; e; d; n g; V2 = f l; k; h; b; i; cg.

Figure 2-12 shows two representations of a rectangle on[12] of height 3. They both represent the
rectangle(� 1; � 2).

� 1 = ff 1; 3; 4; 9g; f 2; 5; 8; 10g; f 6; 7; 11; 12gg;

� 2 = ff 1; 8; 12g; f 3; 5; 6g; f 2; 4; 11g; f 7; 9; 10gg:

4

4

611712

1 9 3

52108

1

28

12 11

3

5

6

9

10

7

�

FIGURE 2-12. A rectangle on[12] of height3.

Equivalently we can represent a rectangle as a bipartite graph. A rectangle which is the same as in
Figure 2-12 is shown by Figure 2-13, where the labels are on the edges, and the vertex sets on the left and

10

9 8 12

4

3

1

2

5

7
11

6

� 1 = f A1 ; A 2 ; A 3g

B1

B2

B3

B4

A1

A2

A3 � 2 = f B1 ; B 2 ; B 3 ; B 4g

FIGURE 2-13. A rectangle on[12] of height3.

on the right represent partitions� 1 and� 2. More precisely, each edgex in the bipartite graph corresponds
to exactly one pair of vertices(A i ; B j ) with A i 2 � 1 andB j 2 � 2, and this can be interpreted asx being
the only element in the intersection ofA i andB j .
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De�nition 2-6.2. Let U be a �nite set. Ak-rectangleon U is ak-tuple of partitions(� 1; � 2; : : : ; � k ) such
that

a) for eachi 2 [k], � i hasai blocks, each of sizejUj=ai , wherejUj =
kQ

i =1
ai .

b) for anyk-tuple(B1; B2; : : : ; Bk ), whereB i is a block of� i for eachi 2 [k], we havejB1 \ B2 \
� � � \ Bk j = 1 .

Figure 2-14 shows a3-rectangle(� 1; � 2; � 3), represented by a3-partite graph, and labeled are on the
triangles.
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����������
����������
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����������
����������
����������
����������
����������
����������
����������
����������
����������

C1

� 3 = f C1 ; C2g

� 1 = f A1 ; A 2 ; A 3 ; A 4g

A 4A 3A 2A 1

C2

B 3

B 2

B 1
� 2 = f B1 ; B 2 ; B 3g

FIGURE 2-14. A3-rectangle labeled on the triangles.

We denote byN the species of rectangles, and byN (k) the species ofk-rectangles.

Let n =
Q k

i =1 ai , and let� be the set of bijections of the form

� : [a1] � [a2] � � � � � [ak ] ! [n]:

Note that the cardinality of the set� is n!. The group
kY

i =1

S ai = f � = ( � 1; � 2; : : : ; � k ) : � i 2 S ai g

acts on the set� by setting

(� � � )( i1; i2; : : : ; i k ) = � (� 1(i1); � 2(i2); : : : ; � k (i k )) ;

for each(i1; i2; : : : ; i k ) 2 [a1] � [a2] � � � � � [ak ]. We observe that this group action result in a set ofQ k
i =1 S ai -orbits, and that each orbit consists of exactlya1!a2! � � � ak ! elements of� . Observe further that

there is a one-to-one correspondence between the set of
Q k

i =1 S ai -orbits on the set� and the set ofk-
rectangles of the form(� 1; : : : ; � k), where each� i hasai blocks. Therefore, the number of suchk-rectangles
is �

n
a1; a2; : : : ; ak

�
:=

n!
a1!a2! � � � ak !

:

De�nition 2-6.3. Let F1 andF2 be species of structures withF1[; ] = F2[; ] = ; : Thearithmetic productof
F1 andF2, denotedF1 � F2, is de�ned by setting for each �nite setU,

(F1 � F2)[U] =
X

(� 1 � 2)2 N [U]

F1[� 1] � F2[� 2];

where the sum represents the disjoint union. In other words,anF1 � F2-structure on a �nite setU is a tuple
of the form(( � 1; f 1); (� 2; f 2)) , wheref i is anFi -structure on the blocks of� i for eachi .
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A bijection � : U ! V sends a partition� of U to a partition� 0 of V , namely,� (� ) = � 0 = f � (B ) :
B is a block of� g. Thus� induces a bijection� � : � ! � 0, sending each block of� to a block of� 0.

The transport of structures for any bijection� : U ! V is de�ned by

(F1 � F2)[� ](( � 1; f 1); (� 2; f 2)) = (( � 0
1; F1[� � 1 ](f 1)) ; (� 0

2; F2[� � 2 ](f 2))) :

F2F1 F2 F1

X

X

X

X

X

X

X

X

X

X
X

X

X X

X

FIGURE 2-15. Arithmetic productF1 � F2.

The arithmetic product on species satis�es the following properties. They are straightforward to check
using the de�nition.

Proposition 2-6.4. (Maia and Méndez)Let F1; F2 and F3 be species of structures withFi [; ] = ; for
i = 1 ; 2; 3, and letX be the species of singleton sets. Then we have

(commutativity) F1 � F2 = F2 � F1;

(associativity) F1 � (F2 � F3) = ( F1 � F2) � F3;

(distributivity) F1 � (F2 + F3) = F1 � F2 + F1 � F3;

(unit) F1 � X = X � F1 = F1:

FF

X

X

X

X

X

X X

FIGURE 2-16. X is the unit of the arithmetic product:F � X = F .

The following proposition about the arithmetic product of two molecular species could be taken as an
alternative de�nition of the arithmetic product.

Proposition 2-6.5. Let X m =A andX n=B be two molecular species. That is,A is a subgroup ofS m , and
B is a subgroup ofS n . Then

X m

A
�

X n

B
=

X mn

A � B
;

whereA � B is the product group acting on the set[mn] as de�ned by De�nition 1-1.3.

Example 2-6.6. Recall that the molecular speciesE2 is the same as the speciesX 2=S 2. The arithmetic
product of the speciesE2 with itself is a species concentrated on the cardinality4. To be more precise, the
set ofE2 � E2-structures on a setU with jUj = 4 are obtained by taking theS 2 � S 2-orbits of2 by 2 squares
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�lled with elements ofU, where the groupS 2 � S 2 acts by switching the rows and the columns. In other
words,E2 � E2 = X 4=(S 2 � S 2):

E2

a b

dc

E2

FIGURE 2-17. The speciesE2 � E2 is isomorphic to the speciesX 4=(S 2 � S 2).

We can quickly verify Proposition 2-6.5 by observing that the X m =A-structures areA-orbits of linear
orders on[m], and theX n=B-structures areB -orbits of linear orders on[n], and hence an(X m =A) �
(X n =B)-structure on[mn] is just a matrix whose rows and columns areA-orbits of linear orders on[m]
andB -orbits of linear orders on[n], respectively. The automorphism group of such an(X m =A) � (X n=B)-
structure is therefore isomorphic to the product groupA � B .

B-orbits

A-orbits

FIGURE 2-18. (X m =A) � (X n =B) = X mn =(A � B ).

The associativity of the arithmetic product allows us to talk about the arithmetic product of a set of
species.

De�nition 2-6.7. Thearithmetic productof speciesF1; F2; : : : ; Fk with Fi (; ) = ; for all i is de�ned by
setting

k
�

i =1
Fi = F1 � F2 � � � � � Fk ;

which sends each �nite setU to the set
k
�

i =1
Fi [U] =

X
F1[� 1] � F2[� 2] � � � � � Fk [� k ];

where the sum is taken over allk-rectangles(� 1; � 2; : : : ; � k ) of U, and represents the disjoint union. We
denote byF � k the arithmetic product ofk copies ofF .
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For each bijection� : U ! V , the transport of structures of
k
�

i =1
Fi along� sends an

k
�

i =1
Fi -structure on

U of the form
(( � 1; f 1); (� 2; f 2); : : : ; (� k ; f k ))

to and
k
�

i =1
Fi -structure onV of the form

(( � 0
1; F1[� � 1 ]f 1); (� 0

2; F2[� � 2 ]f 2); : : : ; (� 0
k ; Fk [� � k ]f k )) ;

where� � i is the bijection induced by� sending blocks of� i to blocks of� 0
i .

Proposition 2-6.8. (Maia and Méndez)We have the following identities for the species ofk-rectangles.

N = E+ � E+ ;

N (k) = E � k
+ ;

N (i + j ) = N (i ) � N (j ) :

PROOF. These identities follow straightforwardly from the de�nitions of rectangle and arithmetic prod-
uct of species. �

Figures 2-17 and 2-19 show that the setE2 � E2[4] is the same as the set of rectangles on[4] of height
2.

E2

1 2

43

E2 E2E2

4

1 3

2

21

4 3
E2E2E2

1 3

2 4

E2 E2E2

23

1 4 1 4

32
E2E2

FIGURE 2-19. TheE2 � E2-structures on the set[4].

Maria and Méndez [18] gave the formula for the cycle index of the arithmetic product.

Theorem 2-6.9. (Maria and Méndez)Let speciesF1 andF2 satisfy

F1[; ] = F2[; ] = ; :

Then we have
ZF1 � F2 = ZF1 � ZF2 ; (1)

where the operation� on the power sum symmetric functions on the right-hand side of the equation is given
by De�nition 1-2.3.

We notice that due to the linearities of both the arithmetic product of species and the operation� on
power sum symmetric functions, identity (1) reduces to the case whenF1 andF2 are both molecular species.
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Suppose, say,F1 = X m =A andF2 = X n=B for some integersm; n, and someA andB subgroups of
S m andS n , respectively. We apply Proposition 2-6.5 and Proposition2-3.5 to translate the formula

Z(X m =A)� (X n =B) = ZX m =A � ZX n =B

into
Z (A � B ) = Z (A) � Z (B ): (2)

Identity (2) can be roughly veri�ed by observing that ifa is an element ofA andb is an element ofB ,
then the cycle type of(a; b) in the groupA � B satis�es

pct(( a;b)) = pct( a) � pct( b) :

This is because each pair of ak-cycle in a and anl-cycle in b generates cycles of lengthlcm(k; l ) in the
groupA � B with multiplicity gcd(k; l ), and that the formula for such pairs ofk-cycles ina andl-cycles in
b is

pi k
k � pj l

l = pgcd(k;l ) i k j l
lcm( k;l ) :

Figure 2-20 gives an illustration ofp3 � p4 = p12.

FIGURE 2-20. A3-cycle in the groupA and a4-cycle in the groupB generates a12-cycle
in the groupA � B .

Summing up on all different cycle lengths ofa andb, we get the desired result.



CHAPTER 3

Cartesian Product of Graphs and Prime Graphs

3-0. Introduction

In this chapter, we look at the well-known operation ofCartesian product(De�nition 3-1.1) on graphs,
and the notion ofprime graphs(De�nition 3-1.3) with respect to Cartesian multiplication. Our goal is to
�nd the cycle index of the species of prime graphs.

First, we get a relation (Proposition 3-1.8) between the Cartesian product of graphs and the arithmetic
product of species (De�nition 2-6.3). We then use the tool ofDirichlet exponential generating series(Def-
inition 3-2.3) to get a formula (Theorem 3-2.9) expressing the number of labeled prime graphs in terms of
the number of labeled connected graphs. Furthermore, we seethat the unique factorization of a nontriv-
ial connected graph into the product of powers of prime graphs (Sabidussi [26]) gives a free commutative
monoid structure on the set of unlabeled connected graphs, and leads to a formula (Theorem 3-3.10) that
counts unlabeled prime graphs in terms of unlabeled connected graphs.

In terms of species, the arithmetic product of species studied by Maia and Méndez [18] comes back
into play. As it turns out, we need a stronger notion than arithmetic product in order to express the species
of connected graphs in terms of the species of prime graphs. We therefore de�ne a new operation, the
exponential compositionof species (De�nition 3-5.1), which is related to the arithmetic product of species
as the composition of species is related to the multiplication of species, and get a formula (Theorem 3-6.2)
expressing the species of connected graphs as the exponential composition of the species of prime graphs.
An explicit formula for the inverse of exponential composition would be nice to �nd, but that problem
remains open.

The enumeration of the species of prime graphs is therefore complete by applying the enumeration
theorem (Theorem 3-4.4) for the exponential composition ofspecies, which is a generalization of the enu-
meration theorem by Palmer and Robinson about the cycle index polynomial of the exponentiation group
(Theorem 1-3.6).

3-1. Cartesian Product of Graphs

For any graphG, we letV (G) be the vertex set ofG, E(G) the edge set ofG, andl(G) = jV (G)j the
number of vertices inG. Two graphsG andH with the same number of vertices are said to beisomorphic,
denotedG �= H , if there exists a bijection fromV(G) to V (H ) that preserves adjacency. Such a bijection
is called anisomorphismfrom G to H . In the case whenG andH are identical, this bijection is called an
automorphismof G. The collection of all automorphisms ofG, denotedaut(G), constitutes a group called
theautomorphism groupof G.

We call the isomorphism classes of graphsunlabeled graphs. If G is a graph withn vertices,L (G) is
the number of graphs isomorphic toG with vertex set[n]. It is well-known that

L (G) =
l(G)!

jaut(G)j
:

We use the notation
P n

i =1 Gi = G1 + G2 + � � � + Gn to mean the disjoint union of a set of graphs
f Gi gi =1 ;:::;n .

28
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De�nition 3-1.1. TheCartesian productof graphsG1 andG2, denotedG1� G2, as de�ned by Sabidussi [26]
under the name theweak Cartesian product, is the graph whose vertex set is

V (G1 � G2) = V (G1) � V (G2) = f (u; v) : u 2 V(G1); v 2 V (G2)g;

in which (u; v) is adjacent to(w; z) if
either u = w andf v; zg 2 E(G2) or v = z andf u; wg 2 E(G1).

For simplicity and without ambiguity, we callG1 � G2 theproductof G1 andG2.

2

3,3'

4,3'
3,2'

2,2'

2,3'

1,3'

1,2'3,1'

4,1'2,1'

1,1'

1'

2'3'

1

3

4

4,2'

FIGURE 3-1. The Cartesian product of a graph with vertex setf 1; 2; 3; 4g and a graph with
vertex setf 10; 20; 30g is a graph with vertex setf (i; j )g, wherei 2 [4] andj 2 [3]0.

The following properties of the Cartesian multiplication can be veri�ed straightforwardly.

Proposition 3-1.2. LetG1, G2 andG3 be graphs. Then

(commutativity) G1 � G2
�= G2 � G1;

(associativity) (G1 � G2) � G3
�= G1 � (G2 � G3):

These properties allow us to talk about the Cartesian product of a set of graphsf Gi gi 2 I , denoted�
i 2 I

Gi .

We denote byGn the Cartesian product ofn copies ofG.

De�nition 3-1.3. A graphG is primewith respect to Cartesian multiplication ifG is a connected graph with
more than one vertex such thatG �= H1 � H2 implies that eitherH1 or H2 is a singleton vertex.

Two graphsG andH are calledrelatively primewith respect to Cartesian multiplication, if and only if
G �= G1 � J andH �= H1 � J imply thatJ is a singleton vertex.

We denote byP the species of prime graphs. We also denote byC the set of unlabeled connected
graphs, and byP the set of unlabeled prime graphs.

If G is a connected graph, thenG can be decomposed into prime factors, that is, there is a setf Pi gi 2 I
of prime graphs such thatG �= �

i 2 I
Pi : In Figure 3-2, a connected graphG with 24 vertices is decomposed

into the product of prime graphsP1; P2; P3 with 3, 2 and4 vertices, respectively.

Furthermore, we have the following theorem given by Sabidussi [26].

Theorem 3-1.4. (Sabidussi)For any non-trivial connected graphG, the factorization ofG into the Carte-
sian product of prime powers is unique up to isomorphism.
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=

FIGURE 3-2. The decomposition of a connected graph into prime graphs.

The automorphism groups of the Cartesian product of a set of graphs was studied by Sabidussi [26] and
Palmer [19].

Theorem 3-1.5. (Sabidussi)Let f Gi gi =1 ;:::;n be a set of graphs. Then the automorphism group of the
Cartesian product off Gi gi =1 ;:::;n is isomorphic to the automorphism group of the sum off Gi gi =1 ;:::;n . That
is,

aut
�

n
�

i =1
Gi

�
�= aut

� nX

i =1

Gi

�
:

Theorem 3-1.6. (Sabidussi)Let G1; G2; : : : ; Gn be connected graphs which are pairwise relatively prime
with respect to Cartesian multiplication. Then the automorphism group of the Cartesian product off Gi gi =1 ;:::;n
is isomorphic to the product of each of the automorphism groups off Gi gi =1 ;:::;n . That is,

aut
�

n
�

i =1
Gi

�
�=

nY

i =1

aut(Gi ): (3-1.1)

Example 3-1.7. The prime graphsP1; P2 andP3 in Figure 3-2 are pairwise relatively prime, so the auto-
morphism group ofG is

aut(G) = aut( P1) � aut(P2) � aut(P3)

= S 2 � S 2 � V4;

whereV4
�= S 2 � S 2:

Recall the arithmetic product of species de�ned by De�nition 2-6.3 and the species associated to a graph
de�ned in Example 2-1.4. We present in the following the close connection between the arithmetic product
and the Cartesian product.

Proposition 3-1.8. Let G1 andG2 be two graphs that are relatively prime to each other. Then the species
associated to the Cartesian product ofG1 and G2 is equivalent to the arithmetic product of the species
associated toG1 and the species associated toG2. That is,

OG1 � G2 = OG1 � OG2

PROOF. Let l (G1) = m andl(G2) = n. Thenl(G1 � G2) = mn.

SinceG1 andG2 are relatively prime, applying Theorem 3-1.6 we get

aut(G1 � G2) = aut( G1) � aut(G2):
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Therefore,

OG1 � G2 =
X l (G1 � G2)

aut(G1 � G2)
=

X mn

aut(G1) � aut(G2)

=
X m

aut(G1)
�

X n

aut(G2)
= OG1 � OG2 :

�

Note that ifG1 andG2 are not relatively prime to each other, then the species associated to the Cartesian
product ofG1 andG2 is generally different from the arithmetic product ofOG1 andOG2 . This is because
that the automorphism group of the product of the graphs is nolonger the product of the automorphism
groups of the graphs. For example, we will see in Remark 3-2.2that for any prime graphP,

aut(P � P) = aut( P)S 2 ;

andaut(P)S 2 is generally much larger thanaut(P)2.

3-2. Labeled Prime Graphs

We introduce in the following an important theorem by Sabidussi about the automorphism group of a
connected graph using its prime factorization.

Theorem 3-2.1. (Sabidussi)LetG be a connected graph with prime factorization

G �= P s1
1 � P s2

2 � � � � � P sk
k ;

where forr = 1 ; 2; : : : ; k, all Pr are distinct prime graphs, and allsr are positive integers. Then we have

aut(G) �=
kY

r =1

aut(P sr
r ) �=

kY

r =1

aut(Pr )S sr :

In other words, the automorphism group ofG is generated by the automorphism groups of the factors and
the transpositions of isomorphic factors.

Remark 3-2.2. (A quick veri�cation of Theorem 3-2.1, and more.)Note that theP sr
r , for r = 1 ; 2; : : : ; k,

are pairwise relatively prime. With Theorem 3-1.6 handy, wesee that Theorem 3-2.1 is equivalent to the
following special case:

If P is any prime graph andk is a nonnegative integer, then the automorphism group ofP k

is the exponentiation groupaut(P)S k , i.e.,

aut(P k ) = aut( P)S k :

In fact, we quickly observe thataut(P)S k is a subgroup ofaut(P k ), since every element

(�; � ) = ( � ; � (1); � (2); : : : ; � (k)) 2 aut(P)S k

with � 2 S k and� (i ) 2 aut(P), for all i , gives rise to an automorphism of the product graphP k by letting
each� (i ) act on a copy ofP in P k and letting� act on thek copies ofP in P k . More precisely, since each of
the vertices ofP k is ak-vector where thei -th coordinate is contributed by a vertex in thei -th copy ofP, the
permutation� acts onP k by permuting the coordinates of the vertices ofP k . Therefore, the exponentiation
groupaut(P)S k is a subgroup of the automorphism group ofP k .

Hence what Sabidussi's theorem really says is that the automorphism group ofP k is no bigger than
the exponentiation groupaut(P)S k . Therefore, Theorem 3-2.1 can be veri�ed by showing that these two
groups contain the same number of elements. That is, it remains to show that

aut(P k ) = j aut(P)S k j:
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Recall that for any graphG, kG is the sum ofk copies ofG. By Theorem 3-1.5, we have

j aut(P k )j = j aut(kP )j:

Therefore, it suf�ces for us to show that

j aut(kP )j = k! j aut(P)jk ;

where the right-hand side is the same as the order of the exponentiation groupaut(P)S k .

S 3

FIGURE 3-3. The automorphisms ofkP are generated by elements inaut(P) andS k .

Note thatkP hask connected components, each of which is a copy ofP. Let � be an automorphism
of kP , and letv1; v2 be vertices ofkP that are in the same connected component. Since automorphisms
preserve adjacency,� (v1) and� (v2) are in the same connected component of� (kP ) = kP . Therefore,�
sends one connected component ofkP to another connected component ofkP , possibly the same one. Let
us assume, say, that� (P1) = P2, whereP1 andP2 are two arbitrary connected components ofkP , possibly
the same one. This means thatP1 andP2 are both copies ofP. Let � 1 be the action of� restricted toP1.
Then there is some� : P2 ! P1 such that�� 1 is an automorphism ofP. Therefore, such an� can be
obtained by taking an automorphism of each connected component ofkP , separately, followed by putting a
permutation on[k] over thek copies ofP. In the meanwhile, the above argument also implies that thisis the
only way to construct an automorphism ofkP . Thus we see from De�nition 1-1.4 that the automorphism
group ofkP is the wreath product groupaut(P) oS k , i.e.,

aut(kP ) = aut( P) oS k ;

which gives that

j aut(kP )j = j aut(P) oS k j = k! j aut(P)jk :

In what follows in this section all graphs considered are connected.

De�nition 3-2.3. The Dirichlet exponential generating seriesfor a sequence of numbersf an gn2 N is de-
�ned by

P

n� 1
an=n! ns:

Multiplication of Dirichlet exponential generating series is given by
� X

n� 1

an

n! ns

�� X

n� 1

bn

n! ns

�
=

X

n� 1

cn

n! ns ; (3-2.1)

where

cn =
X

kjn

�
n
k

�
akbn=k =

X

kjn

n!
k! (n=k)!

akbn=k :
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TheDirichlet exponential generating function for a speciesF with the restrictionF [; ] = ; is de�ned
by

D(F ) =
X

n� 1

jF [n]j
n! ns :

Example 3-2.4. Recall that for any graphG, OG is the species associated toG. We denote byD(G) the
Dirichlet exponential generating function for the speciesOG . More explicitly,

D(G) = D(OG) =
L(G)

l(G)! l (G)s :

It is illustrated by the following proposition that the Dirichlet exponential generating functions are useful
for enumeration involving the arithmetic product of species.

Proposition 3-2.5. (Maia and Méndez)LetF1 andF2 be species withFi [; ] = ; for i = 1 ; 2. Then

D(F1 � F2) = D(F1) D(F2): (3-2.2)

PROOF. This proof was given by Maia and Méndez [18, p. 6]. We calculate the number ofF1 � F2-
structures on the set[n]:

jF1 � F2[n]j =
X

(� 1 ;� 2)2 N [n]

jF1[� 1]j jF2[� 2]j

=
X

ajn

X

( � 1 ;� 2 ) 2 N [n ]
height( � 1 ;� 2 )= a

jF1[a]j jF2[n=a]j

=
X

ajn

n n
a

o
jF1[a]j jF2[n=a]j:

Equation (3-2.2) follows from the multiplication rule of Dirichlet exponential generating functions given
by Equation (3-2.1). �

Lemma 3-2.6. LetG1 andG2 be relatively prime graphs. Then

D(G1 � G2) = D(G1)D(G2)

PROOF. Applying Proposition 3-1.8 and Proposition 3-2.5, we get

D(G1 � G2) = D(OG1 � G2 ) = D(OG1 � OG2 ) = D(OG1 )D(OG2 ) = D(G1)D(G2):

�

Lemma 3-2.7. Let P be any prime graph. LetT be the sum of all nonnegative integer powers ofP, i.e.,
T =

P
k� 0 P k . Then the Dirichlet exponential generating functions forT andP are related by

D(T) = exp( D(P)) :

PROOF. For any graphG, we have

L(G) =
l(G)!

jaut(G)j
;

and

D(G) =
L(G)

l(G)! � l (G)s =
1

jaut(G)j � l (G)s :

Now it follows from Remark 3-2.2 that
�
�
�aut(P k )

�
�
� =

�
�
�aut(P)S k

�
�
� = k! � jaut(P)jk ;
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which gives that

L (P k ) =
l(P k )!

j aut(P k )j
=

l(P k )!

k! � jaut(P)jk
:

Hence we get

D(P k ) =
L(P k )

l (P k )! � l (P k )s =
1

k! � jaut(P)jk � l (P)ks
=

D(P)k

k!
:

Summing up onk, we get

D(T) =
X

k� 0

D(P)k

k!
= exp( D(P)) :

�

Example 3-2.8. Let P be the species of prime graphs, andGc the species of connected graphs. Then
D(Gc) andD(P ) are the Dirichlet exponential generating functions for these two species, respectively:

D(Gc) =
X

n� 1

jGc[n]j
n! ns =

X

G2 C

D(G); D(P ) =
X

n� 1

jP [n]j
n! ns =

X

P 2 P

D(P);

whereC is the set of unlabeled connected graphs andP is the set of unlabeled prime graphs.

Theorem 3-2.9. Let Gc be the species of connected graphs, and letP be the species of prime graphs. We
have

D(Gc) = exp ( D(P )) :

PROOF. Lemma 3-2.6 gives that the Dirichlet exponential generating function of a product of two rela-
tively prime graphs is the product of the Dirichlet exponential generating functions of the two graphs. Note
that according to Proposition 3-1.2, the operation of Cartesian product on graphs is associative up to iso-
morphism. Then it follows that if we have a set of pairwise relatively prime graphsf Gi gi =1 ;2;:::;r , and let

G =
r
�

i =1
Gi , then

D(G) =
rY

i =1

D(Gi ):

Now according to the de�nition of the Dirichlet exponentialgenerating function for graphs, we get

D(Gc) =
X

G2 C

D(G) =
Y

P 2 P

D
� X

k� 0

P k
�

=
Y

P 2 P

exp(D(P))

= exp
� X

P 2 P

D(P)
�

= exp( D(P )) :

�

Recall the exponential generating series ofGc given by (5):

Gc (x) =
x
1!

+
x2

2!
+ 4

x3

3!
+ 38

x4

4!
+ 728

x5

5!
+ 26704

x6

6!
+ 1866256

x7

7!

+ 251548592
x8

8!
+ 66296291072

x9

9!
+ : : : ;
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We obtainD(Gc) by replacingxn with n� s for eachn in the above expression:

D(Gc) =
X

n� 1

jGc[n]j
1

n! ns

=
1

1! 1s +
1

2! 2s + 4
1

3! 3s + 38
1

4! 4s + 728
1

5! 5s + 26704
1

6! 6s + 1866256
1

7! 7s

+ 251548592
1

8! 8s + 66296291072
1

9! 9s + : : : :

Theorem 3-2.9 gives a way of counting labeled prime graphs bywriting

D(P ) = log D(Gc):

For example, we write down the �rst terms ofD(P ) as follows:

D(P ) =
1

1! 1s +
1

2! 2s + 4
1

3! 3s + 35
1

4! 4s + 728
1

5! 5s + 26464
1

6! 6s + 1866256
1

7! 7s

+ 251518352
1

8! 8s + 66296210432
1

9! 9s + : : : :

Let pr
n and cn be the number of labeled prime graphs and the number of labeled connected graphs,

respectively. We obtain the following table.

TABLE 1. Values ofpr
n andcn , for n � 12.

n pr
n cn

1 1 1
2 1 1
3 4 4
4 35 38
5 728 728
6 26464 26704
7 1866256 1866256
8 251518352 251548592
9 66296210432 66296291072

10 34496477587456 34496488594816
11 35641657548953344 35641657548953344
12 73354596197458024448 73354596206766622208

3-3. Unlabeled Prime Graphs

In this section all graphs considered are unlabeled and connected.

De�nition 3-3.1. The(formal) Dirichlet seriesof a sequencef an gn=1 ;2;:::;1 is de�ned to be
P 1

n=1 an=ns.

The multiplication of Dirichlet series is given by
X

n� 1

an

ns �
X

m� 1

bn

ns =
X

n� 1

� X

kjn

akbn=k

�
1
ns :

De�nition 3-3.2. A monoid is a semigroup with a unit. Afree commutative monoidis a commutative
monoidM with a set of primesP � M such that each elementm 2 M can be uniquely decomposed into a
product of elements inP up to rearrangement.

Let M be a free commutative monoid. We get amonoid algebraCM , in which the elements are all
formal sums

P
m2 M cm m; wherecm 2 C; with addition and multiplication de�ned naturally.
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For eachm 2 M , we associate alengthl(m) that is compatible with the multiplication inM . That is,
for anym1; m2 2 M , we havel(m1)l (m2) = l(m1m2).

It is well-known that the monoid algebra yields the following identity:

Proposition 3-3.3. Let M be a free commutative monoid with prime setP. The following identity holds in
the monoid algebraCM :

X

m2 M

m =
Y

p2 P

1
1 � p

:

Furthermore, we can de�ne a homomorphism fromM to the ring of Dirichlet series under which each
m 2 M is sent to1=l(m)s, wherel is a length function ofM . Therefore,

X

m2 M

1
l(m)s =

Y

p2 P

1
1 � l (p)� s :

Example 3-3.4. Let N denote the set of all natural numbers, and letP denote the set of all prime numbers.
ThenN is a free commutative monoid with prime setP, and the length function is given byl(n) = n for all
n 2 N . As an application of Proposition 3-3.3, we have the following well-known identity for expressing
the zeta function:

� (s) =
X

n2 N

1
ns =

Y

p2 P

1
1 � p� s :

Recall thatC is the set of unlabeled connected graphs under the operationof Cartesian product. The
unique factorization theorem of Sabidussi givesC the structure of a commutative free monoid with a set
of primesP, whereP is the set of unlabeled prime graphs. This is saying that every element ofC has a
unique factorization of the formbe1

1 be2
2 � � � bek

k , where thebi are distinct primes inP. Let l (G), the number
of vertices inG, be a length function forC. We have the following proposition.

Lemma 3-3.5. LetC andP be the set of unlabeled connected graphs and the set of unlabeled prime graphs,
respectively. We have

X

G2 C

1
l(G)s =

Y

P 2 P

1
1 � l (P)� s :

The enumeration of prime graphs was studied by Raphaël Bellec [1]. We use Dirichlet series to count
unlabeled connected prime graphs.

Theorem 3-3.6. Let ecn be the number of unlabeled connected graphs onn vertices, and letbm be the
number of unlabeled prime graphs onm vertices. Then we have

X

n� 1

ecn

ns =
Y

m� 2

1
(1 � m� s)bm

: (3-3.1)

Furthermore, if we de�ne numbersdn for positive integersn by
X

n� 1

dn

ns = log
X

n� 1

ecn

ns ; (3-3.2)

then

dn =
X

m l = n

bm

l
; (3-3.3)

where the sum is over all pairs(m; l ) of positive integers withml = n.

Remark 3-3.7. A quick observation from Equation (3-3.3) is thatbn = dn whenevern is not of the form
r k for somek > 1.
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In what follows, we introduce an interesting recursive formula for computingdn . To start with, we
differentiate both sides of Equation (3-3.2) with respect to s and simplify. We get that

X

n� 2

logn
ecn

ns =
� X

n� 1

ecn

ns

�� X

n� 2

logn
dn

ns

�
;

which gives

ecn logn =
X

ml = n

cm dl log l: (3-3.4)

Sincec1 is the number of connected graphs on1 vertex,c1 = 1 . It follows from Equation (3-3.4) easily that
dp = cp whenp is a prime number. Therefore, ifp is a prime number,bp = dp = cp. This fact can be seen
directly, since a connected graph with a prime number of vertices is a prime graph.

Raphaël Bellec used Equation (3-3.4) to �nd formulae fordn wheren is a product of two different
primes or a product of three different primes:

If n = pqwherep 6= q,

dn = ecn � cpcq; (3-3.5)

If n = pqr wherep; qandr are distinct primes,

dn = ecn + 2cpcqcr � cpcqr � cqcpr � cr cpq: (3-3.6)

In fact, Equations (3-3.5) and (3-3.6) are special cases of the following proposition.

Proposition 3-3.8. Letdn ; ecn be de�ned as above. Then we have

dn = ecn �
1
2

X

n1n2= n

cn1 cn2 +
1
3

X

n1n2n3= n

cn1 cn2 cn3 � : : : :

PROOF. We can use the identity

log(1 + x) = x �
1
2

x2 +
1
3

x3 �
1
4

x4 + : : :

to compute from Equation (3-3.2) that

X

n� 1

dn

ns = log
�

1 +
X

n� 2

ecn

ns

�

=
X

n� 2

ecn

ns �
1
2

� X

n� 2

ecn

ns

� 2

+
1
3

� X

n� 2

ecn

ns

� 3

� : : : :

Equating coef�cients ofn� s on both sides, we get the desired result. �

PROOF OFTHEOREM 3-3.6. We start with
X

m

1
l(m)s =

Y

p

1
1 � l (p)� s ;

where the left-hand side is summed over all connected graphs, and the right-hand side is summed over all
prime graphs. Regrouping the summands on the left-hand sidewith respect to the number of vertices inm,
we get the left-hand side of Equation (3-3.1). Regrouping the factors on the right-hand side with respect to
the number of vertices inp, we get the right-hand side of Equation (3-3.1).
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Taking the logarithm of both sides of Equation (3-3.1), we get

log
X

n� 1

ecn

ns = log
Y

m� 2

1
(1 � m� s)bm

=
X

m� 2

bm log
1

1 � m� s

=
X

m� 2

�
bm

X

l � 1

m� sl

l

�
=

X

m� 2; l � 1

bm

l m sl ;

and Equation (3-3.3) follows immediately. �

Next, we will compute the numbersbn in terms of the numbersdn using the following lemma.

Lemma 3-3.9. Let f D i gi =1 ;::: andf J i gi =1 ;::: be sequences of numbers satisfying

Dk =
X

l jk

Jk=l

l
; (3-3.7)

and let� be the M̈obius function. Then we have

Jk =
1
k

X

l jk

�
�

k
l

�
lD l :

PROOF. Multiplying by k on both sides of Equation (3-3.7) , we get

kD k =
X

l jk

k
l

Jk=l =
X

l jk

lJ l :

Applying the Möbius inversion formula, we get

kJk =
X

l jk

�
�

k
l

�
lD l :

Therefore,

Jk =
1
k

X

l jk

�
�

k
l

�
lD l :

�

Given any natural numbern, let e be the largest number such thatn = r e for somer . Note thatr is not
a power of a smaller integer. We letDk = dr k ; Jk = br k . It follows that Equation (3-3.3) is equivalent to
Equation (3-3.7).

Theorem 3-3.10.For any natural numbern, let e; r be as described in above. Then we have

bn =
1
e

X

l je

�
�

e
l

�
ldr e :

PROOF. The result follows straightforwardly from Lemma 3-3.9. �

Table 2 gives the numbers of unlabeled prime graphsbn compared with the numbers of unlabeled con-
nected graphsecn on no more than12 vertices.
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TABLE 2. Values ofecn andbn , for n � 12.

n ecn bn

1 1 0
2 1 1
3 2 2
4 6 5
5 21 21
6 112 110
7 853 853
8 11117 11111
9 261080 261077

10 11716571 11716550
11 1006700565 1006700565
12 164059830476 164059830354

3-4. Exponential Composition with a Molecular Species

In this section we introduce an operation on species that is equivalent to the exponentiation groups in
the case of molecular species. This operation turns out to beuseful for �nding a functional equation relating
the species of connected graphs and the species of prime graphs.

Let F be a species of structures withF [; ] = ; , let k be a positive integer, and letA be a subgroup of
S k . Recall that anF � k-structure on a �nite setU is a tuple of the form

(( � 1; f 1); (� 2; f 2); : : : ; (� k ; f k )) ;

where(� 1; � 2; : : : ; � k ) is ak-rectangle onU, and eachf i is anF -structure on the blocks of� i . The group
A acts on the set ofF � k-structures by permuting the subscripts of� i andf i , i.e.,

� (( � 1; f 1); : : : ; (� k ; f k )) = (( � � (1) ; f � (1) ); : : : ; (� � (k) ; f � (k) )) ;

where� is an element ofA, (� � 1 ; � � 2 ; : : : ; � � k ) is ak-rectangle onU, and eachf � i is anF -structure on
the blocks of� � i . It is easy to check that this action ofA on F � k -structures is natural, that is, it commutes
with any bijection� : U ! V . Hence we get a quotient species under this group action.

De�nition 3-4.1. We de�ne theexponential compositionof F with the molecular speciesX k=A to be the
quotient species, denoted(X k=A)hF i , under the group action described in above. That is,

(X k=A)hF i := F � k=A:

Example 3-4.2. Figure 3-4 illustrates the group action ofS 2 on the set ofE � 2
2 -structures on[4], resulting

in three orbits.

Let A be a subgroup ofS m , and letB be a subgroup ofS n . We have the following formulas from
Theorem 2-3.10 and Proposition 2-6.5:

X m

A
�

X n

B
=

X m+ n

A > B
;

X m

A
�

X n

B
=

X mn

B oA
;

X m

A
�

X n

B
=

X mn

A � B
:

Now we can add to this list one more formula representing the group action ofB A on the setN = nm

stated in the following theorem.
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FIGURE 3-4. There are three elements in the setE2hE2i [4].

Theorem 3-4.3. LetA andB be groups described in above, letN = nm , and letB A be the exponentiation
group ofA with B , as de�ned in De�nition 1-3.1. Then we have

X m

A

�
X n

B

�
=

X N

B A :

Moreover, we get the cycle index of(X m =A)hX n =Bi :

Z(X m =A)hX n =Bi = Z (A) � Z (B );

where the expressionZ (A) � Z (B ) denotes the image ofZ (B ) under the operator obtained by substituting
the operatorI r for the variablespr in Z (A).

PROOF. Proposition 2-6.5 and the associativity of the arithmeticproduct give that
�

X n

B

� � m

=
X N

B m ;

whereB m is the the product ofm copies ofB , acting on the set

[n] � [n] � � � � � [n]
| {z }

m copies

piecewise, and hence viewed as a subgroup ofS N . According to Remark 2-3.4, the set of(X n =B)� m -
structures on[N ] is then just the set ofB m -orbits of linear orders on[N ].

The groupA acts on theseB m -orbits of linear orders by permuting the subscripts. This action results in
the quotient species

X m

A

�
X n

B

�
=

�
X n

B

� � m �
A =

�
X N

B m

��
A:

We observe that anA-orbit of B m -orbits of linear orders on[N ] admits an automorphism group isomor-
phic to the exponentiation groupB A , hence the quotient species(X N =Bm )=A is the same as the molecular
speciesX N =BA .

As for the cycle index of(X m =A)hX n =Bi , we apply Proposition 2-3.5 and Theorem 1-3.6 to get that

Z(X m =A)hX n =Bi = ZX N =B A = Z (B A ) = Z (A) � Z (B ):

Figure 3-5 illustrates an group action ofA on a set of(X n =B)� m -structures. �
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FIGURE 3-5. ((X n =B)� m )=A = X nm
=BA .

Next, we introduce a theorem that is a generalization of Palmer and Robinson's Theorem 1-3.6.

Theorem 3-4.4. Let A be a subgroup ofS k , and let F be a species of structures concentrated on the
cardinality n. Then the cycle index of the species(X k=A)hF i is given by

Z(X k =A)hF i = Z (A) � ZF : (3-4.1)

Remark 3-4.5(Notation and Set-up). We denote byParn the set of partitions ofn, and byPark
n the set of

k-sequences of partitions ofn.

For �xed integersn, k, andN = nk , we denote byN N the species ofk-dimensional cubes, ork-cubes,
on [N ], de�ned by

N N = E � k
n [N ]:

We also call the elements of the set(X n )� k [N ] k-dimensional ordered cubes on[N ].

Let � be a permutation on[k] with cycle type

ct( � ) = ( r1; r2 : : : ; rd):

Then � acts on theF � k -structures by permuting the subscripts. Let� be a partition ofN . Let � be a
permutation of[N ] with cycle type� . Then� acts on theF � k -structures by transport of structures. Recall
the notation introduced in Remark 1-3.8:

I (ct( � ); � (1) ; � (2) ; : : : ; � (d) ) = I r 1 (p� (1) ) � I r 2 (p� (2) ) � � � � � I r d (p� ( d) ):

We denote byRecF (�; � ) a function on the pair(�; � ) de�ned by

RecF (�; � ) :=
X Q d

i =1 �x F [� (i ) ]
z� (1) � � � z� ( d)

; (3-4.2)

where the summation is over all sequences(� (1) ; � (2) ; : : : ; � (d) ) in Pard
n with

I (ct( � ); � (1) ; � (2) ; : : : ; � (d) )) = p� :
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We denote by�x F (�; � ) the number ofF � k -structures on the set[N ] �xed by the joint action of the pair
(�; � ).

PROOF OFTHEOREM 3-4.4. Let� be a partition ofN . It suf�ces to prove that the coef�cients ofp�
on both sides of Equation (3-4.1) are equal.

The right-hand side of Equation (3-4.1) is

Z (A) � ZF =
�

1
jAj

X

� 2 A

pct( � )

�
�

� X

� ` n

�x F [� ]
p�

z�

�

=
1

jAj

X

� 2 A

I ct( � )

� X

� ` n

�x F [� ]
p�

z�

�
:

For � 2 A with ct( � ) = ( r1; r2; : : : ; rd), we have

I ct( � ) = I r 1 � � � I r d ;

and

I ct( � )

� X

� ` n

�x F [� ]
p�

z�

�

= I r 1

� X

� ` n

�x F [� ]
p�

z�

�
� I r 2

� X

� ` n

�x F [� ]
p�

z�

�
� � � � � I r d

� X

� ` n

�x F [� ]
p�

z�

�
:

Therefore, the coef�cient ofp� in the expressionZ (A) � ZF is

1
jAj

X Q d
i =1 �x F [� (i ) ]

z� (1) � � � z� ( d)
=

1
jAj

X

� 2 A

RecF (�; � ); (3-4.3)

where the summation on the left-hand side is taken over all sequences(� (1) ; � (2) ; : : : ; � (d) ) in Pard
n for

somed � 1 and all� 2 A with ct( � ) = ( r1; r2; : : : ; rd) such that

I (ct( � ); � (1) ; � (2) ; : : : ; � (d) ) = p� ;

andRecF (�; � ) on the right-hand side is as de�ned by (3-4.2) in Remark 3-4.5.
The left-hand side of Equation (3-4.1) is

ZF � k =A =
X

� ` N

�x
F � k

A
[� ]

p�

z�
:

Therefore, the coef�cient ofp� in the expressionZF � k =A is

1
z�

�x
F � k

A
[� ]:

We then apply Theorem 1-1.6 to get that the number ofA-orbits of F � k -structures on[N ] �xed by a
permutation� 2 S N of cycle type� is

�x
F � k

A
[� ] = �x

F � k

A
[� ] =

1
jAj

X

� 2 A

�x F (�; � ); (3-4.4)

where�x F (�; � ) is as de�ned in Remark 3-4.5.
Therefore, combining (3-4.4) and (3-4.3), the proof of Equation (3-4.1) is reduced to showing that

�x F (�; � ) = z� RecF (�; � ); (3-4.5)

for any�; � and� .
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To prove (3-4.5), we start with observing that in order for anF � k -structure on[N ] of the form

(( � 1; f 1); (� 2; f 2); : : : ; (� k ; f k ))

to be �xed by the pair(�; � ), it is necessary that(�; � ) �xes the k-cube of the form(� 1; � 2; : : : ; � k ) 2 N N .
This is equivalent to saying that

N N [� ](� 1; � 2; : : : ; � k ) = ( � � (1) ; � � (2) ; : : : ; � � (k) ): (3-4.6)

Suppose (3-4.6) holds for somek-cube(� 1; � 2; : : : ; � k ) 2 N N . We let� i 2 S n be the induced action
of � on the blocks of� i , for i = 1 ; 2; : : : ; k. That is,

N N [� ](� i ) = � i (� � (i ) )

for all i 2 [k].

� � (2)

� 2 � k� 1

� 1 � 2 � k

� � (k)� � (1)

Now we consider the simpler case when� is ak-cycle, say,� = (1 ; 2; : : : ; k). Then the action of� sends
(� 1; � 2; : : : ; � k ) to (� 2; � 3; : : : ; � 1). Let � = � 1� 2 � � � � k . The above discussion is saying that, according to
Remark 1-3.3,

I k (pct( � ) ) = p� :

On the other hand, given a partition� of n satisfyingI k (p� ) = p� , there aren!=z� permutations inS n
with cycle type� . Let � be one of such. Then the number of sequences(� 1; � 2; : : : ; � k ) whose product
equals� is (n!)k� 1, since we can choose� 1 up to � k� 1 freely, and� k is thereforee determined. All such
sequences(� 1; � 2; : : : ; � k ) will satisfy I k(pct( � 1 ��� � k ) ) = p� , thus their action on an arbitraryk-dimensional
ordered cube, combined with the action of� on the subscripts, would result in a permutation on[N ] with
cycle type� . But there areN !=z� permutations with cycle type� , and only one of them is the� that we
started with. Considering that thek-cubes are justS k

n -orbits of thek-dimensional ordered cubes, we count
the number ofk-cubes that are �xed by the pair(�; � ) with the further condition that the product of the
induced permutations on the� i by � has cycle type� :

#
� (� 1 ;� 2 ;:::;� k )2 S k

n
with ct( � 1 ��� � k )= �

	
� #

�
k-dimensional ordered cubes

	

#
� permutations on[N ]

with cycle type�

	
� #

� k-dimensional ordered cubes
in each equivalence class

	

=
[(n!)k� 1 � n!=z� ] � N !

N !=z� � (n!)k =
z�

z�
:

Now we try to compute how manyF � k-structures of the form

(( � 1; f 1); (� 2; f 2); : : : ; (� k ; f k )) ;

based on a given rectangle(� 1; � 2; : : : ; � k ) that is �xed by the� i with

ct
� Y

i

� i

�
= �;
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are �xed by the pair(�; � ). We observe that the action of(�; � ) determines thatf k = F [� 1]f 1 andf i =
F [� i � 1]f i � 1 for i = 2 ; 3; : : : ; k, and hence

f k = F [� 1]F [� 2] � � � F [� k ]f k = F [� ]f k = F [� ]f k :

In other words,
f k 2 Fix F [� ]:

Hence as long as we choose anf k from Fix F [� ], then all the otherf i for i < k are determined by our
choice off k . There are�x F [� ] such choices forf k .

Therefore, in the case when� is ak-cycle, we get that the number ofF � k-structures on the set[N ] �xed
by the pair(�; � ) is

�x F (�; � ) =
X

� ` n
I k ( p� )= p�

�x F [� ]
z�

z�
= z� RecF (�; � ):

Now let us consider the general case when� containsd cycles of lengthsr1; r2; : : : ; rd. Let(� 1; � 2; : : : ; � k )
be ak-cube �xed by the pair(�; � ). Again we have (3-4.6), and we get an induced� i on the blocks of� � � 1 i
for eachi .

We observe that the action of� on the subscripts of thek-cube partitions the list� 1; � 2; : : : ; � k into d
parts, of lengthsr1; r2; : : : ; rd, within each of which we get ar i -cycle. We group the� i on each of thed
parts and getd permutations in the groupS n , whose cycle types are denoted by� (1) ; � (2) ; : : : ; � (d) . This
construction gives that such a sequence of partitions(� (1) ; � (2) ; : : : ; � (d) ) will be those that satisfy

I (ct( � ); � (1) ; � (2) ; : : : ; � (d) ) = p� :

Therefore, the number ofk-cubes �xed by(�; � ) corresponding to such a sequence of partitions(� (1) ; � (2) ; : : : ; � (d) )
is

(n!)r 1 � 1 � n!=z� (1) � � � � � (n!)r d � 1 � n!=z� ( d)

N !=z�
�

N !
(n!)k

=
(n!)r 1+ ���+ r d

N !
z�

z� (1) � � � z� ( d)
=

z�

z� (1) � � � z� ( d)
:

The number ofF -structures that are assigned to thisk-cube(� 1; � 2; : : : ; � k ) that will be �xed under the
action of the pair(�; � ) corresponding to the sequence of partitions(� (1) ; � (2) ; : : : ; � (d) ) is hence

�x F [� (1) ] � � � �x F [� (d) ];

since, similarly to our previous discussion, within each ofthed parts, we only need to pick anF -structure
that is �xed by a permutation of cycle type� (i ) , and all otherF -structures are left determined.

Therefore, we get that for any pair(�; � ),

�x F (�; � ) = z� RecF (�; � );

which concludes our proof. �

Remark 3-4.6. We can use the molecular decomposition to de�nethe exponential composition of a species
F with a speciesH . That is, if the molecular decomposition ofH is given by

H =
X

M � H
M molecular

M;

then we de�neH hF i by

H hF i =
X

M � H
M molecular

M hF i :
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The left-linearity of the operation� gives that the cycle index ofH hF i is

ZH hF i = ZH � ZF

=
� X

M � H
M molecular

ZM

�
� ZF

=
X

M � H
M molecular

ZM � ZF :

3-5. Exponential Composition

Let F be a species withF [; ] = ; , and letk be a positive integer. We call the quotient speciesEkhF i =
F � k=S k theexponential compositionof F of order k. We observe that anEkhF i -structure on a �nite setU
is a set of the form

f (� 1; f 1); (� 2; f 2); : : : ; (� k ; f k )g;

where(� 1; � 2; : : : ; � k ) is a k-rectangle onU, and eachf i is anF -structure on the blocks of� i . We set
E0hF i = X .

De�nition 3-5.1. Let F be a species withF [; ] = F [1] = ; . We de�ne theexponential compositionof F ,
denotedEhF i , to be the sum ofEkhF i on all nonnegative integersk, i.e.,

EhF i =
X

k� 0

EkhF i :

Proposition 3-5.2. Let F be a species withF [; ] = ; . Then the cycle index of the exponential composition
of F is given by

ZEhF i = p1 +
X

k� 1

Z (S k ) � ZF :

PROOF. We get from Theorem 3-4.4 that fork � 1,

ZEk hF i = Z (S k) � ZF :

And the rest follows from the partial linearity of the operation � on symmetric functions. �

The exponential composition has the following properties.

Theorem 3-5.3. Let F1 andF2 be species withF1[; ] = F2[; ] = ; , and letk be any nonnegative integer.
Then

EkhF1 + F2i =
kX

i =0

Ei hF1i � Ek� i hF2i ;

EhF1 + F2i = EhF1i � EhF2i : (3-5.1)

We observe that an(F1 + F2)� k-structure on a �nite setU is a rectangle onU with each partition in the
rectangle enriched with either anF1 or anF2-structure. Taking theS k -orbits of these(F1+ F2)� k -structures
on U means basically making every partition of the rectangle “indistinguishable”. Hence in eachS k -orbit,
all partitions enriched with anF1-structure are grouped together to give anS k1 -orbit of F � k1

1 -structures,
and the remaining partitions are grouped together to give anS k2 -orbit of F � k2

2 -structures, wherek1 andk2
are nonnegative integers whose sum is equal tok.
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PROOF OFTHEOREM 3-5.3. First, we prove that for any nonnegative integerk,

EkhF1 + F2i =
kX

i =0

Ei hF1i � Ek� i hF2i :

The case whenk = 0 is trivial. Let us considerk to be a positive integer. Lets andt be nonnegative
integers whose sum equalsk. Let U be a �nite set. To get anEshF1i � Et hF2i -structure onU, we �rst take
a rectangle(�; � ) onU, and then take an ordered pair(a; b), wherea is anEshF1i -structure on the blocks of
� , andb is anEt hF2i -structure on the blocks of� . That is,

a = f (� 1; f 1); : : : ; (� s; f s)g; b = f (� 1; g1); : : : ; (� t ; gt )g;

where(� 1; : : : ; � s) is a rectangle on the blocks of� , (� 1; : : : ; � t ) is a rectangle on the blocks of� , f i is an
F1-structure on the blocks of� i , andgj is anF2-structure on the blocks of� j .

Recall that Proposition 2-6.8 says for any nonnegative integersi; j ,

N (i + j ) = N (i ) � N (j ) :

It follows that(� 1; : : : ; � s; � 1; : : : ; � t ) is a rectangle onU.
On the other hand, letx be anEkhF1 + F2i -structure onU. We can writex as a set of the form

x = f (� 1; f 1); : : : ; (� r ; f r ); (� r +1 ; gr +1 ); : : : ; (� k ; gk )g;

where(� 1; � 2; : : : ; � k ) is a k-rectangle onU, r is a nonnegative integer between0 and k, eachf i is an
F1-structure on� i for i = 1 ; : : : ; r , and eachgj is anF2-structure on� j for j = r + 1 ; : : : ; k.

We then writex = ( x1; x2), where

x1 = f (� 1; f 1); : : : ; (� r ; f r )g; x2 = f (� r +1 ; gr +1 ); : : : ; (� k ; gk )g:

Hence running through values ofs andt, we get that the set ofEshF1i � Et hF2i -structures onU, written
in the form of the pairs(a; b) whose construction we described in above, corresponds naturally to the set of
EkhF1 + F2i -structures onU.

The proof of

EhF1 + F2i = EhF1i � EhF2i :

is straightforward using the properties of the arithmetic product, namely, the commutativity, associativity
and distributivity:

EhF1 + F2i =
X

k� 0

EkhF1 + F2i

=
X

k� 0

X

i + j = k
i;j � 0

Ei hF1i � Ej hF2i

=
� X

i � 0

Ei hF1i
�

�
� X

j � 0

Ej hF2i
�

= EhF1i � EhF2i :

�

Note that identity (3-5.1) is analogous to the identity about the composition of a sum of species with the
species of setsE:

E(F1 + F2) = E(F1) E(F2):
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What is more, (3-5.1) illustrates a kind of distributivity of the exponential composition. In fact, if a species
of structuresF has its molecular decomposition written in the form

F =
X

M � F
M molecular

M;

then the exponential composition ofF can be written as

EhF i = �
M � F

M molecular

EhM i :

3-6. Cycle Index of Prime Graphs

Now we are ready to come back to the species of prime graphs.

Lemma 3-6.1. Let P be any prime graph, andk any nonnegative integer. Then the species associated to
thek-th power ofP is the exponential composition ofOP of orderk. That is,

OP k = EkhOP i :

PROOF. We apply Theorem 3-4.3 and get

EkhOP i = O� k
P =S k =

�
X n

aut(P)

� � k �
S k =

X nk

aut(P)S k
:

It follows from Remark 3-2.2 that

EkhOP i =
X nk

aut(P k )
= OP k :

�

We can verify Lemma 3-6.1 in an intuitive way. Note that the set of EkhOP i -structures on a �-
nite setU is the set ofS k -orbits of O� k

P -structures onU, and an element ofEkhOP i [U] of the form
f (� 1; f 1); : : : ; (� k ; f k)g is such that(� 1; � 2; : : : ; � k) is a k-rectangle onU, and eachf i is a graph iso-
morphic toP whose vertex set equal to the blocks of� i . Such a setf (� 1; f 1); : : : ; (� k ; f k )g corresponds
to a graphG isomorphic toP k with vertex setU. More precisely,G is the Cartesian product of thef i in
which each vertexu 2 U is of the formu = B1 \ B2 \ � � � \ Bk , where eachB i is one of the blocks of� i .
In this way, we get a one-to-one correspondence between theEkhOP i -structures onU and the set of graphs
isomorphic toP k with vertex setU.

Theorem 3-6.2. The speciesGc of connected graphs andP of prime graphs satisfy

Gc = EhP i :

PROOF. In this proof, all graphs considered are unlabeled.
The molecular decomposition of the species of prime graphs is

P =
X

P prime

OP ;

where eachOP is a molecular species which is isomorphic toX l (P )=aut(P):
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Let f P1; P2; : : : g be the set of unlabeled prime graphs. We have

EhP i = EhOP1 + OP2 + � � � i

= EhOP1 i � EhOP2 i � � � �

= ( X + OP1 + OP 2
1

+ � � � ) � (X + OP2 + OP 2
2

+ � � � ) � � � �

=
X

i 1 ;i 2 ;���� 0

O
P i 1

1
� O

P i 2
2

� � � �

=
X

i 1 ;i 2 ;���� 0

O
P i 1

1 � P i 2
2 � ���

=
X

C connected

OC

= Gc:

�

Now we can compute the cycle index of the species of prime graphs recursively using Maple:

ZP =
�

1
2

p2
1 +

1
2

p2

�
+

�
2
3

p3
1 + p1p2 +

1
3

p3

�

+
�

35
24

p4
1 +

7
4

p2
1p2 +

2
3

p1p3 +
7
8

p2
2 +

1
4

p4

�

+
�

91
15

p5
1 +

19
3

p3
1p2 +

4
3

p3
1p3 + 5p1p2

2 + p1p4 +
2
3

p2p3 +
3
5

p5

�

+
�

1654
45

p6
1 +

91
3

p4
1p2 +

38
9

p3
1p3 + 21p2

1p2
2 + 2p2

1p4 +
8
3

p1p2p3

+
4
5

p1p5 +
47
6

p3
2 +

5
2

p2p4 +
11
9

p2
3 +

2
3

p6

�
+ � � � :

FIGURE 3-6. Unlabeled prime graphs onn vertices,n � 4.

We can write down the beginning terms of the molecular decomposition of the speciesP :

P = E2 + ( X E2 + E3) + ( E2 � X 2 + X E3 + X 2E2 + E2
2 + E4) + � � � :

Comparing Figure 3-6 with Figure 2-9, we see that there is only one unlabeled connected graph with4
vertices that is not prime. In fact, if we compare the �rst several terms ofZGc , given in (6), andZP of order
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no more than6, we get that

ZGc � ZP = p1 +
1
8

�
p4

1 + 2p2
1p2 + 3 p2

2 + 2p4

�

+
1
4

�
p6

1 + p2
1p2

2 + 2p3
2

�
+

1
12

�
p6

1 + 3p2
1p2

2 + 4p3
2 + 2p2

3 + 2p6

�
� � � ;

which is the cycle index of connected non-prime graphs on no more than6 vertices, as shown in Figure 3-7,
which consist of a single vertex, a graph with4 vertices, and two graphs with6 vertices.

FIGURE 3-7. Unlabeled non-prime graphs onn vertices,n � 6.



CHAPTER 4

Point-Determining Graphs

4-0. Introduction

In this chapter, we examine the species ofpoint-determining graphs(De�nition 4-1.1), which are
graphs whose vertices all have distinct neighborhoods, thespecies ofco-point-determining graphs(De�-
nition 4-1.2), which are graphs whose complements are point-determining, the species of connected point-
determining graphs, and the species ofbi-point-determining graphs(De�nition 4-3.1), which are graphs
that are both point-determining and co-point-determining. Our goal is to �nd the cycle indices of these
species. First, we �nd a functional equation relating the species of point-determining graphs and the well-
known species of graphs (Theorem 4-1.3). At the same time, we�nd a simple connection between the
point-determining graphs and the co-point-determining graphs. The connected cases are similar to the enu-
meration of connected graphs as shown in Section 2-4. Furthermore, we �nd a functional equation relating
the species of bi-point-determining graphs and the speciesof graphs.

In addition, we examine the2-sort species of2-colored graphs(De�nition 4-4.1), which are graphs
whose vertices are properly colored with white and black. Wedevelop ways to enumerate the2-sort species
of connected2-colored graphs and the2-sort species of point-determining2-colored graphs.

4-1. Point-Determining Graphs and Co-Point-Determining Graphs

De�nition 4-1.1. A point-determininggraph, previously studied by Sumner [?], also called amating-type
graph by Bull and Pease [4] and Read [23], is a graphG in which any two distinct vertices have distinct
neighborhoods, i.e., if v1 6= v2, thenN (v1) 6= N (v2), whereN (v) = f w : wv is an edge ofGg is the set
of vertices adjacent tov.

Note that the neighborhood of an isolated vertex is the emptyset. Thus in a point-determining graph,
there is at most one isolated vertex.

De�nition 4-1.2. A graph is calledco-point-determiningif its complement is point-determining.

In a co-point-determining graph, two non-adjacent distinct vertices have distinctaugmented neighbor-
hoods. That is, ifv1 andv2 are distinct vertices in this graph, thenN (v1) [ f v1g 6= N (v2) [ f v2g:

We denote the species of point-determining graphs byP . Thus in the species language, a point-
determining graph is aP -structure. We denote byQ the species of co-point-determining graphs. We
set the number of point-determining graphs and the number ofco-point-determining graphs on an empty set
of vertices both to be one.

We observe that there is a natural transformation� that produces for every �nite setU a bijection
betweenP [U] andQ[U], which sends each point-determining graph with vertex setU to its complement,
which is a co-point-determining graph with vertex setU. Furthermore, the following diagram commutes for
any �nite setsU, V and any bijection� : U ! V :

50
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P [U]
P [� ]

����! P [V ]

�

?
?
y

?
?
y �

Q[U]
Q [� ]

����! Q [V ]

Hence, according to Remark 2-1.7, the speciesP andQ are isomorphic, and we do not make distinc-
tions between them during calculations.

There are four point-determining graphs and and four co-point-determining graphs labeled on[3], as
shown in Figure 4-1, whose �rst row consists of the point-determining graphs and whose second row consists
of the co-point-determining graphs.

1

32

1

32

1

32

1

32

1

32

1

32

1

32

1

32

FIGURE 4-1. Labeled point-determining graphs and co-point-determining graphs with
vertex set[3].

The following theorem gives a starting point for counting point-determining graphs.

Theorem 4-1.3. Let G be the species of graphs,P the species of point-determining graphs, andE+ the
species of nonempty sets. Then we have

G = P (E+ ): (4-1.1)

PROOF. Given any graphG with vertex setV , we de�ne an equivalence relation onV by setting two
elementsv andw of V to be equivalent to each other if they have the same neighborhoods. This gives a
partition ofV into m equivalence classes

� = f V1; V2; : : : ; Vm g:

We then associated to the graphG the ordered pair(�; G 0), whereG0 is the graph whose vertices are the
blocks of� in which two verticesVi andVj in G0are adjacent if and only if there is an edge inG connecting
a vertex inVi with one inVj . An example of such a transformation from a graphG to a point-determining
graphG0 is illustrated in Figure 4-2. It is straightforward to see that the graphG0 is point-determining, since
no two vertices ofG0have the same neighborhoods.

On the other hand, we can construct a graph onn vertices uniquely (up to isomorphism) from an ordered
pair consisting of a point-determining graph onm vertices and a partition ofn vertices intom blocks by
reversing the procedure described in above. This bijectionleads to the species equivalence relation (4-1.1).

�
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FIGURE 4-2. A transformation from a graphG with vertex set[11] to a point-determining
graphG0with vertex set
ff 1; 9; 3g; f 8g; f 4; 7g; f 6g; f 2; 5gg.

Using the same method we can prove that

G(X ) = Q(K + ); (4-1.2)

whereK + is the species of complete graphs with non-empty vertex sets.
Recall� , the compositional inverse ofE+ as de�ned in Section 2-4. Equations (4-1.1) and (4-1.2) can

be rewritten as
P = Q = G(�) :

This identity gives rise to several identities that can be used to compute the associated series ofP :

P (x) = Q(x) = G(log(1 + x)) ; (4-1.3)

fP (x) = eQ(x) = ZG(x � x2; x2 � x4; : : : ); (4-1.4)

ZP = ZQ = ZG

� X

k� 1

� (k)
k

log(1 + pk );
X

k� 1

� (k)
k

log(1 + p2k ); : : :
�

:

Read [23] derived formulas (4-1.3) and (4-1.4), and pointed out thatidentity (4-1.3) gives an explicit
expression for the numbers of labeled point-determining graphs withk verticespk :

pk =
X

n� 0

2( n
2 ) s(n; k);

where thes(n; k) denote Stirling numbers of the �rst kind [28].
Using Maple, we can write down the �rst several terms of the associated series ofP :

P (x) = 1 +
x
1!

+
x2

2!
+ 4

x3

3!
+ 32

x4

4!
+ 588

x5

5!
+ 21476

x6

6!
+ 1551368

x7

7!
+ � � � ;

fP (x) = 1 + x + x2 + 2 x3 + 5 x4 + 16 x5 + 78 x6 + 588 x7 + 8047x8 + 205914x9 + � � � ;

ZP = 1 + p1 +
�

1
2

p2
1 +

1
2

p2

�
+

�
1
3

p3 + p1p2 +
2
3

p3
1 +

3
2

p2
1p2

�

+
�

1
2

p4 +
4
3

p4
1 + p2

2 +
2
3

p1p3

�

+
�

p2
1p3 +

49
10

p5
1 +

11
3

p3
1p2 +

1
3

p2p3 +
3
5

p5 + p1p4 +
9
2

p1p2
2

�
+ � � � :
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FIGURE 4-3. Unlabeled point-determining graphs onn vertices,n � 4.

In this way, the molecular decomposition ofP takes the form

P = X + E2 +
�

X E2 + E3

�
+

�
X 2E2 + X E3 + E2 � E2 + X 2E2 + E4

�
+ � � � :

Let pn ; cn andgn be numbers of labeled point-determining graphs, connectedgraphs and graphs onn
vertices. We have the following table:

TABLE 1. Numbers of labeled point-determining graphs, connectedgraphs and graphs on
n vertices,n � 10.

n pn cn gn

1 1 1 1
2 1 1 2
3 4 4 8
4 32 38 64
5 588 728 1024
6 21476 26704 32768
7 1551368 1866256 2097152
8 218608712 251548592 268435456
9 60071657408 66296291072 68719476736

10 32307552561088 34496488594816 35184372088832

4-2. Connected Point-Determining Graphs
and Connected Co-Point-Determining Graphs

A point-determining or a co-point-determining graph is calledconnectedif the graph itself is connected.
We denote byP c the species of connected point-determining graphs, and byQ c the species of connected
co-point-determining graphs.

Theorem 4-2.1. LetP be the species of point-determining graphs, and letP c be the species of connected
point-determining graphs. We have

P = (1 + X ) E(P c � X ):
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PROOF. Since a point-determining graph can have at most one isolated vertex, and the rest of its con-
nected components are connected point-determining graphswith at least two vertices, we have

P = E(P c � X ) + X E(P c � X ):

�

Theorem 4-2.2. For the speciesQ andQ c, we have

Q = E(Q c):

PROOF. The result follows straightforwardly from the observation that a graph is co-point-determining
if and only if all its connected components are. �

SinceP andQ are isomorphic to each other, we get

P = (1 + X ) E(P c � X ) = E(Q c): (4-2.1)

Recall the virtual species� , which is the compositional inverse ofE+ introduced in Section 2-4, we
have

Q c = �( P + );

whereP + is the species of point-determining graphs with nonempty vertex sets. Hence we get to compute
the associated series ofQ c:

Q c(x) = log( P (x)) ;

fQ c(x) =
X

k� 1

� (k)
k

log( fP (xk )) ;

ZQ c =
X

k� 1

� (k)
k

log(ZP � pk � pk + 1) :

We write down the �rst several terms of the associated seriesof Q c using Maple:

Q c(x) = x + 3
x3

3!
+ 19

x4

4!
+ 462

x5

5!
+ 18268

x6

6!
+ 1410394

x7

7!
+ 206677954

x8

8!
+ : : : ;

fQ c(x) = x + x3 + 3x4 + 11x5 + 61x6 + 507x7 + 7442x8 + 197772x9 + 9808209x10 + � � � ;

ZQ c = p1 +
�

1
2

p1p2 +
1
2

p3
1

�
+

�
19
24

p4
1 +

3
4

p2
1p2 +

1
3

p1p3 +
7
8

p2
2 +

1
4

p4

�

+
�

7
3

p3
1p2 +

1
6

p2p3 +
77
20

p5
1 +

13
4

p1p2
2 +

1
2

p2
1p3 +

2
5

p5 +
1
2

p1p4

�
+ � � � :

Equation (4-2.1) can be rewritten as

P = E(� + P c � X ) = E(Q c): (4-2.2)

As a general fact, ifE(F1) = E(F2) for any speciesF1 andF2, then

E+ (F1) = E+ (F2):

It follows that � � E+ (F1) = � � E+ (F2). Since� � E+ = X; we haveF1 = F2.

Therefore, Equation (4-2.2) gives
� + P c � X = Q c;

or, equivalently,
� = Q c � P c

� 2;

which gives an explicit expression for the virtual species� as the difference of two species.
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We also get the functional equations relating the associated series ofP c and those ofQ c:

P c(x) = Q c(x) + x � log(1 + x);

gP c(x) = fQ c(x) + x � (x � x2);

ZP c = ZQ c + p1 �
X

k� 1

� (k)
k

log(1 + pk):

Through computation, we get the �rst several terms of the associated series ofP c:

P c(x) = x +
x2

2!
+

x3

3!
+ 25

x4

4!
+ 438

x5

5!
+ 18388

x6

6!
+ 1409674

x7

7!
+ 206682994

x8

8!
+ : : : ;

gP c(x) = x + x2 + x3 + 3x4 + 11x5 + 61x6 + 507x7 + 7442x8 + 197772x9 + � � � ;

ZP c = p1 +
�

1
2

p2
1 +

1
2

p2

�
+

�
1
6

p3
1 +

1
3

p3 +
1
2

p1p2

�

+
�

25
24

p4
1 +

5
8

p2
2 +

3
4

p2
1p2 +

1
3

p1p3 +
1
4

p4 +
1
2

p2
1p3 +

13
4

p1p2
2

�

+
�

7
3

p3
1p2 +

3
5

p5 +
73
20

p5
1 +

1
6

p2p3 +
1
2

p1p4

�
+ � � � :

Let pc
n andqc

n be the numbers of labeled connected point-determining graphs and connected co-point-
determining graphs, respectively, so that

P c(x) =
X

n� 1

pc
n

xn

n!
; Q c(x) =

X

n� 1

qc
n

xn

n!
:

We get from the above species equivalence an identity relating pc
n andqc

n :

pc
n + ( � 1)n� 1(n � 1)! = qc

n ; for n � 2: (4-2.3)

Figure 4-4 shows the unlabeled connected point-determining graphs and unlabeled connected co-point-
determining graphs with4 vertices.

p1 p2 p3 q1 q2 q3

FIGURE 4-4. Unlabeled connected point-determining graphs and unlabeled connected co-
point-determining graphs on4 vertices.

We can get the number of labeled connected point-determining graphs and co-point-determining graphs
by calculating the number of labeled graphs isomorphic to each pi andqi :

pc
4 =

�
24

j aut(p1)j
+

24
j aut(p2)j

+
24

j aut(p3)j

�
= 12 + 12 + 1 = 25 ;

qc
4 =

�
24

j aut(p1)j
+

24
j aut(p2)j

+
24

j aut(p3)j

�
= 12 + 3 + 4 = 19 :

A combinatorial proof of Equation (4-2.3) would be desirable.
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TABLE 2. Values ofpc
n andqc

n , for n � 10.

n pc
n qc

n
1 1 1
2 1 0
3 1 3
4 25 19
5 438 462
6 18388 18268
7 1409674 1410394
8 206682994 206677954
9 58152537184 58152577504

10 31715884061624 31715883698744

4-3. Bi-Point-Determining Graphs

De�nition 4-3.1. A graph is calledbi-point-determiningif it is both point-determining and co-point-determining.

The enumeration of the bi-point-determining graphs is carried out through the structures called phylo-
genetic trees.

De�nition 4-3.2. A phylogenetic treeis a rooted tree with labeled leaves and unlabeled internal vertices in
which no vertex has exactly one child.

24

5

1

3

6

FIGURE 4-5. A phylogenetic tree on[6].

Theorem 4-3.3. LetR be the species of bi-point-determining graphs. LetG andS be the species of graphs
and phylogenetic trees respectively. Then we have

G = R (2S � X ):

The enumeration of phylogenetic trees was studied by Carlitz and Riordan [5], Foulds and Robinson [7],
�omnicki [ 14], and others.

Lemma 4-3.4. Let S be the species of phylogenetic trees, and letE� 2 be the species of sets with no less
than two elements. We have

S = X + E� 2(S ): (4-3.1)

PROOF. A phylogenetic tree is either a singleton vertex, which contributes to the termX on the right-
hand side of Equation (4-3.1), or is a phylogenetic tree withat least two leaves, in which case we can separate
the root and the rest of the tree and get a set of at least two subtrees each of which is again a phylogenetic
tree, which, as illustrated in Figure 4-6, is anE� 2 � S -structure. �
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FIGURE 4-6. A phylogenetic tree with at least two leaves is a set of atleast two subtrees
each of which is a phylogenetic tree.

Equation (4-3.1) enables us to compute the �rst several terms of the associated series ofS using Maple:

S (x) = x +
x2

2!
+ 4

x3

3!
+ 26

x4

4!
+ 236

x5

5!
+ 2752

x6

6!
+ 39208

x7

7!
+ 660032

x8

8!
+ � � � ;

fS (x) = x + x2 + 2x3 + 5x4 + 12x5 + 33x6 + 90x7 + 261x8 + 766x9 + � � � ;

ZS = p1 +
�

1
2

p2
1 +

1
2

p2

�
+

�
2
3

p3
1 + p1p2 +

1
3

p3

�

+
�

13
12

p4
1 + p2

1p2 +
2
3

p1p3 +
3
4

p2
2 +

1
2

p4

�

+
�

59
30

p5
1 +

4
3

p2
1p3 + 2 +

5
2

p1p2
2 +

13
3

p3
1p2 + p1p4 +

2
3

p2p3 +
1
5

p5

�

+
�

172
45

p6
1 +

2
5

p1p5 +
59
6

p4
1p2 +

26
9

p3
1p3 +

15
2

p2
1p2

2 + 2p2
1p4 +

8
3

p1p2p3

+
3
2

p2p4 +
1
2

p6

�
+ � � � :

Figure 4-7 shows the unlabeled phylogenetic trees with no more than5 vertices.

Therefore, the molecular decomposition ofS is

S = X + E2 +
�

X E2 + E3

�
+

�
X 2E2 + E2 � E2 + E2

2 + X E3 + E4

�

+
�

X 3E2 + X 2E3 + 3X E2
2 + 2X E2 � E2 + X E4 + 3E2E3 + E5

�
+ � � � :

It is of interest to observe that different trees might have the same species expression. For example, the
three unlabeled phylogenetic trees with5 vertices listed in Figure 4-8 correspond to the same speciesX E2

2 .

De�nition 4-3.5. We de�ne analternating phylogenetic treeto be either a single vertex, or a phylogenetic
tree with more than one labeled vertex whose internal vertices are colored black or white, where no two
adjacent vertices are colored the same way.

We denote byS � the species of alternating phylogenetic trees. The structure of alternating phylogenetic
treesS � was studied by Stanley [27, p. 89], MacMahon [16, 17], and Riordan and Shannon [24] under other
names such as yoke-chains and series-parallel networks.

Note that any phylogenetic tree with more than one labeled vertex gives rise to two alternating phylo-
genetic trees, since the coloring of the internal vertices is uniquely determined by the coloring of the root,



4-3. BI-POINT-DETERMINING GRAPHS 58

FIGURE 4-7. Unlabeled phylogenetic trees onn vertices,n � 5.

FIGURE 4-8. Unlabeled phylogenetic trees corresponding to the speciesX E2
2 .
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4

FIGURE 4-9. An alternating phylogenetic tree labeled on the set[9], where the root is
colored black.

which has two choices. Therefore,
S � = 2S � X:

PROOF OFTHEOREM 4-3.3. In this proof, we will show how to transform an arbitrary graph into a
bi-point-determining graphs. This transformation, with all information preserved using the structure of
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alternating phylogenetic trees, is reversible, and hence gives a bijection from the set of graphs with vertex
setU to the set of triples of the form(�; '; 
 ) where� is a partition ofU, ' is a bi-point-determining on the
blocks of� , and
 is a set of alternating phylogenetic trees each of which is labeled on a block of� . Such a
bijection leads to the functional equation

G = R � S � :

Let (g; h) be an ordered pair that satis�es the following conditions
C1 g is a graph with vertex setu = f u1; u2; : : : g, where eachui is a set, and theui are disjoint;

C2] h is a seth = f t1; t2; : : : g, where eacht i is an alternating phylogenetic tree labeled on the vertex
setui . Such pairs(g; h) are illustrated in Figures 4-10 and 4-11.

t3t2

g with V(g) = f u1; u2; u3; u4g

t4t1

h = f t1; t2; t3; t4g

u1

u4u2 u3

FIGURE 4-10. A pair(g; h) that satis�es conditionsC1 andC2.

Next, we de�ne two operationsOQ andOP on pairs(g; h) such that each operation sends(g; h) to a
new ordered pair(g0; h0).

First, the operationOQ sends(g; h) to a new pair(g0; h0), whereg0is a graph andh0is a set of alternating
phylogenetic trees. More precisely, we start by de�ning an equivalence relation on the vertex set ofg such
that two vertices are equivalent if they have the same augmented neighborhoods. We denote by

E = f e1; e2; : : : ; em g

the set of equivalence classes ofV (g), where eachei is a set of vertices ofg, i.e.,

ei = f ui; 1; ui; 2; : : : g:

We letw1; w2; : : : be such that
wi = ui; 1 [ ui; 12 [ � � � :

We now let thewi be the vertices ofg0, and two verticeswi andwj are adjacent ing0 if a vertex in the
equivalence classei is adjacent to a vertex in the equivalence classej in the graphg. Note that

w1 [ w2 [ � � � = u1 [ u2 [ � � � :

We construct a set
h0 = f t0

1; t0
2; : : : g

by lettingt0
i be the alternating phylogenetic tree whose root is colored white and whose children are the trees

t i; 1; t i; 2; � � � 2 h labeled by the setsui; 1; ui; 2; � � � 2 V (g). Note thatt0
i could fail to be an alternating phylo-

genetic tree, because some of the alternating phylogenetictrees corresponding to the verticesui; 1; ui; 2; : : :
of g have white roots. In this case, in order to maket0

i have alternating colors on the internal vertices, we
need to modify our construction oft0

i by taking each white-rooted alternating phylogenetic tree, t i;k , and
attaching the children of the root oft i;k directly to the root oft0

i . We get a new pair(g0; h0), whereg0 is a
graph on two verticesw1 andw2 with

w1 = u1; w2 = u2 [ u3 [ u4;
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andh0 is a set of two alternating phylogenetic trees, one on the setw1, the other on the setw2. Note that the
alternating phylogenetic tree onu2 has a white root, so we attach the children of this tree to the white root
in the alternating phylogenetic tree onw2.

4 1

1

1

3

2

4

2

1

2,3

2 33 4

2 3

1 4

3

4

41 2

1

1

2

2,3,4

3

4

a)

(g0; h0)

(g; h) (g; h)

(g0; h0)

b)

FIGURE 4-11. a) An OQ application.b) An OP application.

Second, the operationOP sends the ordered pair(g; h) to a new ordered pair(g0; h0) in a way similar
to the operationOQ , except that now the equivalence classes on the vertices ofg are taken over vertices
with the same neighborhoods ing, and that the new root we attach to a set of alternating phylogenetic trees
is colored black instead of white. Again, we modify our construction as inOQ to ensure that we get new
alternating phylogenetic trees without violating the ruleof alternating colors. Figure 4-12 illustrates the
operationOP on a pair(g; h) in Figure 4-10, where

V (g) = f u1; u2; u3; u4g;

h is a set of alternating phylogenetic trees labeled on the setui for i = 1 ; 2; 3; 4.

h0 = f t0
1; t0

2g

t0
1

t0
2

g0with V(g0) = f w1; w2g

t0
2

t0
1

w1

w2

FIGURE 4-12. The operationOP applied to a pair(g; h) in Figure 4-10 requires a modi-
�cation on the construction of alternating phylogenetic treet0

2.

It is straightforward to check that the new pair(g0; h0) we get under either the application ofOQ or OP
satis�es conditionsC1 andC2, and that the union of the vertices ofg is equal to the union of the vertices of
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g0. We further observe that the operationOQ sends a graphg to a co-point-determining graphg0, since in
g0, no two vertices have the same augmented neighborhoods. Similarly, the operationOP sends a graphg
to a point-determining graphg0. That is whyOP andOQ should be applied alternatingly, sinceOP has no
effect on a point-determining graph, andOQ has no effect on a co-point-determining graph.

Now letG be a graph with vertex set

U = f v1; v2; : : : g:

We relabelG with the set
U0 = f U1; U2; : : : g;

where eachUi = f vi g is a singleton set, viewed as the label of a vertex ofG. We assign toG a set

H = f T1; T2; : : : g;

where eachTi is a single vertexvi . Then(G; H ) is an ordered pair satisfying conditionsC1 andC2.

We keep applying the operationsOQ andOP alternatingly on the pair(G; H ), until neither operation
has any effect, that is, when we reach an ordered pair(Gk ; H k) in whichGk is a bi-point-determining graph.
Illustrated in Figure 4-13 is a sequence of alternating operationsOQ andOP , starting withOP , sending a
pair (G; H ) to a pair(Gk ; H k ), whereGk is a bi-point-determining graph on a single vertex, andH k is a set
consists of a single alternating phylogenetic tree whose vertex set is the vertex ofGk .
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FIGURE 4-13. Alternating applications ofOP andOQ send a pair(G; H ) to a pair(Gk ; H k ).

The above discussion shows that we get from any graphG, we get a pair(Gk ; H k) satis�es conditions
C1 andC2. To be more precise, writing

V(Gk ) = f V1; V2; : : : g; H k = f T1; T2; : : : g;

we get a triple of the form(�; '; 
 ), where

i) � = f V1; V2; : : : g is a partition ofU;
ii) ' = Gk is a bi-point-determining graph with vertex set� .

iii) 
 = f T1; T2; : : : g, where for eachi , Ti is an alternating phylogenetic tree with vertex setVi .
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On the other hand, since all information is preserved using the alternating phylogenetic trees, the above
procedure is reversible. Roughly speaking, on each step, the adjacency outside the equivalence classes
are always preserved, while the adjacency between verticeswith the same augmented neighborhoods are
transformed into them located in the same alternating phylogenetic tree with a whitecommon ancestor,
where the common ancestor of two verticesa andb in a phylogenetic tree is de�ned to be such that if we
take the unique shortest path froma to b, say,w0w1 � � � wl , with w0 = a andwl = b, then the common
ancestor ofa andb is the uniquewi for which bothwi � 1 andwi +1 are children ofwi .

More precisely, suppose we are given a triple(�; '; 
 ), where� = f V1; V2; : : : g is a partition ofU, i.e.,
[ i Vi = U, ' is a bi-point-determining graph on the blocks of� , and
 is a setf S1; S2; : : : g in which each
Si is an alternating phylogenetic tree labeled on the setVi . Then there is a unique graphG with vertex setU
constructed in the way such that for anyv1; v2 2 V (G), f v1; v2g is an edge ofG if and only if exactly one
of the following two conditions is satis�ed:

� v1; v2 2 Vi for somei , hencev1 andv2 are labels of vertices ofSi . Then we require thecommon
ancestorof those vertices labeledv1 andv2 in Si to be colored white. The common ancestor of
two verticesa andb in a phylogenetic tree is de�ned to be such that if we take the unique shortest
path froma to b, say,w0w1 � � � wl , with w0 = a andwl = b, then the common ancestor ofa andb
is the uniquewi for which bothwi � 1 andwi +1 are children ofwi .

� v1 2 Vi , v2 2 Vj andi 6= j . Then we requireVi andVj to be adjacent to each other in the graph' .

86
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V4V3
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V3 V4

V1

FIGURE 4-14. Construct a graphG from a given triple(�; '; 
 ).

The above can be concluded with a species equivalence

G = R � S � ;

which gives
S = R � (2S � X ):

�

We get from Theorem 4-3.3 a functional equation expressing the speciesR in terms of the speciesG.

Corollary 4-3.6. Let G, R be the species of graphs and the species of bi-point-determining graphs. Let�
be the virtual species as de�ned in Section 2-4. Then we have

R = G(2� � X ): (4-3.2)
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PROOF. First, we observe that sinceS 0 = 0 andS 1 = X , the same is true forS � : S �
0 = 0 andS �

1 =
X: Proposition19 of [2, p. 130] says that there exists a unique virtual speciesS � h� 1i such that

S � � S � h� 1i = S � h� 1i � S � = X:

Since Theorem 4-3.3 gives that
R = G(S � h� 1i );

it suf�ces to show that the compositional inverse ofS � is 2� � X:

But 2S � S � = X implies that

S =
X + S �

2
:

On the other hand, Equation (4-3.1) implies2S � X = E(S ) � 1: So

S � = E(S ) � 1;

and

S � + 1 = E(S ) = E
�

X + S �

2

�
: (4-3.3)

But from
E � �( X ) = X + 1 ;

we get
E � � � S � = X � S � + 1 ;

so

E(�( S � )) = S � + 1 = E
�

X + S �

2

�

by Equation (4-3.3). So

�( S � ) =
X + S �

2
;

which gives that
X = 2�( S � ) � S � = (2� � X ) � S � :

�

Equation (4-3.2) gives rise to several identities for computing the associated series ofR:

R (x) = G(2 log(1 + x) � x);

eR (x) = ZG(x � 2x2; x2 � 2x4; : : : );

ZR = ZG

�
2

X

k� 1

� k

k
log(1 + pk ) � p1; 2

X

k� 1

� k

k
log(1 + p2k) � p2; : : :

�
:

Using Maple, we get the following:

R (x) =
x
1!

+ 12
x4

4!
+ 312

x5

5!
+ 13824

x6

6!
+ 1147488

x7

7!
+ 178672128

x8

8!
+ � � � ;

eR (x) = x + x4 + 6x5 + 36x6 + 324x7 + 5280x8 + 156088x9 + 8415760x10 + � � � ; (4-3.4)

ZR = p1 +
�

1
2

p4
1 +

1
2

p2
2

�
+

�
13
5

p5
1 + 3p1p2

2 +
2
5

p5

�

+
�

96
5

p6
1 + 11p2

1p2
2 +

4
5

p1p5 +
11
3

p3
2 + p2

3 +
1
3

p6

�
+ � � � :

It is interesting to observe from Equation (4-3.4) that there is no bi-point-determining graphs on2 or 3
vertices. The unlabeled bi-point-determining graphs on4 or 5 vertices are shown in Figure 4-15.
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FIGURE 4-15. Unlabeled bi-point-determining graphs onn vertices,n = 4 ; 5.

Therefore, we get the molecular decomposition ofR :

R = X + E2 � X 2 + [5X (E2 � X 2) + D5] + � � � ;

whereD5 = X 5=D5 is the molecular species of regular pentagons with cycle index

ZD5 = Z (D5) =
1
10

(p5
1 + 5p1p2

2 + 4p5):

Listed in Table 3 are numbers of labeled and unlabeled bi-point-determining graphs, denoted byr l
n and

r u
n .

TABLE 3. Numbers of labeled and unlabeled bi-point-determining graphs with no more
than15 vertices.

n r l
n r u

n
1 1 1
2 0 0
3 0 0
4 12 1
5 312 6
6 13824 36
7 1147488 324
8 178672128 5280
9 52666091712 156088

10 29715982846848 8415760
11 32452221242518272 820793600
12 69259424722321036032 145063881480
13 291060255757818125657088 46793310149168
14 2421848956937579216663491584 27790808726803840
15 40050322614433939228627991906304 30630967638347575456

We denote byR c the species of connected bi-point-determining graphs.

Theorem 4-3.7. For speciesR , R c, andE+ , we have

R = X + (1 + X ) E+ (R c � X ):

PROOF. Since a graph with a singleton vertex is anRc-structure, we denote byRc � X the species of
connected bi-point-determining graphs with more than one vertex.

Let R be a bi-point-determining graph. ThenR is both point-determining and co-point-determining. In
particular, the decomposition ofR into a set of its connected components is similar with that ofa point-
determining graph in that there is at most one connected component consisting of a singleton vertex. Hence
such a decomposition can result in one of the following threesituations:

i) R is a singleton vertex, in which case we get anX -structure.
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ii) R has more than one vertex, and none of its connected components is a singleton vertex, in which
case we get anE+ (R c � X ).

iii) R has more than one vertex, and one of its connected componentsis a singleton vertex, in which
case we get anX � E+ (R c � X ) species.

Therefore, we get the desired result. �

We can compute the beginning terms of the associated series of R c using Maple:

R c(x) =
x
1!

+ 12
x4

4!
+ 252

x5

5!
+ 12312

x6

6!
+ 1061304

x7

7!
+ 170176656

x8

8!

+ 51134075424
x9

9!
+ � � �

fR c(x) = x + x4 + 5x5 + 31x6 + 293x7 + 4986x8 + � � � ;

ZR c = p1 +
�

1
2

p4
1 +

1
2

p2
2

�
+

�
21
10

p5
1 +

5
2

p1p2
2 +

2
5

p5

�

+
�

17
10

p6
1 +

17
2

p2
1p2

2 +
2
5

p1p5 +
11
3

p3
2 + p2

3
1
3

p6

�
+ � � � :

The calculation agrees with the observation from Figure 4-15 that the only unlabeled bi-point-determining
graph on four vertices is connected, and among the six unlabeled bi-point-determining graph on �ve vertices
there is only one of them that is not connected.

4-4. 2-Colored Graphs and Connected2-colored Graphs

De�nition 4-4.1. A proper coloringof a graph is an assignment of colors to the vertices of the graph where
no two adjacent vertices are assigned the same color. A2-colored graph, also called abi-colored graphby
Harary [11, p. 93] and Hanlon [9], is a graph in which all vertices are properly2-colored.

For simplicity, we call the two colors in a2-colored graph white and black. We denote byG(X; Y ) the
2-sort species de�ned such that for a two-setU = ( V; W), G[U] is a2-colored graph in which the vertices
colored white are elements ofV and the vertices colored black are elements ofW .

G(X; Y )
X

Y

Y

X

Y

FIGURE 4-16. The2-sort species of2-colored graphsG(X; Y ).
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Proposition 4-4.2. LetG(X; Y ) be the2-sort species of2-colored graphs. Then the exponential generating
series ofG(X; Y ) is given by

G(x; y) =
1X

m;n =0

2mn xm

m!
yn

n!
:

PROOF. In a 2-colored graph, each edge must connect one vertex of sortX and one vertex of sortY .
Hence there are2mn labeled2-colored graphs withm white vertices andn black vertices. �

Theorem 4-4.3. Let G(X; Y ) be the2-sort species of2-colored graphs. Then the cycle index ofG(X; Y )
is given by

ZG(X;Y ) =
X

m;n � 0

� X

� ` m; � ` n

2
P

i;j gcd(� i ; � j ) p� [x]
z�

p� [y]
z�

�
:

PROOF. Let (�; � ) be an ordered pair of partitions, and let(�; � ) be an ordered pair of permutations with
� having cycle type� and� having cycle type� . Let �x ( �; � ) = �x G[�; � ] be the number of2-colored
graphs �xed by(�; � ).

To start with, we consider the simpler case when� is a k-cycle and� is anl-cycle. LetK k;l denote
the complete bipartite graph on[k; l ], and letE(K k;l ) be its edge set. ThenjE(K k;l )j = kl . Without loss
of generality, we let the labeling of left-hand side vertices of K k;l be f 1; 2; : : : ; kg, and the labeling of
right-hand side vertices ofK k;l bef 10; 20; : : : ; l0g. Then each edge ofK k;l is represented by an ordered pair
(i; j 0), for somei 2 [k] andj 2 [l ]. The pair of permutations(�; � ) acts on the setE(K k;l ) by letting� act
on the setf 1; 2; : : : ; kg and� act on the setf 10; 20; : : : ; l0g. This action partitions thekl edges ofK k;l into
orbits f A1; A2; : : : g. We observe that there arelcm(k; l ) edges in each of the orbits, since all edges of the
form (i r ; j 0

r ), wherei r = � r (i ) andj r = � r (j ) for somer = 1 ; 2: : : ; lcm(k; l ) � 1, are in the same orbit
as the edge(i; j 0), and hence this action of(�; � ) on the setE(K k;l ) results in(kl )=lcm(k; l ) = gcd( k; l )
orbits. Note that each2-colored graph with vertex set[k; l ] can be identi�ed with a subset ofE(K k;l ). If
a subsetS of E(K k;l ) is �xed by the pair of permutations(�; � ), then whenever an edge(i; j 0) is in S, all
edges in the same orbit as(i; j 0) under the action of(�; � ) on E(K k;l ) is in S as well. This means that the
number of2-colored graphs �xed by the pair of permutations(�; � ) is the same as the number of subsets of
f A1; A2; : : : ; Agcd(k;l )g. Therefore,

�x ( �; � ) = 2 gcd(k;l ) :

For the general case, we write� = ( � 1; � 2; : : : ) and� = ( � 1; � 2; : : : ). It is straightforward to see that
each ordered pair(� i ; � j ), for some integersi andj , gives rise to a factor2gcd � i ;� j in the number�x ( �; � ),
and hence

�x G[�; � ] =
Y

i;j

2gcd(� i ; � j ) = 2
P

i;j gcd(� i ; � j ) :

�

Remark 4-4.4. The above argument also gives a way to count2-colored graphs by the number of edges.
Let bm;n (x) be the ordinary generating function for2-colored graphs, in whichm vertices are colored white
andn vertices colored black, by the number number of edges. We getthe following expression forbm;n (x),
which agrees with the result of Harary and Palmer [11, p. 95]:

bm;n (x) =
X

� ` m; � ` n

1
z� z�

m;nY

k;l =1

�
1 + x lcm( k; l )

� ck (� )cl (� ) gcd(k; l )

;

whereci (� ) denotes the number of parts in� with lengthi . For example, the coef�cient ofx4 in b2;3(x) is
3, as shown in Figure 4-17.
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FIGURE 4-17. There are3 unlabeled2-colored graphs with4 edges and5 vertices,2
colored white,3 colored black.

Theorem 4-4.3 enables us to calculate the associated seriesof G[X; Y ]:

G(x; y) = 1 +
x
1!

+
x2

2!
+

x3

3!
+

y
1!

+
y2

2!
+

y3

3!
+ 2

x
1!

y
1!

+ 4
x2

2!
y
1!

+ 4
x
1!

y2

2!
+ � � � ;

eG(x; y) = 1 + x + y + 2xy + x2 + y2 + 3x2y + 3xy2 + x3 + y3 + � � � ;

ZG(X;Y ) = 1 + ( p1[x ] + p1[y ]) +
�

1
2

p2
1[x ] +

1
2

p2[x ] + 2p1[x ]p1[y ] +
1
2

p2[y ] +
1
2

p2
1[y ]

�

+
�

1
6

p3
1[x ] +

1
2

p1[x ]p2[x ] +
1
3

p3[x ] + p2[x ]p1[y ] + 2p2
1[x ]p1[y ]

+2p1[x ]p2
1[y ] + p1[x ]p2[y ] + +

1
3

p3[y ] +
1
2

p1[y ]p2[y ] +
1
6

p3
1[y ]

�
+ � � � :

Figure 4-18 shows the unlabeled2-colored graphs on at most4 vertices, where each vertex is either
a white vertex, a black vertex, or a vertex that can be coloredin both colors. For example, there are two
unlabeled2-colored graph on one vertex, one color black the other colored white.

FIGURE 4-18. Unlabeled2-colored graphs with no more than4 vertices.

A 2-colored graph is calledconnectedif the underlying graph is connected.

Theorem 4-4.5. LetGc(X; Y ) be the species of connected2-colored graphs. Then

G(X; Y ) = E(Gc(X; Y )) : (4-4.1)
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PROOF. The canonical decomposition of a graph into connected components applies to2-colored graphs.
�

Equation (4-4.1) is equivalent to

Gc(X; Y ) = �( G+ (X; Y )) ;

which enables us to compute the associated series ofGc[X; Y ] using Maple:

Gc(x; y) =
x
1!

+
y
1!

+
x
1!

y
1!

+
x2

2!
y
1!

+
x
1!

y2

2!
+

x3

3!
y
1!

+ 5
x2

2!
y2

2!
+

x
1!

y3

3!
+ � � � ;

fGc(x; y) = x + y + xy + xy2 + x2y + x3y + xy3 + 2x2y2 + x4y + 4x3y2 + 4x2y3

+ xy4 + � � � ;

ZGc (X;Y ) = ( p1[x ] + p1[y ]) + p1[x ]p1[y ] +
�

1
2

p2
1[x ]p1[y ] +

1
2

p1[x ]p2
1[y ] +

1
2

p2[x ]p1[y ]

+
1
2

p1[x ]p2[y ]
�

+ � � � :

FIGURE 4-19. Unlabeled connected2-colored graphs with no more than4 vertices.

4-5. Point-Determining2-Colored Graphs

De�nition 4-5.1. A 2-colored graph is calledpoint-determiningif the underlying graph is point-determining.
A 2-colored graph is calledsemi-point-determiningif all vertices of the same color have distinct neighbor-
hoods.

Note that the notion of co-point-determining2-colored graphs is not interesting, since any two adjacent
vertices in a2-colored graph are colored differently, so that there is no vertex that could be adjacent to both
of them.

We denote byP (X; Y ) the species of point-determining2-colored graphs, byP s(X; Y ) the species
of semi-point-determining2-colored graphs, and byP c(X; Y ) the species of connected point-determining
2-colored graphs.

Theorem 4-5.2. For speciesP (X; Y ), P s(X; Y ) andP c(X; Y ), we have

P s(X; Y ) = (1 + X )(1 + Y) E(P c
� 2(X; Y )) ; (4-5.1)

P (X; Y ) = (1 + X + Y) E(P c
� 2(X; Y )) : (4-5.2)

PROOF. Let G1 be a semi-point-determining2-colored graph. We observe that a connected component
of G1 could be either a single vertex colored white, a single vertex colored black, or a connected point-
determining2-colored graph with at least two vertices. At the same time,G1 can have at most one isolated
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vertex colored with each color, due to the fact that all vertices inG1 of the same color must have distinct
neighborhoods. Equation (4-5.1) follows by translating the above into species equivalence.

P c
� 2(X; Y )

EP s(X; Y )

1 + Y

1 + X

P c
� 2(X; Y )P c

� 2(X; Y )

P c
� 2(X; Y )

FIGURE 4-20. P s(X; Y ) = (1 + X )(1 + Y) E(P c
� 2(X; Y )) :

Let G2 be a point-determining2-colored graph. As in the above discussion we see that a connected
component ofG2 could be either a single vertex colored white, a single vertex colored black, or a connected
point-determining2-colored graph with at least two vertices. But this time, since the underlying graph ofG2
is point-determining graph,G2 can have at most one isolated vertex in all. Hence the term(1 + X )(1 + Y)
in (4-5.1) is replaced with the term1 + X + Y in (4-5.2). �

1 + X + Y

P c
� 2(X; Y )

P c
� 2(X; Y )

P c
� 2(X; Y )

EP (X; Y )

P c
� 2(X; Y )

FIGURE 4-21. P (X; Y ) = (1 + X + Y) E(P c
� 2(X; Y )) :

Theorem 4-5.3. For the speciesG(X; Y ) andP s(X; Y ), we have

G(X; Y ) = P s(E+ (X ); E+ (Y )) :

PROOF. The proof use the same idea as the proof of Theorem 4-1.3. To be more precise, given any
2-colored graph, we de�ne equivalence relations on the vertex set by setting two same-colored vertices to
be equivalent if they have the same neighborhoods, and get a new 2-colored graph whose vertex set is the
set of equivalence classes and the adjacency in the originalgraph is accordingly preserved. We observe that
the resulting new graph is a semi-point-determining2-colored graph, and the rest is straightforward. �

We make use of the virtual species� de�ned in Section 2-4 again, and get from Theorem 4-5.3 that

P s(X; Y ) = G(�( X ); �( Y )) ;

which, together with Equations 4-5.1 and 4-5.2, allows us tocompute the associated series of the species of
semi-point-determining2-colored graphs, the species of point-determining2-colored graphs, and the species
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of connected point-determining2-colored graphs as follows:

P s(x; y) = 1 +
x
1!

+
y
1!

+ 2
x
1!

y
1!

+ 2
x
1!

y2

2!
+ 2

x2

2!
y
1!

+ 10
x2

2!
y2

2!
+ 24

x2

2!
y3

3!

+ 24
x3

3!
y2

2!
+ � � � ;

gP s(x; y) = 1 + x + y + 2xy + x2y + xy2 + 3x2y2 + 3x3y2 + 3x2y3 + � � � ;

ZP s (X;Y ) = 1 + ( p1[x ] + p1[y ]) + (2 p1[x ]p1[y ]) + ( p2
1[x ]p1[y ] + p1[x ]p2

1[y ])

+
�

1
2

p2[x ]p2[y ] +
5
2

p2
1[x ]p2

1[y ]
�

+ ( p1p2[x ]p2[y ] + p2[x ]p1p2[y ] + 2p3
1[x ]p2

1[y ] + 2p2
1[x ]p3

1[y ]) + � � � :

P (x; y) = 1 +
x
1!

+
y
1!

+
x
1!

y
1!

+ 2
x
1!

y2

2!
+ 2

x2

2!
y
1!

+ 6
x2

2!
y2

2!
+ 24

x2

2!
y3

3!

+ 24
x3

3!
y2

2!
+ � � � ;

fP (x; y) = 1 + x + y + xy + x2y + xy2 + 2x2y2 + 3x3y2 + 3x2y3 + � � � ;

ZP (X;Y ) = 1 + ( p1[x ] + p1[y ]) + ( p1[x ]p1[y ]) + ( p2
1[x ]p1[y ] + p1[x ]p2

1[y ])

+
�

1
2

p2[x ]p2[y ] +
3
2

p2
1[x ]p2

1[y ]
�

+ ( p1p2[x ]p2[y ] + p2[x ]p1p2[y ] + 2p3
1[x ]p2

1[y ] + 2p2
1[x ]p3

1[y ]) + � � � :

P c(x; y) =
x
1!

+
y
1!

+
x
1!

y
1!

+ 4
x2

2!
y2

2!
+ 6

x2

2!
y3

3!
+ 6

x3

3!
y2

2!
+ � � � ;

gP c(x; y) = x + y + xy + x2y2 + x3y2 + x2y3 + � � � ;

ZP c (X;Y ) = ( p1[x ] + p1[y ]) + ( p1[x ]p1[y ]) + ( p2
1[x ]p2

1[y ])

+
�

1
2

p1p2[x ]p2[y ] +
1
2

p2[x ]p1p2[y ] +
1
2

p3
1[x ]p2

1[y ] +
1
2

p2
1[x ]p3

1[y ]
�

+ � � � :

FIGURE 4-22. Unlabeled point-determining2-colored graphs with no more than5 vertices.

We can write down the molecular decomposition of a2-sort species. For example, Figure 4-22 gives the
�rst terms of the molecular decomposition ofP (X; Y ).

P (X; Y ) = 1 + ( X + Y) + XY + ( X + Y)(XY ) + ( E2(X )E2(Y ) + X 2Y 2)

+
�
2(X + Y)E2(XY ) + X 3Y 2 + X 2Y 3�

+ � � � ;
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where the terms2(X + Y)E2(XY ) + X 3Y 2 + X 2Y 3 correspond to the unlabeled point-determining2-
colored graphs with5 vertices as shown in Figure 4-23.

X E2(XY )Y E2(XY )

X 2Y 3

X E2(XY )

X 3Y 2 Y E2(XY )

FIGURE 4-23. Unlabeled point-determining2-colored graphs with5 vertices.
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A-1. Index of Species

0 empty species.

1 singleton set species.

X species of singletons.

X n species of linear orders of ordern.

X n=A molecular species of (left) cosets ofA in S n .

A (X; Y ) 2-sort species of rooted trees.

C species of oriented cycles.

Dn molecular speciesX n =Dn .

E species of sets.

Ek species ofk-element sets.

EkhF i exponential composition of species F of orderk, for k � 1.

EhF i exponential composition of speciesF .

K species of complete graphs.

G species of (simple) graphs.

Gc species of connected graphs.

G(X; Y ) 2-sort species of2-colored graphs, or bi-colored graphs.

Gc(X; Y ) 2-sort species of connected2-colored graphs.

� virtual species known as the compositional inverse ofE+ .

L species of linear orders.

N species of (2-)rectangles.

N (k) species ofk-rectangles.

N N species ofk-dimensional cubes on [N], orE � k
n [N ], whereN = nk .

OG species associated to a graphG.

P a) species of point-determining graphs (in chapter 4);
b) species of prime graphs (in chapter 3).

P c species of connected point-determining graphs.

P (X; Y ) 2-sort species of point-determining2-colored graphs.

P s(X; Y ) 2-sort species of semi-point-determining2-colored graphs.

P c(X; Y ) 2-sort species of connected point-determining2-colored graphs.

� species of permutations.

	 (k) species of partitions intok blocks .

Q species of co-point-determining graphs.

Q c species of connected co-point-determining graphs.

R species of bi-point-determining graphs.

R c species of connected bi-point-determining graphs.

S species of phylogenetic trees.

S � species of alternating phylogenetic trees
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A-2. Notations

A > B product of permutation groupsA andB acting on[m + n].

A � B product of groupsA andB acting on[mn].

B oA wreath product of groupsA andB acting on[m][n].

B A exponentiation group ofA andB acting on[m][n].

aut(G) automorphism group of a graphG.

B category of �nite sets with bijections.

Bk category ofk-sets with bijective multifunctions.

bn number of unlabeled prime graphs of ordern.

C set of unlabeled connected graphs.

CM monoid algebra associated with a free commutative monoidM .

ck (� ) number of parts of lengthk in a partition� .

cn number of labeled connected graphs of ordern.

ecn number of unlabeled connected graphs of ordern.

ct( � ) cycle type of a permutation� .

d� number of permutations with cycle type� .

Dn dihedral group of ordern.

D(F ) Dirichlet exponential generating function of a speciesF .

D(G) Dirichlet exponential generating function of a graphG.

E(G) edge set of a graphG.

gcd(k; l ) greatest common divisor of integersk andl.

f 1 � f 2 image off 2 under the operator obtained by substituting the
operatorI r for the variablespr in f 1.

F (x) exponential generating series of a speciesF .
eF (x) type generating series of a speciesF .

F1 + F2 sum of speciesF1 andF2.

F1 � F2 product of speciesF1 andF2.

F1 � F2 composition of speciesF1 andF2.

F1 � F2 arithmetic product of speciesF1 andF2.

G1 � G2 Cartesian product of graphsG1 andG2.

� i i th part of the partition� = ( � 1; � 2; : : : ), arranged in
weakly decreasing order.

K k;l complete bipartite graph on the set[k; l ].

l (G) number of vertices in a graphG.

L(G) number of graphs isomorphic toG with vertex setV (G).

lcm(k; l ) least common multiple of integersk andl.

N set of natural numbers.


 Q-algebra generated by the operatorsf I kg.

P set of prime numbers.

P set of unlabeled prime graphs with respect to the Cartesian
multiplication.
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pn power sum symmetric function of ordern.

p� power sum symmetric function indexed by the partition� .

p� � p� an operation de�ned by De�nition 1-2.3.

Parn set of partitions ofn.

Park
n set of sequences ofk partitions ofn.

Q set of rational numbers.

R ring of polynomials in the variablesp1; p2; : : : with the operation� .

S n symmetric group of ordern.

V (G) vertex set of a graphG.

z� number of permutations commute with a permutation of cycle type� .

Z (A) Pólya's cycle index polynomial of a permutation groupA.

ZF cycle index of speciesF .

Z (G) = ZOG cycle index of the species associated to the graphG.
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(Montreal, Que., 1985/Quebec, Que., 1985), vol. 1234 ofLecture Notes in Math., pp. 351–369. Springer-Verlag, Berlin,
Heidelberg, and New York, 1986.


	List of Figures
	Chapter 1. Group Actions
	1-1. Symmetric Groups and Group Actions
	1-2. Pólya's Cycle Index Polynomials of Permutation Groups
	1-3. Exponentiation Group

	Chapter 2. Combinatorial Theory of Species
	2-1. Definition of Species
	2-2. Species Operations
	2-3. Molecular Species
	2-4. Compositional Inverse of E+
	2-5. Multisort Species
	2-6. Arithmetic Product of Species

	Chapter 3. Cartesian Product of Graphs and Prime Graphs
	3-0. Introduction
	3-1. Cartesian Product of Graphs
	3-2. Labeled Prime Graphs
	3-3. Unlabeled Prime Graphs
	3-4. Exponential Composition with a Molecular Species
	3-5. Exponential Composition
	3-6. Cycle Index of Prime Graphs

	Chapter 4. Point-Determining Graphs
	4-0. Introduction
	4-1. Point-Determining Graphs and Co-Point-Determining Graphs
	4-2. Connected Point-Determining Graphs and Connected Co-Point-Determining Graphs
	4-3. Bi-Point-Determining Graphs
	4-4. 2-Colored Graphs and Connected 2-colored Graphs
	4-5. Point-Determining 2-Colored Graphs

	Appendix A. Indices
	A-1. Index of Species
	A-2. Notations


