Jordan Schettler
MATH 517A
HW #3 (Due 11/8)

1) We have C(Cy x Cy) = CCy as C-algebras.

Proof. Write Cy x Cy = {1,a,b,c} and Cy = {1,d,d?,d*}. Then C(C,) = Cl[d]
is generated by d as a C-algebra, so there is a unique algebra homomorphism

¢ : C(Cy) — C(Cy x Cy) given by

1 1 1 1
d}—) <212) 'a+(2+12> 'b.

We claim that ¢ is bijective. Now dim¢(C(Cy x C3)) = 4 = dimc(C(Cy)) =
dimg (ker(¢)) + dime(im(¢)), so it suffices to show injectivity. Given z € C(Cy),
we may write x = a1 -1+ g -d+ g - d? + oy - d° for some a1, ag, a3, g € C since
(1,d,d?, d?) is a basis. Suppose ¢(z) = 0. Now
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o(d') = (#(d*)* = ¢ =1,

whence

0= ¢(x) = a1¢(d) + a2(d*) + a3p(d”) + csp(d*)
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since (1,a,b,c) is a basis for C(Cy x C2), so

1 1 1
a; tazg =0=amg —o35,
giving
1 1 1 1
ar=aj-+az-+ai-—a3=-=0+0=0,

2 2 2 2
and similarly

1 1 1 1
O[3:Ck1§+0£3§— ali_a3§ =0-0=

Therefore x = 0, so ¢ is injective, as required. [
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2) Each row sum in a character table of a finite group G is a nonnegative integer.

Proof. Let x € Irr(G) and suppose Kj, ..., K,, are the conjugacy classes of G. It

suffices to show
> XK
i=1

is a nonnegative integer. Let y.q; be the permutation character corresponding to
the action of G on itself by conjugation. Then for each i = 1,...,m we have
ki € K; =
G|
Xaai (Ki) = |Ca(ki)| = 7=

' | K|

Thus noting that |K;| = |Kf1| foralli=1,...,m we find
S |G| L 1
K;) = = i (K7
= | Z Z XadJ k |G| Z Xadj )

i=1 keK; geqG

= (XaXadj) €N07

as required. ([l

3) Let G be a group of odd order and suppose x € Irr(G) is not the trivial character.
Then x # x.

Proof. First, define a relation ~ on G\{1} by g~ h < g=h or g = h~!. Then ~ is
an equivalence relation and each equivalence class consists of exactly two elements
sinceif g € G and g = g1, then g2 = 1,50 1 = |1| = |¢?| = |g9]/(|g],2) = |g| because
lg| is odd, giving g = 1. Thus |G\{1}| = 2m where m is the number of equivalence
class under ~. Choosing equivalence class representatives r1,...,7, € G\{1}, we
have that G\{1} is the disjoint union {ry,...,r,}U{r*,...,7-'}. Now suppose
x = X; we will obtain a contradiction. Then since y is not the trivial character, we
find

0 == ‘G‘ ° O == |G|(X7Xtriv) = Z X(g)a

geG
50
X1 = = > xlg==>_xr) =Y _x(r;h)
geG\{1} i=1 i=1
= =) x(r) = Yo x(r) = =2 x(r)
i=1 i=1 i=1
Next, x(r;) is an algebraic integer for all i = 1,...,m, so

7= — Z x(7i)

is an algebraic integer, but r = x(1)/2 € Q, whence r € Z. Therefore 2|x(1), but
x(1)||G], so 2||G|, which is a contradiction again since |G| is odd. O



4) Let G be a finite group and let g € G.
a) Fix z € G. Then g is conjugate in G to [z,y] for some y € G if and only if

> KOG L,

x€Irr(G) X( )

Proof. Let Ky, ..., K, be the conjugacy classes of G with = € K;, K; = Kj_l, and

g € K;. Then the formula for computing the structure constants from the last
homework shows that

2 Vx(z G

$ Ix(@)*x(9) - x(@~7)x( )x(g):niﬂ (& 7

X x(1) | K| | K]

x€lrr(G) x€Irr(G)
so the sum is nonzero if and only if n;;; # 0. If n;; # 0, then there are k; € K,
k; € K; such that k;k; = g, but k; = a~'z7'a and k; = b~ xb for some a,b € G,
so taking y = ba~!, we find

-1

g=atz7lab lab = a (27 tab  eba Y a = a (a7 ly  ay)a = a7z, yla,

showing that g is conjugate to [z,y]. Conversely, suppose g is conjugate to [z,y]
for some y € G. Then there is a ¢ € G such that 27! (y " lzy) = [z,y] = ¢ lgc € K]
with 27! € K; and y~'zy € Kj, so n;ji = |{(o, B) € K; x K;|aB = g}| > 0. O

b) We have g = [z, y] for some z,y € G if and only if
y @
x€lrr(G) X

Proof. First, we note that

xg x(g) _ (6 x)x(9)
2 “*:’O#ZT Z(()—Z )
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XGIrr(G) x€lrr(G) x€lrr(G)
1
D I S S
x€lrr(G) aeG a€G xelrr(G) ( )

where we have used the first orthogonality relations and the fact that x(1) e NC R
for all x € Irr(G). In fact, for each a € G, we have

@)X (]
X e 2°

where n is a structure constant, so

Z 7é0<:> > W#O@gedg([a,b])

XGIrr(G) x€lrr(G) X(l

for some a,b € G by part a) above, but [a,b]® = [a®,b°] Ve € G, giving

x€lrr(G)

Z |X ;C( 0@92[5572/]

Irr(G)

for some x,y € G, a



¢) All elements of A5 are commutators. Also, there is a group where there are
elements in the commutator subgroup that are not commutators.

Proof. Next, I used the following commands (based upon part b above) in GAP
to define a function £ on finite groups g which returns the number of conjugacy
classes K of g such that K is contained in the derived subgroup of g and no element
of K is a commutator (equivalently some element of K is not a commutator):

ap> f:=function(g)
local i,d,n,irr;
d:=ClassPositions0OfDerivedSubgroup(CharacterTable(g)) ;
n:=0;irr:=Irr(g);
for i in d do
if Sum(irr,x->x[i]/x[1])=0 then
n:=n+1;
fi;
od;
return n;
end; ;

V VV V V V V V V Vg

Now Aj is simple and nonabelian, so [As, A5] = As. Thus to prove that every
element of As is a commutator it sufficed to compute

gap> f(AlternatingGroup(5));
0

I checked finite groups of increasing order using the following while loop to find the
least n such that there exists a group g whose derived subgroup is not the equal to
set of commutators:

gap> 1:=0;;n:=1;;

gap> while i=0 do

> a:=Al1SmallGroups(n);

for j in [1..Length(a)] do
if £(aljl1)>0 then

i:=1;

g:=aljl;

fi;

od;

n:=n+1

> od;

gap> g;

<pc group of size 96 with 6 generators>
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Here g is a group in the list A11SmallGroups(96) such that £(g) > 0 (in fact,
f(g)=1). In particular, there are groups where the commutator subgroup is not
equal to the set of commutators; moreover, the least order of such a group is 96. [



