Algebraic Number Theory
Math 514B Spring 2008

Problem Set 5
Due: Thursday, Feb. 28th

1. Denote the quadratic Dirichlet character xy : Z — C in term of the quadratic
residue symbol

_3 +1 ifn=3k+1,

—)=< -1 ifn=3k+2

x(n) = (
n 0 if n = 3k.

a) Show that for each positive integer n for complex s with Re(s) > 1,

1 e 1 [y
o sl gy and SR B
ns F(s)/o €Y y and so ((s) F(s)/o ey —1 Y

where we have used the Gamma function I'(s) = [ ¥y*~'dy = (s — 1)L

0
b) Show that for Re(s) > 1, we have

L(s.X) = o /Oo al—
$X) = F(S) 0 1+ey+€2yy Y.

c) Compute the value of L(s, x).

2. Define the Mobius function on positive integers as

1 =1,
u(n) =< (=1)" if n=pips---p, has r distinct prime factors,
0 otherwise.

a) Show that for Re(s) > 1, we have the Dirichlet series

ZNSZ): H (1—p3):$ and so Z@:O.

n=1 p prime

b) The Mobius Inversion Formula states that for sequences of multiplicative
complex numbers {a(1),a(2),a(3),---} and {b(1),b(2),b(3),- -}, we have

a(n) =Y _b(d) <= b(n) = p(n/d) - a(d).
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Show that this is equivalent to the formal identities of Dirichlet series
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3. Denote K as a number field with ring of integers R. Define the Mobius function
for number fields as the map on nonzero integral ideals satisfying

1 if A = (1),
p(A) =< (=1)" if A =pps---p, has r distinct prime factors,
0 otherwise.

Prove the Mobius Inversion Formula for number fields: for sequences of multicative
complex numbers {--- ,a(A),---} and {--- ,b(2A),---}, we have

a(@) = b(B) <= b(A) = D p(AB")a(B),

B(2A B(2A

where the sums are over nonzero integral ideals B dividing 2.



