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Abstract. The well-known Riemann-Hurwitz formula for Riemann surfaces

(or the corresponding formulas of the same name for curves/function fields) is
used in genus computations. In 1979, Yûji Kida proved a strikingly analogous

formula in [Kid80] for p-extensions of CM-fields (p an odd prime) which is

similarly used to compute Iwasawa λ-invariants. However, the relationship
between Kida’s formula and the statement for surfaces was not entirely clear

since the proofs are of a very different flavor. Around a year after Kida’s

result was published, Kenkichi Iwasawa used Galois cohomology in [Iwa81]
to establish a more general, although apparently less precise, formula (about

representations) that did not exclude the prime p = 2 nor need the CM-field

assumption. Moreover, Kida’s follows as a corollary from Iwasawa’s formula.
We first define and state properties of an ‘Euler characteristic’ for group

cohomology. Then we’ll briefly recall Iwasawa’s formula. We go on to produce
special generalizations of Iwasawa’s formula in the case of cyclic p-extensions;

these formulas can be realized as statements about Qp-representations, and, in

the cases of degree p or p2, as p-adic integral representations. One upshot of
these formulas is a vanishing criterion for λ-invariants which generalizes a result

of Takashi Fukuda et. al. in [FKOT97]. Other applications of these special

formulas include congruences and inequalities for λ-invariants that cannot be
gleaned from Iwasawa’s formula.
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1. The Euler Characteristic

Suppose L/K is a cyclic p-extension of Zp-fields (i.e., cyclotomic Zp-extensions
of number fields) with µK = 0. A key gadget which we’ll need is an Euler char-
acteristic χ; take 〈g〉 = G = Gal(L/K) and for any ZG-module M with finite
cohomology groups H1, H2 define

χ(G,M) := ordp

(
|H2(G,M)|
|H1(G,M)|

)
= ordp

(
|ker(ϕM,g)/im(ψM,g)|
|ker(ψM,g)/im(ϕM,g)|

)
where (see [HS97])

ϕM,g : M →M : m 7→ (g − 1)m

ψM,g : M →M : m 7→ (g|G|−1 + g|G|−2 + · · ·+ 1)m.

Using the notation q(−) for the Herbrand quotient, we have the relation

pχ(G,M) = q(M).

Thus χ is additive on short exact sequences of G-modules with finite H2, H1 since
Herbrand quotients are multiplicative. In fact, we have the following computation
of χ for the p-primary part of the class group.

Lemma 1. Suppose L/K is a cyclic p-extension of Zp-fields with G = Gal(L/K).
Then

χ(G,AL) = −χ(G,PL) +
∑
u-p

ordp(e(w/u))

where e(w/u) is the ramification index in L/K for a finite place w of L lying over
u - p. If, in addition, L/K is unramified at every infinite place, then

−χ(G,PL) = χ(G,O×L ).

Proof. Note that

pmHn(G,CL) = 0

for all n ∈ N where pm = |G|, but Hn distributes over direct sums, so we can
(1) split up CL into a direct sum of its primary components (since it’s a torsion
abelian group), (2) pull out the direct sum, and (3) take the p-primary part of each
summand. This will show that

Hn(G,AL) ∼= Hn(G,CL)

for all n ∈ N since a q-primary component BL of CL with q 6= p is uniquely divisible
by p. Alternatively, Hn(G,BL) is a Zq-module since BL is a Zq-module, but p is
invertible in Zq, so Hn(G,BL) = 0. Thus using additivity and [Iwa81] we get

χ(G,AL) = χ(G,CL) = χ(G, IL/PL)

= −χ(G,PL) + χ(G, IL)

= −χ(G,PL) +
∑
u

χ(G, IL,u)

= −χ(G,PL) +
∑
u-p

ordp(e(w/u)).

If, in addition, L/K is unramified at every infinite place, then [Iwa81] implies

χ(G,L×) = 0,
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so using additivity again gives

−χ(G,PL) = −χ(G,L×/O×L )

= χ(G,O×L )− χ(G,L×)

= χ(G,O×L ),

as claimed. �

Remark 2. Assume further that µK = 0 (as is conjectured) in addition to assuming
that L/K is a cyclic p-extension of Zp-fields with G = Gal(L/K). Then also µL = 0,
so if

(−)∗ := HomZp
(−,Qp/Zp)

denotes the p-Pontryagin dual functor, then

A∗L
∼=Zp ((Qp/Zp)λL)∗ ∼=Zp ((Qp/Zp)∗)λL ∼=Zp ZλL

p

is a ZpG-module which is free of finite rank λL over Zp. Thus

A∗L
∼=
⊕
n

Man
n

is a direct sum of finitely many pairwise non-isomorphic indecomposable ZpG-
modules Mn each with finite rank over Zp. By the work of Reiner in [Rei61], we
know that the Krull-Schmidt theorem holds for ZpG-modules, so this decomposition
is unique up to ordering and choices Mn of representatives of isomorphism classes.
Note that duality and the fact that finite abelian p-groups A are self dual together
imply

χ(G,M∗) = ordp

(
|H2(G,M∗)|
|H1(G,M∗)|

)
= ordp

(
|H1(G,M)∗|
|H2(G,M)∗|

)
= ordp

(
|H1(G,M)|
|H2(G,M)|

)
= −ordp

(
|H2(G,M)|
|H1(G,M)|

)
= −χ(G,M)

when these quantities are finite. Also, additivity along with the first isomorphism
theorem imply

χ(G,MG) = χ(G,M/(g − 1)M) = χ(G,M)− χ(G, (g − 1)M)

= χ(G,M)− χ(G,M/MG) = χ(G,M)− (χ(G,M)− χ(G,MG))

= χ(G,MG).

Hence for any subgroups N ≤ H ≤ G we find

χ(H/N,ALN ) = −χ(H/N, (ANL )∗) = −χ(H/N, (A∗L)N )

= −χ(H/N, (A∗L)N ) = −
∑
n

anχ(H/N,MN
n ).

We can then compare these computations to

λL = rankZp(A∗L) =
∑
n

anrankZp(Mn)(2.1)
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and

λK = rankZp(A∗K) = rankZp((AGL )∗)

= rankZp((A∗L)G) = rankZp((A∗L)G)(2.2)

=
∑
n

anrankZp
(MG

n ).

Used in conjunction with Lemma 1, Remark 2 should allow one to express λL
in terms of (1) λK , (2) Euler characteristics of principal ideals or units, and (3)
ramification indices of finite places not lying above p, just so long as we can classify
the Mn sufficiently well. Now when |G| ≤ p2, the work of Heller and Reiner in
[HR62] shows that there are finitely many isomorphism classes of indecomposable
ZpG-modules with finite Zp-rank; moreover, we can classify these indecomposables
Mn well enough to determine all possible χ(H/N,MN

n ) and rankZp
(MN

n ). We’ll see

later, however, that we can play a similar game for |G| > p2 even though there are
infinitely many isomorphism classes of indecomposables in this case.

2. Iwasawa’s Formula

Suppose that L/K is a cyclic extension of Zp-fields with degree [L : K] = p
and µK = 0. We now recall a mild generalization of Iwasawa’s Riemann-Hurwitz
formula (see [Iwa81]) for the λ-invariants λL and λK using an ‘Euler characteristic’
χ and the following description of the indecomposable ZpG-modules which are free
of finite rank over Zp (attributed to Diederichsen, or see [CR66]).

Theorem 3. Let 〈g〉 = G ∼= Z/(p). The only indecomposable ZpG-modules which
are free of finite rank over Zp are (up to isomorphism) Zp, ZpG, and IpG = (g −
1)ZpG.

In 1980, Iwasawa used Theorem 3 to prove the following generalization of Kida’s
formula (see [Kid80]) in the case where L/K is unramified at infinite places.

Theorem 4. Let L/K be a Z/(p)-extension of Zp-fields for some prime p with
G = Gal(L/K). Suppose µK = 0. Then µL = 0 and

λL = pλK − (p− 1)χ(G,PL) +
∑
w-p

(e(w)− 1)

where e(w) is the ramification index in L/K of a finite place w - p. In fact,

A∗L
∼= Zap ⊕ (ZpG)λK−a ⊕ (IpG)|S|−χ(G,PL)+a

as ZpG-modules for some a ∈ N0 with a ≤ λK .

Sketch. Use Theorem 3 for 〈g〉 = G to write

A∗L
∼= Zap ⊕ (ZpG)b ⊕ (IpG)c

as ZpG-modules for some nonnegative integers a, b, c. As in [Iwa81], we can compute
the Zp-ranks, G-invariants, and Euler characteristics, of these indecomposables.
The results are summarized in Table 4.1. Thus if S is the set of finite places of
K not lying above p which ramify in L/K, then Lemma 1 and the last column in
Table 4.1 imply

−χ(G,PL) + |S| = χ(G,AL) = −χ(G,A∗L) = −a+ c.
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rankZp
(−) (−)G H2(G,−) H1(G,−) χ(G,−)

Zp 1 Zp Zp/pZp 0 1
ZpG p Zp 0 0 0
IpG p− 1 0 0 Zp/pZp −1

Table 4.1.

On the other hand, equations 2.1, 2.2 in Remark 2 and the first two columns in
Table 4.1 show that

λK = a · 1 + b · 1 + c · 0 = a+ b,

and

λL = a · 1 + b · p+ c(p− 1) = p(a+ b) + (p− 1)(−a+ c)

= pλK − (p− 1)χ(G,PL) + (p− 1)|S|,

as needed. �

3. Special Formulas for Z/(p2)-Extensions

In this section, we suppose that L/K is a cyclic p-extension of Zp-fields with
〈g〉 = G = Gal(L/K) ∼= Z/(p2) and µK = 0. First, we’ll prove a formula relating
λL to λK in the flavor of [Iwa81] using nearly identical techniques to those used to
prove Theorem 4. The formula will not be the same as we would get from induction
and Iwasawa’s formula (Theorem 4). Next, we will disprove (by explicit counter-
example) a conjecture which is tempting to make though nonetheless false. We’ll
also give a decomposition of integral representations. In the last section, we’ll give
an alternative proof of the special formula for cyclic extensions of degree p2. This
alternative proof will suggest that it is unnecessary to have a complete description
of indecomposable ZpG-modules which are free of finite Zp-rank.

We have the following description of the indecomposable ZpG-modules which
are free of finite rank over Zp due to Heller and Reiner in 1962 (see [HR62]).

Theorem 5. Let 〈g〉 = G ∼= Z/(p2). The only indecomposable ZpG-modules which
are free of finite rank over Zp are (up to isomorphism) A = Zp, B = ZpG/(Φp(g)),
C = ZpG/(Φp2(g)), E = ZpG/(gp − 1), and extensions

I1, . . . , Ip−2 of C by A⊕ E
II1, . . . , IIp of C by E

III1, . . . , IIIp−1 of C by A⊕B
IV of C by A

V1, . . . , Vp−1 of C by B,

so there are exactly

4 + (p− 2) + p+ (p− 1) + 1 + (p− 1) = 4p+ 1

isomorphism classes.
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Proposition 6. Let L/K be a Z/(p2)-extension of Zp-fields for some prime p
with G = Gal(L/K), and let L/K1 be the unique proper subextension with N =
Gal(L/K1) as seen in the following tower

L

N∼=Z/(p)

G∼=Z/(p2) K1

G/N∼=Z/(p)

K

Suppose µK = 0. Then µK1 = µL = 0 and

−pχ(G,PL) = −(2p− 1)χ(G/N,PK1
)− χ(N,PL) + (p− 1)|Ssplit

ram |
where Ssplit

ram is the set of finite places of K not lying above p which ramify in K1/K
but split in L/K1.

Proof. Use Theorem 5 for 〈g〉 = G to write

A∗L
∼= Aa ⊕Bb ⊕ Cc ⊕ Ee ⊕ Ii11 ⊕ · · · II

ii1
1 ⊕ · · · III

iii1
1 ⊕ · · · IV iv ⊕ V v11 ⊕ · · ·

as ZpG-modules for some nonnegative integers a, b, c, e, i1, . . ., ip−2, ii1, . . .,
iip, iii1, . . ., iiip−1, iv, v1, . . ., vp−1. We want to apply the ideas laid out in
Section 1, so we need to know Zp-ranks, invariants, and Euler characteristics, for
each indecomposable M and each submodule MN . We begin by computing the
Zp-ranks for the ZpG-modules A, B, C, and E; we find

rankZp(A) = rankZp(Zp) = 1

rankZp
(B) = dimQp

(B ⊗Zp
Qp) = dimQp

(Qp[x]/(Φp(x))) = deg(Φp(x)) = p− 1

rankZp
(C) = dimQp

(C ⊗Zp
Qp) = dimQp

(Qp[x]/(Φp2(x))) = deg(Φp2(x)) = p2 − p
rankZp(E) = dimQp(E ⊗Zp Qp) = dimQp(Qp[x]/(xp − 1)) = deg(xp − 1) = p.

We know that Zp-ranks are additive on short exact sequences, so the above ranks
are enough to determine all the Zp-ranks for ZpG-modules. For example,

rankZp(I1) = rankZp(A⊕ E) + rankZp(C)

= rankZp
(A) + rankZp

(E) + p2 − p
= 1 + p+ p2 − p
= p2 + 1.

Now we compute G-invariants for the ZpG-modules A, B, C, and E; we find

AG = ZGp = Zp
BG = {0} since (x− 1,Φp(x)) = 1 in Zp[x]

CG = {0} since (x− 1,Φp2(x)) = 1 in Zp[x]

EG = Φp(g)E ∼= ZpG/(g − 1) ∼= Zp since (x− 1, xp − 1) = x− 1 in Zp[x].

Note that since CG ∼= 0, any extension Y of C by X has G-invariants Y G ∼= XG;
this follows because the short exact sequence

0→ X → Y → C → 0
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gives rise to the long exact sequence in cohomology

0→ XG → Y G → CG → H1(G,X)→ · · · .

In addition, G-invariants distribute over direct sums, so knowing the above invari-
ants allows us to easily find all other G-invariants for ZpG-modules. For example,
it’s now obvious that

IG1
∼= (A⊕ E)G = AG ⊕ EG ∼= Z2

p.

Likewise, Euler characteristics are additive on short exact sequences, so it suffices
to only do these computations for A,B,C, and E. We get

χ(G,A) = ordp

(
|A/p2A|
|{0}/{0}|

)
= ordp(|Z/(p2)|) = 2

χ(G,B) = ordp

(
|{0}/{0}|
|B/(g − 1)B|

)
= −ordp(Zp[1]/(Φp(1))) = −ordp(Z/(p)) = −1

χ(G,C) = ordp

(
|{0}/{0}|
|C/(g − 1)C|

)
= −ordp(Zp[1]/(Φp2(1))) = −ordp(Z/(p)) = −1

χ(G,E) = ordp

(
|Φp(g)E/Φp2(g)Φp(g)E|

|{0}/{0}|

)
= ordp(|Zp/Φp2(1)Zp|) = 1

Now, for example, it’s clear that

χ(G, I1) = χ(G,A⊕ E) + χ(G,C) = χ(G,A) + χ(G,E)− 1 = 2 + 1− 1 = 2.

The results of these computations (as well as possible H2, H1 which we won’t
need) are summarized in Table 6.1. This table agrees with computations found in
[Par66]. Now we do the same calculations with the above modules now regarded as

rankZp
(−) (−)G H2(G,−) H1(G,−) χ(G,−)

A 1 Zp Zp/p2Zp 0 2
B p− 1 0 0 Zp/pZp −1
C p2 − p 0 0 Zp/pZp −1
E p Zp Zp/pZp 0 1

I1, . . . , Ip−2 p2 + 1 Z2
p

Zp/p2Zp
(Zp/pZp)2

Zp/p2Zp ⊕ Zp/pZp

0
0

Zp/pZp
2

II1, . . . , IIp p2 Zp
0

Zp/pZp
0

Zp/pZp
0

III1, . . . , IIIp−1 p2 Zp
Zp/p2Zp
Zp/p2Zp
Zp/pZp

Zp/p2Zp
(Zp/pZp)2
Zp/pZp

0

IV p2 − p+ 1 Zp Zp/pZp 0 1

V1, . . . , Vp−1 p2 − 1 0
0
0

Z/p2Zp
(Zp/pZp)2

−2

Table 6.1.

ZpN -modules. We already know the Zp-ranks, so we turn immediately to finding



8 JORDAN C. SCHETTLER

the N -invariants. We get

AN = ZNp = Zp
BN = B ∼= Zp−1p since (xp − 1,Φp(x)) = Φp(x) in Zp[x]

CN = {0} since (xp − 1,Φp2(x)) = 1 in Zp[x]

EN = E ∼= Zpp since (xp − 1, xp − 1) = xp − 1 in Zp[x].

Again we have CN ∼= 0, so knowing the above invariants is enough to determine
all the other N -invariants for ZpN -modules. Next, we take Euler characteristics
(noting that B and E have trivial N -action) and find

χ(N,A) = ordp

(
|A/pA|
|{0}/{0}|

)
= ordp(|Z/(p)|) = 1

χ(N,B) = (p− 1)χ(N,Zp) = p− 1

χ(N,C) = ordp

(
|{0}/{0}|

|C/(gp − 1)C|

)
= −ordp

(∣∣∣∣ C

(g − 1)pC

∣∣∣∣)
= −ordp

(∣∣∣∣ C

(g − 1)C

∣∣∣∣)− ordp

(∣∣∣∣ (g − 1)C

(g − 1)2C

∣∣∣∣)− · · · = −p
χ(N,E) = pχ(N,Zp) = p

The results of these computations are summarized in Table 6.2 where n = 0, . . . , p
and m = 0, . . . , p− 1. Finally, we go through the calculations for AN , BN , . . . now

(−)N H2(N,−) H1(N,−) χ(N,−)
A Zp Zp/pZp 0 1
B Zp−1p (Zp/pZp)p−1 0 p− 1

C 0 0 (Zp/pZp)p −p
E Zpp (Zp/pZp)p 0 p

I1, . . . , Ip−2 Zp+1
p (Zp/pZp)n+1 (Zp/pZp)n 1

II1, . . . , IIp Zpp (Zp/pZp)n (Zp/pZp)n 0

III1, . . . , IIIp−1 Zpp (Zp/pZp)n (Zp/pZp)n 0

IV Zp Zp/pZp (Zp/pZp)p −p+ 1
V1, . . . , Vp−1 Zp−1p (Zp/pZp)m (Zp/pZp)m+1 −1

Table 6.2.

regarded as Zp[G/N ]-modules. We know the Zp-ranks by inspection of N -invariants
column in Table 6.2, so we again jump to the G/N -invariants. To compute the
G/N -invariants, we must first understand the G/N -action on the N -invariants.
We have

AN = A ∼= Zp
BN = B ∼= (g − 1)Zp[G/N ] since rankZp(B) = p− 1 and B has non-trivial G-action

CN = {0}
EN = E = Zp〈g〉/(gp − 1) ∼= Zp[〈g〉/〈gp〉] = Zp[G/N ].

Now the invariants and Euler characteristics follow easily from Table 4.1 in the
proof of Theorem 4. The results are summarized in Table 6.3.
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(−)G/N H2(G/N,−) H1(G/N,−) χ(G/N,−)
AN Zp Zp/pZp 0 1
BN 0 0 Zp/pZp −1
CN 0 0 0 0
EN Zp 0 0 0

IN1 , . . . , I
N
p−2 Z2

p Zp/pZp 0 1

IIN1 , . . . , II
N
p Zp 0 0 0

IIIN1 , . . . , III
N
p−1 Zp Zp/pZp Zp/pZp 0

IV N Zp Zp/pZp 0 1
V N1 , . . . , V Np−1 0 0 Zp/pZp −1

Table 6.3.

We let S denote the set of finite places of K not lying above p which ramify in
L/K. Then S is the disjoint union

Ssplit
ram ∪ Sram

split ∪ Sram
ram

where Ssplit
ram consists of those places in S which ramify in K1/K but split in L/K1,

Sram
split consists of those places in S which split in K1/K but ramify in L/K1, and

Sram
ram consists of those places in S which are totally ramified in L/K. Note that

we’re using again here the fact that finite primes must either split or ramify in a
degree p extension of Zp-fields. For convenience, we define

i := i1 + i2 + . . . ip−2

ii := ii1 + ii2 + . . . iip

iii := iii1 + iii2 + . . . iiip−1

v := v1 + v2 + . . . vp−1

and

α := c+ i+ ii+ iii+ iv + v

β := b− c+ e− iv
γ := a− b+ i+ iv − v.

Thus Lemma 1, Remark 2, and the above tables imply

− χ(G,PL) + |Ssplit
ram |+ |Sram

split|+ 2|Sram
ram | = χ(G,AL) = −χ(G,A∗L)

= −(2a− b− c+ e+ 2i+ iv − 2v)

= −(b− c+ e− iv + 2a− 2b+ 2i+ 2iv − 2v)

= −(β + 2γ),

− χ(N,PL) + p|Sram
split|+ |Sram

ram | = χ(N,AL) = −χ(N,A∗L)

= −(a+ (p− 1)b− pc+ pe+ i− (p− 1)iv − v)

= −(pb− pc+ pe− piv + a− b+ i+ iv − v)

= −(pβ + γ),
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and

− χ(G/N,PK1
) + |Ssplit

ram |+ |Sram
ram | = χ(G/N,AK1

) = χ(G/N,ANL )

= −χ(G/N, (ANL )∗) = −χ(G/N, (A∗L)N ) = −χ(G/N, (A∗L)N )

= −(a− b+ i+ iv − v)

= −γ.

Hence

− pχ(G,PL) + p|Ssplit
ram |+ p|Sram

split|+ 2p|Sram
ram |

= pχ(G,AL) = −pβ − 2pγ = (2p− 1)(−γ)− (pβ + γ)

= (2p− 1)χ(G/N,AK1
) + χ(N,AL)

= (2p− 1)(−χ(G/N,PK1) + |Ssplit
ram |+ |Sram

ram |)− χ(N,PL) + p|Sram
split|+ |Sram

ram |

= −(2p− 1)χ(G/N,PK1
)− χ(N,PL) + (2p− 1)|Ssplit

ram |+ p|Sram
split|+ 2p|Sram

ram |

which proves Proposition 6. Notice that we did not use α. We will make use of α
in the proof of the following corollary. �

Corollary 7. Let L/K be as in Proposition 6. Suppose µK = 0. Then µK1
=

µL = 0 and

λL = p2λK − (p− 1)(pχ(G,PL) + (p− 1)(−χ(G/N,PK1
) + |Ssplit

ram |)) +
∑
w-p

(e(w)− 1)

= (1− p)λK1
+ p(2p− 1)λK + p(p− 1)(|Ssplit

ram |+ |Sram
split|+ 2|Sram

ram | − χ(G,PL))

where e(w) is the ramification index in L/K of a finite place w of L.

Although Corollary 7 follows easily from Proposition 6 combined with induction
and Theorem 4, we’ll give a direct proof here.

Proof. By Remark 2 and the tables in the proof of Proposition 6 we find

λL = rankZp
(A∗L)

= a+ (p− 1)(b+ pc) + pe+ (p2 + 1)i+ p2(ii+ iii) + (p2 − p+ 1)iv + (p2 − 1)v

= p2(c+ i+ ii+ iii+ iv + v) + p(b− c+ e− iv) + a− b+ i+ iv − v
= p2α+ pβ + γ

λK1
= rankZp

(A∗K1
) = rankZp

((A∗L)N )

= a+ (p− 1)b+ pe+ (p+ 1)i+ p(ii+ iii) + iv + (p− 1)v

= p(b+ e+ i+ ii+ iii+ v) + a− b+ i+ iv − v
= p(α+ β) + γ

λK = rankZp
(A∗K) = rankZp

((A∗K1
)G/N ) = rankZp

(((A∗L)N )G/N ) = rankZp
((A∗L)G)

= a+ e+ 2i+ ii+ iii+ iv

= α+ β + γ.
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Therefore

λL − p2λK
p− 1

=
p2α+ pβ + γ − p2α− p2β − p2γ

p− 1
=
−(p2 − p)β − (p2 − 1)γ

p− 1

=− pβ − (p+ 1)γ = −p(β + 2γ)− (p− 1)(−γ)

=− pχ(G,PL) + p|Ssplit
ram |+ p|Sram

split|+ 2p|Sram
ram |

− (p− 1)(−χ(G/N,PK1) + |Ssplit
ram |+ |Sram

ram |)

=− (pχ(G,PL) + (p− 1)(−χ(G/N,PK1) + |Ssplit
ram |))

+ p|Ssplit
ram |+ p|Sram

split|+ (p+ 1)|Sram
ram |

=− (pχ(G,PL) + (p− 1)(−χ(G/N,PK1
) + |Ssplit

ram |))

+
1

p− 1

∑
w-p

(e(w)− 1)

and

λL − p(2p− 1)λK
p− 1

=
p2α+ pβ + γ − p(2p− 1)α− p(2p− 1)β − p(2p− 1)γ

p− 1

=
(p− p2)α+ (−2p2 + 2p)β + (−2p2 + p+ 1)γ

p− 1

=− pα− 2pβ − (2p+ 1)γ

=− (p(α+ β) + γ)− p(β + 2γ)

=− λK1
+ p(−χ(G,PL) + |Ssplit

ram |+ |Sram
split|+ 2|Sram

ram |)

which proves the corollary. �

Now we take note of a few immediate implications of Corollary 7.

Corollary 8. Let L/K be as in Proposition 6. Suppose µK = 0. Then

(1) λL ≡ λK (mod p− 1)
(2) λL ≡ λK1

(mod p(p− 1))
(3) λL ≡ χ(G/N,PK1)− |Ssplit

ram | − |Sram
ram | = −χ(G/N,AK1) (mod p)

(4) λL ≡ χ(N,PL)− p|Sram
split| − |Sram

ram | = −χ(N,AL) (mod p2)

(5) ordp|H2(G,PL)| ≤ 2λK + ordp|H1(G,PL)|+ |Ssplit
ram |+ |Sram

split|+ 2|Sram
ram |

Proof. Corollary 7 immediately implies 1, 2, 3, and 4. To prove 5 we need only
note that

0 ≤ λL − λK1

p(p− 1)
+
λK1
− λK

p− 1
=
λL − (1− p)λK1

− pλK
p(p− 1)

= 2λK − ordp|H2(G,PL)|+ ordp|H1(G,PL)|+ |Ssplit
ram |+ |Sram

split|+ 2|Sram
ram |

which completes the proof. �

Remark 9. Let L/K be as in Proposition 6 with µK = 0. As we’ll see later, we
don’t need Theorem 5 to prove any of Proposition 6, Corollary 7, below, but by
using it we get more information in the form of a decomposition of A∗L into non-
isomorphic indecomposable ZpG-modules. There does not seem to be a simple way
of determining each of the exponents a, b, c, e, i1, . . ., ip−2, ii1, . . ., iip, iii1, . . .,
iiip−1, iv, v1, . . . vp−1 which appear, but we can determine b, c, e in terms of the
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others and Euler characteristics. To do this we note (by the computations in the
proof of Proposition 6) that

b = a+ i+ iv − v − γ = a+ i+ iv − v − χ(G/N,PK1) + |Ssplit
ram |+ |Sram

ram |
= a+ i+ iv − v + χ(G/N,AK1

),

β = −2γ + χ(G,PL)− |Ssplit
ram | − |Sram

split| − 2|Sram
ram |

= −2χ(G/N,PK1
) + χ(G,PL) + |Ssplit

ram | − |Sram
split|,

α = λK − β − γ = λK + χ(G/N,PK1)− χ(G,PL) + |Sram
split|+ |Sram

ram |,
c = −(i+ ii+ iii+ iv + v) + λK + χ(G/N,PK1)− χ(G,PL) + |Sram

split|+ |Sram
ram |

= −(i+ ii+ iii+ iv + v) + λK + χ(G,AL)− χ(G/N,AK1
),

e = β − b+ c+ iv = −(a+ 2i+ ii+ iii+ iv) + λK .

Moreover, knowing these values for b, c, e in terms of a, i1, . . ., ip−2, ii1, . . ., iip, iii1,
. . ., iiip−1, iv, v1, . . . vp−1 and Euler characteristics is sufficient to prove Corollary
7 (by computing the Zp-rank of A∗L). In the case where λK = 1, we find that
i = 0 and exactly one of a, e, ii, iii, iv is 1 while the rest are 0. For example, if
λK = 1 = a we get

A∗L
∼= A⊕B1−v+χ(G/N,AK1

) ⊕ C−v+χ(G,AL)−χ(G/N,AK1
) ⊕ V v11 ⊕ · · · ⊕ V

vp−1

p−1

as ZpG-modules. In the case where λK = 0, things simplify significantly since then
0 = a = e = i = ii = iii = iv, so

A∗L
∼= B−v+χ(G/N,AK1

) ⊕ C−v+χ(G,AL)−χ(G/N,AK1
) ⊕ V v11 ⊕ · · · ⊕ V

vp−1

p−1

as ZpG-modules where V1, . . . , Vp−1 are extensions of C by B. Further simplifying
to p = 2 yields

A∗L
∼= B−v+χ(G/N,AK1

) ⊕ C−v+χ(G,AL)−χ(G/N,AK1
) ⊕ V v1

with

B ∼=
Z2G

(g + 1)
,

C ∼=
Z2G

(g2 + 1)
,

V1 ∼=
Z2G

(g + 1)(g2 + 1)

as Z2G-modules.

3.1. A Counterexample. Let L/K be as in Proposition 6 with µK = 0. It would
be nice to have a formula for λL in which only one Euler characteristic appears.
After all, the extension L/K is cyclic, so maybe we can get away with only using
χ(G,PL). In light of Kida’s formula (see [Kid80]) and Theorem 4, it is natural to
ask whether or not there is a constant cp depending on p but not on L/K such that

λL
?
= p2λK − cpχ(G,PL) +

∑
w-p

(e(w)− 1).(9.1)

If there was such a constant cp, then using Kida’s formula in the case where p is odd
and L/K is an extension of CM-fields with maximal real subfields L+/K+ shows
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that

−(p2 − 1)δ = λ−L − p
2λ−K −

∑
p-w

(e(w)− 1) +
∑
p-w+

(e(w+)− 1)

= −cp(χ(G,PL)− χ(G+, PL+)) = cpχ(G,O×L /O
×
L+)

= cpχ(G,µL[p∞]) = cp(−2δ)

where δ = 0 if ζp /∈ K and δ = 1 if ζp ∈ K. Thus if there is such a cp, it must be
(p2 − 1)/2. Hence Remark 7 implies that equation 9.1 is equivalent to

−p
2 − 1

2
χ(G,PL)

?
= −(p− 1)(pχ(G,PL) + (p− 1)(−χ(G/H,PK1) + |Ssplit

ram |)),

and simplifying gives

−χ(G,PL)
?
= −2χ(G/N,PK1) + 2|Ssplit

ram |.(9.2)

It’s easy to show that equation 9.2 holds whenever −β = |Ssplit
ram |+ |Sram

split| since then

−(β + 2γ) = −χ(G,PL) + |Ssplit
ram |+ |Sram

split|+ 2|Sram
ram | = −χ(G,PL)− β + 2|Sram

ram |
and so

−χ(G,PL) = −2γ − 2|Sram
ram | = −2χ(G/N,PK1) + 2|Ssplit

ram |;
also, if β = 0, then

− χ(G,PL) + |Ssplit
ram |+ |Sram

split|+ 2|Sram
ram | = −2γ

= −2χ(G/N,PK1
) + 2|Ssplit

ram |+ 2|Sram
ram |,

so

−χ(G,PL) = −2χ(G/N,PK1) + |Ssplit
ram | − |Sram

split|,

which means equation 9.2 holds in this case if and only if L/K is totally ramified,
whence |Ssplit

ram | + |Sram
split| = 0 = −β is just a special case of the above. How-

ever, equation 9.2 appears to be false in general assuming Greenberg’s conjecture
that the lambda invariants for cyclotomic Zp-extensions of totally real fields are
all zero. In fact, it may be possible to construct an explicit counterexample as
follows. Using Iwasawa’s formula and Kida’s formula in tandem, we get formulas
for χ(G/N,O×K1

) = −χ(G/N,PK1) and χ(N,O×L ) = −χ(N,PL) when L/K is an
extension of CM-fields and p is an odd prime. Namely,

χ(G/N,O×K1
) =

λK1
− λK

p− 1
− |Ssplit

ram | − |Sram
ram |

=
λ−K1
− λ−K

p− 1
− |Ssplit

ram | − |Sram
ram |(9.3)

= −δ − |Ssplit+
ram+ | − |Sram+

ram+ |

where Ssplit+
ram+ is the set of finite places of K not lying above p which ramify in

K1+/K
+ and split in L+/K1+, etc; likewise

χ(N,O×L ) = −δ − p|Sram+
split+| − |S

ram+
ram+ |(9.4)

where again δ = 0 if ζp /∈ K and δ = 1 if ζp ∈ K. On the one hand, we know that

pχ(G,O×L ) = (2p− 1)χ(G/N,O×K1
) + χ(N,O×L ) + (p− 1)|Ssplit

ram |
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by Proposition 6. On the other hand, equation 9.2 says

pχ(G,O×L )
?
= 2pχ(G/N,O×K1

) + 2p|Ssplit
ram |,

so this amounts to the statement that

(2p− 1)χ(G/N,O×K1
) + χ(N,O×L ) + (p− 1)|Ssplit

ram |
?
= 2pχ(G/N,O×K1

) + 2p|Ssplit
ram |,

or, equivalently, using equations 9.3 and 9.4 yields

−δ − p|Sram+
split+| − |S

ram+
ram+ | = χ(N,O×L )

?
= χ(G/N,O×K1

) + (p+ 1)|Ssplit
ram |

= −δ − |Ssplit+
ram+ | − |Sram+

ram+ |+ (p+ 1)|Ssplit
ram |.

Simplifying gives

0
?
= p|Sram+

split+|+ (p+ 1)|Ssplit
ram | − |S

split+
ram+ | ≥ p|Sram+

split+|+ p|Ssplit+
ram+ |

which is false unless |Sram+
split+| = |Ssplit+

ram+ | = 0, i.e., the only primes which ramify in

L+/K+ are totally ramified. We now provide a concrete example showing that it
is possible to have an extension L+/K+ which has a ramified prime that is not
totally ramified.

Example 10. Let p = 3 and consider the number field Q(ζ133). We have

Gal(Q(ζ133)/Q) ∼= (Z/(133))×,

and under the isomorphism a 7→ (ζ133 7→ ζa133) we have that ` := Q(ζ133)〈−1〉 =
Q(ζ133 + ζ−1133) is the maximal real subfield. Define

k := Q(ζ133)〈4,−1〉 ⊆ `.

Then

Gal(`/k) ∼= 〈4,−1〉/〈−1〉 = 〈4〈−1〉〉 ∼= Z/(9),

so L := `(i)∞,K := k(i)∞ are CM-Zp-fields with

Gal(L/K) ∼= Gal(L+/K+) ∼= Z/(9).

There are four subfields of ` which have degree 3 over Q. One of them is Q(ζ7+ζ−17 )
in which 19 does not ramify, while one can use SAGE, for example, to check that
the other three are ramified at 19. Specifically, Q(ζ133)〈2,−1〉 ⊆ k has degree 3 over
Q but does not contain ζ7 + ζ−17 , so 19 ramifies in Q(ζ133)〈2,−1〉/Q. Also, Q(ζ133)/`
is unramified, and the ramification index of 19 in Q(ζ133)/Q is 18 since 19 is totally
ramified in Q(ζ19)/Q and is unramified in Q(ζ7)/Q. Thus 19 is totally ramified in
k/Q, and the unique prime P in k lying above 19 has ramification index 3 in `/k.
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The information is summarized in the following diagram

Q(ζ133)

2
e7=1
e19=118

e7=1
e19=18

mmmmmmmmmmmmmm e7=6
e19=1

6 RRRRRRRRRRRRRR

Q(ζ7)

2
e7=2
e19=1

` = Q(ζ133 + ζ−1133)

9
e7=1
e19=3

mmmmmmmmmmmmm

QQQQQQQQQQQQQ
Q(ζ19)

e7=1
e19=22

Q(ζ7 + ζ−17 )

3

e7=3
e19=1 RRRRRRRRRRRRRRR

k

6
e7=6
e19=6

Q(ζ19 + ζ−119 )

e7=1
e19=9

9

llllllllllllllll

Q

This means there’s a prime which is ramified but not totally ramified in L+/K+.
As noted above, this would produce a counterexample to equation 9.2 assuming
that, at least in this case, λL+ = λK+

1
= λK+ = 0.

Remark 11. A formula which uses only Euler characteristics involving G is given
by

λL = (2ϕ(p2) + 1)λK + ϕ(p2)χ(G,AL)− ϕ(p)2χ(G,AK1
).

Proofs of this formula as well as of Proposition 6 without using the classification of
indecomposable Zp-free ZpG-modules are given later in the chapter.

3.2. An Alternative Proof for Z/(p2)-Extensions. As mentioned earlier in
this chapter, if we only care about formulas for lambda invariants (and not about
representations), then we actually don’t need the structure Theorem 5. In this
section, we’ll show how to rederive Proposition 6 using some simple results about
Herbrand quotients inspired by a section in Artin and Tate’s Class Field Theory
([AT09]).

Let A be an abelian group and suppose there are endomorphisms α, β of A such
that α ◦ β = 0 = β ◦ α. Following [AT09], we define

qα,β(A) =
|ker(α)/im(β)|
|ker(β)/im(α)|

when these quantities are finite. When G = 〈g〉 is a finite cyclic group and A is
ZG-module, denote by h(G,A) the Herbrand quotient of A with respect to G, i.e.,

h(G,A) = qϕ,ψ(A)

where

ϕ = ϕA,g : A→ A : a 7→ (g − 1)a

ψ = ψA,g : A→ A : a 7→ (g|G|−1 + g|G|−2 + · · ·+ 1)a.

Lemma 12. Let A be an abelian group and suppose there are endomorphisms α, β
of A such that α ◦ β = β ◦ α. Then

q0,α◦β(A) = q0,α(A)q0,β(A)

when these quantities are defined.
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Proof. We have exact sequences

0→ ker(β) ↪→ β−1(ker(α))
β−→ β(A) ∩ ker(α)→ 0,

0→ ker(α) ∩ ker(β) ↪→ ker(β)
α−→ α(ker(β))→ 0

so

|β−1(ker(α))| = |A/β(A)||β(A)/α(β(A))|,
|ker(β)| = |ker(α) ∩ ker(β)||α(ker(β))|.

Also, α maps ker(β) to itself and maps β(A) to itself since α commutes with β, so

q0,α(A) = q0,α(ker(β))q0,α(β(A)).

Therefore

q0,α◦β(A) =
|A/α(β(A))|
|ker(α ◦ β)|

=
|A/β(A)||β(A)/α(β(A))|

|β−1(ker(α))|

=
|A/β(A)||β(A)/α(β(A))|
|ker(β)||β(A) ∩ ker(α)|

= q0,β(A)q0,α(β(A))

= q0,β(A)q0,α(A)q0,α(ker(β))−1

= q0,β(A)q0,α(A)
|ker(α) ∩ ker(β)|
|ker(β)/α(ker(β))|

= q0,β(A)q0,α(A)

as needed. �

We can use this lemma to get the following theorem which computes Herbrand
quotients of Z/(p)-modules A in terms of the multiplication maps 0 : A→ A : a 7→ 0
and p : A→ A : a 7→ pa.

Theorem 13. Let G = 〈g〉 ∼= Z/(p2) for some prime p, N = 〈gp〉, and A be a
ZG-module. Suppose q0,p(A) is defined. Then

h(N,A)p−1 =
q0,p(A

N )p

q0,p(A)

and likewise

h(G/N,AN )p−1 =
q0,p(A

G)p

q0,p(AN )
.

Proof. See the proof of Theorem q.4 in [AT09]. �

We can analogously compute Herbrand quotients of Z/(p2)-modules in terms of
the multiplication maps by p and 0 on submodules.

Theorem 14. Let G, N , and A be as in Theorem 13. Suppose q0,p2(A) is defined.
Then

h(G,A)p(p−1) =
q0,p(A

G)2p
2−p

q0,p(A)q0,p(AN )p−1
.

Proof. We want to analyze

h(G,A) = h(G,AG)h(G,Ag−1) = q0,p2(AG)h(G,Ag−1)

= q0,p2(AG)h(G, (AN )g−1)h(G,Ag
p−1)(14.1)
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where, for example, Ag−1 = im(ϕ). Note that

h(G,Ag
p−1) = qg−1,0(Ag

p−1) = q0,g−1(Ag
p−1)−1(14.2)

and that Lemma 12 gives

q0,p(g−1)(A
gp−1) = q0,p(A

gp−1)q0,g−1(Ag
p−1).(14.3)

Of course, we also know that ϕp2(g) annihilates Ag
p−1, so g acts as a primitive p2th

root of unity on Ag
p−1, which implies that p acts as (g− 1)p

2−p and, consequently,

q0,p(g−1)(A
gp−1) = q0,(g−1)p2−p+1(Ag

p−1) = q0,g−1(Ag
p−1)p

2−p+1(14.4)

by repeated application of Lemma 12. Thus combining equations 14.2, 14.3, and
14.4, gives

h(G,Ag
p−1)p

2−p 14.2
= q0,g−1(Ag

p−1)−(p
2−p) =

q0,g−1(Ag
p−1)

q0,g−1(Agp−1)p2−p+1

14.4
=

q0,g−1(Ag
p−1)

q0,p(g−1)(Ag
p−1)

14.3
=

1

q0,p(Ag
p−1)

(14.5)

=
q0,p(A

N )

q0,p(A)
.

Therefore equations 14.1 and 14.5 together give

h(G,A)p(p−1)
14.1
= q0,p2(AG)p(p−1)h(G, (AN )g−1)p(p−1)h(G,Ag

p−1)p(p−1)

14.5
= q0,p2(AG)p(p−1)h(G, (AN )g−1)p(p−1)

q0,p(A
N )

q0,p(A)

= q0,p2(AG)p(p−1)
(
h(G/N,AN )

h(G/N,AG)

)p(p−1)
q0,p(A

N )

q0,p(A)

= q0,p2(AG)p(p−1)
h(G/N,AN )p(p−1)

q0,p(AG)p(p−1)
· q0,p(A

N )

q0,p(A)

thm 13
= q0,p2(AG)p(p−1)

q0,p(A
G)p

2

/q0,p(A
N )p

q0,p(AG)p(p−1)
· q0,p(A

N )

q0,p(A)

= q0,p(A
G)2p(p−1)

q0,p(A
G)p

q0,p(AN )p
· q0,p(A

N )

q0,p(A)

=
q0,p(A

G)2p
2−p

q0,p(A)q0,p(AN )p−1

as claimed. �

Now we can put Theorems 13 and 14 together to relate various Herbrand quo-
tients of subgroups and quotient groups.

Corollary 15. Let G, N , and A be as in Theorem 13. Suppose q0,p2(A) is defined.
Then

h(G,A)p = h(N,A)h(G/N,AN )2p−1.

Also,

h(G,AN )2 =
h(G/N,AN )2

h(G,AG)
.
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Proof. On the one hand, Theorem 13 implies

h(N,A)p−1h(G/N,AN )(2p−1)(p−1) =
q0,p(A

N )p

q0,p(A)

(
q0,p(A

G)p

q0,p(AN )

)2p−1

=
q0,p(A

G)2p
2−p

q0,p(A)q0,p(AN )p−1
.

On the other hand, Theorem 14 says

h(G,A)p(p−1) =
q0,p(A

G)2p
2−p

q0,p(A)q0,p(AN )p−1
.

These quantities are equal, and thus the first statement follows by taking (p− 1)th
roots. Now plug in A = AN . Then we get

h(G,AN )p(p−1) =
q0,p(A

G)2p
2−p

q0,p(AN )p
=

(
q0,p(A

G)p

q0,p(AN )

)p
q0,p(A

G)p(p−1)

= h(G/N,AN )p(p−1)q0,p(A
G)p(p−1),

so

h(G,AN )2 =
h(G/N,AN )2

q0,p(AG)2
=
h(G/N,AN )2

h(G,AG)

which proves the second statement. �

Remark 16. Once again, let G, N , and A be as in Theorem 13. Suppose q0,p2(A)
is defined. Let A = AL where L/K, G, N are as Proposition 6. Then Corollary 15
holds since

q0,p2(AL) = q0,p2((Qp/Zp)λL) =

(
1

|(Qp/Zp)[p2]|

)λL

= p−2λL .

Taking p-orders in the first statement of Corollary 15 yields

pχ(G,AL) = χ(N,AL) + (2p− 1)χ(G/N,ANL ),

so this along with Lemma 1 gives another proof of Proposition 6. We are also in
position to give a proof of the formula in Remark 11. We use induction on Theorem
4 and Corollary 15 to find

λL = p2λK + (p− 1)(pχ(G/N,AK1
) + χ(N,AL))

= p2λK + (p− 1)(−(p− 1)χ(G/N,AK1) + pχ(G,AL)),

but taking p-orders in the second statement of Corollary 15 yields

2χ(G,AK1
) = 2χ(G/N,AK1

)− χ(G,AK) = 2χ(G/N,AK1
) + 2λK ,

so in fact

λL = p2λK + (p− 1)(−(p− 1)(−λK + χ(G,AK1
)) + pχ(G,AL))

= (2p(p− 1) + 1)λK − (p− 1)2χ(G,AK1) + p(p− 1)χ(G,AL)

which is precisely the formula in Remark 11.
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4. General Formulas for Z/(pn)-Extensions

In this section, we suppose that G ∼= Z/(pn) for some arbitrary n. In [HR63],
it was shown that for n ≥ 3 there are infinitely many isomorphism classes of in-
decomposable ZpG-modules which are free of finite rank over Zp. It should still
be possible, however, to produce formulas similar to those found in the previous
chapter, so long as we can classify the indecomposables up to Zp-rank, invariants,
and Herbrand quotients. After all, we discovered in the last section of the previous
chapter that the structure theorem for ZpG-modules for G ∼= Z/(p2) (Theorem 5)
was unnecessary to prove Proposition 6. We begin with the following lemma. If
M is an R-module (R a commutative ring with 1), we say a submodule N ≤M is
R-pure when rM ∩N ⊆ rN for every r ∈ R.

Lemma 17. Let G = 〈g〉 ∼= Z/(pn) for some prime p and some n ∈ N. Suppose M
is a ZpG-module which is free of finite rank over Zp. Then there is a short exact
sequence of ZpG-modules

0→M ′ →M → Zp[ζpn ]⊕r → 0

where M ′ is a Zp-pure ZpG-submodule of M which is annihilated by gp
n−1 − 1 and

Zp[ζpn ] has ZpG-module structure given by

Zp[ζpn ] ∼=
ZpG

Φpn(g)ZpG

with Φpn(x) = pnth cyclotomic polynomial.

Proof. Define

M ′ := {m ∈M : (gp
n−1

− 1)m = 0}.

Then M ′ is a ZpG-submodule of M since it’s the kernel of a ZpG-homomorphism,

namely, the multiplication by gp
n−1 − 1 map on M . We know M ′ is Zp-pure since

if rm = m′ for some r ∈ Zp, some m ∈M , and some m′ ∈M ′, then

r((gp
n−1

− 1)m) = (gp
n−1

− 1)(rm) = (gp
n−1

− 1)m′ = 0,

so (gp
n−1 − 1)m = 0 (i.e., m ∈ M ′) because M is Zp-torsion free. Also, M/M ′ is

annihilated by Φpn(g) since

(gp
n−1

− 1)(Φpn(g)m) = ((gp
n−1

− 1)(Φpn(g))m = (gp
n

− 1)m = 0

for all m ∈ M . Thus M/M ′ is a Zp[ζpn ]-module which (since M ′ ≤ M is Zp-pure
and Zp is a PID) is free of finite rank over Zp. Note that Zp ∩ Zp[ζpn ]α is a non-
zero ideal of Zp when 0 6= α ∈ Zp[ζpn ], so if αm = 0 for some m ∈ M/M ′, then
rm = β(αm) = 0 where 0 6= r = βα ∈ Zp for some β ∈ Zp[ζpn ], so m = 0 because
M/M ′ is Zp-free. Hence M/M ′ is torsion free as a Zp[ζpn ]-module; moreover, M/M ′

is finitely generated over Zp[ζpn ] since it’s finitely generated over Zp. Thus M/M ′

is free of finite rank over Zp[ζpn ] since Zp[ζpn ] is a PID. �

This lemma suggests that it may suffice to compute Zp-ranks and Euler charac-
teristics for ZpG modules of the form Zp[ζpi ]. This is indeed the case, and Propo-
sition 19 below makes this idea precise. In the proof of the proposition, we’ll need
the five-term, inflation-restriction exact sequence, so we recall the statement here.
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Theorem 18 (Inflation-Restriction Sequence). Let G be a profinite group and N be
a closed normal subgroup. Then for every ZG-module M there is an exact sequence

0→ H1(G/N,MN )
inf−→ H1(G,M)

res−→ H1(N,M)G/N

→ H2(G/N,MN )
inf−→ H2(G,M)

where inf denotes inflation and res denotes restriction.

Proposition 19. Let G = 〈g〉 ∼= Z/(pn) for some prime p and some n ∈ N0.
Suppose M is a ZpG-module which is free of finite rank over Zp. Then there is a

sequence r0, . . . , rn ∈ N0 such that for every subgroup Ni = 〈gpi〉 with 0 ≤ i ≤ n we
have

rankZp(MNi) =

i∑
t=0

rtϕ(pt)

and

χ(Ni,M) = (n− i)
i∑
t=0

rtϕ(pt)− pi
n∑

t=i+1

rt.

Proof. We use induction on n and Lemma 17. If n = 0, then ZpG ∼= Zp = Zp[ζp0 ]
and M ∼= Zp[ζp0 ]r0 is a free Zp-module for some r0 ∈ N0, so the proposition is clear
in this case since 0 ≤ i ≤ n = 0 implies

rankZp
(MN0) = rankZp

(M) = r0 =

0∑
t=0

rtϕ(pt)

and

χ(N0,M) = 0 = (0− 0)

0∑
t=0

rtϕ(pt)− p0
0∑
t=1

rt,

where
0∑
t=1

rt = 0

is an empty sum. Now suppose n ≥ 1 and the proposition is true for n − 1. By
Lemma 17, we have a short exact sequence of ZpG-modules

0→M ′ →M → Zp[ζpn ]⊕rn → 0

where M ′ can be regarded as a ZpG′-module where G′ = G/Nn−1 ∼= Z/(pn−1).
By induction, there is a sequence r0, . . . , rn−1 ∈ N0 such that for every subgroup
N ′i = Ni/Nn−1 with 0 ≤ i ≤ n− 1 we have

rankZp
(MNi) = rankZp

(M ′Ni) = rankZp
(M ′N

′
i ) =

i∑
t=0

rtϕ(pt)

and

χ(N ′i ,M
′) = (n− 1− i)

i∑
t=0

rtϕ(pt)− pi
n−1∑
t=i+1

rt
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since Zp[ζpn ]Ni = 0. We need to compute the difference χ(Ni,M
′) − χ(N ′i ,M

′),
which we do using the inflation-restriction sequence (Theorem 18). We get an exact
sequence

0→ H1(N ′i ,M
′)→ H1(Ni,M

′)→ H1(Nn−1,M
′)N

′
i → H2(N ′i ,M

′)→ H2(Ni,M
′).

Moreover, we can determine the cokernel of the last map. In fact, we have

H2(N ′i ,M
′) ∼=

M ′N
′
i

(1 + gpi + · · ·+ gpi(pn−1−i−1))M ′

and

H2(Ni,M
′) ∼=

M ′Ni

(1 + gpi + · · ·+ gpi(pn−i−1))M ′
,

but

(1 + gp
n−1

+ · · ·+ gp
n−1(p−1))(1 + gp

i

+ · · ·+ gp
i(pn−1−i−1))

= 1 + gp
i

+ · · ·+ gp
i(pn−i−1),

so the last map in the sequence is multiplication by 1 + gp
n−1

+ · · · + gp
n−1(p−1);

thus its cokernel is

M ′Ni

(1 + gpn−1 + · · ·+ gpn−1(p−1))M ′N
′
i

=

(
M ′

pM ′

)N ′i
∼= H2(Nn−1,M

′)N
′
i .

Therefore applying ordp| − | to the exact sequence gives

χ(Ni,M
′)− χ(N ′i ,M

′) = ordp

(
|H2(Nn−1,M

′)N
′
i |

|H1(Nn−1,M ′)N
′
i |

)
= ordp|M ′Ni/pM ′Ni |

= rankZp
(M ′Ni) =

i∑
t=0

rtϕ(pt)

since H1(Nn−1,M
′) = 0. Hence

χ(Ni,M) = χ(Ni,M
′) + rnχ(Ni,Zp[ζpn ])

= χ(N ′i ,M
′) +

i∑
t=0

rtϕ(pt) + rnχ(Ni,Zp[ζpn ])

= (n− i)
i∑
t=0

rtϕ(pt)− pi
n−1∑
t=i+1

rt + rnχ(Ni,Zp[ζpn ]),

but H2(Ni,Zp[ζpn ]) = 0 and

H1(Ni,Zp[ζpn ]) =
Zp[ζpn ]

(ζp
i

pn − 1)
∼=

Zp[x]

(xpi − 1) + (Φpn(x))
∼=

Zp[Z/(pi)]
(Φpn(1))

=
Zp[Z/(pi)]

(p)
,

so χ(Ni,Zp[ζpn ]) = −pi as needed. Also, it’s clear that χ(Nn,M) = 0 and

rankZp
(MNn) = rankZp

(M)

= rankZp
(M ′) + rnrankZp

(Z[ζpn ])

=

n−1∑
t=0

rtϕ(pt) + rnϕ(pn),
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which finishes the proof of the proposition. �

Now we use Proposition 19 to prove generalizations of Propositions 6 and Corol-
lary 7. The idea is to regard the ri’s as n + 1 place-holders and to find rational
dependence among n + 2 vectors. In other words, we’ll use some linear algebra.
First, we relate n + 1 lambda invariants (corresponding to Zp-ranks of (A∗Kn

)Ni)
to χ(Gn, AKn). The formula we’ll get is a generalization of the formula from the
second equality in Corollary 7.

Theorem 20. Let p be prime and K0 ⊆ K1 ⊆ . . . ⊆ Kn be a tower of Zp-fields
such that for all i the extension Ki/K0 is cyclic of degree pi. Suppose µK0

= 0.
Then µK1

= · · · = µKn
= 0 and

n−1∑
i=0

ϕ(pi)λKn−i = pn−1(1 + n(p− 1))λK0 + ϕ(pn)χ(Gn, AKn)

where Gn = Gal(Kn/K0).

Proof. We apply Proposition 19 to the ZpGn-module A∗Kn
, which is free of finite

rank λKn
over Zp. Thus there is a sequence r0, r1, . . . , rn ∈ N0 such that for all

i = 0, 1, . . . , n we have

λKi = rankZp(A∗Ki
) = rankZp((A∗Kn

)Ni) =

i∑
t=0

rtϕ(pt)

χ(Gn, AKn) = −χ(N0, A
∗
Kn

) = −nr0 +

n∑
t=1

rt

where Ni = Gal(Kn/Ki). Hence

n−1∑
i=0

ϕ(pi)λKn−i
=

n−1∑
i=0

n−i∑
t=0

rtϕ(pi)ϕ(pt)

=

n−1∑
i=0

ϕ(pi)r0 +

n∑
t=1

n−t∑
i=0

ϕ(pi)ϕ(pt)rt

=

1 + (p− 1)

n−2∑
j=0

pj

 r0 +

n∑
t=1

rtϕ(pt)

1 + (p− 1)

n−t−1∑
j=0

pj


= pn−1r0 + ϕ(pn)(r1 + · · ·+ rn)

= pn−1(1 + n(p− 1))r0 + ϕ(pn)(−nr0 + r1 + · · · rn)

= pn−1(1 + n(p− 1))λK0
+ ϕ(pn)χ(Gn, AKn

)

which finishes the proof. �

Corollary 21. Under the same assumptions as Theorem 20, we have

λKn = pnλK0 + ϕ(pn)χ(Gn, AKn)− (p− 1)

n−1∑
i=1

ϕ(pi)χ(Gi, AKi)

where Gi = Gal(Ki/K0).
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Proof. We’ll use strong induction on n. First, it’s clear that the statement holds
when n = 0. (It’s also clear in the case n = 1 since then the statement is just
Theorem 4.) Now take n ≥ 1. Suppose the statement holds for all cyclic p-
extensions of degree ≤ pn−1. Then by Theorem 20 we get

λKn
= pn−1(1 + n(p− 1))λK0

+ ϕ(pn)χ(Gn, AKn
)−

n−1∑
i=1

ϕ(pi)λKn−i

induc.
= pn−1(1 + n(p− 1))λK0 + ϕ(pn)χ(Gn, AKn)

−
n−1∑
i=1

ϕ(pi)

pn−iλK0
+ ϕ(pn−i)χ(Gn−i, AKn−i

)− (p− 1)

n−i−1∑
j=1

ϕ(pj)χ(Gj , AKj
)


= pn−1(1 + n(p− 1))λK0

+ ϕ(pn)χ(Gn, AKn
)− pn−1(p− 1)(n− 1)λK0

− (p− 1)

n−1∑
i=1

ϕ(pn−1)χ(Gn−i, AKn−i
) + (p− 1)

n−1∑
i=1

n−i−1∑
j=1

ϕ(pi)ϕ(pj)χ(Gj , AKj
)

= pnλK0
+ ϕ(pn)χ(Gn, AKn

)− (p− 1)ϕ(pn−1)χ(Gn−1, AKn−1
)

− (p− 1)

n−2∑
j=1

ϕ(pn−1)χ(Gj , AKj
) + (p− 1)

n−2∑
j=1

ϕ(pj)

(
n−j−1∑
i=1

ϕ(pi)

)
χ(Gj , AKj

)

= pnλK0
+ ϕ(pn)χ(Gn, AKn

)− (p− 1)ϕ(pn−1)χ(Gn−1, AKn−1
)

− (p− 1)

n−2∑
j=1

ϕ(pj)pn−j−1χ(Gj , AKj ) + (p− 1)

n−2∑
j=1

ϕ(pj)(pn−j−1 − 1)χ(Gj , AKj )

= pnλK0
+ ϕ(pn)χ(Gn, AKn

)− (p− 1)ϕ(pn−1)χ(Gn−1, AKn−1
)

− (p− 1)

n−2∑
j=1

ϕ(pj)χ(Gj , AKj
)

= pnλK0 + ϕ(pn)χ(Gn, AKn)− (p− 1)

n−1∑
j=1

ϕ(pj)χ(Gj , AKj )

as needed. �

Now we combine this corollary with induction on Theorem 4 to get the following
generalization of Proposition 6.

Corollary 22. Under the same assumptions as Theorem 20, we have

pn−1χ(Gn, AKn) =

n−1∑
i=1

ϕ(pi)χ(Gi, AKi) +

n∑
i=1

pn−iχ(Ni−1/Ni, AKi).

where Ni = Gal(Kn/Ki) and again Gi = Gal(Ki/K0).



24 JORDAN C. SCHETTLER

Proof. We have

pn−1χ(Gn, AKn
) =

n−1∑
i=1

ϕ(pi)χ(Gi, AKi
) +

λKn − pnλK0

p− 1

=

n−1∑
i=1

ϕ(pi)χ(Gi, AKi
) +

n∑
i=1

pn−iχ(Ni−1/Ni, AKi
)

where the first equality follows from Corollary 21 and the second equality follows
from induction on Theorem 4. �

Corollary 23. Let L/K = Kn/K0 be as in Theorem 20. Suppose µK = 0. Then

(1) λL ≡ λKi (mod ϕ(pi+1)) for every i = 0, . . . , n

(2) (a) λL ≡ −pn−1χ(G,AL)− (p− 1)
∑n−1
i=1 ϕ(pi)χ(Gi, AKi

) (mod pn)

(b) p - n− 1⇒ λL ≡
∑n−1
i=1

pi(p−1)2
[(i+1)p−i][ip−i+1]χ(Nn−i, AL) (mod pn)

(3) ordp|H2(G,PL)| ≤ nλK + ordp|H1(G,PL)|+ χ(G, IL)

where Gi = Gal(Ki/K), Ni = Gal(L/Ki), and G = Gn = N0.

Proof. For part 1, we only need to prove that for all i = 1, . . . , n

λKi
≡ λKi−1

(mod ϕ(pi)),(23.1)

which we’ll do by strong induction on n. The base case n = 1 follows easily from
Theorem 4. Suppose then that Equation 23.1 holds for all i < n. Then for all
i = 1, . . . , n− 1

pn−i(λKi
− λKi−1

) ≡ 0 (mod ϕ(pn)),

so

λKn
− λKn−1

≡ λKn
− λKn−1

+

n−1∑
i=1

pn−i(λKi
− λKi−1

)

=

n−1∑
i=0

ϕ(pi)λKn−i − pn−1λK0

= pn−1(1 + n(p− 1))λK0
+ ϕ(pn)χ(Gn, AKn

)− pn−1λK0

= ϕ(pn)λK0
+ ϕ(pn)χ(Gn, AKn

) ≡ 0 (mod ϕ(pn)).

For part 2, the first statement (a) follows immediately from Theorem 20 while the
second statement (b) follows immediately from Theorem 24 below. To prove part
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3, we note that

0 ≤
n−1∑
i=0

λKn−i − λKn−i−1

ϕ(pn−i)
=

1

ϕ(pn)

n−1∑
i=0

pi(λKn−i
− λKn−i−1

)

=
1

ϕ(pn)

(
n−1∑
i=0

piλKn−i −
n∑
i=1

pi−1λKn−i

)

=
1

ϕ(pn)

(
λKn +

n−1∑
i=1

(pi − pi−1)λKn−i − pn−1λK0

)

=
1

ϕ(pn)

(
n−1∑
i=0

ϕ(pi)λKn−i
− pn−1λK0

)

=
1

ϕ(pn)

(
pn−1(1 + n(p− 1))λK0

+ ϕ(pn)χ(Gn, AKn
)− pn−1λK0

)
= nλK0

− χ(Gn, PKn
) + χ(Gn, IKn

)

= nλK − ordp|H2(G,PL)|+ ordp|H1(G,PL)|+ χ(G, IL),

which finishes the proof. �

Now we relate the n Euler characteristics associated to subgroups (instead of
quotients or subquotients)

χ(N0, AKn
), χ(N1, AKn

), . . . , and χ(Nn−1, AKn
)

to the 2 lambda invariants λKn
and λK0

. The result is of different nature since it
involves non-integer coefficients.

Theorem 24. Let p be prime and K0 ⊆ K1 ⊆ . . . ⊆ Kn be a tower of Zp-fields
such that for all i the extension Ki/K0 is cyclic of degree pi. Suppose µK0

= 0 and
Kn/K0. Then µK1

= · · · = µKn
= 0 and

λKn
− pnλK0

p− 1
=

pn

np− n+ 1
χ(N0, AKn

) +

n−1∑
i=1

pi(p− 1)

[(i+ 1)p− i][ip− i+ 1]
χ(Nn−i, AKn

)

where Ni = Gal(Kn/Ki).

The following lemma will make the proof of the above theorem much easier.

Lemma 25. For all n ∈ N we have

n−1∑
i=1

pi(p− 1)i

[(i+ 1)p− i][ip− i+ 1]
=
pn−1 + pn−2 + · · ·+ 1− n

np− n+ 1

and

n−1∑
i=1

1

[(i+ 1)p− i][ip− i+ 1]
=

n− 1

p(np− n+ 1)
.

Proof. We use induction on n. If n = 1, then both right hand sides are zero and
both left hand sides are empty sums, so the lemma is clear in this case. Now
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suppose n ≥ 2 and the statement is true for n− 1. Then

n−1∑
i=1

pi(p− 1)i

[(i+ 1)p− i][ip− i+ 1]

=
pn−1(p− 1)(n− 1)

(np− n+ 1)((n− 1)p− n+ 2)
+

n−2∑
i=1

pi(p− 1)i

[(i+ 1)p− i][ip− i+ 1]

=
pn−1(p− 1)(n− 1)

(np− n+ 1)((n− 1)p− n+ 2)
+
pn−2 + pn−3 + · · ·+ 1− (n− 1)

(n− 1)p− n+ 2

=
pn−1(p− 1)(n− 1) +

(
pn−1−1
p−1 − (n− 1)

)
(np− n+ 1)

(np− n+ 1)((n− 1)p− n+ 2)

=
pn−1(p− 1)(n− 1) +

(
pn−1−1
p−1 − (n− 1)

)
(p− 1)

(np− n+ 1)((n− 1)p− n+ 2)
+

pn−1−1
p−1 − (n− 1)

np− n+ 1

=
(pn−1 − 1)(p− 1)(n− 1) + pn−1 − 1

(np− n+ 1)((n− 1)p− n+ 2)
+

pn−1−1
p−1 − (n− 1)

np− n+ 1

=
pn−1 − 1

np− n+ 1
+
pn−2 + pn−3 + · · ·+ 1− (n− 1)

np− n+ 1

=
pn−1 + pn−2 + · · ·+ 1− n

np− n+ 1

and

n−1∑
i=1

1

[(i+ 1)p− i][ip− i+ 1]

=
1

(np− n+ 1)((n− 1)p− n+ 2)
+

n−2∑
i=1

1

[(i+ 1)p− i][ip− i+ 1]

=
1

(np− n+ 1)((n− 1)p− n+ 2)
+

n− 2

p((n− 1)p− n+ 2)

=
p+ (n− 2)(np− n+ 1)

p(np− n+ 1)((n− 1)p− n+ 2)

=
p+ (n− 2)(p− 1) + (n− 2)((n− 1)p− n+ 2)

p(np− n+ 1)((n− 1)p− n+ 2)

=
(n− 1)p− n+ 2 + (n− 2)((n− 1)p− n+ 2)

p(np− n+ 1)((n− 1)p− n+ 2)
=

n− 1

p(np− n+ 1)

as claimed. �

Proof of Theorem 24. We may assume n ≥ 1 since the statement is obvious in the
case where n = 0 since then both sides of the equation are zero. Proposition 19
implies that there are r0, . . . , rn ∈ N0 such that

λK0 = rankZp((A∗Kn
)N0) = r0,

λKn = rankZp(A∗Kn
) =

n∑
t=0

rtϕ(pt)
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and

χ(Ni, AKn) = −χ(Ni, A
∗
Kn

) = −(n− i)
i∑
t=0

rtϕ(pt) + pi
n∑

t=i+1

rt

for all i ∈ {0, . . . , n}. On the one hand,

λKn
− pnλK0

p− 1
=

∑n
t=0 rtϕ(pt)− pnr0

p− 1
= −(pn−1 + pn−2 + · · ·+ 1)r0 +

∑
t=1

rtp
t−1.

On the other hand, the coefficient of r0 occurring on the right hand side of the
statement is

pn

np− n+ 1
(−n) +

n−1∑
i=1

pi(p− 1)(−i)
[(i+ 1)p− i][ip− i+ 1]

=
−npn

np− n+ 1
− pn−1 + pn−2 + · · ·+ 1− n

np− n+ 1

=
−npn + n− pn−1

p−1

np− n+ 1

=
−n(p− 1)p

n−1
p−1 −

pn−1
p−1

np− n+ 1

= −p
n − 1

p− 1

= −(pn−1 + pn−2 + · · ·+ 1)

and the coefficient of rt for t ≥ 1 is

pn

np− n+ 1
+ ϕ(pt)

n−t∑
i=1

pi(p− 1)(i)

[(i+ 1)p− i][ip− i+ 1]
+

pn(p− 1)

n−1∑
i=n−t+1

1

[(i+ 1)p− i][ip− i+ 1]

=
pn

np− n+ 1
− pt−1(p− 1)

pn−t+1−1
p−1 − (n− t+ 1)

(n− t+ 1)p− (n− t+ 1) + 1
+

pn(p− 1)

(
n− 1

p(np− n+ 1)
− n− t
p((n− t+ 1)p− (n− t+ 1) + 1)

)
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=
pn + pn−1(p− 1)(n− 1)

np− n+ 1
−

pt(pn−t+1 − 1− (p− 1)(n− t+ 1)) + pn(p− 1)(n− t)
p((n− t+ 1)p− n+ t)

= pn−1 − pn+1 − pt((n− t+ 1)p− n+ t) + (n− t)pn(p− 1)

p((n− t+ 1)p− n+ t)

= pn−1 + pt−1 − pn+1 + (n− t)pn(p− 1)

p((n− t+ 1)p− n+ t)

= pn−1 + pt−1 − pn p+ (n− t)(p− 1)

p((n− t+ 1)p− n+ t)

= pn−1 + pt−1 − pn−1 = pt−1,

which completes the proof. �

5. Λ-Modules

In the late summer of 2009, I sent an email to Ralph Greenberg, Professor
of mathematics at the University of Washington, asking if anyone had used the
structure theorem (Theorem 5) of ZpG-modules which are free of finite rank over
Zp with G ∼= Z/(p2) to derive a formula in the spirit of Iwasawa’s as found in
Theorem 4. He responded by saying that he wasn’t aware of anyone doing this,
but he further suggested that I consider all ZpG-modules with G ∼= Z/(pn) as
Λ = Zp[[T ]]-modules. In this way, I can use the following structure theorem for
finitely generated Λ-modules, which is the very result one can use to prove Iwasawa’s
growth formula.

Theorem 26. Let M be a finitely generated Λ-module. Then there is a Λ-module
homomorphism

θ : M → Λr ⊕
s⊕
i=1

Λ

(fi(T )mi)
⊕

t⊕
j=1

Λ

(pnj )

such that ker(θ), coker(θ) are finite and where each fi(T ) ∈ Zp[T ] is irreducible with
fi(T ) ≡ power of T (mod p).

We’ll now use this theorem to prove the following proposition from which Propo-
sition 19 follows as an easy corollary.

Proposition 27. Let G = 〈g〉 ∼= Z/(pn) for some prime p and some n ∈ N0.
Suppose M is a ZpG-module which is free of finite rank over Zp. There is an
injective ZpG-module homomorphism with finite cokernel

M �
n⊕
i=0

Zp[ζpi ]⊕ri

for some r0, . . . , rn ∈ N0 where each Zp[ζpi ] has ZpG-module structure given by

Zp[ζpi ] ∼=
ZpG

Φpi(g)ZpG
.
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Proof. We know

Λ ∼= lim←−
m∈N

Zp[Z/(pm)] : T 7→ (gm − 1)m∈N

with Z/(pm) = 〈gm〉 written multiplicatively, so ZpG is a quotient ring of Λ. In
this way, every ZpG-module is a Λ-module with T acting as g − 1, so Theorem 26
implies there is a Λ-module homomorphism

θ : M → Zp[[T ]]r ⊕
s⊕
i=1

Zp[[T ]]

(fi(T )mi)
⊕

t⊕
j=1

Zp[[T ]]

(pnj )

such that ker(θ), coker(θ) are finite and where each fi(T ) ∈ Zp[T ] is irreducible
with fi(T ) ≡ power of T (mod p). Immediately, we see that ker(θ) = 0 since M is
a free over Zp. If we tensor with Qp, we get an isomorphism

M ⊗Zp Qp ∼= Qp[[T ]]⊕r ⊕
s⊕
i=1

Qp[T ]

(fi(T )mi)

of Qp[T ]-modules, but dimQp
(M⊗Zp

Qp) = rankZp
(M) <∞ while dimQp

(Qp[[T ]]) =

∞, so r = 0. Now xp
n − 1 kills the left hand side where x := T + 1, so xp

n − 1 kills
each

Qp[x]

(hi(x)mi )

where hi(x) = fi(x − 1) is monic and irreducible. Hence each hi(x)mi divides
xp

n − 1 in Qp[x], but xp
n − 1 is the squarefree product of the (monic, irreducible)

pj-cyclotomic polynomials Φpj (x) for 0 ≤ j ≤ n, so every mi is 1 and every hi(x)
is Φpj (x) for some 0 ≤ j ≤ n. Hence our isomorphism becomes

M ⊗Zp
Qp ∼=

s⊕
i=1

Qp[x]

(hi(x))
=

n⊕
j=0

(
Qp[x]

(Φpj (x))

)⊕rj
∼=

n⊕
j=0

(
QpG

Φpj (g)QpG

)⊕rj
as QpG-modules for some r0, . . . , rn ∈ N0. We’ll use this isomorphism in the next
section to analyze Qp-representations. In the meantime, we have

θ : M �
n⊕
j=0

(
Zp[[x]]

(Φpj (x))

)⊕rj
⊕

t⊕
j=1

Zp[[x]]

(pnj )
,

but we know im(θ) has trivial intersection with each Zp[[x]]/(pnj ) factor since pnj -
xp

n − 1, so there can be no such factors since coker(θ) is finite while Zp[[x]]/(pm) is
infinite when m ∈ N. Also, since each fi(T ) ≡ power of T (mod p), we may apply
a division algorithm (see Proposition 7.2 in [Was96]) to conclude

Zp[[x]]

(hi(x))
=

Zp[[T ]]

(fi(T ))
∼=

Zp[T ]

(fi(T ))
=

Zp[x]

(hi(x))

as Zp[x]-modules where again x = T + 1. Therefore

θ : M �
n⊕
j=0

(
Zp[x]

(Φpj (x))

)⊕rj
∼=

n⊕
j=0

(
ZpG

Φpj (g)ZpG

)⊕rj
is a ZpG-module homomorphism with finite cokernel. �
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Remark 28. Let M,G = 〈g〉 ∼= Z/(pn) be as in Proposition 27. As mentioned
above, the proposition can be used to give another proof of Proposition 19. To
see this, we observe that if C is a finite ZpG-module, then χ(Ni, C) = 0 and

rankZp
(CNi) = 0 for all i ∈ {0, . . . , n} where (as in 19) Ni = 〈gpi〉. Thus since χ

and rankZp
are additive on short exact sequences, we see that it suffices to do the

following computations:

Zp[ζpj ]Ni =

{
Zp[ζpj ] if j ≤ i
0 if j > i

χ(Ni,Zp[ζpj ]) = ordp

(
|H2(Ni,Zp[ζpj ])|
|H1(Ni,Zp[ζpj ])|

)

=


ordp

∣∣∣ Zp[ζpj ]

pn−iZp[ζpj ]

∣∣∣ = (n− i)ϕ(pj) if j ≤ i

ordp

∣∣∣∣∣ |Zp[ζpj ]

(1−ζp
i

pj
)Zp[ζpj ]

∣∣∣∣∣
−1

= −pi if j > i.

6. Qp-Representations

Let K = K0 ⊆ K1 ⊆ . . . ⊆ Kn = L be a tower of Zp fields with Gi = Gal(Ki/K)

and Ni = Gal(L/Ki) = 〈gpi〉 ∼= Z/(pi) for all i ∈ {0, . . . , n}. Assume µK = 0 and
define

VL := A∗L ⊗Zp Qp.

Consider the corresponding representation

πL/K : G→ GL(VL).

There is the following result about the decomposition of πL/K .

Corollary 29. Let K = K0 ⊆ K1 ⊆ . . . ⊆ Kn = L be as above with µK = 0. Then
we have an isomorphism of Qp-representations

πL/K ∼= λKπG ⊕
n⊕
i=1

(
χ(Gi, AKi)− χ(Gi−1, AKi−1)

)
πϕ(pi)

where πG is the regular representation and πd is the unique faithful irreducible
representation of degree d ∈ {ϕ(p), ϕ(p2), . . . , ϕ(pn)}.

Proof. We’ll use all the notation in the proof of Proposition 27. In the proof of 27
with A∗L = M , we had r0, r1, . . . , rn ∈ N0 such that

VL ∼=
n⊕
j=0

(
Qp[x]

(Φpj (x))

)⊕rj
as QpG-modules where our generator g of G acts as x on Qp[x]. Remark 28 shows
that these r0, . . . , rn are the same as those found in the proof of Theorem 20. In
particular, this means r0 = λK , so

VL ∼= (QpG)
⊕λK ⊕

n⊕
j=1

(
Qp[x]

(Φpj (x))

)⊕rj−r0
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where (as always) we interpret negative exponents as a difference of representations.
It remains only to determine r1−r0, r2−r0, . . . , rn−r0. To do this, we first compute

χ(Gi, AKi) = −χ(Gi, A
∗
Ki

) = −χ(G/Ni, (A
∗
K)Ni) = −

n∑
j=0

rjχ(G/Ni,Zp[ζpj ]Ni)

= −
i∑

j=0

rjχ(G/Ni,Zp[ζpj ]) = −r0χ(G/Ni,Zp)−
i∑

j=1

rjχ(G/Ni,Zp[ζpj ])

= −ir0 + r1 + · · · ri.

This shows

r1 − r0 = χ(G1, AK1),

r2 − r0 = r1 + r2 − 2r0 − (r1 − r0) = χ(G2, AK2)− χ(G1, AK1),

and, in general,

ri − r0 = r1 + · · ·+ ri − ir0 − (r1 + · · ·+ ri−1 − (i− 1)r0)

= χ(Gi, AKi
)− χ(Gi−1, AKi−1

)

by induction. �

7. Vanishing Criteria for λL

In this section we’d like to give a couple of generalized vanishing criteria for λL
of the kind found in [FKOT97]. in the case where L/K is a cyclic p-extension of
Zp-fields. We’ll need a couple of lemmas. The first lemma will lead to the first
vanishing criterion.

Lemma 30. Let L/K be a cyclic p-extension of Zp-fields with G = Gal(L/K).
Suppose µK = λK = 0. Then

ordp|H1(G,O×L )|+ ordp|(IGL PL)/(IKPL)| = χ(G, IL)

Proof. There’s a short exact sequence of ZpG-modules

(IKP
G
L )/IK � IGL /IK � IGL /(IKPL

G).

Also, IK ∩ PGL = PK since

(IK ∩ PGL )/PK ⊆ AK ∼= 0

by our µK = λK = 0 assumption. Thus using the third isomorphism theorem twice
gives

IKP
G
L

IK
∼=

PGL
IK ∩ PGL

=
PGL
PK
∼= H1(G,O×L )

and

IGL
IKPGL

=
IGL

IGL ∩ (IKPL)
∼=
IGL PL
IKPL

.

This completes the proof since

ordp|IGL /IK | = χ(G, IL)

by the proof of Lemma 1. �
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Theorem 31. Let L/K be a cyclic p-extension of Zp-fields which is unramified at
every infinite place with G = Gal(L/K). Suppose µK = 0. Then λL = 0 if and
only if the following three conditions hold:

(i) λK = 0
(ii) ordp|H2(G,O×L )| = 0

(iii) ordp|(IGL PL)/(IKPL)| = 0

Proof. Condition (i) is obviously necessary for λL = 0, so we may assume that
λK = 0. Consider the tower

K = K0 ⊆ K1 ⊆ . . . ⊆ Kn = L

of Zp-fields where Gi = Gal(Ki/K) ∼= Z/(pi) for all i = 0, . . . , n. Then Lemma 30
and Lemma 1 imply

χ(Gi, AKi
) = ordp|H2(Gi,O×Ki

)| − ordp|H1(Gi,O×Ki
)|+ χ(G, IKi

)

= ordp|H2(Gi,O×Ki
)|+ ordp|(IGi

Ki
PKi

)/(IKPKi
)| ≥ 0,

for all i = 1, . . . , n. Thus Corollary 21 shows that λL = 0 if and only if χ(Gi, AKi
) =

0 for all i = 1, . . . , n, and the above computation proves that χ(Gi, AKi
) = 0 if and

only if

ordp|H2(Gi,O×Ki
)| = ordp|(IGi

Ki
PKi)/(IKPKi)| = 0.(31.1)

To complete the proof, it suffices to show that if Equation 31.1 holds for i = n, then
it holds for all i = 1, . . . , n. To show this it’s enough to note that for all i = 1, . . . , n
we have a surjection

O×K
NL/K(O×L )

�
O×K

NKi/K(O×Ki
)

and an injection

IGi

Ki
PKi

IKPKi

�
IGL PL
IKPL

the second of which follows by observing that (IGi

Ki
PKi) ∩ IKPL = IKPKi . �

We’ll need the following theorem to prove our next lemma.

Theorem 32. Let `/k be a Galois extension of number fields with G = Gal(`/k).
Then there is an exact sequence of abelian groups

0→ ker(J`/k)→ H1(G,O×` )→
⊕
v

Z
(e(w/v))

→ C
[G]
` /J`/k(Ck)→ 0

where C
[G]
` is the subgroup of CG` generated by classes of G-fixed ideals, the direct

sum ranges over all finite places v of k having ramification index e(w/v) with w a
place of ` lying over v, and

J`/k : Ck → C`

is the natural map sending the class [I] of an ideal I to the class [O`I]. Further, if
G is cyclic and `/k is unramified at every infinite place, then

q(O×` ) =
|H2(G,O×` )|
|H1(G,O×` )|

=
1

[` : k]
.
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We will forego the proof here. The reader is referred to [Gre10].

Lemma 33. Let L/K be a cyclic p-extension of Zp-fields which is unramified at
every infinite place. Suppose K = k∞ is the cyclotomic Zp-extension of a number
field k having exactly one place lying above p and class number h(k) with p - h(k).
Then

ordp|H2(G,O×L )| = 0.

where G = Gal(L/K).

Proof. Here we adapt and generalize the method of proof for a weaker statement
found in [FKOT97]. First, note that if p is the unique prime ideal of k lying over
p, then pn/p is totally ramified in kn/k and p - h(kn) for all n ∈ N0. Thus using
Theorem 32 on the extension kn/km with Gn/m = Gal(kn/km) we find that for all
m,n ∈ N0 with m ≤ n∣∣∣∣∣ O×km

Nkn/km(O×kn)

∣∣∣∣∣ = |H2(Gn/m,O×kn)| = p−(n−m)|H1(Gn/m,O×kn)|

= p−(n−m)e(pn/pm)
|ker(Jkn/km)|

|C [Gn/m]

kn
/Jkn/km(Ckm)|

= p−(n−m)pn−m
|Ckm |∣∣∣C [Gn/m]

kn

∣∣∣ = 1

where the last equality follows becauseH2(Gn/m,O×kn) is a p-group and ordp|Ckm | =
ordp|C

[Gn/m]

kn
| = 0. Thus Nkn/km(O×kn) = O×km for all m,n ∈ N0 with m ≤ n, so

if L = `∞ for some number field ` with Gal(`/k) ∼= Gal(L/K) ∼= Z/(pd), then the
induced maps

Ñkn/km :
O×kn

N`n/kn(O×`n)
−→

O×km
N`m/km(O×`m)

are surjective for all m,n ∈ N0 with m ≤ n. On the other hand, using Theorem 32
on the extension `n/kn with Gn = Gal(`n/kn) ∼= Gal(L/K) ∼= Z/(pd) we find∣∣∣∣∣ O×kn

N`n/kn(O×`n)

∣∣∣∣∣ = |H2(Gn,O×`n)| = p−d|H1(Gn,O×`n)|

= p−d

(
sn∏
i=1

e(wi/vi)

)
|Ckn |∣∣∣C [Gn]
`n

∣∣∣
= p−d

(
sn∏
i=1

e(wi/vi)

)∣∣∣C [Gn]
`n

∣∣∣
p

≤ p−dpds∞ = pd(s∞−1)

where sn is the number of ramified primes of kn in `n/kn and s∞ <∞ is the number

of ramified primes of K in L/K. Therefore the maps Ñkn/km are isomorphisms of
finite abelian groups for sufficiently large m,n. Now consider the canonical maps

ρ̃kn/km :
O×km

N`m/km(O×`m)
−→

O×kn
N`n/kn(O×`n)
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for m ≤ n. These maps have the property that Ñkn/km ◦ ρ̃kn/km is the exponen-

tiation by pn−m map when the groups are written multiplicatively. Thus when

n−m ≥ d(s∞−1) the composition Ñkn/km ◦ ρ̃kn/km is the trivial map, but Ñkn/km
is an isomorphism for sufficiently large m, so ρ̃kn/km is the trivial map when m is
sufficiently large and n ≥ m+ d(s∞ − 1). Therefore

H2(G,O×L ) ∼= lim−→
n

H2(Gn,O×`n) ∼= 0

which finishes the proof. �

Now we’re ready to give the more specialized and easily applicable vanishing
criterion.

Theorem 34. Let L/K be a cyclic p-extension of Zp-fields which is unramified at
every infinite place. Suppose K = k∞ is the cyclotomic Zp-extension of a number
field k having exactly one place lying above p and class number h(k) with p - h(k).
Then λL = 0 if and only if ordp|(IGL PL)/(IKPL)| = 0.

Proof. The theorem follows immediately from Theorem 31 since the assumptions
we’ve made ensure that conditions (i) and (ii) hold. �
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