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CHAPTER 1
Group Actions
1-1. Symmetric Groups and Group Actions

Thesymmetric groupf ordern, denotedS ,,, is the group of permutations @i] = f1;2;:::;ng. Let
=( 1, 2;::p, where the  are arranged in weakly decreasing order, be a partition dénoted T on.

Thatis,j j = ; i = n. Let be a permutation ofn]. We say is thecycle typeof , denoted by
=ct( ), ifthe ; are the lengths of the cycles in the decomposition a@fto disjoint cycles in weakly
decreasing order. Sometimes we write (1 ¢( ); 2¢2();:::) wherecc( ) is the number of parts of length

kin fork 1

Example 1-1.1. Let = ;537°% =(3;5;6)(1;4)(2). Then the cycle type of is (3;2; 1), andey( ) =
c()=c()=1.

It is well-known that the number of permutations|of of cycle type

n!
T ogllacl2e gtk

in which the denominator
z = cl!l%c!2%2 g lk%
is the number of permutations 8, that commute with a permutation of cycle type
De nition 1-1.2. An action of a groupA on a setS is a function
A S!S
where forx 2 A ands 2 S, (x;s) iswrittenx s. We say this action isatural if both of the following
conditions are satis ed:
X (y s)=(xy) s; ida S='s;
foranyx;y 2 A ands2 S.

Let A be a subgroup 0% ,,, and letB be a subgroup o%,,. We construct new groups as described
below.

De nition 1-1.3. We de ne two groupsA > B andA B both isomorphic to the product & andB,
whereA > B is a subgroup 06 n+n andA B is a subgroup 08 .

The elements of the product groups are of the f¢anb), wherea 2 A andb2 B. The group operation
is de ned by
(a1;b) (az; k) = (a1az; uby);
wherea; anday, are elements of, andb;, andb, are elements dB .
The groupA > B acts on the sdim + n] by
: a(i); ifi2f1,2;:::;mg;
(@n(i) = b((i)’ m)+ m; ifi2frr;-|-,1;r’n+g,2;:::;m+ ng: (1)

1
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Figure[1-1 illustrates the action of an eleméath) of the groupA > B.

( )

FIGURE 1-1. Group action oA > B.

The groupA B acts on the sgm] [n] and may therefore be viewed as a subgrou@ gf,. The
action of an element ok B on an element dim] [n] is given by

(a;b(i;j) = (a(i); b(j));
foralli 2 [m]andj 2 [n].
Figure[1-2 illustrates the action of an eleméatb) of the groupA B.

e )
b
e e - o
e e - o
a .
o o . o
- J

FIGURE 1-2. Group actionoA B.

De nition 1-1.4. Thewreath productof A andB, denotedB oA is the group in which the elements are
ordered pair¢ ; ), where is a permutation i\ and is a function from[m]to B. An element(; ) of
B oA acts on the sdtm] [n] by

GG =05 M)

foralli 2 [m]andj 2 [n].

Figure[1-3 illustrates the action of an elemént ) of the groupB 0A.

The composition of two elemenfs ) and(; ) of B 0A is given by

GG oo=C0; € ))
where 2 A isviewed as a function frofm] to [m], and( ) denotes the point-wise multiplication of
and , both functions fronjm] to B.
Again B 0A can be identi ed with a subgroup & . Note that the order d8 0A is

B oA =jAj jBj™
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o000 — ()
e 000 = (2

FIGURE 1-3. Group action oB 0A.

Example 1-1.5. Let A be the symmetric group of ord@ and letB be the cyclic group of orde8. The
element(; )inB oA,where =(1;2), (1)=id and (2) =(1;2;3), acts on the sg2] [3] by

L1 7 (21 ;1) 7' (1,2
L2 7' (2:2) (2;2) 7' (1;3)
(1;3) 7' (2:3) (2;3) 7' (1;1)

Therefore, the elemefit; ) of B 0A is a6-cycle.

The following Theorem is a generalization of the Cauchyklerous Theorem, alias Burnside's Lemma.
For the proof of a more general result, with applications famther references, see Robins@b][ Another
application is given ing).

Theorem 1-1.6. (Cauchy-Frobeniuspuppose that a nite group N acts on a seS. The groupsvi
andN, considered as subgroupsidf N, also act onS. The groupN acts on the set dl -orbits. Then
foranyg 2 N, the number oM -orbits xed byg is given by

1 X
= x(f;9);
M fom
where x( f; g) denotes the number of elementsSithat are xed by(f;g) 2 M N.

1-2. Polya's Cycle Index Polynomials of Permutation Groups

De nition 1-2.1. Let be a partition oh. Thepower sunmsymmetric function in the variableg ; x»; ::: [27,
p. 297] indexed by , deno)t(ect) , Is de ned by
Pn = pPnlX] = x; n 1
! Y
pid=p,p, = pChi =0 2 =@e0220;0mn);
k 1

o
1

Thep form a basis for the ring of symmetric functions in the valestx; x»;:::. We can also de ne
power sum symmetric functions in the variablgsy»;ys;:::, written asp [y], in a similar fashion.

De nition 1-2.2. The operation calleglethysnon the ring of symmetric functions (see Stanlgy,[p. 447])

is de ned to be such that if is a symmetric function in the variables; X»; :::, then the plethysmh p,

is obtained from the expression fbrin terms of thex;'s by replacing eack; with x{'. More generally, if

f andg are arbitrary symmetric functions, wheges expressed as a function of the power sum symmetric
functions, i.e.g = g(p1;p2;:::), thenf gis the polynomial obtained frorh by replacing each variable

Pk by 9(Pk; Pak; i)
It follows immediately thap,, pn = pmn for all positive integersn; n.

Next, we introduce an operation on power sum symmetric functions that was studied by Hark)y [
and by Maia and MéndeZ.§].
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De nition 1-2.3. We de ne an operation on the symmetric functions by letting
p=p P,
where X
a( )= ged(i;j)a( )g( );
lem(i;j )=k
in whichlcm(i; ] ) denotes théeast common multiplef i andj, andgcd(i;j ) denotes thgreatest common
divisor of i andj, and then extending it to all symmetric functions througimbarity.

Proposition 1-2.4. The operation as de ned by De nition 1-2.3 is commutative and associatiVkat is,
for any partitions; and |,

(commutativity) p p =p p;
(associativity)(p  p) p=p (P Pp):

PROOF The commutativity is clear.
For the associativity, we write

(P pP) P=p;
p (P pP)=p:
Using the fact that for any positive integerandj ,
ij =lem(i;j) ged(i;j);
we calculate the number of cyc;?s of lengitior any integet, in the partition as follows:

a( )= ged(i;j ) geddem(is ):k) 6 ( )6 ()l )
lem(i;jik )=
_ X ] lem(i;j)k
= em(ii yo 1 16MC ) fem(lem (i) k) G( )G ()a()
_ X ijk |
- o LISLIQCA®
lem(isjik )=
X

ijk
= 2616 e ):
lem(izj;k )=1
The calculation for the partition is similar.

The properties of allow us to talk about the operation on a set of partitions. Let),i =1;2;::::1,

be partitions ohy; ny;:::;ny, respectively. We have
Po Poe Pon=pP;
where is a partition ofN = nin,  n;. Itis easy to verify that
X Qi . v
YOE —mdt Tg 0
lem(jvij2;m5i )=k i=1

De nition 1-2.5. Let 2 S,. Thecycle type monomiabf , denotedZ( ), is the monomial in the

¥ c( )
Z( )= P& = P y:
k=1



1-3. EXPONENTIATION GROUP 5

In other words, the cycle type monomial ofis the power sum symmetric function index by the cycle type
of

Let A be a subgroup d ,,. Thecycle index polynomiadf A, de ned by Poblya R2, pp. 64-65], is

Polya R1] (translated in 22]) gave the cycle index polynomials of the product and theatirgoroduct
of two permutation groups.

Theorem 1-2.6. (P6lya)Let A and B be permutation groups ofm] and[n], respectively. LefA > B be
the product ofA andB acting on[m + n], and letB oA be the wreath product &% andB acting on[mn].
Then the cycle index polynomialsAf> B andB oA are

Z(A>B)= Z(A)Z(B);
Z(BoA)=Z(A) Z(B);

whereZ (A) Z(B) denotes the plethysm B{A) with Z(B).

1-3. Exponentiation Group

Let A be a subgroup 0%, and letB be a subgroup o6 ,. We introduce in the following another
representation of the wreath product (De nition 1-1.4).

De nition 1-3.1. Theexponentiation group*, studied by Palmen[)], is isomorphic to the wreath product
B 0A. That means, the set of element®df is the same as the set of element8afA, and hence the order
of BA is the same as the order BfoA, i.e.,

jBAj = jAj jBj™:

However the exponentiation gro®”* acts on[n]™, identi ed with the set of functions fronfim] to [n],
instead ofm] [n]. Givenany 2 Aand 2 B™, the elemenf; )2 B” sends each elemeht2 [n]™
to the elemeng 2 [n]™ de ned by

((; )W) =g = @OFC )

for anyi 2 [m]. Therefor,B” can be identi ed with a subgroup & m :
Figure 1-4 illustrates the action of an elemént ) of the groupBA.

Example 1-3.2. LetA,B, and be the same as in Example 1-1.5.

Letf :[2]! [3]be suchthat (1) =1 andf (2) = 3. We see that the image bfunder the action of
(; )2 BAisthe functiong: [2]! [3]such thag(l) = 3 andg(2) = 2, as shown in Figure 1-5.

The action of( ; ) on the set of functions frorf2] to [3] is illustrated in Figure 1-6. Hence the cycle
type of(; ) is(6;3).

The cycle index polynomial of the exponentiation group wasmyby Palmer and Robinso(]. They
de ned the following operatorsy for positive integer.

LetR = Q [p1; p2;:::] be the ring of polynomials with the operationas de ned by De nition 1-2.3.
Palmer and Robinson de ned for positive integkrihe Q-linear operator$, on R as follows:

Let =( 1; 2;:::) be apartition oh. The action ofl x on the monomiap is given by

lk(P)=p; (1)
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FIGURE 1-4. Group action oBA.

f1)=1 | @ ®  91)-=3

f(2)=3 o o 9(2)=2

FIGURE 1-5. The element; ) of BA sends tog.

/N

~
N ol

FIGURE 1-6. The cycle type of ; ) is(6;3).

where =( 1; 2;:::)is the partition of* with

1 X i X _ ged(k;l)
G()=7 T ici( ) :

ljj i j1=ged(k;l)
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Furthermoref 1 g generates &-algebra of Q-linear operators oRR. For any elements;J 2
anyr 2 R anda 2 Q, we set

(al)(r) = a(l(r));
(H+3)(r)=1(r)+ J(r);
(13)(r)=1(r) J(r): 2)
Remark 1-3.3. As discussed in Palmer and Robinson's proof of Theorem 1H31G,(p ) = p , then is

the cycle type of an eleme(it ) of the exponentiation group” acting on[n]™, where is a permutation
in A with a singlem-cycle, and 2 B™ is such that

ct((m (m 1) (2 Q)=
Example 1-3.4. We take the samé&;B; and from Examples 1-1.5. Thatih = S,, B = Cj,
=(1;2)and (1) =id; (2) = (1;2;3). Then the cycle type of is = (2), and the cycle type of

(2) (1)is = (3). The cycle type of ; ) acting on the seBf is = (6;3), as shown in Figure 1-6,
hence

I2(p3) = P3Pe:

De nition 1-3.5. Letf; andf, be elements of the rinR = Q [p1;p2;:::]. We de ne theexponential
compositionof f ; andf ,, denoted ; f,, to be the image df, under the operator obtained by substituting
the operatot, for the variables, in f;.

Note that the operationis linear in the left parameters, but not on the right paransetwWe call this the
partial linearity of the operation .

Let A be a subgroup d& ., and letB be a subgroup db ,. Palmer and Robinson proved the following
formula [20, pp. 128-131] for computing the cycle index polynomial of #xponentiation group” in
terms of the cycle index polynomials afandB.

Theorem 1-3.6. (Palmer and Robinsor)et A and B be as described in above. Then the cycle index
polynomial ofB# is the exponential composition B{A) with Z(B). That is,

Z(BA) = Z(A) Z(B): (3)

Example 1-3.7. Continuing Example 1-3.4, we apply Theorem 1-3.6 to compluéecycle index of the
groupB#, whereA = S, andB = Cz. Note that the order @ ” is

BA = jAj jBj®=18:
We get the cycle index polynomial &#*
z(B") = Z(A) Z(B)

1 1
5 (pf + p2) 3 (P} +2p3)

1 1 11
1 §(p§+2p3) 1 §(p§+2p3) + 52 §(p§+2p3)

NI =

11(p3) + gll(ps) %'1(!3%)"‘ gll(ps) + %'2(@)"‘ %lz(p3)

Wl =

11(p3)  11(p3) + gll(p3) 11(p3) + gll(pS) l1(p3) + %'2(@)"‘ %'2(p3)

2 2 1 1
p?+ §p§+ §p§+ 6p§pg’+ §p3p6

ol P &lm NI

1
= E(pi’+8p§+3p3p§+6p3pe):
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The cycle index polynomia (B*) tells the structure of the group”. For example, the coef ciers
for the termpspg tells that there aré elements irB* with cycle type(6; 3). These elements are precisely
those(; ), where isthe2-cyclein groupA,and :[2]! B issuchthat (1) (2) is a3-cycle in group
B. Moreover, we observe that the tepfiin Z (B”) with coef cient 8 is contributed in two ways. One is
from those(; ) such that is the identity element oA, and (1) and (2) are3-cycles inB, each having
two choices; the other is from thoge ) such that is the identity element of, one of (1) and (2) is
the identity ofB, and the other is 8-cycle inB, which gives rise tal possibilities.

Remark 1-3.8. Let A andB be the same as in Theorem 1-3.6. et ) be an element d*, where
ct( )= =( 15 2:0);

and 2 B™ is such that the cycle type ofrestricted on each;-cycle of is (), i.e., if thei-th cycle of
is written as

then () is the cycle type of the permutation

(a1) (a2)  (a;):
Then the cycle type of ; ), as an element of the gro®” acting on the set of functions frofm] to [n],
is for which
p=1,pw) I,(Pwe)
In such cases, for simplicity and without ambiguity, we erit

p=1(; @; @y



CHAPTER 2
Combinatorial Theory of Species

2-1. De nition of Species

The combinatorial theory of species was initiated by Jogal [L3. In short, species are classes of
“labeled structures”. A formal de nition (see Bergeron,dedle, and LerouxZ, pp. 1-11]) is given in the
following.

De nition 2-1.1. Let B be the category of nite sets with bijections. gpecies (of structures$ a functor
from B to itself, i.e.,

F:B! B:

Given a specieBk , we obtain for each nite sdfl a nite setF [U], which is called the set &% -structures
on U, and for each bijection : U! V a bijection

F[1:FUIY FIV]
which is called tha@ransport ofF -structures along .

We denote byr[n] = F[f1;2;:::;ng] the set ofF -structures orin]. The symmetric grouf® , acts on
the set [n] by transport of structures. TI&,-orbits under this action are calleghlabeledF -structures of
ordern.

Example 2-1.2. The species ofraphsis denoted byG. Note that by graphs we mean simple graphs, that
is, graphs without loops or multiple edges. Thus de ned, waambyG[U] the set of graphs with vertex
setU, and by aG-structure onUJ a graph with vertex sdt). More formally, the species of structur€s
generates

for any nite setU, a set of graphs with vertex sef,
for any bijection :U! V, abijectionG[ ]: G[U]! G|V]:

U=1123459

vovovo v

V =fa;b;c;d; g

FIGURE 2-1. A bijection from U to V induces a bijectiorG[ ], the transport ofG-
structures along, sending a graph with vertex sdtto a graph with vertex sat.

Example 2-1.3. We give a list of examples of species.
Theemptyspecied is de ned by settingd[U] = ; for all U.

9
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Thesingleton sespeciesl is de ned by setting
fUg, ifU=;;

1ul= - otherwise

The species agingletonsX is de ned by setting

fug, ifjuj=1,;

X[Ul= - otherwise

The species ddetskE is de ned by settinge[U] = fUg for each nite setU.

The species ofinear ordersL . In particular, the species of linear orders melement sets is
denoted byX ".

The species ofonnected graph&°.

The species ofomplete graph& .

The species gbermutations .

Example 2-1.4. For any graphG, we de ne thespecies associated ®, denotedOg, to be such that

a) for each nite setU, Og[U] is the set of graphs isomorphic @ with vertex setU. Note that
L(G) = jOgln];:

b) for each bijection : U ! V, wherejUj = jVj, Og[ ]Iis a bijection fromOg[U] to Og[V],
sending a graphl isomorphic toG with vertex seU to a graphOg[ ](H) whose vertex labeling
is obtained from the vertex labeling bff by replacing each label 2 U with  (u).

It is straightforward to see that the bijectioBg[ ] further satisfy

i. forall bijections :U! Vand :V! W,Og[ ]= Og[ 10c][ ]
ii. if U=V and isthe identity map otJ, thenOg|[ ] is also the identity map 00g[U].

(@b B—© ©—@ (d—© e—@
23 [ 5%
O ® ®@ ® © @
G Ogl[fa;b;c;d; @]

FIGURE 2-2. Theb Og-structures on the vertex sied; b; c; d; g for a given graplG.

De nition 2-1.5. Each specieb is associated with three generating series. Firsetpenential generating
seriesof the specie§, given by X
. X"
Fo= JFYi—
no ’
counts labeledr -structures.
Second, theéype generating seriesf the specie§ , given by
X
F(x) = fnx";
n 0
wheref , is the number of unlabeldd-structures of orden, counts unlabele# -structures.
The last, but also the most important, associated seriedlé&zidhecycle indexof the specie§-:

X X D
Zp = Zg (P1;p2;iit) = xF[]Z— :

n 0 'n
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Inthis de nition, x F[ ]denotes the number &f-structures ofin] xed by F[ ], where is a permutation
of [n] with cycle type , andp is the power sum symmetric function indexed by the part#tiorf n.
The following theorem (se€?]) illustrates the importance of the cycle index in the tlyeofr species.

Theorem 2-1.6. (Bergeron, Labelle and Leroukpr any species of structurds, we have

F(X)= Zr (X 0;0;::1);

B(x) = Ze(x;x2;x3;::0):
Remark 2-1.7. Consider the functorial aspects of the species of Bedad the species of complete graphs
K . We see that there is a natural transformatiotinat produces for every nite séd a bijection between

E[U] andK [U], namely, sending the sé&t to the complete graph with vertex sgt Furthermore, the
following diagram commutes for any nite sets, V and any bijection :U ! V:

E[]

E[U] ! ELV]
2 ?
y y

kK upr UK v

In this case we call these two specissmorphicto each other, denotdel = K . The general de nition
of two species being isomorphic to each other is similar. Amfed out on 2, p. 21], the concept of
isomorphism is compatible with the transition to seriesefBfore, we do not make distinctions between
isomorphic species during calculations.

Example 2-1.8. For andL the species of permutations and the species of linear grdeergotice that
their exponential generating series are identical:

(=L )= 7

while their type generating series and cycle indices differ

Y 1 1
= f - - .
9 1 xk o 1 x’
kK 1
Y 1 1
Z = 1 ; Z = 1 :
K1 Pk P1

This is because that although there are same number of romst and linear orders on a given nite
setU, the permutations and linear orders are not transporteaeisame manner along bijections. In fact,
a linear order admits only a single automorphism, while amegation admits many automorphisms in
general.

3—— 5—— 44— 11— 2

1
¢ T 4T T e /’\‘ 2/\5
| | | | I | I | I | 4 3 \\/
‘\_/

a) b)

FIGURE 2-3. a) Alinear order orj5] admits only a single automorphist). A permutation
on [5] admits six automorphisms.
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Example 2-1.9. Let G be the species of graphs. It is well-known that the expoakgénerating series of
G is given by

Xy xD
G(x) = o(3) X_.
n!
n 0
The cycle index ofs was given on2, p. 76]:

X X p
Zg= x G[ 1>~ ; ()
n 0O "n
where

. P . P
X G[]=2% & 19dGe)G() 5 y(kmod2)e().

in which ¢ ( ) denotes the number of parts of lengtim

The above formulas permit us to write out the rst severahterof the associated series Gfusing
Maple:

X N %3 x4 %5 %6 x7

G(x)=1+ — +2 5 +8 3 +64 z +1024_ +327686— +2097152—
8

+ 68435456% + 687194767369— +

6 (x)=1+ x+2x°+4x3+11x*+34x° +156x° + 1044x” + 12346x°® + ;
4 2
Zg=1+ pr+(pi+ po)+ §p§+2p1p2+ 3P

8 4
+ §p‘1‘+4p§pz+2p§+ §p1p3+ Ps
128 , 4 4
15 p p1p2+8p1p2 p1p3+ §p2p3+2p1p4+ gps + ;

2-2. Species Operations

We describe in this section some frequently used operatiargpecies, namely, the sum, product, and

substitution of species. Readers are referre@,tpf. 1-58] for more detailed de nitions &, + F, F1F2,
Fi(F2),F1  F2, Fq, Flofor arbitrary specie§1 andF».

De nition 2-2.1. Thesumof F; andF; is denoted byr; + F». An F1 + F»-structure on a nite seU is
either anF1-structure orlJ or anF,-structure orlJ.

or

F1 F2
\Fl +Fe J

- J

- J

FIGURE 2-4. Addition of specie§; + F».
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The formulae foiF; + F» are given by
(F1+ F2)(x) = Fa(x) + Fa(x);
(F1+ Fa)(x) = Fi(x) + Fa(x);

Zri+F, = Zry + ZFy:

Each specieE gives rise to aanonical decomposition
F:F0+F1+F2+ +Fn+ )
wheref F,g, ¢ is the family of species de ned by setting, for eath

F[U], ifjuj=n;

FnlU] = - otherwise.

If F = Fn, then we say the speci€sis concentraten the cardinalityn. We denote by, the species of
nonemptyf -structures:

Fe=F1+ Fo+ + Fp ;

FUL ifjuj L

- if jUj=0:

Example 2-2.2. The species of sets and the species of linear orddrs can be decomposed as

F+ [U] =

E=E+E+E+ =1+ X+ E+
L =Lo+Li+Ly+ =1+ X+ X2+

De nition 2-2.3. The productof F; andF; is denoted byr; F,. An F1F»-structure on a nite seU is
of the form( ;f1;f2), where is an ordered partition dfi with two blocksU; andU,, U; possibly empty,
andf; is anFj-structure orlJ; for eachi.

The formulae for the associated series-gF, are given by
(F1F2)(x) = Fa(X)Fa(x);
(F1F2)(x) = E1()F2(%);

ZriF, = LR Zr,:

F]_ FZ

Y, \§ J

\Fl Fo

FIGURE 2-5. Multiplication of specie§; Fo».

De nition 2-2.4. Thecompositiorof F; andF; is denoted byr;, F», or equivalentlyF1(F2). AnF1(F»)-
structure on a nite set is a tuple of the forn{ ;f; ), where is a partition ofU, f is anF;-structure on
, and is a set ofF,-structures on the blocks of.
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FIGURE 2-6. Composition of specids; F».

The formulae for the associated series-efF,) are given by
(F1(F2))(x) = Fa(Fa(x));
(FL(F2))(x) = Zr, (Fa(x); F2(x?);:11);
ZFl(Fz) = ZFl ZFZ;
where is the operation of plethysm on symmetric functions de ngdde nition 1-2.2.

De nition 2-2.5. A group A is said toact naturally on a specie$- if, for any nite set U, there is an
A-action

u:A F[U]! F[U]
so that for each bijection : U !V, the following diagram commutes:
U
A 7F [U]! F[)U]
? ?
ida F[ly yFI[1]
A FIVI! Y FV]

De nition 2-2.6. Thequotient specietsee Bergeron, Labelle, and Lero p. 159]) ofF by A, denoted
F=A, is de ned based on a group acting naturally on a specié€s such that

a) for each nite setJ, the set ofF=A-structures otJ is the set ofA-orbits of F -structures o, i.e.,
(F=A)[U] = F[U]=A;
b) for each bijection : U ! V, the transport of structures
(F=A) ]:F[UI=A! F[V]=A

is induced from the bijectiof [ ] that sends each orbit of the actionfAfon F [U] to an orbit of the action
of AonF[V].

The bijectiong F=A)[ ] satisfy the functorial properties
(F=A) 1=(F=A)N I(F=A)L I  (F=A)lidu] =id F=p)uy;
because of the functoriality of the specles
The notion of quotient species appearedjreind [3] as an important tool in combinatorial enumeration.

Example 2-2.7. Let E. be the species of nonempty sets. Therflan E. )-structure on a nite setl is an
ordered pair of nonempty subsétd; ; U,) whose union equald. The symmetric grouj » acts naturally
on the subscripts dflj for i = 1;2, with orbits unordered pairs of su¢kl;; U>). Thus we get a quotient
speciedE. E,)=S», the species gbartitionsinto two blocks, denoted @
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Proposition 2-2.8. Let F; and F», be two species. L& be a group acting naturally on both; andF».
Then

(F1+ Fz):A: F1:A+ FZZA: (l)

PrROOE AnF; + Fj-structure on a nite seU is either anF;-structure orlJ or anF»-structure orlJ.
It follows immediately that an orbit oA acting on the set df; + F»-structures ofJ is either an orbit oA
acting on the sdt;[U] or an orbit ofA acting on the s&t,[U].

2-3. Molecular Species

De nition 2-3.1. A species of structurdd is said to benolecular[29, 37 if there is only one isomorphism
class ofM -structures, i.e., if two arbitrariyl -structures are isomorphic.

In other words, the specidd is molecular if and only itM 6 0, M is concentrated on, and any
element in the sé¥ [n] can be sent through some transport of structures to any elg@ent inM [n].

We introduce in the following a construction of, for any stigp A of S, a molecular species "=A
(see Bergeron, Labelle, and Lerou p. 144]). These species satisfy tikat=A = X "=B if and only if A
andB are conjugates i® . In fact, if M is any molecular species concentrated on the cardinalignd
s is anyM -structure, the is the same as the speciéd =A, as de ned in below, for somA that is the
automorphism group of.

De nition 2-3.2. Letn be a non-negative integek, a subgroup o8 ,,, U andV nite sets of cardinalityn,
and :U! V abijection. De ne a specieX "=A to be such that

a) the set ofX "=A-structures orU is the set of (left) cosets with respectAoof bijections[n] ! U.
That is,

X"=A)[U]l=fA | :[n]! Ug;

where A = f aja2Ag:

b) the transport

(X"=A) ]: (X"=A)U]! (X"=A)V]
is de ned by setting
X"=A I(A)=( A

Example 2-3.3.a) There is only one element in the &fn], so that the condition “any two elements in
E,[n] are isomorphic” is automatically true. Hence the speEjes a molecular species, and

b) We denote byC, the species of oriented cycles of lengthWe see tha€C,, is a molecular species,
and
X n
=
whereC, is the cyclic group of orden, i.e.,C, is the subgroup 08 , in which all elements are-cycles.

Cn

Remark 2-3.4. Let U be a nite set of cardinalityn, and letA be a subgroup & ,. ThenA acts naturally
on the set of linear orders au. If we call the orbit of a linear ordes on U under thisA-action theA-orbit
of s, then theX "=A-structures ortJ is just the set ofA-orbits of the action ofA on the set of linear orders
on U, which is also, as pointed out o8, [p. 160], the quotient species Xf" by A.

The following proposition (seelp, p. 117] Example 7.4) illustrates the close connection betw
Polya's cycle index polynomial and the cycle index of a $p&c
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Proposition 2-3.5. Let A be a subgroup 0% ,,. Then
Z (A) = ZX n=p-

PrROOF Recall that the s€iX "=A)[n] is the set of cosets & in S,. We set

whereg;; op;:::; 0k are coset representatives. Then according to the de nitfocycle index series, we
have

1 X X"

Zx"=A:m XT[]Z( )i

" 28,

whereZ ( ) is the cycle type polynomial of, and the number of elements(K "=A)[n] xed by is
n
x 2 [1= 121K 1 giA = gAg

fi2kl:g *gi2Ag:

We notice that if for some, g, 1'gi 2 A, then every elemerg in the coset represented lpyA satis es
g ' g 2 A: We notice also that each coggh contains exactlyAj elements.

Hence we get

Xn 1 ] .
XT[]_ngzs”'g g2Ag:
Therefore,
11 X N
ZX"=A= AT f92 Sn - g g 2Ag Z( )
ntjAj 2Sy
11 X 1 X 1 1 X
= — — Z = — —Z = z = Z(A):
AL () A () A, () (A)

g lg2a 2A

Each subgroup\ of S|, corresponds to a molecular species concentrated on theal#gdn, namely,
X "=A. Proposition 2-3.5 says that Polya's cycle index polyralnof A is the same as the cycle index of
the specieX "=A, hence these two de nitions are equivalent in the case oemgéar species.

Example 2-3.6. There arad = n!=z permutations with cycle typein S,,. Thus the cycle index polyno-
mial of S 5, which is the same as the cycle index of the speEjgss

1 X X
Ze,=Z(Sp)= = dp = P

n n
Example 2-3.7. Recall for any grapl®, Og is the species associated@o We oberve thaDg is indeed the
molecular specieX "=aut(G); wheren is the number of vertices i@, andaut(G) is the automorphism
group ofG. It follows from Proposition 2-3.5 that the cycle index©§ is the cycle index polynomial of
the automorphism group @. That is,

Zo, = Z(aut(G)):
For example, the cycle index of the gra@hin Figure 2-2 is
Zos = Z(A);

whereA is the automorphism group @, which is the subgroup db 5 isomorphic toS4. To be more
precise,

1
Zog = 5, (Y +6pip2 +8pips + 3p1p3 + 6 pipa):
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We see from De nition 2-3.1 that molecular species are intggosable under addition. This observa-
tion leads to anolecular decompositioaf any species?, p. 141]:

Proposition 2-3.8. Every species of structurésis the sum of its molecular subspecies:

X
F = M:

M F
M molecular

Example 2-3.9. The molecular decomposition of the species of graphs given on R, p. 421]:

G=1+ X +2E+(2E+2XE)+(2E4+2E E+2XE3+2E2+2X%E+ E X?2)+

Consider the molecular specigs™=A and X "=B. That meansA is subgroup ofS,, andB is a
subgroup ofS,,. Yeh [29, 30 proved the following theorem for molecular species.

Theorem 2-3.10. (Yeh) Let A be a subgroup o6 ,, andB a subgroup o5, withn 1. We have

Xm Xn Xm+n
‘A B  A>B’
Xm Xn an

B B oA’

where the product group > B acts on the sdim + n], and the wreath product group oA, as de ned by
De nition 1-1.4, acts on the sgn].

Note that Yeh's results agree with Polya's Theorem 1-2r@He cycle index polynomials &t > B and
B OA.

In fact, as mentioned in Remark 2-3.4, we think ofaRi =A-structure on the séi; with jU;j = m as
anA-orbit of linear orders otJ;, and anX "=B-structure on the séi, with jU,j = n as aB -orbit of linear
orders onJ,. Then an(X M=A) (X "=B)-structure orlJ = U; _ U, where_ denotes thelisjoint union
admits an automorphism group isomorphic to the productgroer B, as shown in Figure 2-7.

A-orbits

B -orbits

FIGURE 2-7. (XM=A) (X"=B)= XM*N=(A B).

We also observe that §X M=A) (X "=B)-structure is atiX M =A-structure on a set o "=B-structures,
which is the same as a setBforbits of linear orders ofn], as shown in Figure 2-8, and hence admits an
automorphism group isomorphic to the wreath proddiciA .
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® @ @€ ®8 — B-orbits
_ ® @ @€ ®8 — B-orbits

A-orbits <
® @ ® ®8 —— B-orhits

FIGURE2-8. (XM=A) (X"=B)= XM =B 0A).

2-4. Compositional Inverse ofE .
The specied + X is the sum of the singleton set specieand the species of singletoXs. A 1+ X -
structure orjn] is 8
< f,g; ifn=0;
1+ X)[n]=_ flg; ifn=1,
T otherwise.

The associated series b+ X are
Q1+ X)(x)=1+ x;
T+Xx) =1+ x
Zg+xy =1+ pi

A virtual speciess, roughly speaking, the formal difference of specigsg. 121]. Since the species
1+ X satises(1+ X)(0) =1, Propositionl8of [2, p. 129] gives that there exists a unique virtual species
, So-called “connecte(ll + X )-structures” as de ned org[ p. 121], with

1+ X = E() : 1)
In fact, Equation (1) leads to
X=E();
which implies that is thecompositional inversef E. , written as
= B (X):

The associated series ofare given by 2, p. 131]:

(x)=log(1+ X)(x) =log(1+ x);

X X

e0=" g+ x)x=" Wioga+x¥
k 1 k 1
X (k X (k

z =" ogze p=" ioga+ po;
k 1 k 1
where denotes thé/iobius functionde ned by
< 0 if n has one or more repeated prime factors

kKy=.1  ifn=1;
( 1); ifnisaproductof distinct primes.
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In fact, we can compute the rst several terms of the assediaeries of :

X X2 x3 x4 x> x6 x’
(x)= T E+2§ 6m+24§ 120§+720ﬁ
§x)=x x% (2
1 1 1 1 1 1 1 1
7 = 124 3 + T3 1 14 2 4 1 2 +
P1 2p1 2p2 3p1 3p3 4p1 4p2 5p1 5p5

Read PR3, p. 4] derived identity (2) as the type generating serieshefdompositional inverse of the
specieE, .

Example 2-4.1. Let G® be the species of connected graphs, Brttie species of sets. The observation that
every graph is a set of connected graphs gives rise to ttmiold) species identity:

G = E(GY; 3)
which can be read as “a graph is a set of connected graphsyieesirise to the identity

G'=( G);
which leads to the enumeration of connected graphs:

G%(x) = log( G(x));

X
By ="~ log(@e);

K 1
X (k

Zge = % log(Zc Pk P +1):
k 1

Using Maple, we can compute the rst several terms of the ciased series o6°:

2 3 4 5 6 7

coi X X X X X X X
GE(X)= 7; + By +4 5 +38 7 + 728 +26704 7 + 18662567 4)

x8 x9
+251548502° + 66296291072 + 13 (5)
Go(x) = x+ xZ+2x3+6x4+21x%+112x8 +853x7 + 11117x8 +  ;
B 1, 1 1 2.,
Zoe = p1t SPit P2+ gPst Pt Pap2

+1—94+22+§2+g ¢ 1
12p1 P1P2 4p2 3p1p3 2p4

2 91 4 3
+  193pip, + 3P2Ps + Epi+5p1p§+ gp%p3+ = Ps+ Pips

1669 ; 91 , . 38

—p+—pp+—p3p+§p2p2+2p2p+§ppp
45 F1T g PR Tgr PR T 5T P2 1Pa* = P1P2Ps

4 26 5 25 5
* g P+ TP+ Spopat -pPi+ ghe + ¢ (6)

3 2 18
Recall Proposition 2-3.8 that states that there is a maecdcomposition of any species up to isomor-

phism. We can often identify a given species in terms of md#&cspecies using combinatorial operators.
Figure 2-9 shows unlabeled connected graphs on no morelthamices.
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S I RV ARAN
TN M XX L

S J

FIGURE 2-9. Unlabeled connected graphsromertices,n 4.

In this way, the molecular decomposition of the species aheated graph&° takes the form

G= X +E+ XE+E; + E X2+ XEz+ X°Ey+ ERE,+ Eg+ Dy +

whereDy is the molecular species corresponding to the dihedralpgBopof order4, that is,D4 = X 4=Dy,
and

Zp, = Z(Dg4) = Pt +2pip2+3p5+2ps

ol -

2-5. Multisort Species

The theory of multisort specieg,[p. 100] is analogous to multivariate functions.

De nition 2-5.1. A k-setU is ak-tuple of sets

bijectiveif eachf; is a bijection.
Let BK be the category df-sets with bijective multifunctions.

De nition 2-5.2. A species ok sorts wherek 1, is a functor from the category of nitk-setsBX to the
category of nite set®8, i.e.,

F:BX!I B:

A k-sort specie$ gives rise for eack-set

a nite setF[U1; Uy;:::; Uk]; and for each bijective multifunction
=( 1 2000 kW (U Ui U b (Vs Voo i)
a bijection
FII=F[ 1 250005 k]t F[UG U iins U] b F[Vas Vi W]

that is called theéransport ofF -structures along .

We denote by (X;Y ) a 2-sort species-. We use the notatioim; n], wherem andn are positive
integers, to denote thgset(f1;2;3;:::;mg;f1,2;3;:::;nQ).
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FIGURE 2-10. Multisort species.

The exponential generating seriesofX; Y ) is

X xm yn
F(xy)= Flmin] —— <5
m;n 0O
whereF[m;n] = F[f1;2;:::;mg;f1;2;:::;ng] is the number of labeleH -structures on th&-set[m; n].

The type generating seriesle{X;Y ) is
F(xy) = § Frngn Xy,
m;n 0
wheref ., is the number of unlabelef-structures in which the cardinality of the rst sort setmsand the
cardinality of the second sort setris
The cycle index of (X;Y ) is

X X X
Zrxy) = x F[; ]_pz[ ] pz[y] ;
mn 0 "m; "n
wherep [x]andp [y]are power sum symmetric functions in variable sgtx,; ::: andyy;y»;:::, respec-

tively, x F[; ]denotes the number &f-structures ofim;n] xed by F[; ], where is a permutation
of [m] with cycle type and is a permutation ofn] with cycle type .

Example 2-5.3. Let A (X;Y ) be the2-sort species of rooted trees whose internal vertices agertX and
whose leaves are of sort. Figure 2-11 shows the transport of structures of AvfX; Y )-structures under
a bijective multifunction

234578912 1610111314

jagmfedn |khbic

2-6. Arithmetic Product of Species

The arithmetic product was studied by Manuel Maia and Middéhdez [L8]. They developed a de-
composition of a set, calledractangle which, as we shall see, is essentially an equivalence ofdsigh
dimensional linear orders.

De nition 2-6.1. LetU be a nite set. SupposgJj = ab. A rectangleon U of heighta is a pair( 1; 2)
such that 1 is a partition ofU with a blocks, each of sizb, and ; is a partition ofU with b blocks, each
of sizea, and ifB is a block of 1 andBPis a block of , thenjB\ BY =1.
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4 N\ 4 N\

All

10 14 1 13 6 11
- J - J

FIGURE 2-11. The transport of structurés| ] sends an element &k [U1; U,] to an
element ofA [V1; V2], where

U = 12,3,4,5,7;8,9,129, U, = 1,6;10;11; 13, 14g,
Vi = fjia;9;m;fe;d;ng; Vo = flik; h;b;i;cg.

Figure 2-12 shows two representations of a rectangl¢l@hof height3. They both represent the
rectangle( 1; »2).
1= ff 1;3,4,99,2,5;8;,10g; f 6; 7; 11; 1290;
2= ff 1,8,129;13;5;69;f2;4;11g;f 7,9, 10gg:

|_\
N
o~
|_\
RN
[ Yol
oW
o
e ©

e 00
[
o

o N

e Ul

[ Yool

o Ul

oN
=

o

o
[ Mo
[ N
oW
o
N
[ X))
o
[N
o~

FIGURE 2-12. Arectangle ofil2] of height3.

Equivalently we can represent a rectangle as a bipartitghgr@ rectangle which is the same as in
Figure 2-12 is shown by Figure 2-13, where the labels are ertlyes, and the vertex sets on the left and

4 M\

1= A1 A2 Azg

2= fB1;B2;B3;Bag

- J/

FIGURE 2-13. Arectangle ofil2] of height3.

on the right represent partitiong and ». More precisely, each edgein the bipartite graph corresponds

to exactly one pair of vertice@\;; Bj) with A; 2 1 andBj 2 », and this can be interpreted aseing
the only element in the intersection Af andB; .
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that

a) for each 2 [Kk], i hasa; blocks, each of sizfJj=g, wherejUj = @ a;.

\ Bkj:l.

Figure 2-14 shows &-rectangle( 1; 2; 3), represented by &partite graph, and labeled are on the
triangles.

= fA1;A2;A3;A40
= fB1;B2;Bsg
= fCl;ng

=
I

N
|

w
|

FIGURE 2-14. A3-rectangle labeled on the triangles.

We denote byN the species of rectangles, and¥y(K) the species df-rectangles.

Letn = !(:1 a;, and let Dbe the set of bijections of the form
Had]  [ag] [a] ! [n]:
Note that the cardinality of the setis n!. The group
Y

Br each(iq;io;::i:;ik) 2 [a1] [a2] [ak]. We observe that this group action result in a set of
:(=1 S 4 -orbits, and that each orbit consists of exaetiya,!  ax! elements of . Observe further that

there is a one-to-one correspondence between the s,ef:qfsai -orbits on the set and the set ok-

is
n . n!

aja A aglay! ak!:
De nition 2-6.3. LetF1 andF, be species of structures wikh[; ] = F»[;] = ;: Thearithmetic producif
F1 andF»,, denoted~; F», is de ned by setting 1;(<)r each nite séf,

(F1 F)[U]= Fil 1] F2of 2l
(1 2)2N [U]

where the sum represents the disjoint union. In other wamls; F,-structure on a nite set) is a tuple
of the form(( 1;f1);( 2;f2)), wheref; is anF;-structure on the blocks of; for eachi.



2-6. ARITHMETIC PRODUCT OF SPECIES 24

A bijection : U ! V sends a partition of U to a partition %of V, namely, ( )= °=1f (B):
B is a block of g. Thus induces a bijection : ! © sending each block of to a block of ©

The transport of structures for any bijection U ! V is de ned by

(Fr F)L M 1fi( 2f2)=(C HFl L1F0); ( $Fa L1E2):

F1 F2 F1

FIGURE 2-15. Arithmetic producE; F».

The arithmetic product on species satis es the followingparties. They are straightforward to check
using the de nition.

Proposition 2-6.4. (Maia and Méndez).et F;;F, and F3 be species of structures with[;] = ; for
i =1;2;3, and letX be the species of singleton sets. Then we have

(commutativity) F; Fo=Fy Fy;
(associativity) Fy (F» F3)=(F1 Fy) Fg;
(distributivity) F1 (Fo+F3)=F1 Fx+Fp Fg;
(unit) Fr. X=X Fi= Fq:

: % o @ |=| 7 )

FIGURE 2-16. X isthe unit of the arithmetic producé X = F.

The following proposition about the arithmetic product wbtmolecular species could be taken as an
alternative de nition of the arithmetic product.

Proposition 2-6.5. Let X M=A and X "=B be two molecular species. That &,is a subgroup o5 ,, and
B is a subgroup o§,. Then

X m X n X mn

‘A B A B’
whereA B is the product group acting on the detn] as de ned by De nition 1-1.3.
Example 2-6.6. Recall that the molecular speci€s is the same as the speci¥$=S,. The arithmetic
product of the speciels, with itself is a species concentrated on the cardindityo be more precise, the
setofE, Ep-structures on a sé&t with jUj = 4 are obtained by taking tHfe, S »-orbits of2 by 2 squares
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lled with elements ofU, where the grous, S acts by switching the rows and the columns. In other
words,E,  Ex = X4=S, S»):

E

a b
3L
c d

. J

FIGURE 2-17. The specieB, E; is isomorphic to the specieé*=(S, S»).

We can quickly verify Proposition 2-6.5 by observing thag ¥a™ =A-structures aré\-orbits of linear
orders on[m], and theX "=B-structures ard3 -orbits of linear orders ofn], and hence aiiX M=A)
(X "=B)-structure orfmn] is just a matrix whose rows and columns #@eorbits of linear orders ofm]
andB -orbits of linear orders ofn], respectively. The automorphism group of sucfCai'=A) (X "=B)-
structure is therefore isomorphic to the product gréup B.

4 M

B -orbits

A

o 6 6 06 ©
_ e 0o 000
A-orbits
o 6 6 06 ©
o 6 6 06 ©
g J

FIGURE2-18. (XM=A) (X"=B)= X™=A B).

The associativity of the arithmetic product allows us td tabout the arithmetic product of a set of
species.

setting
k

- Fi=F1 F2 Fk;
1=
which sends each nite sél to the set
k X
_ FilVl= R[] Fol 2] Fel };
where the sum is taken over &lrectangleq 1; »;:::; k) of U, and represents the disjoint union. We

denote byF K the arithmetic product df copies ofF .
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k k
For each bijection : U ! V, the transport of structures _of1 F; along sends an ) Fi-structure on
1= i=
U of the form

where , is the bijection induced by sending blocks of ; to blocks of iO.
Proposition 2-6.8. (Maia and Méndez)Ve have the following identities for the specie&-oéctangles.
N =E E;
N =B
N (D) =N O N 0
PrROOF These identities follow straightforwardly from the detioins of rectangle and arithmetic prod-
uct of species.

Figures 2-17 and 2-19 show that the Bet E[4] is the same as the set of rectangled4jrof height

2.
1|2 1| 4 1] 4
/,/. ° ° /,/. ° ° /,/. ° °
4 < <

0 3 | 4 B, 3 |2 B, 2 | 3
o L] L] o L] L] o L] L]
o o o o o o

E E E
1|3 1|3 1|2
/,/. ° ° /,/. ° ° /,/. ° °
B 5T B T B T
o L] L] o L] L] o L] L]
o o o o o o

E E E

FIGURE 2-19. TheEk, Ex-structures on the sét].

Maria and Méndez18] gave the formula for the cycle index of the arithmetic proidu
Theorem 2-6.9. (Maria and Méndezl et specie$; andF, satisfy
Fil;]1= Fol;]= ;:
Then we have
Zr, £, = ZE, Zpy; 1)

where the operation on the power sum symmetric functions on the right-hand ditieecequation is given
by De nition 1-2.3.

We notice that due to the linearities of both the arithmetimdpct of species and the operationon
power sum symmetric functions, identity (1) reduces to #eeonvher; andF, are both molecular species.
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Suppose, say;; = X M=A andF, = X "=B for some integersn; n, and someéA andB subgroups of
Sm andS,, respectively. We apply Proposition 2-6.5 and Proposi#ieh5 to translate the formula

Zixm=p) (xn=B) = Zxm=a Zxn=p
into
Z(A B)=2zZ(A) Z(B): 2)
Identity (2) can be roughly veri ed by observing thatafis an element oA andbis an element 0B,
then the cycle type dfa; b) in the groupA B satis es

Pet((a;p)) = Pet(a)  Pet(b) -

This is because each pair okacycle ina and anl-cycle inb generates cycles of lengtbm(k; 1) in the
groupA B with multiplicity gcd(k; 1), and that the formula for such pairslofcycles ina andl-cycles in
bis

ik i1 — ocd(l)ikir.
pe P = Prem(k:n
Figure 2-20 gives an illustration @ ps = p12.
4 N - __-__ N
- - _ s \

//’ \\\ // \
N 13 e /r /r
__________________ | N 70N 70N 7

40T NN
/ . . . S / / /
B S _ N N N W
e e e e R R
\ ! : / \\ / \\ / \\ !
Y ; « WON N
o - o - o - ° ? .
\ 7
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FIGURE 2-20. A3-cycle in the groupA and a4-cycle in the grouB generates &2-cycle
inthe groupA B.

Summing up on all different cycle lengths @andb, we get the desired result.



CHAPTER 3
Cartesian Product of Graphs and Prime Graphs

3-0. Introduction

In this chapter, we look at the well-known operationGartesian product{De nition 3-1.1) on graphs,
and the notion oprime graphs(De nition 3-1.3) with respect to Cartesian multiplicatio Our goal is to
nd the cycle index of the species of prime graphs.

First, we get a relation (Proposition 3-1.8) between the&San product of graphs and the arithmetic
product of species (De nition 2-6.3). We then use the tooDaichlet exponential generating seriébef-
inition 3-2.3) to get a formula (Theorem 3-2.9) expressimg number of labeled prime graphs in terms of
the number of labeled connected graphs. Furthermore, wehae¢he unique factorization of a nontriv-
ial connected graph into the product of powers of prime gsg(@abidussig6]) gives a free commutative
monoid structure on the set of unlabeled connected grapiasleads to a formula (Theorem 3-3.10) that
counts unlabeled prime graphs in terms of unlabeled coadagaphs.

In terms of species, the arithmetic product of species sty Maia and MéndezLB] comes back
into play. As it turns out, we need a stronger notion tharharétic product in order to express the species
of connected graphs in terms of the species of prime graphs.théfefore de ne a new operation, the
exponential compositioaf species (De nition 3-5.1), which is related to the arithitic product of species
as the composition of species is related to the multiplcatf species, and get a formula (Theorem 3-6.2)
expressing the species of connected graphs as the ex@rantiposition of the species of prime graphs.
An explicit formula for the inverse of exponential compasit would be nice to nd, but that problem
remains open.

The enumeration of the species of prime graphs is therefongplete by applying the enumeration
theorem (Theorem 3-4.4) for the exponential compositiogpafcies, which is a generalization of the enu-
meration theorem by Palmer and Robinson about the cyclexipdynomial of the exponentiation group
(Theorem 1-3.6).

3-1. Cartesian Product of Graphs

For any graphG, we letV (G) be the vertex set d, E (G) the edge set oB, andI(G) = jV(G)j the
number of vertices 5. Two graphsG andH with the same number of vertices are said tadmenorphic
denotedG = H, if there exists a bijection frori (G) to V (H) that preserves adjacency. Such a bijection
is called ansomorphismfrom G to H. In the case whefs andH are identical, this bijection is called an
automorphisnof G. The collection of all automorphisms &, denotedaut(G), constitutes a group called
theautomorphism groupf G.

We call the isomorphism classes of grapimabeled graphsif G is a graph withn vertices,L (G) is
the number of graphs isomorphic @®with vertex sefn]. It is well-known that

_ @) .
-9 e

P
We use the notation i”=1 G = G+ Gy + + G, to mean the disjoint union of a set of graphs

28
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De nition 3-1.1. TheCartesian producof graphsG, andG,, denoteds; G, as de ned by Sabiduss?p
under the name theeak Cartesian products the graph whose vertex set is
V(G G2)=V(G1) V(G2)=f(u;v):u2V(Gy);v2V(Gg;
in which (u;v) is adjacent tqw; z) if
either u= wandfv;zg 2 E(G,) or v= zandfu;wg 2 E(G1).

For simplicity and without ambiguity, we cal; G, theproductof G; andG,.

( R ( R

- J
©® -
( 7
2
4 \
4 \
%
©, @
- J - J

FIGURE 3-1. The Cartesian product of a graph with vertexf4e®; 3; 4g and a graph with
vertex sef 1% 2% 3% is a graph with vertex séf(i;j )g, wherei 2 [4] andj 2 [3]°

The following properties of the Cartesian multiplicaticendoe veri ed straightforwardly.
Proposition 3-1.2. LetG1, G, andG3 be graphs. Then

(commutativity) G; Go= G, Gy;
(associativity) (G; Gz) Gz=G1 (G G3):

These properties allow us to talk about the Cartesian ptarfucset of graph§Gig2| , denoted G;.
i21
We denote byG" the Cartesian product of copies ofG.
De nition 3-1.3. A graphG is primewith respect to Cartesian multiplication@ is a connected graph with
more than one vertex such tfat= H; H», implies that eitheH ; or H, is a singleton vertex.

Two graphsG andH are calledelatively primewith respect to Cartesian multiplication, if and only if
G=G; JandH = Hy JimplythatJ is a singleton vertex.

We denote byP the species of prime graphs. We also denoteChthe set of unlabeled connected
graphs, and by the set of unlabeled prime graphs.

If G is a connected graph, thé&hcan be decomposed into prime factors, that is, there is &8Psgi
of prime graphs such th& = Pi: In Figure 3-2, a connected graghwith 24 vertices is decomposed
i21
into the product of prime grapt®;; P,; P3 with 3, 2 and4 vertices, respectively.
Furthermore, we have the following theorem given by Salsdji26].

Theorem 3-1.4. (Sabidussiyor any non-trivial connected grapB, the factorization ofs into the Carte-
sian product of prime powers is unique up to isomorphism.
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FIGURE 3-2. The decomposition of a connected graph into prime graph

The automorphism groups of the Cartesian product of a sephg was studied by Sabidusg6] and
Palmer [L9].

n X]
aut  Gj = aut Gi
i=1

¥
aut G = aut(G;): (3-1.1)
i=1
Example 3-1.7. The prime graph®1; P, andP3 in Figure 3-2 are pairwise relatively prime, so the auto-
morphism group o6 is
aut(G) =aut( Py) aut(Py) aut(P3)
=S2 Sy Vi

whereV, = S, Sy

Recall the arithmetic product of species de ned by De niti2-6.3 and the species associated to a graph
de ned in Example 2-1.4. We present in the following the ela®nnection between the arithmetic product
and the Cartesian product.

Proposition 3-1.8. Let G; and G, be two graphs that are relatively prime to each other. Thendpecies
associated to the Cartesian product @f and G, is equivalent to the arithmetic product of the species
associated t@1 and the species associated@g. That is,

Og, 6, = Og, Og,
PrOOF Letl(G;) = mandl(Gy) = n. Thenl(Gy G3) = mn.
SinceG; andG; are relatively prime, applying Theorem 3-1.6 we get

aut(G1  Gp) =aut( G1) aut(Gy):
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Therefore,
X |(G1 Gz) X mn
OGl G, = =
aut(G1  Gy) aut(G1) aut(Gyp)
xXm Xn
= OGl OGz:

aut(Gy) aut(Gy)

Note that ifG1 andG, are not relatively prime to each other, then the speciesiged to the Cartesian
product ofG; andG; is generally different from the arithmetic product®g, andOg,. This is because
that the automorphism group of the product of the graphs iknger the product of the automorphism
groups of the graphs. For example, we will see in Remark 3Ha2for any prime grapP,

aut(P P)=aut( P)S2;

andaut(P)>2 is generally much larger thaaut(P)?2.

3-2. Labeled Prime Graphs

We introduce in the following an important theorem by Sab&iwabout the automorphism group of a
connected graph using its prime factorization.

Theorem 3-2.1. (Sabidussil.et G be a connected graph with prime factorization
G=Pt P2 Pfk;

where forr = 1;2;:::;Kk, all P, are distinct prime graphs, and a8} are positive integers. Then we have

YK YK
aut(G) =  aut(P¥) = aut(P;)Ssr:
r=1 r=1
In other words, the automorphism group @fis generated by the automorphism groups of the factors and
the transpositions of isomorphic factors.

Remark 3-2.2. (A quick veri cation of Theorem 3-2.1, and moré\pte that theP® , forr = 1;2;:::;K,
are pairwise relatively prime. With Theorem 3-1.6 handy,see that Theorem 3-2.1 is equivalent to the
following special case:

If P is any prime graph anklis a nonnegative integer, then the automorphism group*of
is the exponentiation grougut(P)S«, i.e.,

aut(P*) = aut( P)S«:
In fact, we quickly observe thaut(P)S« is a subgroup céut(P¥), since every element
G)=( 5 (D @505 (K) 2 aut(P)S

with 2 Sy and (i) 2 aut(P), for alli, gives rise to an automorphism of the product grehby letting
each (i) acton acopy oP in Pk and letting act on thek copies ofP in PX. More precisely, since each of
the vertices oP ¥ is ak-vector where thé-th coordinate is contributed by a vertex in ih#h copy ofP, the
permutation acts onPX by permuting the coordinates of the verticeddt. Therefore, the exponentiation
groupaut(P)S« is a subgroup of the automorphism groupPdf.

Hence what Sabidussi's theorem really says is that the araism group ofPX is no bigger than
the exponentiation grougut(P)S«. Therefore, Theorem 3-2.1 can be veri ed by showing thaséhsvo
groups contain the same number of elements. That is, it rentaishow that

aut(P*) = jaut(P)S«j:
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Recall that for any grapfs, kG is the sum ok copies ofG. By Theorem 3-1.5, we have
jaut(P¥)j = jaut(kP)j:
Therefore, it suf ces for us to show that
jaut(kP)j = k!jaut(P)j;

where the right-hand side is the same as the order of the ergiation groupaut(P)Sk.

FIGURE 3-3. The automorphisms &P are generated by elementsant(P) andS.

Note thatkP hask connected components, each of which is a copl? ol.et be an automorphism
of kP, and letvy; v, be vertices okP that are in the same connected component. Since autommphis
preserve adjacency,(v1) and (v2) are in the same connected component (§P) = kP. Therefore,
sends one connected componenkBfto another connected componentkéf, possibly the same one. Let
us assume, say, tha{P1) = P», whereP; andP, are two arbitrary connected component&Bf, possibly
the same one. This means tigtandP, are both copies oP. Let ; be the action of restricted toP;.
Then there is some : P, ! P such that ; is an automorphism dP. Therefore, such an can be
obtained by taking an automorphism of each connected coempafkP , separately, followed by putting a
permutation ork] over thek copies ofP. In the meanwhile, the above argument also implies thaighise
only way to construct an automorphismid®. Thus we see from De nition 1-1.4 that the automorphism
group ofkP is the wreath product grougut(P) oSy, i.e.,

aut(kP) = aut( P) oSy;
which gives that
jaut(kP)j = jaut(P) 0Sj = k!jaut(P)jk:
In what follows in this section all graphs considered arenemted.

De nitior]:,3—2.3. The Dirichlet exponential generating seridsr a sequence of numbefs,gnon IS de-
ned by an=n!ns;

n 1
Multiplication of Dirichlet exponential generating sesiss given by
X a X X
n'?ﬁ n?:ls - n?:ls; (3-2.1)
n 1"’ n 1"’ n 1 '
where
X n X n!
= akbh=k = ———— ay b=

&= kPn=k K= kPn=k

kjn kjn
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The Dirichlet exponential generating function for a speckeswith the restrictionF[;] = ; is de ned
by
X . .
_ 7 JFIn]i
D(F)= 1 s

Example 3-2.4. Recall that for any grapks, Og is the species associated@ We denote byD (G) the
Dirichlet exponential generating function for the sped®s More explicitly,
L(G) .
(G I(G)s”
Itis illustrated by the following proposition that the Qihlet exponential generating functions are useful
for enumeration involving the arithmetic product of spscie

D(G) = D(Og) =

Proposition 3-2.5. (Maia and Méndez).etF; andF;, be species witk[;]= ; fori =1;2. Then
D(F1 Fz)= D(F1)D(F2): (3-2.2)

PrRoOOF This proof was given by Maia and Méndelg[ p. 6]. We calculate the number Bf  F»-
structures on the sét]:

X
jF1 Fa[n]j = JFa[ alijF2l 2li
S(l; 2)2Nx[n] | ) |
= jFa[aljjFz[n=alj

ajn ( 1; 2)2N [n]
heigh{ 1; 2)= a

n :
= o IFalalijFz[n=al;:
ajn
Equation (3-2.2) follows from the multiplication rule of iihlet exponential generating functions given
by Equation (3-2.1).
Lemma 3-2.6. Let G; and G, be relatively prime graphs. Then
D(G1 Gz) = D(G1)D(G2)

PrRooOF Applying Proposition 3-1.8 and Proposition 3-2.5, we get
D(Gl GZ) = D(OGl Gz) = D(OGl OGz) = D(OGl)D(OGz) = D(Gl)D(GZ):

Lemrﬁ_ga 3-2. 7 Let P be any prime graph. L€t be the sum of all nonnegative integer power$ofi.e.,
T= 0 PK. Then the Dirichlet exponential generating functionsToandP are related by

D(T) =exp(D(P)):

PrROOFE For any graplG, we have
[(G)!

LO)= muoey

and
L(G) : 1

I(G) I(G)s _ jaut(G)] I(G)s
Now it follows from Remark 3-2.2 that
aut(P¥) = aut(P)S« = k! jaut(P)j*;

D(G) =
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which gives that
(PR I(PM)!

L(PK) = - = :
(P9 jaut(P¥)j ki jaut(P)j*

Hence we get

L(P*)  _ 1 _ D(P)¥,

ky —
RTINS S jaut(P)j* 1(P)ks K

Summing up ork, we get
X D(P)k

k!

D(T) = = exp(D(P)):

k 0O

Example 3-2.8. Let P be the species of prime graphs, aBf the species of connected graphs. Then
D(G°®) andD (P ) are the Dirichlet exponential generating functions foisthavo species, respectively:

X igemii X X ip ] X
Jilg‘s]’ = D(G); D(P)= JE,[:S]J = D(P);
n1 G2C n1 ' P2P

D(GS) =

whereC is the set of unlabeled connected graphs Rislthe set of unlabeled prime graphs.

Theorem 3-2.9. Let G° be the species of connected graphs, andPlebe the species of prime graphs. We
have

D(G®% =exp(D(P)):

PrROOF Lemma 3-2.6 gives that the Dirichlet exponential genegatunction of a product of two rela-
tively prime graphs is the product of the Dirichlet expom&ingenerating functions of the two graphs. Note
that according to Proposition 3-1.2, the operation of Gaate product on graphs is associative up to iso-
morphism. Then it follows that if we have a set of pairwiseatekely prime graph$ G;gi=1 .2....r, and let

G= ' Gj,then
i=1
%
D(G)=  D(G)):
i=1

Now according to the de nition of the Dirichlet exponent@gnerating function for graphs, we get

X Y X Y
D(G®) = D(G) = D pk = exp(D(P))
G2C P2P k 0 P2P
=exp D(P) =exp(D(P)):

P2P

Recall the exponential generating serie$6fgiven by (5):

N S < x3 x4 x° x5 x’
G*(x) = T + 5 +4 3 +38E +728a +26704a +1866256ﬁ
8 9

+ 251548592% + 66296291072% b
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We obtainD (G°) by replacingxn with n S for eachn in the above expression:

X
D(G°) JGo[nlj

Ins
nl nn

1 1 1 1

1
s T oors TAge Y38 s T8 —5,5; 26704 = 1866256_7|7S

+ 2515485928 5 + 66296291072ﬁ +

Theorem 3-2.9 gives a way of counting labeled prime graphsriiing
D(P ) =log D(G°):
For example, we write down the rst terms Bf(P ) as follows:
D(P)= ! + = +4 1 +35 1 +728

1
— + 26464— + 1866256—
111 21> 3IF 4145 5!5 6!6° nr

1 1
+ — + il
2515183528I 662962104329I

Let p;, andc, be the number of labeled prime graphs and the number of lhlmelenected graphs,
respectively. We obtain the following table.

TABLE 1. Values ofp, andc,, forn 12

n Pn Cn
1 1 1
2 1 1
3 4 4
4 35 38
5 728 728
6 26464 26704
7 1866256 1866256
8 251518352 251548592
9 66296210432 66296291072
10 34496477587456 34496488594816

11 35641657548953344 35641657548953344
12 73354596197458024448 73354596206766622208

3-3. Unlabeled Prime Graphs

In this section all graphs considered are unlabeled andemed.

De nition 3-3.1. The(formal) Dirichlet seriesof a sequencéa,gn=1:2::
The multiplication of Dirichlet series is given by

X a, X p X X 1

n _ .

ns ns a b= ns

n 1 m 1 n 1 kjn

De nition 3-3.2. A monoidis a semigroup with a unit. Aree commutative monoi$ a commutative

monoidM with a set of prime$ M such that each elememt 2 M can be uniquely decomposed into a
product of elements iR up to rearrangement.

P
.1 isdenedtobe '_, a,=n°.

LetM bg a free commutative monoid. We getr@noid algebraCM , in which the elements are all
formal sums .\, cmM; Wherec, 2 C; with addition and multiplication de ned naturally.
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For eachm 2 M, we associate kngthl(m) that is compatible with the multiplication il . That is,
foranymi;mo 2 M, we haved (m4)l(m3) = [(mimy).

It is well-known that the monoid algebra yields the follogiientity:

Proposition 3-3.3. LetM be a free commutative monoid with prime BetThe following identity holds in

the monoid algebr&C M :
X Y 1

m2M p2P 1 P
Furthermore, we can de ne a homomorphism frdvin to the ring of Dirichlet series under which each
m 2 M is sent tol=I(m)S, wherel is a length function oM . Therefore,
X 1 Y 1

T T s

I(m)s
Example 3-3.4. Let N denote the set of all natural numbers, andllatenote the set of all prime humbers.
ThenN is a free commutative monoid with prime $&tand the length function is given ibfn) = n for all
n 2 N. As an application of Proposition 3-3.3, we have the follogvivell-known identity for expressing
the zeta function:
X 1 Y 1

(3) = E =
n2N p2P

p2P

Recall thatC is the set of unlabeled connected graphs under the operaitiGartesian product. The
unique factorization theorem of Sabidussi giv@she structure of a commutative free monoid with a set
of primesP, whereP is the set of unlabeled prime graphs. This is saying thatyestement ofC has a
unique factorization of the forg{*b?  bf*, where they are distinct primes iP. Let|(G), the number
of vertices inG, be a length function fo€. We have the following proposition.

Lemma 3-3.5. LetC andP be the set of unlabeled connected graphs and the set of uathpeme graphs,
respectively. We have
X 1 Y 1

Gy 1 I(P) s

P2P

The enumeration of prime graphs was studied by Rapha&t®Hl]. We use Dirichlet series to count
unlabeled connected prime graphs.

Theorem 3-3.6. Let g, be the number of unlabeled connected graphsovertices, and lety, be the
number of unlabeled prime graphs anvertices. Then we have

Xen_Y 1

n 1 m 2
Furthermore, if we de ne numbeid;, for positive integers by
dy _ X €n
n 1 n 1
then X b
dy = I_; (3-3.3)
m'=n

where the sum is over all paifsn; ) of positive integers witm' = n.

Remark 3-3.7. A quick observation from Equation (3-3.3) is tHat = d, whenevem is not of the form
rk for somek > 1.
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In what follows, we introduce an interesting recursive fatanfor computingd,. To start with, we
differentiate both sides of Equation (3-3.2) with resped &and simplify. We get that

X X X
€ _ €n n
IognF = s IognF ;
n 2 n 1 n 2
which gives X
e, logn = cmd logl: (3-3.4)
ml=n

Sincec; is the number of connected graphsl©owertex,c; = 1. It follows from Equation (3-3.4) easily that
d, = ¢, whenpis a prime number. Therefore,pfis a prime numbet), = d, = ¢,. This fact can be seen
directly, since a connected graph with a prime number ofcestis a prime graph.

Raphaél Bellec used Equation (3-3.4) to nd formulae @@rwheren is a product of two different
primes or a product of three different primes:

If n = pgwherep 6 q,
Oh = & CoCq (3-3.5)

If n = pgrwherep; gandr are distinct primes,

dh = € +2CyCqCr CpCyr  CqCpr  Cr Cpq: (3-3.6)

In fact, Equations (3-3.5) and (3-3.6) are special caselseofdilowing proposition.

Proposition 3-3.8. Letd,; &, be de ned as above. Then we have

1 X 1 X
dﬂ = 6 E Cﬂlcnz + 5 Cﬂlcnzcﬂ3

nin2=n nina2n3=n

PrROOF We can use the identity

log(1+ x) = x %x2+ %x3 ENCIRY
to compute from Equation (3-3.2) that
%zlog 1+X %
n o1 n 2
e 1 X e 1 X e
nzns 2nznS ?)nzns

Equating coef cients oh * on both sides, we get the desired result.

PROOF OFTHEOREM 3-3.6. We start with
X 1 Y 1

LmE T T )

where the left-hand side is summed over all connected graptusthe right-hand side is summed over all
prime graphs. Regrouping the summands on the left-handastteespect to the number of verticesrm

we get the left-hand side of Equation (3-3.1). Regroupirgfdttors on the right-hand side with respect to
the number of vertices ip, we get the right-hand side of Equation (3-3.1).
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Taking the logarithm of both sides of Equation (3-3.1), we ge

I X e I Y 1 X o
og = log B = 0g ———
n1nS m2(1 ms) m 2 1 m ®
X X m s X
=" o, : o
I I ms
m 2 I 1 m 2;1 1

and Equation (3-3.3) follows immediately.

Next, we will compute the numbels in terms of the numberd, using the following lemma.

Lemma 3-3.9. Letf Digj=1 ... andf J;gi=1 ... be sequences of numbers satisfying

X Jia
Dk = I—, (3'37)
lik
and let be the Mdbius function. Then we have
1 X k
Jk = — - |D|Z

kK I
ljk

PrRoOOF Multiplying by k on both sides of Equation (3-3.7) , we get

X k X
kDy = I—Jk:|: 1J:
lik ljk
Applying the Mobius inversion formula, we get
X k
kdy = I— ID |-
ljk
Therefore,
1X k
Jk = — — ID;y:
k= g I [

lik

Given any natural numbaer, let e be the largest number such timat r€ for somer. Note thatr is not
a power of a smaller integer. We Bty = d,«;Jk = b«. It follows that Equation (3-3.3) is equivalent to
Equation (3-3.7).
Theorem 3-3.10. For any natural numben, lete;r be as described in above. Then we have

1 X e
b, = s T Idye:

lje
ProOOF The result follows straightforwardly from Lemma 3-3.9.

Table 2 gives the numbers of unlabeled prime gramhsompared with the numbers of unlabeled con-
nected graphs, on no more thai2 vertices.
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TABLE 2. Values ofe, andh,, forn 12

n €n bn
1 1 0
2 1 1
3 2 2
4 6 5
5 21 21
6 112 110
7 853 853
8 11117 11111
9 261080 261077
10 11716571 11716550

11 1006700565 1006700565
12 164059830476 164059830354

3-4. Exponential Composition with a Molecular Species

In this section we introduce an operation on species thajus/alent to the exponentiation groups in
the case of molecular species. This operation turns out tséfel for nding a functional equation relating
the species of connected graphs and the species of primlesgrap

Let F be a species of structures wilt];] = ;, letk be a positive integer, and Iét be a subgroup of
Sk. Recall that arF  X-structure on a nite set is a tuple of the form

C sf)iis Cef) =0 @f @) o0 wf w):
where is anelementof, ( ,; ,;:::;, ) isak-rectangle orlJ, and eaclf ; is anF -structure on

the blocks of . Itis easy to check that this action AfonF K-structures is natural, that is, it commutes
with any bijection :U! V. Hence we get a quotient species under this group action.

De nition 3-4.1. We de ne theexponential compositionf F with the molecular specieX =A to be the
quotient species, denotéd K=A)hF i, under the group action described in above. That s,

(X*=A)Fi = F *=A:

Example 3-4.2. Figure 3-4 illustrates the group action $% on the set oE, 2-structures orj4], resulting
in three orbits.

Let A be a subgroup o8 ,, and letB be a subgroup 06,,. We have the following formulas from
Theorem 2-3.10 and Proposition 2-6.5:

Xm Xn Xm+n
‘A B A>B’
Xm Xn an
‘A B BOA’
Xm XI’] an
‘A B A B’

Now we can add to this list one more formula representing tbagaction o8” on the seN = n™
stated in the following theorem.
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(T N

1 2 1 4 1 4

[ ] [ ] [ ] [ ] [ ] [ ]

3 4 3 2 2 3

[ ] [ ] [ ] [ ] [ ] [ ]

1 3 1 3 1 2

[ ] [ ] [ ] [ ] [ ] [ ]

2 4 4 2 4 3

[ ] [ ] [ ] [ ] [ ] [ ]
|G J

FIGURE 3-4. There are three elements in the BgE,;i [4].

Theorem 3-4.3. LetA andB be groups described in above, Mt= n™, and letB* be the exponentiation
group ofA with B, as de ned in De nition 1-3.1. Then we have

Xm o oxn xN
A B BA
Moreover, we get the cycle index(@f M=A)hX "=Bi:
Zixm=pyxn=gi = Z(A) Z(B);
where the expressian(A) Z(B) denotes the image @f(B) under the operator obtained by substituting
the operator ; for the variablesp; in Z(A).

PROOF Proposition 2-6.5 and the associativity of the arithmptmduct give that
xn o m  xN

B BM’
whereB™ is the the product o copies ofB, acting on the set

ml I, [

m copies

piecewise, and hence viewed as a subgroup @f According to Remark 2-3.4, the set oA "=B) ™-
structures orfiN | is then just the set d@ ™ -orbits of linear orders ofN].

The groupA acts on thes8 ™ -orbits of linear orders by permuting the subscripts. Thigoa results in
the quotient species
Xm o oxn xn om XN
‘A B B BM
We observe that aA-orbit of B ™-orbits of linear orders ofN ] admits an automorphism group isomor-
phic to the exponentiation grol®”, hence the quotient speci@$N =B™)=A is the same as the molecular
specieX N =BA,
As for the cycle index of X M=A)hX "=Bi, we apply Proposition 2-3.5 and Theorem 1-3.6 to get that
Zxm=pyxn=si = Zxn=pr = Z(B")= Z(A) Z(B):

Figure 3-5 illustrates an group actionAfon a set of X "=B) ™M-structures.
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4 N
B -orbits
0,
2T N
o 6 6 0 O
Q -
5 ° ° >
Q [ [ ] i
[ ] [ ]
[ ] o
7 2
S ° N
e *e ° 3
red
i Y ® <
° [ ]
o
A ¢ N
0’6 o
/13‘ Q>
~
A-orbits
N\ J

FIGURE3-5. ((X"=B) ™)=A = X""=BA.

Next, we introduce a theorem that is a generalization of Babnd Robinson's Theorem 1-3.6.
Theorem 3-4.4. Let A be a subgroup o5y, and letF be a species of structures concentrated on the
cardinality n. Then the cycle index of the spec{és“=A)hFi is given by

Z(X K=A)hF | = Z(A) ZF: (3-41)
Remark 3-4.5(Notation and Set-Up We denote byPar, the set of partitions afi, and byParﬁ the set of
k-sequences of partitions af

For xed integersn, k, andN = nk, we denote bW \ the species df-dimensional cubes, de-cubes,
on[N], de ned by

Nn = E, “INT:
We also call the elements of the $&t") ¥[N] k-dimensional ordered cubes §N ].
Let be a permutation ofk] with cycle type

ct( )=(rara:ii;rg):
Then acts on theF K-structures by permuting the subscripts. Lebe a partition ofN. Let be a
permutation ofN ] with cycle type . Then acts on thée X-structures by transport of structures. Recall
the notation introduced in Remark 1-3.8:

et ); @5 @ Dy=1.(pw) lnpPe) ey (P @):
We denote byRec- (; ) afunction on the paif; ) de ned by
x Qu x F[ O]

R ;)= =1 ; 3-4.2
eq:(! ) z i z (d) ! ( )

where the summation is over all sequen(:e(é)' @::::; D) in Pard with
I (ct( ); iy @Wy=p:
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We denote byx £ (; ) the number oF K-structures on the s¢i] xed by the joint action of the pair

G )

PROOF OFTHEOREM 3-4.4. Let be a partition ofN . It suf ces to prove that the coef cients qf
on both sides of Equation (3-4.1) are equal.

The right-hand side of Equation (3-4.1) is

Z(A) Zg = — F[ 1—
(A) Zf Al Pet( ) X []Z
2A n
= = I X F[]=— :
A, ct( ) . []Z
For 2 Awithct( )=(rq;rp;:::;rg), we have
Loy )y = Iry Iy
and
X
p
Lt ) X F[ ]Z—
n
X X X
_ p p P .
=1y, \ XF[]Z— Ir, \ XF[]Z— Irq \ XF[]Z—-
n n n
Therefore, the coef cient op in the expressioZ (A) Zf is
Qyq i
1 X 1 X F[ 0) 1 X
— —= - = Rec(; ); 3-4.3
JA] Zw Z@ Al S G ( )
where the summation on the left-hand side is taken over gliesces ©; @;:::; @) in Pard for
somed landall 2 Awithct( )=(rq;rp;:::;rq) such that
let( ), @; @ @y=p

andRecg=-(; ) onthe right-hand side is as de ned by (3-4.2) in Remark 3-4.5

The left-hand side of Equation (3-4.1) is
Zewen= X Ll
N
Therefore, the coef cient gp in the expressioZp «_, is

1 F Kk
Z_X—A[]'

We then apply Theorem 1-1.6 to get that the numbeRAadrbits of F X-structures orfN] xed by a
permutation 2 Sy of cycle type is

[1= Xe(; ) (3-4.4)

where X (; ) is as de nedin Remark 3-4.5.
Therefore, combining (3-4.4) and (3-4.3), the proof of Bora(3-4.1) is reduced to showing that

Xe(; )=z Rea(; ); (3-4.5)
forany; and .
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To prove (3-4.5), we start with observing that in order foFari-structure oriN ] of the form

to be xed by the pair(; ), itis necessary thdt; ) xesthek-cube of the form( 1; 2;:::; k) 2 Nn.
This is equivalent to saying that
NNLIC 2 2000 =0 @8 @i w): (3-4.6)
Suppose (3-4.6) holds for sorkecube( 1; 2;:::; k) 2 Nn. Welet | 2 Sy, be the induced action

of onthe blocks of i, fori =1;2;:::;k. Thatis,
Nn[ICD)= i @)
foralli 2 [K].

@) @ (k)

1, o1t wto( 2 giiny 1).Let = 10 k. The above discussion is saying that, according to
Remark 1-3.3,
lk(Pet¢ ) = P -

On the other hand, given a partitionof n satisfyingl«(p ) = p , there are!=z permutations ir& ,
with cycle type . Let be one of such. Then the number of sequer{ces »;:::; k) whose product

sequenceé 1; 2;:::; k) Will satisfy I«(peye , )) = P, thus their action on an arbitrakrdimensional
ordered cube, combined with the action obn the subscripts, would result in a permutation[Nr with
cycle type . But there areN '=z permutations with cycle type, and only one of them is the that we
started with. Considering that tikecubes are juss K -orbits of thek-dimensional ordered cubes, we count
the number ok-cubes that are xed by the pair; ) with the further condition that the product of the
induced permutations on the by has cycle type :

g (1255028 w4k dimensional ordered cubes

# permutations offiN ] # k-dimensional ordered cubes
with cycle type in each equivalence class

_[(nh) tn=z] NIz

Ni=z (nh)k ~ z°
Now we try to compute how marfy K-structures of the form
(C ufa)( 22 (i)
based on a given rectandle;; 2;:::; ) thatis xed by the ; with

Y
ct i =
i
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are xed by the pair(; ). We observe that the action 6f ) determines thaty = F[ 1]f1 andf; =
F[; 1Jfi 1fori =2;3;:::;k, and hence
fu=F[aF[ 2] F[«Ifk=F[ Ifkx=F[ Jfk:
In other words,
fk 2 FixF[ |

Hence as long as we choose fanfrom Fix F[ ], then all the othef; for i < k are determined by our
choice off . There arex F[ ] such choices fofy.

Therefore, in the case wheris ak-cycle, we get that the number Bf K-structures on the sl ] xed
by the pair(; )is X

Xe(; )= xF[]§—=z Rea-(; ):
Ik(p)n=p

be ak-cube xed by the pai(; ). Again we have (3-4.6), and we get an inducgan the blocks of 1,
for eachi.

We observe that the action ofon the subscripts of thie-cube partitions the list1; »;:::; g intod
parts, of lengths 1;ro;:::;rq, within each of which we get g -cycle. We group the; on each of thal
parts and getl permutations in the grouf ,, whose cycle types are denoted By); ©@;:::; (9 This
construction gives that such a sequence of partitiofd; @;:::; (@) will be those that satisfy

Het( ) @5 @iy @)= p
Therefore, the number &fcubes xed by( ; ) corresponding to such a sequence of partitio8; @;:::;
is
(nh't 1 nl=z (nhfe 1 nl=z 4 NI
N!=z (nhk
(nhra* *rd z z
a N! Z Z () - Z @ Z

The number of -structures that are assigned to tkisube( 1; »2;:::; k) that will be xed under the

action of the paif ; ) corresponding to the sequence of partitign®); ©@::::: (@) s hence

x F[ @1 x F[ O,

since, similarly to our previous discussion, within eactihefd parts, we only need to pick &a-structure
that is xed by a permutation of cycle type), and all othelF -structures are left determined.

Therefore, we get that for any pdir ),
Xe(; )=z Reg(; );
which concludes our proof.

Remark 3-4.6. We can use the molecular decomposition to detime exponential composition of a species
F with a speciedd . That is, if the molecular decomposition ldf is given by

X
H = M;
M H
M molecular
then we de neH hFi by X
HhFi = MHhFi:

M H
M molecular
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The left-linearity of the operation gives that the cycle index ¢i hFi is

Zuywi = Zu Zf

X
= ZM ZF
M H
lg(molecular
= Im  Zg:
M H

M molecular

3-5. Exponential Composition

Let F be a species witk [;] = ;, and letk be a positive integer. We call the quotient speéigd-i =
F k=S, theexponential compositioof F of orderk. We observe that af HF i -structure on a nite set/
is a set of the form

EohFi = X.

De nition 3-5.1. LetF be a species witk [;] = F[1] = ;. We de ne theexponential compositioaf F,
denotedEhF i, to be the sum o hFi on all nonnegative integeks i.e.,
X
EhFi = ExhFi:
k 0

Proposition 3-5.2. LetF be a species witk [;] = ;. Then the cycle index of the exponential composition
of F is given by

X
Zewgi =+ Z(Sk) Zf:
k 1

PrROOF We get from Theorem 3-4.4 that flar 1,
Ze i = Z(Sk) Zr:

And the rest follows from the partial linearity of the opéoat on symmetric functions.

The exponential composition has the following properties.

Theorem 3-5.3. Let F; and F» be species witlr1[; ] = F»[;] = ;, and letk be any nonnegative integer.
Then
Xk
ExhF1 + Fai = EhFi B jhFal;
i=0
EhF1 + Foi = EhFqi EhFsi: (3-5.1)

We observe that afF1 + F») X-structure on a nite set! is a rectangle ot with each partition in the
rectangle enriched with either & or anF,-structure. Taking th& -orbits of thes€F1+ F,) K-structures
on U means basically making every partition of the rectangléistinguishable”. Hence in ea@y-orbit,
all partitions enriched with af-structure are grouped together to giveSy -orbit of F; K1 _structures,
and the remaining partitions are grouped together to giv@ grorbit of F, K2_structures, wherk; andks
are nonnegative integers whose sum is equél to
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PrROOF OFTHEOREM 3-5.3. First, we prove that for any nonnegative intdger
XK
B+ Foi = EhFqi B, ihFoi:
i=0
The case whek = 0 is trivial. Let us considek to be a positive integer. Letandt be nonnegative
integers whose sum equaddsLetU be a nite set. To get alkshF1i B hFoi-structure orlJ, we rst take

arectangld ; ) onU, and then take an ordered péar;, b), wherea is anEghF,i -structure on the blocks of
, andbis anE; hF»i -structure on the blocks of. That is,

F1-structure on the blocks of, andg; is anF,-structure on the blocks of .
Recall that Proposition 2-6.8 says for any nonnegativeyars; | ,

N D)= N O N O

Hence running through values ®andt, we get that the set @&;hF1i  E hF»i-structures otJ, written
in the form of the pairga; b) whose construction we described in above, correspondsatigitto the set of
ExhF1 + Fai-structures otJ.

The proof of
EhF, + Foi = ERF1i ERFai:

is straightforward using the properties of the arithmetiodoict, namely, the commutativity, associativity
and distributivity:

X
EhF, + Foi = EchF, + Foi
k O
X X
= EHFii  E i
k 0i+j=k
ij 0
X X
= E:HFai E HFyi
i 0 j O
= EI’Fli EI’inZ

Note that identity (3-5.1) is analogous to the identity atibe composition of a sum of species with the
species of set&:

E(F1+ F2) = E(F1) E(F2):
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What is more, (3-5.1) illustrates a kind of distributivity the exponential composition. In fact, if a species
of structureg= has its molecular decomposition written in the form

X
F = M;

M F
M molecular

then the exponential composition Bfcan be written as
EHFi = ERMIi:
M F
M molecular

3-6. Cycle Index of Prime Graphs

Now we are ready to come back to the species of prime graphs.

Lemma 3-6.1. Let P be any prime graph, anil any nonnegative integer. Then the species associated to
thek-th power ofP is the exponential composition @ of orderk. That is,

Opk = EkI’OP|

PrROOF We apply Theorem 3-4.3 and get

’ xn K X"
hOpi = Op k=S| = Sk= ——
BcFOr POk aut(P) K~ aut(P)S«
It follows from Remark 3-2.2 that
nk
Opi = ———— = Op«:
BchOp aut(Pk) Pk

We can verify Lemma 3-6.1 in an intuitive way. Note that thé seEhOpi-structures on a -
nite setU is the set ofS-orbits of Opk-structures orJ, and an element oEhOpi[U] of the form

to a graphG isomorphic toP* with vertex setJ. More preciselyG is the Cartesian product of tHe in
which each vertex 2 U is of the formu = B\ B,\ \ By, where eaclB; is one of the blocks ofj.
In this way, we get a one-to-one correspondence betwedh i i -structures otJ and the set of graphs
isomorphic toP* with vertex sel.

Theorem 3-6.2. The specie§°® of connected graphs arfdl of prime graphs satisfy

G®= EHP i:

PROOF In this proof, all graphs considered are unlabeled.
The molecular decomposition of the species of prime graphs i

X
P = Op;

P prime

where eaclOp is a molecular species which is isomorphicdd”)=aut(P):
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LetfPq; Py;:::gbe the set of unlabeled prime graphs. We have
ERP i

EI’Opl + Op2 + i

EMOp,i EMOp,i

(X+ O+ Opz+ ) (X+Op+ Opz+ )
Op::-l OpéZ

i1;i§(; 0
Opis piz

il;is;( 0

= OC

C connected

G¢:

Now we can compute the cycle index of the species of primehgragcursively using Maple:

1, 1 2 4 1
Zp = §p1+ Epz + §p1+p1p2+ 5 P3

3

s ¥, e 2 L2, ]

24p1 4p1p2 3p1p3 8p2 4p4

01 , 19 ., 4 4 , 2 3
+ Epl"‘ §p1p2+ §|01p3+5|01|02+ P1ps + §pz|03+ §p5

1654 91 38 8

5 Pit ZPiPa+ S pips+21pip; +2pipat S PiPaPs
+ 2 f M3 P 2 +

5plp5 6 P> 2szO4 9 P3 3I06

s N

— [ 2 A
TTNMK

FIGURE 3-6. Unlabeled prime graphs onverticesh 4.

We can write down the beginning terms of the molecular deamitipn of the specieB :
P=E+(XE+E)+(E X%+ XEs+ X?Ey+ EZ + Ey) +

Comparing Figure 3-6 with Figure 2-9, we see that there ig onk unlabeled connected graph with
vertices that is not prime. In fact, if we compare the rsteet terms oZgc, given in (6), andZp of order
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no more tharg, we get that

1
Zee Zp = p1t é p§+2p§p2+3p%+2p4

1
+ 5 Prpip+2pd + o p+3pips+4pi+2p3+2ps

Bl

which is the cycle index of connected non-prime graphs on agerthang vertices, as shown in Figure 3-7,
which consist of a single vertex, a graph witlvertices, and two graphs withvertices.

- | HH B>

FIGURE 3-7. Unlabeled non-prime graphs orvertices,n

6.



CHAPTER 4
Point-Determining Graphs

4-0. Introduction

In this chapter, we examine the speciespoint-determining graphgDe nition 4-1.1), which are
graphs whose vertices all have distinct neighborhoodssppleeies ofto-point-determining graph@e -
nition 4-1.2), which are graphs whose complements are fagtgrmining, the species of connected point-
determining graphs, and the speciesbhépoint-determining graphgDe nition 4-3.1), which are graphs
that are both point-determining and co-point-determiniri@ur goal is to nd the cycle indices of these
species. First, we nd a functional equation relating thea@ps of point-determining graphs and the well-
known species of graphs (Theorem 4-1.3). At the same timehd& simple connection between the
point-determining graphs and the co-point-determinirgpbs. The connected cases are similar to the enu-
meration of connected graphs as shown in Section 2-4. Funtire, we nd a functional equation relating
the species of bi-point-determining graphs and the spefigeaphs.

In addition, we examine th2-sort species oP-colored graphs(De nition 4-4.1), which are graphs
whose vertices are properly colored with white and black.déteelop ways to enumerate tBesort species
of connecte®-colored graphs and thH&sort species of point-determinirgcolored graphs.

4-1. Point-Determining Graphs and Co-Point-Determining Gaphs

De nition 4-1.1. A point-determininggraph, previously studied by Sumnéj,[also called anating-type
graph by Bull and Peasd][and Read 23], is a graphG in which any two distinct vertices have distinct
neighborhoodsi.e., if vi 8 v,, thenN (v1) 6 N (v2), whereN (v) = fw : WV is an edge 0Gg is the set
of vertices adjacent to.

Note that the neighborhood of an isolated vertex is the ersgty Thus in a point-determining graph,
there is at most one isolated vertex.

De nition 4-1.2. A graph is callecco-point-determiningf its complement is point-determining.

In a co-point-determining graph, two non-adjacent distuestices have distincdiugmented neighbor-
hoods That is, ifvy andv, are distinct vertices in this graph, thih(vy) [f vig 8 N (v2) [T vo0:

We denote the species of point-determining graphsPby Thus in the species language, a point-
determining graph is & -structure. We denote b§) the species of co-point-determining graphs. We
set the number of point-determining graphs and the numbes-pbint-determining graphs on an empty set
of vertices both to be one.

We observe that there is a natural transformatiothat produces for every nite sdil a bijection
betweenP [U] andQ[U], which sends each point-determining graph with vertexJsti its complement,
which is a co-point-determining graph with vertex setFurthermore, the following diagram commutes for
any nite setsU, V and any bijection :U! V:

50
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PlUNP[] P IV]
5 5
y y

oyt ° Qv

Hence, according to Remark 2-1.7, the speBleandQ are isomorphic, and we do not make distinc-
tions between them during calculations.

There are four point-determining graphs and and four cotpietermining graphs labeled ¢8], as
shown in Figure 4-1, whose rst row consists of the pointedlatining graphs and whose second row consists
of the co-point-determining graphs.

FIGURE 4-1. Labeled point-determining graphs and co-point-aeit@ng graphs with
vertex sef3].

The following theorem gives a starting point for countingnpaletermining graphs.

Theorem 4-1.3. Let G be the species of graphB, the species of point-determining graphs, did the
species of nonempty sets. Then we have

G=P (E): (4-1.1)

PrROOF Given any graplG with vertex setV, we de ne an equivalence relation &h by setting two
elementsy andw of V to be equivalent to each other if they have the same neighbdegh This gives a
partition ofV into m equivalence classes

We then associated to the gra@hthe ordered paif ; G 9, whereGCis the graph whose vertices are the
blocks of in which two vertices/; andV in GPare adjacent if and only if there is an edgeSrtonnecting

a vertex inV; with one inV;. An example of such a transformation from a gr&pho a point-determining
graphGPis illustrated in Figure 4-2. It is straightforward to seattthe grapiG°is point-determining, since
no two vertices of3°have the same neighborhoods.

On the other hand, we can construct a graph eertices uniquely (up to isomorphism) from an ordered
pair consisting of a point-determining graph onvertices and a partition af vertices intom blocks by
reversing the procedure described in above. This bijeddiads to the species equivalence relation (4-1.1).
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o e
£l
B o

graphG°with vertex set
ff 1;9; 3g;f 8g; 4, 7g; f 69; f 2; 5g0.

FIGURE 4-2. A transformation from a graph with vertex sef11]to a point-determining

Using the same method we can prove that

G(X) = Q(K+);

whereK . is the species of complete graphs with non-empty vertex sets
Recall , the compositional inverse & as de ned in Section 2-4. Equations (4-1.1) and (4-1.2)
be rewritten as

(4-1.2)

P=Q=0G():
This identity gives rise to several identities that can bedus compute the associated serie® af
P (x) = Q(x) = G(log(1 + x));

(4-1.3)
B (x)= @x)= Za(x x%x%2 x*%::); (4-1.4)
X (K X ( )
Zp = Zg = Zg T« log(1 + px); log(1 + pa); -
k 1

k 1

Read R3] derived formulas (4-1.3) and (4-1.4), and pointed out fdantity (4-1.3) gives an explicit
expression for the numbers of labeled point-determiniraplys withk verticespy:

Pk = 2(2)3(n;k);
n 0
where thes(n; k) denote Stirling numbers of the rst kin@§].

Using Maple, we can write down the rst several terms of theoatated series @? :

X 2 X3 Nz X5 NG 7
=1+ — o +32° + 4 Xy ~+
P(x)=1 1| o +4 3 32 2 588 5| 21476 g 15513687 ;
If’(x)=1+ X+ x2+2x3+5x*+16 x°+ 78 x% +588x " + 8047 x8 + 205914x° + ;
1, 1 2 5 3,
=1+ p+ —p°+ = + Zpg+ + —p3+ =
Zp =1+ p SPit P2 3Pt P2t S Pt S pip:
+ Ipy+ 2piepd+ Spips
2 3t 23
+ 2+495+113+l +3+ +92+
P1P3 10 P1 3 PiP2 3D2I03 5I05 P1P4 2p1p2

52

can
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- N )

Ce s A
NINZHK

- J

FIGURE 4-3. Unlabeled point-determining graphsmrerticesn 4.
In this way, the molecular decompositionf takes the form
P=X+E+ XE+E + X°E+XE+E E+X%E+E +

Let py; ¢, andg, be numbers of labeled point-determining graphs, connegtaphs and graphs on
vertices. We have the following table:

TaBLE 1. Numbers of labeled point-determining graphs, connegtaghs and graphs on
n verticesn  10.

n Pn Cn On

1 1 1 1

2 1 1 2

3 4 4 8

4 32 38 64

5 588 728 1024

6 21476 26704 32768
7 1551368 1866256 2097152
8 218608712 251548592 268435456
9 60071657408 66296291072 68719476736
10 32307552561088 34496488594816 35184372088832

4-2. Connected Point-Determining Graphs
and Connected Co-Point-Determining Graphs

A point-determining or a co-point-determining graph idedtonnectedf the graph itself is connected.
We denote byP °© the species of connected point-determining graphs, ard bthe species of connected
co-point-determining graphs.

Theorem 4-2.1. LetP be the species of point-determining graphs, andPlétbe the species of connected
point-determining graphs. We have

P =1+ X)E(P® X):
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PROOF Since a point-determining graph can have at most one eblartex, and the rest of its con-
nected components are connected point-determining graipihait least two vertices, we have
P=EP°® X)+ XEMP°® X):

Theorem 4-2.2. For the specie€) andQ°¢, we have
Q = E(Q°):
PrRoOOF The result follows straightforwardly from the observatithat a graph is co-point-determining
if and only if all its connected components are.
SinceP andQ are isomorphic to each other, we get
P =1+ X)E(P® X)= E(Q%: (4-2.1)

Recall the virtual species, which is the compositional inverse & introduced in Section 2-4, we
have

Q= (P4);
whereP . is the species of point-determining graphs with nonemptiexesets. Hence we get to compute
the associated series QF:

Q(x) =log(P (x));

X (k
beo=" < iogh (¢
k 1
X
Zqe = % log(Zp Pk Pk *1):
k 1

We write down the rst several terms of the associated sari€3¢ using Maple:

. x3 x4 x5 x5 x’ x8
Q°(x)=x+3 3 +19 a + 462 &l + 18268 ol + 1410394ﬁ + 2066779545 +

Oo(x) = x + x3+3x% +11x% +61x5 + 507x7 + 7442x8 + 19777%° + 980820%° +  ;

3

4 = + } +1' 1_94+§2 +} +Z2+1'
Q¢ = P1 2I01I02 2I01 24I01 4I01p2 3p1p3 8IOz 4I04

¢ Dotpp+ L L S S S . +
3 P2+ = P2Ps Pit P2+ SPiPs™ gPs+ 5 Pipa

20

Equation (4-2.1) can be rewritten as
P =E(+ P°® X)=E(QY: (4-2.2)
As a general fact, iE(F1) = E(F») for any specie§; andF»,, then
E: (F1) = B (F2):
It follows that E, (F1) = E. (F2). Since E:; = X; we haveF; = F».
Therefore, Equation (4-2.2) gives
+ P C X - QC.
or, equivalently,
- QC P 02;
which gives an explicit expression for the virtual speciess the difference of two species.
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We also get the functional equations relating the assatsades oP © and those of) ©:
P °(x) = Q°(x)+ x log(1+ x);
B o) = Qep)+ x  (x x?);

X (k
Zoe=Zoot D log(L+ pi):
k 1

Through computation, we get the rst several terms of th@eissed series dP ©:

PSx)= x+ XZ—T+ §+25§+438§+18388%T+1409674X77!+206682994X§T+ i
B c(x)= x+ x2+ xZ+3x*+11x5% +61x® +507x" + 7442x8 + 19777X%° +
Zpe=pit 1P+ ip 4 ipit ipst pi
2 2 6 3 2
+ 25 4, 9 2

+ +32+l +1+12+132
24p1 8P2 4D1I02 3I01p3 4D4 2P1p3 4I01p2

73
ps +

7., 3 s 1 1
+ §p1pz+ = 2_0p1+ 6p2p3+ §p1p4 +

5
Let p5; andgS be the numbers of labeled connected point-determininghgrapd connected co-point-
determining graphs, respectively, so that

X XN X XN

PX)= ph—i  Q(X)= o
n! n!

n 1 n 1

We get from the above species equivalence an identity mglpfi andas:

pC+( )" Yn =g forn 2 (4-2.3)

Figure 4-4 shows the unlabeled connected point-detergigiaphs and unlabeled connected co-point-
determining graphs with vertices.

[TAXTTH A

FIGURE 4-4. Unlabeled connected point-determining graphs anabahd connected co-
point-determining graphs chvertices.

We can get the number of labeled connected point-determigriaphs and co-point-determining graphs
by calculating the number of labeled graphs isomorphic theaandg;:

24 24 24

o= - _ + _ + _ =12+12+1=25":
Pi=  Taut(pyj  jaut(p2)j  jaut(ps)]
- 24 24 24

_ -+ -+ . =12+3+4=19:
Jaut(p)j  jaut(pz)j  jaut(ps)]

A combinatorial proof of Equation (4-2.3) would be desigbl
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TABLE 2. Values ofp andgf , forn  10.

n Pr %
1 1 1
2 1 0
3 1 3
4 25 19
5 438 462
6 18388 18268
7 1409674 1410394
8 206682994 206677954
9 58152537184 58152577504
10 31715884061624 31715883698744

4-3. Bi-Point-Determining Graphs
De nition 4-3.1. Agraph is calledi-point-determiningf it is both point-determining and co-point-determining.

The enumeration of the bi-point-determining graphs isiedrout through the structures called phylo-
genetic trees.

De nition 4-3.2. A phylogenetic treés a rooted tree with labeled leaves and unlabeled interrdlces in
which no vertex has exactly one child.

©E @

©

FIGURE 4-5. A phylogenetic tree of6].

Theorem 4-3.3. LetR be the species of bi-point-determining graphs. GetindS be the species of graphs
and phylogenetic trees respectively. Then we have

G=R(@2S X):

The enumeration of phylogenetic trees was studied by Carlitl Riordan%], Foulds and Robinsorv],
omnicki [ 14], and others.

Lemma 4-3.4. Let S be the species of phylogenetic trees, ancElet be the species of sets with no less
than two elements. We have

S =X +E S): (4-3.1)

PROOFE A phylogenetic tree is either a singleton vertex, whichtdbates to the ternX on the right-
hand side of Equation (4-3.1), or is a phylogenetic tree afifrast two leaves, in which case we can separate

the root and the rest of the tree and get a set of at least twioessheach of which is again a phylogenetic
tree, which, as illustrated in Figure 4-6, isBn, S -structure.
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(" ) ( N

. J (. J

FIGURE 4-6. A phylogenetic tree with at least two leaves is a set téat two subtrees
each of which is a phylogenetic tree.

Equation (4-3.1) enables us to compute the rst severaldarhthe associated series®f using Maple:

S(x)=x+XZ—T+4§+26§+236§+2752§+39208X77!+660032§+ :
g (x)= x+ x2+2x3+5x%+12x% +33x5 + 90x” + 261x8 + 766X +  ;
Zs =i+ Ipitip + opi+ pipt =ps
2M7T 3 3 3
v Bt ot Spipst SpRt apa
12 3 4727 3
v 2 dppg2e Dpupd+ S pipot pupat S paps+ = ps
301 3 2 3 3 5
172

—p6+gp +5_94+2_63+£322+22 +§

a5 P17 § 105 6p1p2 9p1p3 2p1p2 P1P4 3p1p2p3
+§p2p4+}p6 +

2 2

Figure 4-7 shows the unlabeled phylogenetic trees with nieri@mn5 vertices.
Therefore, the molecular decompositionfis

S =X+E+ XE+E + X°E+E E+Ef+ XE+E

+ X3Ey+ X2E3+3XEZ+2XE, Ey+ XE;+3EEz+ Es +

It is of interest to observe that different trees might hdneegame species expression. For example, the
three unlabeled phylogenetic trees whthiertices listed in Figure 4-8 correspond to the same specEs

De nition 4-3.5. We de ne analternating phylogenetic treto be either a single vertex, or a phylogenetic
tree with more than one labeled vertex whose internal \estare colored black or white, where no two
adjacent vertices are colored the same way.

We denote bys the species of alternating phylogenetic trees. The streiciialternating phylogenetic
treesS was studied by Stanley, p. 89], MacMahon16, 17, and Riordan and Shanno24] under other
names such as yoke-chains and series-parallel networks.

Note that any phylogenetic tree with more than one labeletbxeaives rise to two alternating phylo-
genetic trees, since the coloring of the internal vertisasniquely determined by the coloring of the root,
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WXKANQ%%@\
A A || B dhe @
S

FIGURE 4-7. Unlabeled phylogenetic trees nrverticesn 5.

W

FIGURE 4-8. Unlabeled phylogenetic trees corresponding to theispX E7.

4 N\

- /

FIGURE 4-9. An alternating phylogenetic tree labeled on the[Sgtwhere the root is
colored black.

which has two choices. Therefore,

PROOF OFTHEOREM4-3.3. In this proof, we will show how to transform an arhiyrayraph into a
bi-point-determining graphs. This transformation, withiaformation preserved using the structure of
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alternating phylogenetic trees, is reversible, and henesa bijection from the set of graphs with vertex
setU to the set of triples of the forr(1;"; ) where is a partition ofU, ' is a bi-point-determining on the
blocks of , and is a set of alternating phylogenetic trees each of whichtslid on a block of . Such a
bijection leads to the functional equation

G=R S

Let (g; h) be an ordered pair that satis es the following conditions
Clgis agraph with vertex set = fuq;uy;::: g, where eachy; is a set, and tha; are disjoint;

C2l hisaseth = fty;ty;:::0, where each; is an alternating phylogenetic tree labeled on the vertex
setu;j. Such pairgg; h) are illustrated in Figures 4-10 and 4-11.

( )

4 N
t t2 3 tq
\ )

gwith V(g) = fus;Uy; Us; Usg h = fty;ts s tag

FIGURE 4-10. A pair(g; h) that satis es condition€1 andC2.

Next, we de ne two operation®©q andOp on pairs(g; h) such that each operation ser(@sh) to a
new ordered paifg® h9.

First, the operatio®q sendgg; h) to a new paifg® h%, wheregCis a graph anti®is a set of alternating

phylogenetic trees. More precisely, we start by de ning gaigalence relation on the vertex setg$uch
that two vertices are equivalent if they have the same autgdereighborhoods. We denote by

the set of equivalence classesuf(fg), where eacle; is a set of vertices dj, i.e.,
e = fui Uizl g
We letwq; wo;::: be such that
Wi = U1 [ U2
We now let thew; be the vertices 0§® and two verticesv; and w; are adjacent irg® if a vertex in the
equivalence clasg is adjacent to a vertex in the equivalence cigss the graphg. Note that

wi[ wo[  =ui[ uzf

We construct a set
ho= £t9;t9;:::g

by Iettingti0 be the alternating phylogenetic tree whose root is coloreitevand whose children are the trees
ti1;ti.2; 2 hlabeled by the sets;.1;ui.2; 2 V(g). Note thatciocould fail to be an alternating phylo-
genetic tree, because some of the alternating phylogetneéis corresponding to the vertiogss; ui.2; : ::
of g have white roots. In this case, in order to mak@ave alternating colors on the internal vertices, we
need to modify our construction ¢f by taking each white-rooted alternating phylogenetic,ttge, and
attaching the children of the root ofy directly to the root ot?. We get a new paifg® h9, wheregCis a
graph on two vertices/; andw, with

Wy = Ug; W2 = U2[ us[ ug;
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andhCis a set of two alternating phylogenetic trees, one on the/gethe other on the set,. Note that the
alternating phylogenetic tree ar has a white root, so we attach the children of this tree to thisgewoot
in the alternating phylogenetic tree wia.

@ (@ @ (4
k oo o0 o0 oo o0 o0
1 2 3 4 1 2 3 4
2 (3 2 (3
§ (g;h) ) § (9;h) )
/ N\ / N\
@ (@) @
I ® o o ¢ I o o
2.3 2 3 1 4 @ 2 3 4 1
| (g% h9 ) | (g% h9 )
a) b)

FIGURE 4-11. a) An Oq application.b) An Op application.

Second, the operatioDp sends the ordered pdig; h) to a new ordered paifg® h9 in a way similar
to the operatiorOq, except that now the equivalence classes on the verticgsaoé taken over vertices
with the same neighborhoods gnand that the new root we attach to a set of alternating pleyletc trees
is colored black instead of white. Again, we modify our coustion as inOqg to ensure that we get new
alternating phylogenetic trees without violating the rofealternating colors. Figure 4-12 illustrates the
operationOp on a pair(g; h) in Figure 4-10, where

V(9) = fui;uz;us;uag;
h is a set of alternating phylogenetic trees labeled on the;der i =1;2; 3; 4.

e 7 e M 4 M
tO
@ 1 tg
o J o / = /
g®with V(g% = fwa; wog h°= ft2;t3g

FIGURE 4-12. The operatio®p applied to a paifg; h) in Figure 4-10 requires a modi-
cation on the construction of alternating phylogenetieett.

It is straightforward to check that the new p&if: h% we get under either the application©f or Op
satis es conditionsC1 andC2, and that the union of the vertices@fs equal to the union of the vertices of
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g® We further observe that the operati@g sends a graph to a co-point-determining grapf, since in
g° no two vertices have the same augmented neighborhoodsla®jnthe operatiorOp sends a graph
to a point-determining graptf. That is whyOp andOq should be applied alternatingly, sinGp has no
effect on a point-determining graph, a®g has no effect on a co-point-determining graph.

Now let G be a graph with vertex set
U="fvyvo g
We relabelG with the set
U%= fUy;Up;:iig;
where eaclJ; = fv;gis a singleton set, viewed as the label of a vertessofVe assign t@s a set
H=1Ty;T2:::0;
where eacH; is a single vertex;. Then(G;H) is an ordered pair satisfying conditio@d andC2.

We keep applying the operatio®, andOp alternatingly on the paifG; H), until neither operation
has any effect, that is, when we reach an ordered(f&irHy) in which Gy is a bi-point-determining graph.
lllustrated in Figure 4-13 is a sequence of alternating ap@nsOqg andOp , starting withOp , sending a
pair (G; H) to a pair(Gg; Hk), whereGy is a bi-point-determining graph on a single vertex, &hdis a set
consists of a single alternating phylogenetic tree whostexeet is the vertex dby.

E&—1—~ (D—ray

YA L i
. ) N )

.
I re : A
23{\2 @ @3 ..f\.

1 2 3 4 5
@

m
1 2 3 4 5

FIGURE 4-13. Alternating applications @p andOgqg send a pai(G; H) to a pair(Gy; Hg).

~@®
N J
w@®
~0
u@

N J

:

The above discussion shows that we get from any g@aplve get a pai{Gy; Hy) satis es conditions
C1 andC2. To be more precise, writing

V(Gk) = fVi; Vo, 1000, He= 1Ty, To; 0000,

we get a triple of the fornf ;'; ), where
i) = fVy;Vo;:::qgis a partition ofU;
i) ' = G is a bi-point-determining graph with vertex set

i) = fTq;To;:::0, where for each, T; is an alternating phylogenetic tree with vertex get
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On the other hand, since all information is preserved udiegtternating phylogenetic trees, the above
procedure is reversible. Roughly speaking, on each stepadiacency outside the equivalence classes
are always preserved, while the adjacency between venithshe same augmented neighborhoods are
transformed into them located in the same alternating geyletic tree with a whiteommon ancestor
where the common ancestor of two verti@eandb in a phylogenetic tree is de ned to be such that if we
take the unique shortest path frato b, say,wow;  w;, with wg = a andw; = b, then the common
ancestor o andbis the uniquew; for which bothw; ; andwi., are children ofw;.

More precisely, suppose we are given a triple ), where = fVi;V,;:::gis a partition ofU, i.e.,
[iVi = U," is a bi-point-determining graph on the blocks gfand is a seff S;;S,;::: g in which each
S; is an alternating phylogenetic tree labeled on thé/seThen there is a unique graghwith vertex setJ
constructed in the way such that for amy v, 2 V (G), fvy;vogis an edge ofs if and only if exactly one
of the following two conditions is satis ed:

v1;Vo 2 V; for somei, hencev; andv, are labels of vertices &;. Then we require theommon
ancestorof those vertices labeled, andv, in S; to be colored white. The common ancestor of
two verticesa andbin a phylogenetic tree is de ned to be such that if we take thigue shortest
path fromato b, say,wow;  w;, withwg = aandw, = b, then the common ancestor@tndb

is the uniquew; for which bothw; 1 andw;+1 are children ofw;.

vi 2 Vi, v2 2V, andi 6 j. Then we requir¢/; andV; to be adjacent to each other in the graph

f/ \\ (. M
W—-W
\_ ® v /
4>
4 ® I
ol ©
\ ©® © 2
Q - o
@ @ e | T
\\VS va >, N y,
FIGURE 4-14. Construct a grapB from a given triple( ;"; ).

The above can be concluded with a species equivalence
G=R S ;

which gives
S =R (28 X):

We get from Theorem 4-3.3 a functional equation expressiagpecie® in terms of the species.

Corollary 4-3.6. LetG, R be the species of graphs and the species of bi-point-detergngraphs. Let
be the virtual species as de ned in Section 2-4. Then we have

R=G2 X): (4-3.2)
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PROOF First, we observe that sin@p = 0 andS ; = X, the same istruef® :S, =0 andS; =
X: Proposition19 of [2, p. 130] says that there exists a unique virtual speiéieg 1 such that

s g hli_ghli g _x
Since Theorem 4-3.3 gives that _
R=0G(s "1
it suf ces to show that the compositional inverse®f is2  X:
But2S S = X implies that

On the other hand, Equation (4-3.1) imple8 X = E(S) 1:.So
S =ES) 1

and X+
+
S +1=E(S)=E — (4-3.3)
But from
E (X)= X +1;
we get
E S =X S +1;
SO X+
+
E((S )=S +1=E —
by Equation (4-3.3). So
X+S
(s )= "%
which gives that
X=2(S ) S =(2 X) S
Equation (4-3.2) gives rise to several identities for cotimuuthe associated seriesRf
R(x) = G(2log(l + x) Xx);
FB(x) = Zg(x 2x%x%  2x%:::0);
Xy Xy
Zr =2 2 ? log(1+ pk) p1;2 " log(1+ px) p2;:::
k 1 k 1
Using Maple, we get the following:
RoO= X +12% 4312 +13824°C + 11474885 +178672128" + -
(= qrizgrsizg ] 7 T
FB(x) = x + x* +6x°+36x° +324x” + 5280x8 + 156088x° + 841576 + (4-3.4)
1 1 13 2
ZgR = p1+ Epﬁ+§p5 €p§+3p1p§+§p5

96 4 11 1
+ gp?+llp%p%+ = PaPs + §p§+ p5 + 3P

It is interesting to observe from Equation (4-3.4) that ¢hisrno bi-point-determining graphs @ror 3
vertices. The unlabeled bi-point-determining graphglan5 vertices are shown in Figure 4-15.
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FIGURE 4-15. Unlabeled bi-point-determining graphsromnertices,n = 4;5.
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Therefore, we get the molecular decompositiofRof

R=X+E X2+[BX(E; X2+ Dg]+
whereDs = X °=Ds is the molecular species of regular pentagons with cyclexnd
1
Zps = Z(Ds) = 15 (P?+5p1p3 +4ps):

Listed in Table 3 are numbers of labeled and unlabeled bitgtétermining graphs, denoted Hyand

ry.

TABLE 3. Numbers of labeled and unlabeled bi-point-determiniregplys with no more

than15 vertices.

n rh ry

1 1 1

2 0 0

3 0 0

4 12 1

5 312 6

6 13824 36

7 1147488 324

8 178672128 5280

9 52666091712 156088
10 29715982846848 8415760
11 32452221242518272 820793600
12 69259424722321036032 145063881480
13 291060255757818125657088 46793310149168
14 2421848956937579216663491584 27790808726803840

15 40050322614433939228627991906304 30630967638345675

We denote byR € the species of connected bi-point-determining graphs.
Theorem 4-3.7. For specieR, R, andE. , we have

R=X+(1+ X)E (R® X):

PROOF Since a graph with a singleton vertex isRf-structure, we denote bg®
connected bi-point-determining graphs with more than @réex.

Let R be a bi-point-determining graph. Thénis both point-determining and co-point-determining. In
particular, the decomposition & into a set of its connected components is similar with thaa pbint-
determining graph in that there is at most one connected opamt consisting of a singleton vertex. Hence
such a decomposition can result in one of the following thsigeations:

i) R is a singleton vertex, in which case we getéarstructure.

X the species of
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i) R has more than one vertex, and none of its connected compoiseatsingleton vertex, in which
case we getak: (R¢ X).

iil) R has more than one vertex, and one of its connected compoiseatsingleton vertex, in which
case wegetaK E.(R® X) species.

Therefore, we get the desired result.

We can compute the beginning terms of the associated séri®S wsing Maple:

4 5 6 7 8
R °(x) = % 112 % 452Xy 12312% + 1061304% N 170176656%

4l 5!
x9
+ 511340754245 +

Re(x) = x+ x*+5x5+31x%+293x” +4986x8 +  ;
1 1 21 5 2
Zec=p1+ —pt+ Zp2 + ZZpd+ Zppi+ S
R P1 5 P1 2p2 10 pP1 5 p1p3 5p5
17 ¢ 17 5, 2 11 5 L1
S\ + = + " p3+ pic +
10 P1 5 P1P2 5p1p5 3 P2 p33p5

The calculation agrees with the observation from Figur®4hat the only unlabeled bi-point-determining
graph on four vertices is connected, and among the six uleldlbepoint-determining graph on ve vertices
there is only one of them that is not connected.

4-4, 2-Colored Graphs and Connecte@-colored Graphs

De nition 4-4.1. A proper coloringof a graph is an assignment of colors to the vertices of thetgnehere
no two adjacent vertices are assigned the same col@c@lored graph also called di-colored graphby
Harary [L1, p. 93] and Hanlonq], is a graph in which all vertices are prope@lycolored.

For simplicity, we call the two colors in 2-colored graph white and black. We denote®{X; Y ) the
2-sort species de ned such that for a two-gbt (V; W), G[U] is a2-colored graph in which the vertices
colored white are elements 9f and the vertices colored black are elementgJof

®

FIGURE 4-16. The2-sort species a2-colored graph&(X;Y ).
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Proposition 4-4.2. LetG(X; Y ) be the2-sort species ak-colored graphs. Then the exponential generating
series ofG(X;Y ) is given by
on XY

Glay) = mi i’

m;n =0

PrROOEF In a2-colored graph, each edge must connect one vertex oiXs@md one vertex of soiY .
Hence there ard™ labeled2-colored graphs witln white vertices anah black vertices.

Theorem 4-4.3. Let G(X; Y ) be the2-sort species o2-colored graphs. Then the cycle index®fX;Y )
is given by
X X 2P i ogcd( s ) P [X] P [y]

Zoxyy =
G(XY) = z

mn O "m; "n

PrROOF Let(; ) beanordered pair of partitions, and(et ) be an ordered pair of permutations with
having cycle type and having cycle type . Let x( ; )= x G[; ] be the number o2-colored
graphs xed by(; ).

To start with, we consider the simpler case wheis ak-cycle and is anl-cycle. LetKy, denote
the complete bipartite graph ¢k; 1], and letE (K ;) be its edge set. Thgi (K. )j = kl. Without loss
of generality, we let the labeling of left-hand side versicaf K, bef1;2;:::;kg, and the labeling of
right-hand side vertices &f | bef1%2%:::;1%. Then each edge &f is represented by an ordered pair
(i;] 9, for somei 2 [k] andj 2 [I]. The pair of permutation§; ) acts on the se (K ) by letting act
onthesefl;2;:::;kgand acton the set1%2%:::;1%. This action partitions th&l edges oK . into
orbitsfA1;A»;:::g. We observe that there alem(k;|) edges in each of the orbits, since all edges of the
form (i;;j9), wherei, = (i) andj, = '(j) forsomer = 1;2:::;lcm(k;l) 1, are in the same orbit
as the edgéi;j 9, and hence this action ¢f, ) on the se€ (K ) results in(kl)=lcm(k; ) = gcd(k; 1)
orbits. Note that eacB-colored graph with vertex sgk; ] can be identi ed with a subset & (K.). If
a subseB of E(K ;) is xed by the pair of permutation§; ), then whenever an edgej 9 is in S, all
edges in the same orbit éisj 9 under the action of ; ) onE(Ky.) isin S as well. This means that the
number of2-colored graphs xed by the pair of permutatiofis ) is the same as the number of subsets of

X( : ) — zgcd(k;l):

For the general case, we write= ( 1; »2;:::)and =( 1; 2;:::). Itis straightforward to see that
each ordered paf(r i; ;), for some integersandj, gives rise to afacta?9%® i: i inthe numberx( ; ),
and hence

Y P
x G[; 1= Zng( i J):z i ged( i j):

Remark 4-4.4. The above argument also gives a way to cdzaablored graphs by the number of edges.
Letbmn:n (x) be the ordinary generating function f&icolored graphs, in which vertices are colored white
andn vertices colored black, by the number number of edges. Wihgdollowing expression foyn (X),
which agrees with the result of Harary and Palnil;, p. 95]:

X n (e () ged(k:l)

B () = N PG ;
' . N A A

m; ' n k;l=1
wherec;( ) denotes the number of parts inwith lengthi. For example, the coef cient of# in bp.3(x) is
3, as shown in Figure 4-17.



4-4. 2-COLORED GRAPHS 67

FIGURE 4-17. There are unlabeled2-colored graphs with edges and vertices, 2
colored white 3 colored black.

Theorem 4-4.3 enables us to calculate the associated s€®X;Y |

N x x2. x3 y y* oyl _xy. X’y X y? .
e T T T TR T T TR TR TR TR TR TR

GOGy) =1+ x+y+2xy + X2+ y?+3x%y +3xy? + x3+ yi+

Zopry =14 (Pl + palyD+ 3 PAX]+ 3 palx]+ 2pulxImnly] + 3 palyl+ 5 pEly]
+ plXl+ 5 PulxIpolX] + 5 pslx] + polxIpaly] + 2EIxIpaly]

+2pu[XIpaly] + palxIpely] ++ %ps[y] + %pl[y]pz[y] + %pi[y] +

Figure 4-18 shows the unlabel@ecolored graphs on at modtvertices, where each vertex is either
a white vertex, a black vertex, or a vertex that can be colardabth colors. For example, there are two
unlabeled?-colored graph on one vertex, one color black the other edlarhite.

® ®
® ® ® ® ® ®
O ® ® @O
®
® ®
® ® @O

;o | NN

FIGURE 4-18. Unlabele®-colored graphs with no more thdrvertices.

A 2-colored graph is calledonnectedf the underlying graph is connected.
Theorem 4-4.5. Let G°(X; Y ) be the species of connect2atolored graphs. Then

G(X;Y )= E(G(X;Y)): (4-4.1)
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PrRoOOF The canonical decomposition of a graph into connected compts applies t&-colored graphs.

Equation (4-4.1) is equivalent to
G Y) = (G (%Y ));
which enables us to compute the associated seri€$[ef; Y ] using Maple:
2 2 3 2,2 3
LTI TRIE R F T A TE A FTALE TS R T A
Gepxy) = x+ y+ xy + xy2+ x2y + x3y + xy3 +2x%y2 + x%y + 4x3y? + 4x2y°
+ xy4+

Zeeoory = (X1 + pulyD + pulclpalyl + 5 pExIouly] + 3 palxIdy] + 3 polxlply]

+ Zpixlpaly] +

® O

Lo de

FIGURE 4-19. Unlabeled connect&icolored graphs with no more thdnvertices.
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4-5. Point-Determining 2-Colored Graphs

De nition 4-5.1. A 2-colored graph is callepoint-determiningdf the underlying graph is point-determining.
A 2-colored graph is calledemi-point-determining all vertices of the same color have distinct neighbor-
hoods.

Note that the notion of co-point-determini@gcolored graphs is not interesting, since any two adjacent
vertices in a-colored graph are colored differently, so that there is @ex that could be adjacent to both
of them.

We denote byP (X;Y ) the species of point-determinircolored graphs, b (X;Y ) the species
of semi-point-determinin@-colored graphs, and By ¢(X;Y ) the species of connected point-determining
2-colored graphs.

Theorem 4-5.2. For specieP (X;Y ), P 5(X;Y ) andP ¢(X;Y ), we have
PE(X;Y)=(1+ X)2+ Y)E(P “(X;Y)); (4-5.1)
PXY)=(1+ X+ Y)EMP (X Y)): (4-5.2)
PrROOF LetG; be a semi-point-determining-colored graph. We observe that a connected component

of G1 could be either a single vertex colored white, a single xectdored black, or a connected point-
determining2-colored graph with at least two vertices. At the same ti@gcan have at most one isolated
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vertex colored with each color, due to the fact that all vediinG; of the same color must have distinct
neighborhoods. Equation (4-5.1) follows by translating afbove into species equivalence.

e N\ e N\
° ° ° ° o o PCy(X;Y) © 7P (X Y)
o
o o
° S .
P S(X:Y —
o P
° o o
e o©
° o
o o hd

FIGURE4-20. P S(X;Y)=(1+ X)(1+ Y)E(P ¢,(X;Y)):

Let G, be a point-determinin@-colored graph. As in the above discussion we see that a ctathe
component ofs, could be either a single vertex colored white, a single wertdored black, or a connected
point-determining?-colored graph with at least two vertices. But this timegsithe underlying graph @,
is point-determining grapl, can have at most one isolated vertex in all. Hence the (@rmX)(1 + Y)
in (4-5.1) is replaced with the terth+ X + Y in (4-5.2).

e N\ Ve N\

° ° ° ° o P S,(X;Y) © 7P c,(XY)

o
o o
° . o
5 P (X Y) —
d ° o o 1+ X + Y
e o© . 5
o o '/ L

FIGURE4-21. P (X;Y)=(1+ X + Y)E(P ¢,(X;Y)):

Theorem 4-5.3. For the specie§G(X;Y ) andP 5(X;Y ), we have
G(X;Y )= P S(E.(X);E-(Y)):

PrRoOOF The proof use the same idea as the proof of Theorem 4-1.3.e Todse precise, given any
2-colored graph, we de ne equivalence relations on the west# by setting two same-colored vertices to
be equivalent if they have the same neighborhoods, and gawv&-colored graph whose vertex set is the
set of equivalence classes and the adjacency in the origriaph is accordingly preserved. We observe that
the resulting new graph is a semi-point-determin?agolored graph, and the rest is straightforward.

We make use of the virtual speciesie ned in Section 2-4 again, and get from Theorem 4-5.3 that
P E(X;Y )= G(( X); (Y));

which, together with Equations 4-5.1 and 4-5.2, allows usotmpute the associated series of the species of
semi-point-determining@-colored graphs, the species of point-determirflirgplored graphs, and the species
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of connected point-determinirigtcolored graphs as follows:

Spun i _ X .y Xy xy? _x%y X2 y? x2 y3
PEiy)=1+ L+ [ +2 011" 2 i T2 T 05 o TR
X3y2
+24§§+ :

Bs(x;y)=1+ x+y+2xy+ x°y+ xy?+3x2y%2+3x3y2 +3x%y3+
Zpsixy ) = 1+ (pax]+ paly]) + 2 palxIpaly]) + ( PEIxIpaly] + palxIpily])
1 5
+ S pelxIpaly]l+ S pEIXIREY]

+ (prp2IXIp2ly] + palxIp1p2ly] + 2 p3[xIpily] + 2 P2[x1p3ly]) +

N X Yy Xy xy> _x%y x? y? x? y3
x3 y2
24§E Il

P xy)=1+ x+y+xy+x2y+xy?+2x2y?2+3x%y? +3x%y%+
Zp vy = 1+ (palX]+ paly]) + (paxIpaly]) + ( pEXIpaly] + palxIpily])
b S paxIpalyl + - EIXIPAIY]
+ (pap2XIpaly] + p2lX]p1p2ly] + 2 pIx]pfly] + 2 pEIx]ply]) +
B e(y) = x+y+xy + xPy?+ x3%y2 + x%y® +

Zp c(xy ) = (PulX]+ paly]) + (palxIpaly]) + ( pIXIPEIY])

+ S papalxIpaly] + 3 polxlpapaly] + 5 pxIREy] + 2 PRIyl +

A RTEES
BEEAES

FIGURE 4-22. Unlabeled point-determinirgzcolored graphs with no more th&nvertices.

We can write down the molecular decomposition @t sort species. For example, Figure 4-22 gives the
rst terms of the molecular decomposition Bf (X;Y ).

POXGY)=1+( X +Y)+ XY +(X + Y)XY)+(E(X)E(Y)+ X?2Y?)
+ 2(X + Y)Ex(XY )+ X3Y2+ X2Y3 +
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where the term@(X + Y)Ex(XY )+ X3Y?+ X2Y3 correspond to the unlabeled point-determinitig
colored graphs witl vertices as shown in Figure 4-23.

4 N\
Y Ex(XY) X Eo(XY) X Ex(XY)
ebb  obb 4%
X 2y3 X3y2 Y Ex(XY)
YV S AN
-

FIGURE 4-23. Unlabeled point-determinirgycolored graphs witls vertices.



APPENDIX A

Indices

72



Xn
X N=A
A(X;Y)

Dn

EchFi
EhFi

K

G

GC
G(X;Y)
Ge(X;Y)

PC

P (X;Y)
P S(X;Y)
P ¢(X)Y)
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A-1. Index of Species

empty species.

singleton set species.

species of singletons.

species of linear orders of order

molecular species of (left) cosetsAfin S,.

2-sort species of rooted trees.

species of oriented cycles.

molecular specieX "=D,,.

species of sets.

species ok-element sets.

exponential composition of species F of oréefork 1.
exponential composition of species

species of complete graphs.

species of (simple) graphs.

species of connected graphs.

2-sort species o?-colored graphs, or bi-colored graphs.
2-sort species of connect@dcolored graphs.

virtual species known as the compositional invers&.of
species of linear orders.

species ofZ-)rectangles.

species ok-rectangles.

species ok-dimensional cubes on [N], &, K[N], whereN = nk,
species associated to a graph

a) species of point-determining graphs (in chapter 4);
b) species of prime graphs (in chapter 3).

species of connected point-determining graphs.

2-sort species of point-determinirigcolored graphs.
2-sort species of semi-point-determini@gcolored graphs.
2-sort species of connected point-determiniagolored graphs.
species of permutations.

species of partitions intk blocks .

species of co-point-determining graphs.

species of connected co-point-determining graphs.
species of bi-point-determining graphs.

species of connected bi-point-determining graphs.
species of phylogenetic trees.

species of alternating phylogenetic trees
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A>B
A B
B 0A
BA
aut(G)
B

Bk

(o8

C
CM
()
Ch

€n

ct( )
d

Dn
D(F)
D(G)
E(G)
ged(k; 1)
fi fo

F(x)
(x)
Fi+ Fo
Fi1 F2
Fi F2

lem(k; )
N
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A-2. Notations

product of permutation groupgs andB acting on[m + n]J.
product of group#\ andB acting on[mn].

wreath product of group& andB acting on[m]i"l.
exponentiation group ok andB acting on[m]™.
automorphism group of a graygh.

category of nite sets with bijections.

category ok-sets with bijective multifunctions.

number of unlabeled prime graphs of order

set of unlabeled connected graphs.

monoid algebra associated with a free commutative mokbid
number of parts of length in a partition .

number of labeled connected graphs of onaer

number of unlabeled connected graphs of order

cycle type of a permutation.

number of permutations with cycle type

dihedral group of orden.

Dirichlet exponential generating function of a spedtes
Dirichlet exponential generating function of a graph
edge set of a grapB.

greatest common divisor of integedsandl.

image off , under the operator obtained by substituting the
operator ; for the variables, inf;.

exponential generating series of a speéies

type generating series of a speckes

sum of specie§; andF».

product of specieb; andF».

composition of specieB; andF».

arithmetic product of specids, andF».

Cartesian product of grapl@&; andG,.

ith part of the partition =( 1; »;:::), arranged in
weakly decreasing order.

complete bipartite graph on the gkfl].

number of vertices in a grap.

number of graphs isomorphic @ with vertex set (G).
least common multiple of integeksandl.

set of natural numbers.

Q-algebra generated by the operatbirgg.

set of prime numbers.

set of unlabeled prime graphs with respect to the Cartesian
multiplication.



Pn

Parp

Park
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power sum symmetric function of order

power sum symmetric function indexed by the partitian

an operation de ned by De nition 1-2.3.

set of partitions oh.

set of sequences &fpartitions ofn.

set of rational numbers.

ring of polynomials in the variablgs;; p,; ::: with the operation .
symmetric group of ordem.

vertex set of a grapfs.

number of permutations commute with a permutation of cyghet .
Polya's cycle index polynomial of a permutation groip

cycle index of speciebk .

= Zo, cycle index of the species associated to the g@ph



Bibliography

[1] R. Bellec. Enumeration of prime graphs, 2001. Unpuldimanuscript.

[2] F. Bergeron, G. Labelle, and P. Lerouombinatorial Species and Tree-Like Structuresl. 67 of Encyclopedia of Math-
ematics and its Application€ambridge University Press, Cambridge, 1998. Translfxted the 1994 French original by
Margaret Readdy.

[3] M. Bousquet and C. Lamathe. Enumeration of solid 2-t@esording to edge number and edge degree distribubst.
Math.298(2005), 115-141.

[4] J.J.Bulland C. M. Pease. Combinatorics and variety dimgatype systemsEvolution43(1989), 667-671.

[5] L. Carlitz and J. Riordan. The number of labeled two-terahseries-parallel networkBuke Math. J23 (1956), 435-445.

[6] H. Décoste, G. Labelle, and P. Leroux. The functoriahposition of species, a forgotten operati@isc. Math.99 (1992),
31-48.

[7] L. R. Foulds and R. W. Robinson. Enumeration of phylogieneees without points of degree twArs Combin.17 (1984),
no. A, 169-183.

[8] T. Fowler, I. M. Gessel, G. Labelle, and P. Leroux. Thecspation of 2-trees.Adv. in Appl. Math28 (2002), 145-168.

[9] P. Hanlon. The enumeration of bipartite grapbgsc. Math.28 (1979), 49-57.

[10] F. Harary. On the number of bi-colored grapRaci ¢ J. Math. 8 (1958), 743—755.

[11] F. Harary and E. M. PalmeGraphical EnumerationAcademic Press, New York, 1973.

[12] A. Joyal. Une théorie combinatoire des séries foteseAdv. in Math.42 (1981), 1-82.

[13] A. Joyal. Foncteurs analytiques et especes de strestln G. Labelle and P. Leroux (ed<Cpmbinatoire énumérative (Mon-
treal, Que., 1985/Quebec, Que., 198&)l. 1234 ofLecture Notes in Mathpp. 126-159. Springer-Verlag, Berlin, Heidelberg,
and New York, 1986.

[14] Z. A. omnicki. Two-terminal series-parallel netwoskAdvances in Appl. Probabilitg (1972), 109-150.

[15] I. G. Macdonald Symmetric Functions and Hall PolynomiaBxford Mathematical Monographs. The Clarendon Press Ox-
ford University Press, New York, second ed., 1995. With dbations by A. Zelevinsky, Oxford Science Publications.

[16] P. A. MacMahon. Yoke-chains and multipartite compiosis in connexion with the analytical forms called “treeBtoc.
London Math. So22 (1891), 330-346. Collected Papers, v. 1, ed. G. Andrews, RtEEs, 1978, pp. 600-616.

[17] P. A. MacMahon. The combinations of resistancEse Electrician28 (1892), 601-602. Collected Papers, v. 1, ed. G. An-
drews, MIT Press, 1978, pp. 617-619.

[18] M. Maia and M. Méndez. On the arithmetic product of canatborial speciesDisc. Math.To appear.

[19] E. M. Palmer. The exponentiation group as the autormismlgroup of a graph. In F. Harary (edProof Techniques in Graph
Theory (Proc. Second Ann Arbor Graph Theory Conf., Ann Ardlich., 1968) pp. 125-131. Academic Press, New York,
1969.

[20] E. M. Palmer and R. W. Robinson. Enumeration under twwagentations of the wreath produétcta Math.131 (1973),
123-143.

[21] G. Polya. Kombinatorische anzahlbestimmungen fiipgen, graphen und chemische verbindundena Math.68 (1937),
145-254,

[22] G. Polya and R. C. Rea@ombinatorial Enumeration of Groups, Graphs, and Chem@ampoundsSpringer-Verlag, New
York, 1987. Polya's contribution translated from the Gamiby Dorothee Aeppli.

[23] R. C. Read. The enumeration of mating-type graphfésearch Report CORRol. 38. Department of Combinatorics and
Optimization, University of Waterloo, 1989.

[24] J. Riordan and C. E. Shannon. The number of two-ternseales-parallel networksl. Math. Phys. Mass. Inst. Techl
(1942), 83-93.

[25] R. W. Robinson. Counting graphs with a duality propehtyH. Ed. (ed.) London Math. Soc. Lect. Note Seml. 52 of Proc.
8th Brit. Combin. Conf.pp. 156—186. Cambridge Univ. Press, Cambridge, 1981.

[26] G. Sabidussi. Graph multiplicatioMath. Zeitschrift72 (1959), 446-457.

[27] R. P. StanleyEnumerative Combinatorics. Vol. Zambridge University Press, Cambridge, 1999.

[28] A. N. Timashev. On asymptotic expansions of Stirlingrmaers of the rst and second kindBiskret. Mat.10 (1998), no. 3,
148-159.

[29] Y. N. Yeh.On the Combinatorial Species of JoyBh.D. thesis, State University of New York at Baffalo, 1985

v



BIBLIOGRAPHY 78

[30] Y. N. Yeh. The calculus of virtual species aKdspecies. In G. Labelle and P. Leroux (ed€phmbinatoire énumérative
(Montreal, Que., 1985/Quebec, Que., 198%)l. 1234 ofLecture Notes in Math.pp. 351-369. Springer-Verlag, Berlin,
Heidelberg, and New York, 1986.



	List of Figures
	Chapter 1. Group Actions
	1-1. Symmetric Groups and Group Actions
	1-2. Pólya's Cycle Index Polynomials of Permutation Groups
	1-3. Exponentiation Group

	Chapter 2. Combinatorial Theory of Species
	2-1. Definition of Species
	2-2. Species Operations
	2-3. Molecular Species
	2-4. Compositional Inverse of E+
	2-5. Multisort Species
	2-6. Arithmetic Product of Species

	Chapter 3. Cartesian Product of Graphs and Prime Graphs
	3-0. Introduction
	3-1. Cartesian Product of Graphs
	3-2. Labeled Prime Graphs
	3-3. Unlabeled Prime Graphs
	3-4. Exponential Composition with a Molecular Species
	3-5. Exponential Composition
	3-6. Cycle Index of Prime Graphs

	Chapter 4. Point-Determining Graphs
	4-0. Introduction
	4-1. Point-Determining Graphs and Co-Point-Determining Graphs
	4-2. Connected Point-Determining Graphs and Connected Co-Point-Determining Graphs
	4-3. Bi-Point-Determining Graphs
	4-4. 2-Colored Graphs and Connected 2-colored Graphs
	4-5. Point-Determining 2-Colored Graphs

	Appendix A. Indices
	A-1. Index of Species
	A-2. Notations


