RIEMANN-HURWITZ FORMULAS FOR M-INVARIANTS IN
CYCLIC p-EXTENSIONS

JORDAN C. SCHETTLER

ABSTRACT. The well-known Riemann-Hurwitz formula for Riemann surfaces
(or the corresponding formulas of the same name for curves/function fields) is
used in genus computations. In 1979, Y1ji Kida proved a strikingly analogous
formula in [Kid80] for p-extensions of CM-fields (p an odd prime) which is
similarly used to compute Iwasawa A-invariants. However, the relationship
between Kida’s formula and the statement for surfaces was not entirely clear
since the proofs are of a very different flavor. Around a year after Kida’s
result was published, Kenkichi Iwasawa used Galois cohomology in [[wa&]]
to establish a more general, although apparently less precise, formula (about
representations) that did not exclude the prime p = 2 nor need the CM-field
assumption. Moreover, Kida’s follows as a corollary from Iwasawa’s formula.

We first define and state properties of an ‘Euler characteristic’ for group
cohomology. Then we’ll briefly recall Iwasawa’s formula. We go on to produce
special generalizations of Iwasawa’s formula in the case of cyclic p-extensions;
these formulas can be realized as statements about Q,-representations, and, in
the cases of degree p or p?, as p-adic integral representations. One upshot of
these formulas is a vanishing criterion for A-invariants which generalizes a result
of Takashi Fukuda et. al. in [FKOT97]. Other applications of these special
formulas include congruences and inequalities for A-invariants that cannot be
gleaned from Iwasawa’s formula.
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1. THE EULER CHARACTERISTIC

Suppose L/K is a cyclic p-extension of Z,-fields (i.e., cyclotomic Z,-extensions
of number fields) with px = 0. A key gadget which we’ll need is an Euler char-
acteristic x; take (g) = G = Gal(L/K) and for any ZG-module M with finite
cohomology groups H', H? define

o (HAGADY (el /i)
16 oy ((micrany ) = o (e o)
where (see [HS97])

Mg 2 M—>M:m—(g—1)m
Uag @ M = M:mws (€71 4 gI972 4 Dym.

Using the notation q(—) for the Herbrand quotient, we have the relation
pX M) = q(M).

Thus x is additive on short exact sequences of G-modules with finite H?, H' since
Herbrand quotients are multiplicative. In fact, we have the following computation
of x for the p-primary part of the class group.

Lemma 1. Suppose L/K is a cyclic p-extension of Z,-fields with G = Gal(L/K).
Then
X(G.AL) = =X(G, PL) + Y _ordy(e(w/u))
utp
where e(w/u) is the ramification index in L/ K for a finite place w of L lying over
wtp. If, in addition, L/ K is unramified at every infinite place, then
—x(G, Pr) = x(G,0r).
Proof. Note that
pmHn(G, CL) =0
for all n € N where p™ = |G|, but H™ distributes over direct sums, so we can
(1) split up Cr, into a direct sum of its primary components (since it’s a torsion
abelian group), (2) pull out the direct sum, and (3) take the p-primary part of each
summand. This will show that

Hn(Gv AL) = Hn(Ga CL)
for all n € N since a ¢g-primary component By, of C';, with ¢ # p is uniquely divisible
by p. Alternatively, H"(G, By) is a Zg,-module since By, is a Z,-module, but p is
invertible in Z,, so H"(G, By) = 0. Thus using additivity and [Iwa81] we get
X(G7AL) = X(G7CL) = X(Ga IL/PL)
= 7X(GaPL) +X(C"'leL)

= —X(G, PL) + Z X<G7 ILm)

= —x(G,Pp)+ Z ord,(e(w/u)).
utp
If, in addition, L/K is unramified at every infinite place, then [[wa81]] implies

x(G,L*) =0,
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so using additivity again gives

-x(G,PL) = —x(G,L*/Or)
= x(G,01) —x(G,L%)
= x(G,0f),
as claimed. (]

Remark 2. Assume further that px = 0 (as is conjectured) in addition to assuming
that L/K is a cyclic p-extension of Z,-fields with G = Gal(L/K). Then also 1, = 0,
so if

(=)" :=Homg, (=, Qp/Zp)

denotes the p-Pontryagin dual functor, then

(Qp/Zp) )" 2, (Qp/Zy)*) N =g, T

is a Z,G-module which is free of finite rank Ar over Z,. Thus
L= P

is a direct sum of finitely many pairwise non-isomorphic indecomposable Z,G-
modules M,, each with finite rank over Z,. By the work of Reiner in [Rei61], we
know that the Krull-Schmidt theorem holds for Z,G-modules, so this decomposition
is unique up to ordering and choices M, of representatives of isomorphism classes.
Note that duality and the fact that finite abelian p-groups A are self dual together

imply
N~ o \HQ(GM*)| Cor |H1(G,M)*|
MG M) = ordy <H1<G >|) dp<|H2<G,M>*|>
o (GO (G
= oy <H2<G, >|> d"(|H1<G,M>|>
= *X(GvM)

when these quantities are finite. Also, additivity along with the first isomorphism
theorem imply

X(G,Mg) = x(G,M/(g—1)M)=x(G,M) —x(G,(g —1)M)
= X(G,M) = x(G,M/M%) = x(G,M) — (x(G,M) — x(G, M%)
= X(G,MG).

Hence for any subgroups N < H < G we find
X(H/N,Apx) = —x(H/N,(A})") = —x(H/N, (A7 )n)
= —X(H/N,(A)N) = =" anx(H/N, MY).

We can then compare these computations to

(2.1) AL = rankg (A7) Z anrankz, (Mp)
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and
Ak = rankg, (Af) = rankzp((Ag)*)
(2.2) =rankz, ((A7)a) = rankzp((AZ)G)

= Z anrankz, (MS).

Used in conjunction with Lemma [T} Remark [2] should allow one to express Ar
in terms of (1) Ak, (2) Euler characteristics of principal ideals or units, and (3)
ramification indices of finite places not lying above p, just so long as we can classify
the M, sufficiently well. Now when |G| < p?, the work of Heller and Reiner in
[HR62] shows that there are finitely many isomorphism classes of indecomposable
Z,G-modules with finite Z,-rank; moreover, we can classify these indecomposables
M,, well enough to determine all possible x(H/N, M) and rankz, (M}Y). We'll see
later, however, that we can play a similar game for |G| > p? even though there are
infinitely many isomorphism classes of indecomposables in this case.

2. TwAasAwA’S FORMULA

Suppose that L/K is a cyclic extension of Z,-fields with degree [L : K] = p
and px = 0. We now recall a mild generalization of Iwasawa’s Riemann-Hurwitz
formula (see [Iwa&1]) for the A-invariants A, and Mg using an ‘Euler characteristic’
X and the following description of the indecomposable Z,G-modules which are free
of finite rank over Z, (attributed to Diederichsen, or see [CRG6]).

Theorem 3. Let (g) = G = Z/(p). The only indecomposable Z,G-modules which
are free of finite rank over Z, are (up to isomorphism) Z,, Z,G, and I,G = (g —
1)Z,G.

In 1980, Iwasawa used Theorem [3|to prove the following generalization of Kida’s
formula (see [Kid80]) in the case where L/K is unramified at infinite places.

Theorem 4. Let L/K be a Z/(p)-extension of Z,-fields for some prime p with
G = Gal(L/K). Suppose px =0. Then pur, =0 and

AL =pAxk — (p— x(G, Pr) + Z(e(w) -1)
wip

where e(w) is the ramification index in L/K of a finite place w1 p. In fact,

AL 2786 (2,G) 0 @ (I,G) S X(G-Pr)+a
as ZypG-modules for some a € Ny with a < \g.
Sketch. Use Theorem [3| for (g) = G to write

A} 278 & (2,G) @ (I,G)°

as Z,G-modules for some nonnegative integers a, b, c. As in [Iwa81], we can compute
the Z,-ranks, G-invariants, and Euler characteristics, of these indecomposables.

The results are summarized in Table Thus if S is the set of finite places of
K not lying above p which ramify in L/K, then Lemma [l| and the last column in

Table [41] imply
—x(G, P) + 18] =x(G,AL) = —x(G,AL) = —a+c.
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rankz, (—) | (-)¢ | H*(G,-) | H'(G,-) | x(G,-)
Ly, 1 Ly Zp/pr 0 1
ZPG P Zp 0 0
1,G p—1 0 0 Ly /PZy -1
TABLE 4.1.

On the other hand, equations in Remark [2] and the first two columns in
Table (1] show that

Ak =a-1+b-14+c-0=a+0b,
and

A = a-l+b-pt+elp—1)=pla+b)+(p—1)(-a+c)
= pAx — (p—Dx(G, PL) + (p— 1IS|,
as needed. O

3. SPECIAL FORMULAS FOR Z/(p?)-EXTENSIONS

In this section, we suppose that L/K is a cyclic p-extension of Z,-fields with
(9) = G = Gal(L/K) 2 Z/(p*) and pux = 0. First, we’ll prove a formula relating
AL to Ak in the flavor of [Iwa81] using nearly identical techniques to those used to
prove Theorem[4 The formula will not be the same as we would get from induction
and Iwasawa’s formula (Theorem . Next, we will disprove (by explicit counter-
example) a conjecture which is tempting to make though nonetheless false. We’ll
also give a decomposition of integral representations. In the last section, we’ll give
an alternative proof of the special formula for cyclic extensions of degree p?. This
alternative proof will suggest that it is unnecessary to have a complete description
of indecomposable Z,G-modules which are free of finite Z,-rank.

We have the following description of the indecomposable Z,G-modules which
are free of finite rank over Z, due to Heller and Reiner in 1962 (see [HR62]).

Theorem 5. Let (g) = G 2 Z/(p*). The only indecomposable Z,G-modules which
are free of finite rank over Z, are (up to isomorphism) A =7Z,, B = Z,G/(®,(9)),
C =7ZyG/(®p2(9)), E =7Z,G/(gP — 1), and extensions

Il,...7Ip,2 OfC byAEBE

IL,...,I1I, of C by E

IIL,... II,_, of C by A® B

IV of C by A

Vi,...,Vp_1 of C by B,

so there are exactly
44+ (p-2)+p+(@-1)+14+(p-1)=4p+1

isomorphism classes.
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Proposition 6. Let L/K be a Z/(p*)-extension of Z,-fields for some prime p

with G = Gal(L/K), and let L/K; be the unique proper subextension with N =
Gal(L/K1) as seen in the following tower

L
/ N=Z/(p)

a=z/(*) | K

G/N=LZ/(p)
K
Suppose g =0. Then pg, = pur, =0 and
—px(G, PL) = —(2p—1)X(G/N, Px,) = x(N, Pp) + (p — D)8

where SSPUY is the set of finite places of K not lying above p which ramify in K, /K

ram

but split in L/K;.
Proof. Use Theorem [5| for (g) = G to write

Ay =2A"eB'eCoE @ - I o I e IV V" @
as ZpG-modules for some nonnegative integers a, b, c, e, i1, ..., ip_2, i1, ...,
iip, 141, ..., ip—_1, WV, V1, ..., Up—1. We want to apply the ideas laid out in
Section |I|, so we need to know Z,-ranks, invariants, and Euler characteristics, for

each indecomposable M and each submodule M”Y. We begin by computing the
Zy,-ranks for the Z,G-modules A, B, C, and E; we find

rankz, (A) = rankg, (Z,) =1

rank, (B) = dimg, (B ©z, Qp) = dimg, (Qy[2]/(®(2))) = deg(®p(2)) = p — 1
rankz, (C) = dimg, (C ®z, Q) = dimg, (Qp[z]/(®y2(2))) = deg(®y2(z)) = p* —p
rankz, (E) = dimg, (E ®z, Qp) = dimg, (Q,[z]/(2? — 1)) = deg(2? — 1) = p.

We know that Z,-ranks are additive on short exact sequences, so the above ranks
are enough to determine all the Z,-ranks for Z,G-modules. For example,

rankz, (I1) = rankz, (A @ E) + rankz, (C)
= ranky, (A) + ranky, (E) + p*> — p

=1l+p+p’—p
= p2 + 1.
Now we compute G-invariants for the Z,G-modules A, B, C, and E; we find
G G
AY =17, =7y

BY = {0} since (z — 1,®,(x)) = 1 in Z,[z]
C% = {0} since (z — 1, ®,2(v)) = 1 in Z,[z]
E€ =%,(9)F=7Z,G/(g—1) = Z, since (v — 1,2P — 1) = x — 1 in Z,[z].

Note that since C¢ 22 0, any extension Y of C' by X has G-invariants Y& = X&;
this follows because the short exact sequence

0—-X—-Y—>C—0
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gives rise to the long exact sequence in cohomology
0+ XY5YY 0% HY G, X) = .

In addition, G-invariants distribute over direct sums, so knowing the above invari-
ants allows us to easily find all other G-invariants for Z,G-modules. For example,
it’s now obvious that

If~(A®E)’ =A@ EY >~ 72.

Likewise, Euler characteristics are additive on short exact sequences, so it suffices
to only do these computations for A, B,C, and E. We get

(G, 4) = ordy (P2 ) — oray(12/67)) 2

(6.8) = ond, AT ) — oy 2,1/, 00)) = ~ord, 2/ ) = 1
1(6.0) = ord, PV = —ond, 2,10/(0,0(1)) = 014, (2/) = -1
(G, ) = ora, ((OEEE OOE) — ond, (2, /0,0 (1)2,)) =1

Now, for example, it’s clear that
(G, 1) = X(G,A® E) + X(G,C) = X(G, A) + X(G,E) 1 =2+1-1=2,

The results of these computations (as well as possible H?, H' which we won’t
need) are summarized in Table This table agrees with computations found in
[Par66]. Now we do the same calculations with the above modules now regarded as

rankz (=) | ()¢ H2(G,-) HY(G,—) | x(G,~)
A 1 Zy Zy /DLy 0 2
B p—1 0 0 Lp|PLyp —1
C p?—p 0 0 ZLp [ DLy —1
E p Ly Zp/pr 0 1
Zp/pgzp 0
I,.... L, PP+l | Z2 (Zy/Zyp)? 0 2
Zp/p2Zp 2] Zp/pr Zp/pr
0 0
In,....II 2 Z 0
1 p p P Zp/pr ZP/pZP
Lp|p* Ly Ly /DLy
IIL, ... 111, p? Z, Ly |p*Lyy (Zp/PZp)? 0
Zy[PZy ZLp [PZyp
v pPP—p+1]| Z, Zy /0Ly, 0 1
0 Z/v*L
Vi, Vo 21 5 —2
! p=1 4 0 (Zy/PZy)?
TABLE 6.1.

Zy,N-modules. We already know the Z,-ranks, so we turn immediately to finding
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the N-invariants. We get
AN =7 =17,
BN =B =7 since (2" — 1,®,(x)) = ®p() in Zy|z]
CN = {0} since (27 — 1,®,2(7)) = 1 in Z,[z]
EN =E= Zb since (2P — 1,27 — 1) = 2P — 1 in Z,[x].
Again we have CV 2 0, so knowing the above invariants is enough to determine

all the other N-invariants for Z,/N-modules. Next, we take Euler characteristics

(noting that B and F have trivial N-action) and find
|A/pA|
x(N, A) = ord ( =ord,(|Z/(p)|) =1

X(N,B) = (p— )x(N,Zp) =p—1
w01 =ty (g e ) = nt ([~

o ) - ]
X(N,E) = px(N,Zp) = p

The results of these computations are summarized in Table where n =0,...,p

and m = 0,...,p — 1. Finally, we go through the calculations for AN, BY ... now
(_)N HQ(Nv_) Hl(N?_) X(Na_)
A Ly, Ly /pZLy, 0 1
B Zg_l (Zp/pr)p_l 0 p—1
c 0 0 (Zp/pZy)* i
E Z£ (Zp/pr)p 0 p
L. Ips Zﬁ“ (Zp/pr)n+1 (Zp/PZp)" 1
Ih,..., I, Zﬁ (Zp/pr)n (Zp/pr)” 0
1L, ... 111, z (Z,/0Zp)" (Zp,/pZp)" 0
v L, Ly [pLy (Zp/PZyp) —p+1
Vi,ooou Vo Zg_l (Z,/pZy)™ (Zp/pr)m+1 -1
TABLE 6.2.

regarded as Z,[G/N]-modules. We know the Z,-ranks by inspection of N-invariants
column in Table so we again jump to the G/N-invariants. To compute the
G/N-invariants, we must first understand the G/N-action on the N-invariants.
We have

AN = A~7,

BN = B = (g — 1)Z,[G/N] since ranky, (B) = p — 1 and B has non-trivial G-action
N = {0}

EN =B =17,(9)/(g" — 1) = Z[(9)/{g")] = Zy|G/N].

Now the invariants and Euler characteristics follow easily from Table 1] in the
proof of Theorem [4l The results are summarized in Table [6.3
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(-)¢/N | H*(G/N,-) | HY(G/N,-) | x(G/N, -)
AN Ly, Ly [pLy 0 1
N 0 0 0 0
EN Ly, 0 0 0
oI, Z2 Ly[DLy 0 !
Y, Iy Zy 0 0 .
oIy, 1IN | Z, Ly/pLsy Zy/PLy 0
N VN - L Lp[PLy 0 !
Vvl ;~..7V;7*1 0 0 Zp/pr -

TABLE 6.3.

We let S denote the set of finite places of K not lying above p which ramify in
L/K. Then S is the disjoint union

split ram ram
Sram U Ssplit U Sram

where S5PLt consists of those places in S which ramify in K;/K but split in L/K7,

ram
ram

split consists of those places in S which split in K /K but ramify in L/K;, and
Sram - consists of those places in S which are totally ramified in L/K. Note that
we're using again here the fact that finite primes must either split or ramify in a
degree p extension of Zj,-fields. For convenience, we define

T o= 1+t ... lp_2

I N R T

1L 1= 419 +ilie + .. iy

v o= v1t+vst ... Upa
and
a = cH+i+it+t+w+v
B = b—c+e—iv
v = a—-b+i+iv—ov.

Thus Lemma [1, Remark [2] and the above tables imply
= x(G, Pp) + |SRa | + 1S5 | + 218t | = (G, ArL) = —x(G, AL)

=—2a—b—c+e+2i+iv—2v)
=—(b—c+e—iv+2a—2b+ 2i + 2iv — 20)

—(B+2v),

= XN, Pp) + plSiiil + [Sam| = x(V, A) = —=x(N, AL)
=—(a+(p—-1)b—pc+pe+i—(p—1)iv—0o)
=—(pb—pc+pe—piv+a—-b+i+iv—o)

= _(pﬁ + 7);
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and
— X(G/N, Pre,) + |S30| + |Siam| = X(G/N, Ak,) = x(G/N, A7)
= —X(G/N, (A})") = =x(G/N,(A})n) = —=x(G/N, (A7)Y)
=—(a—b+i+iv—v)
= —.

Hence

— px(G, Pr) + plSIat| + plSiait | + 2p|Siam

=px(G,Ar) = —pB—2py = (2p — 1)(=7) — (pB+")

= (2p — 1)x(G/N, Ak,) + x(N, Ar)

= (2p = 1)(—=x(G/N, P,) + | S22 + |Sian]) = X (N, Pr) + p|SI | + | St
= —(2p — Dx(G/N, Pg,) = x(N, Pr) + (2p — 1)| 5B + p| SE3im | + 2p| St

which proves Proposition [6] Notice that we did not use a. We will make use of «
in the proof of the following corollary. O

Corollary 7. Let L/K be as in Proposition @ Suppose pux = 0. Then pr, =
wr, =0 and

AL =p* Ak — (p = 1)(X(G, Pr) + (p = 1)(=X(G/N, Px,) + [SE)) + > (e(w) — 1)
wip
= (1= p)Ak, +p(2p — DAk +plp — 1) (|S320| + IS5+ 2[S5am| — x(G, Pr))

where e(w) is the ramification index in L/K of a finite place w of L.

Although Corollary [7] follows easily from Proposition [f] combined with induction
and Theorem [@ we’ll give a direct proof here.

Proof. By Remark [2] and the tables in the proof of Proposition [6] we find

AL = rankz (A7)
=a+ (p—1)(b+pc) +pe+ (p* + 1)i + p?(ii + i) + (p* — p + Viv + (p* — 1)v
=p*(c+i+ii+iii+iv+v)+pb—cte—iv)+ta—btitiv—uv
=p*a+pB+y

Ak, = rankg, (A}, ) = rankz, ((A})V)
=a+ (p—1)b+pe+ (p+1)i+ p(ii +iii) +iv+ (p — 1)v
=plb+e+i+ii+iii+v)+a—-b+i+iv—v
=pla+8)+y

A = rankg (A}) = rankz, ((A},)") = rankg (((47)Y)9N) = rankz, ((47)°)
=a+ e+ 20+ + 1 +
=a+B+7.
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Therefore
AL —pPAx _pPatpfty—pla—pB-py =0 —p)B—(0° —1)y
p—1 p—1 p—1
=—pB—(p+1)y=-pB+2v) - (p-1)()
= — px(G, Pp) + plSihu'| + pISipit| + 2p|Siam
— (p = 1)(—=X(G/N, Pr,) + | SRt 4 | Sramy)
=— (px(G, P) + (p — )(—=x(G/N, Px,) + |S2)))
+ oSSR |+ plSSR| + (0 + 1)[Skan
=— (px(G, P) + (p — )(—x(G/N, Px,) + |SE])
e S (elw) = 1)
wip
and
AL—p2p— DAk _pPa+pB+v—p2p—1)a—p@2p—1)8—p(2p— 1)y
p—1 p—1
_ (PPt (=2p" +2p)B+ (=20* +p+ 1)y
p—1
=—pa—2p3—(2p+1)y
=—(pla+B)+7) —p(B+27)
= — Ak, +p(=x(G, Pr) + | S0 | + [SEati | + 21S53m)
which proves the corollary. [

Now we take note of a few immediate implications of Corollary [7}

Corollary 8. Let L/K be as in Proposition . Suppose i = 0. Then
(1) A\, = Ak (mod p—1)
(2) AL = Ak, (mod p(p—1))
(3) AL = X(G/N, P,) — |SEy] = |Siai| = —x(G/N, Ak, ) (mod p)

ram

(4) Ar = x(N, P) — p|Sii| — [Siam| = —x(N, AL) (mod p?)

split ram

(5) ord,|H?(G, Pp)| < 2\ + ord,|H (G, Pr)| + | SsPlt| 4 |Sram | 4 2| Gram

ram split ram

Proof. Corollary [7] immediately implies 1, 2, 3, and 4. To prove 5 we need only
note that

AL*/\Kl >‘K1 7)\[( _ )\Lf(lfp))\[(l 71))\[(

0< =
p(p—1) p—1 pp—1)
= 2\x — ordy|[H?(G, Pr)| + ordy|H' (G, Pr)| + |SB'| + [Siih| + 2[Sian
which completes the proof. ([

Remark 9. Let L/K be as in Proposition |§| with px = 0. As we'll see later, we
don’t need Theorem [§] to prove any of Proposition [6 Corollary [7] below, but by
using it we get more information in the form of a decomposition of A} into non-
isomorphic indecomposable Z,G-modules. There does not seem to be a simple way
of determining each of the exponents a, b, c, e, i1, ..., ip_2, i1, ..., iip, 101, ...,
iip—1, U, V1, ... Vp—1 which appear, but we can determine b, c, e in terms of the
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others and Euler characteristics. To do this we note (by the computations in the
proof of Proposition @ that
b=a+i+iv—v—v=a+i+iv—v—x(G/N,Px,)+|SEN|+ [Sian
=a+i+iv—v+x(G/N,Ax,),
B=—2y+x(G, Pr) — |SiE| — S| — 21Stam
= —2x(G/N, Pg,) + x(G, Pr) + | S38a'| — S5,
a =g —B—7=2Xk +x(G/N, Pg,) = x(G, Pr) + |SGit| + 1S,
¢ = —(i + i +iii +iv +v) + Ax + X(G/N, Pk,) — x(G, Pr) + |Seoiic| + [Stam
= —(i+di+iii +iv+v) + Ax + x(G,AL) — x(G/N, Ak, ),
e=0—-b+c+iv=—(a+2i+ii+iii +iv) + \g.
Moreover, knowing these values for b, ¢, e in terms of a, 71, ..., i,_2, i1, . . ., 1y, 1311,
...y Hip_1, 1V, V1, ... Up—1 and Euler characteristics is sufficient to prove Corollary
(by computing the Z,-rank of A}). In the case where Ax = 1, we find that

1 = 0 and exactly one of a, e, i, i3, v is 1 while the rest are 0. For example, if
A =1 =a we get

A =A@ BorG/NARY) g 0o (G A XE/NAR) @ VP @ VI
as Z,G-modules. In the case where A = 0, things simplify significantly since then
O0=a=e=1=1 =11 =1V, SO
A7 = BHX(G/NAR) g (G A X (G/N AR G Y @ - @ VO
as ZpG-modules where V7, ..., V,_ are extensions of C' by B. Further simplifying
to p = 2 yields
A3 & Botx(G/NAR) g (G AL —X(G/NAKy) gy 1
with
275G
(g+1)
ZoG
(®+1)
ZsG
(9+1)(g*+1)

Il

B

C

Il

R

V=

as Zo(G-modules.

3.1. A Counterexample. Let L/K be as in Proposition@with pr = 0. It would
be nice to have a formula for A\;, in which only one Euler characteristic appears.
After all, the extension L/K is cyclic, so maybe we can get away with only using
X(G, Pr). In light of Kida’s formula (see [Kid80]) and Theorem [4} it is natural to
ask whether or not there is a constant ¢, depending on p but not on L/K such that

(9-1) AL £ Ak — epx(G Pr) + D (e(w) — 1).
wip

If there was such a constant c,, then using Kida’s formula in the case where p is odd
and L/K is an extension of CM-fields with maximal real subfields L* /K™ shows
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that
—( =105 = A —pPAg = S(ew) — )+ 3 (e(w) — 1)
pw plwt
= —¢p(X(G, Pr) = X(G, P+)) = ¢px(G, OF /O})
= cpX(G, pr[p™]) = cp(—20)
where 6 = 01if ¢, ¢ K and § =1 if ¢, € K. Thus if there is such a ¢, it must be

(p? — 1)/2. Hence Remark [7| implies that equation [9.1]is equivalent to

LGP L (- DX(G PL) + (p— 1)(—X(G/H, Pa) + | S,

2
and simplifying gives
(9:2) ~X(G. Pr) = =2x(G/N, Pr,) +2|S2iY].
It’s easy to show that equationm holds whenever —3 = |S5Plit| 4 |Sepiit | since then

—(B+2y) = —x(G, Pp) + |SENY| + [S12m8 | + 2|Sram| = —x(G, Pr) — B+ 2|Smam
and so
—x(G, Pr) = =2y = 2|Sii| = —2x(G/N, Pr,) + 2|S385°;
also, if 8 =0, then

— X(G, Py) + |SEEE |+ |Siaih | + 21t = ~2y

ram split ram

= —2x(G/N, Pg,) + 2|SPlit| 4 g|gram

ram ram |’

SO

_X(Ga PL) = _QX(G/N7 PKI) + |SSplit‘ _ |Sram|7

ram split

which means equation holds in this case if and only if L/K is totally ramified,
whence |SSPLt| |Sipit] = 0 = —B is just a special case of the above. How-
ever, equation [9.2] appears to be false in general assuming Greenberg’s conjecture
that the lambda invariants for cyclotomic Z,-extensions of totally real fields are
all zero. In fact, it may be possible to construct an explicit counterexample as
follows. Using Iwasawa’s formula and Kida’s formula in tandem, we get formulas
for x(G/N,0k,) = —x(G/N, Pg,) and x(N,Of) = —x(N, Pr) when L/K is an
extension of CM-fields and p is an odd prime. Namely,

Ak, — A spli
X(G/N,05,) = == = ISkl = 1933
)\;( — A;{ spli ram
(93) = ﬁ - |Sr§rlnt| - |Sram
lit ram
=-0- |Sf§m:‘ - |Sr:mi_
where S:g;f is the set of finite places of K not lying above p which ramify in
Ki. /K™ and split in L™ /K4, etc; likewise
(9.4) X(N,05) = =6 — p| St | — [Spamt

where again § = 01if {, ¢ K and § =1 if (, € K. On the one hand, we know that
px(G,0F) = (2p = X(G/N, 0%, ) + X(N,OF) + (p — 1)| Sz
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by Proposition [6] On the other hand, equation [9.2] says

? spli
px(G,05) = 2px(G/N, OF,) + 2p|S:bat|,
so this amounts to the statement that

i ? spli
(2p — Dx(G/N,05.) + x(N,OF) + (p — DIS3E| = 2px(G/N, O%,) + 2p|S;R|,

ram

or, equivalently, using equations [0.3] and [9.4] yields

ram ram ? spli
=6 — pISi ] = 1St | = X(N,0F) = x(G/N, O ) + (p + 1)|S3h|

ram

- —§5— |Ssp1it+| _ ‘Sram+| + (p+ 1>|Ssplit|.

ram-+ ram- ram

Simplifying gives

0= pISIt ]+ (0 + DISER] — S| = pISTm | + plSi |

ram ram- split+ ram-

ram—+ | __ split+
SsplitJr - |Sl"am+

Lt /K™ are totally ramified. We now provide a concrete example showing that it
is possible to have an extension L™/K™ which has a ramified prime that is not
totally ramified.

which is false unless | | =0, i.e., the only primes which ramify in

Example 10. Let p = 3 and consider the number field Q(¢y33). We have
Gal(Q(C133)/Q) = (Z/(133))*,

and under the isomorphism a — ({133 — (f43) we have that ¢ := @(§133)<_1> =
Q(¢133 + Cf;é) is the maximal real subfield. Define

k= Q(Ciss) Y C L.

Then
Gal(f/k) = (4, -1) /(1) = (4(-1)) = Z/(9),
50 L := £(i)oo, K := k(i)se are CM-Z,-fields with
Gal(L/K) = Gal(L* /K*) = 7.,/(9).

There are four subfields of £ which have degree 3 over Q. One of them is Q(¢7+ (7 h
in which 19 does not ramify, while one can use SAGE, for example, to check that
the other three are ramified at 19. Specifically, Q(¢133)> =" C k has degree 3 over
Q but does not contain ¢z +¢; *, so 19 ramifies in Q(133)(> =1 /Q. Also, Q((133)/¢
is unramified, and the ramification index of 19 in Q({133)/Q is 18 since 19 is totally
ramified in Q({19)/Q and is unramified in Q(¢7)/Q. Thus 19 is totally ramified in
k/Q, and the unique prime P in k lying above 19 has ramification index 3 in £/k.
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The information is summarized in the following diagram

4133
er= 6
619 18 er= 1 €19= 1
e19=1
33 + 4133 <19)
072 ) / \ er=1
e19=1 e19=3 e19=2
Q&+ ¢ h k Q(¢1o + (19
3 67:6
er=3 e19=06 er=1
erg=1 e19=9
Q

This means there’s a prime which is ramified but not totally ramified in L*/K*.
As noted above, this would produce a counterexample to equation [9.2] assuming
that, at least in this case, A+ = )\Kf =g+ = 0.

Remark 11. A formula which uses only Euler characteristics involving G is given
by
AL = (2¢(p*) + DAx +0(p*)x(G, AL) — ¢(p)*X(G, Ak, )-

Proofs of this formula as well as of Proposition [f] without using the classification of
indecomposable Z,-free Z,G-modules are given later in the chapter.

3.2. An Alternative Proof for Z/(p?)-Extensions. As mentioned earlier in
this chapter, if we only care about formulas for lambda invariants (and not about
representations), then we actually don’t need the structure Theorem In this
section, we’ll show how to rederive Proposition [6] using some simple results about
Herbrand quotients inspired by a section in Artin and Tate’s Class Field Theory
([AT09]).

Let A be an abelian group and suppose there are endomorphisms «, 8 of A such
that « o 8 =0 = f o a. Following [AT09], we define

_ lrex)/im(3)
Qap(A) = [ker(B) /im(cv)]

when these quantities are finite. When G = (g) is a finite cyclic group and A is
ZG-module, denote by h(G, A) the Herbrand quotient of A with respect to G, i.e.,

(G, A) = dp.(A)
where
p=pag:A=>Aa—(g—1a
YV=va4: A=>Ara— (g|G|*1+g‘G|*2+...+1)a.

Lemma 12. Let A be an abelian group and suppose there are endomorphisms «, 3

of A such that cco 8= oa. Then
d0,a08(A) = do,a(A)do,5(A)

when these quantities are defined.
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Proof. We have exact sequences
0 — ker(8) — B~ (ker(ar)) -2 B(A) Nker(a) — 0,
0 — ker(a) Nker(f) < ker(8) - a(ker(3)) — 0
187 (ker(a))| = [A/B(A)]|B(A) /a(B(A))],
ker(B)| = [ker(r) Nker(3)||ov(ker(8))]-
Also, a maps ker(f) to itself and maps S(A) to itself since a commutes with 3, so
qO,a(A) = QO,a(ker(ﬂ))QO,a(ﬂ(A))~
Therefore
_ [A/a(BA))] _ [A/BAIIB(A)/e(B(A))]
|ker(cvo B)| 871 (ker(a))|

_ A/BA)IB(A) /a(BA))
= Tker(A)]|B(A) Nker(a)] 10 (Ad0.a ()

= q0,5(A)d0,a(A)do,a (ker(8)) ™
B |ker(c) N ker(B)|
~ 100 () (5] er(9))
= QO,B(A)Qo,a(A)
as needed. O

40,08 (A)

We can use this lemma to get the following theorem which computes Herbrand
quotients of Z/(p)-modules A in terms of the multiplication maps0: A — A:a— 0
andp: A— A:aw— pa.

Theorem 13. Let G = (g) = Z/(p?) for some prime p, N = (gP), and A be a
ZG-module. Suppose qo p(A) is defined. Then

AN
h(N, Ayt = 02
A= @

and likewise

AGYP
hG/N, ANyP—1 = Go.p(A%)"
(G/ ) 0., (A

Proof. See the proof of Theorem q.4 in [AT09]. O

We can analogously compute Herbrand quotients of Z/(p?)-modules in terms of
the multiplication maps by p and 0 on submodules.

Theorem 14. Let G, N, and A be as in Theorem . Suppose g 2 (A) is defined.
Then

qoyp(AG)QPQﬂJ
Q0.p(A)qo,p(AN)P~1

h(G,A)p(pfl) —
Proof. We want to analyze
h(G, A) = h(G, A9 (G, A1) = qg 52 (A)N(G, A7)
(14.1) = o 2 (A9)R(G, (AN WG, A7)
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where, for example, A9~! = im(y). Note that

(14.2) WG, AT ) = qg-1,0(A% ) = qo -1 (A7)
and that Lemma [T2] gives
(14.3) Qo,p(g—1) (A9 1) = qop (A7 ") qo g1 (A1),

Of course, we also know that ¢,2(g) annihilates A9"=1 50 g acts as a primitive p*th

root of unity on 49"~ which implies that p acts as (g— 1)172 ~P and, consequently,
p_ p_ P_ 2_

(144) qo,p(gq) (Ag 1) = qu(gfl)z@prrl (Ag 1) = q07g*1<Ag 1)]9 i

by repeated application of Lemma Thus combining equations and

[[4:4) gives

P_1
g?—1\p*—p IE2 g?—1\—(p*—p) _ 40.9-1(A7 )
h(G7A ) - qO,gfl(A ) - qo’gil(Agpfl)Iﬂprrl
(14.5) ma g 1(A” ) mm 1
do,p(g—1)(A9" 1) do,p(A9"~1)
_ qo,p(A"Y)
q0.p(A)

Therefore equations and together give
h(G, A)PP=D @QO,pz (AGPe=Dp(q, (AN)9-pe-D (G, A9"—1)pr=D)
L3 ) 2 (AGYPP-D (@, (AN)g—l)p(p—l)qovP(AN)
? do,p(A4)
(p—1)
=q 2(AG)P(1771) (h(G/N, AN)>p ? QO,p(AN)
? hG/N, A%) qo.p(A4)
p(p—1) h(G/Na AN)p(p—l) . qO,p(AN)
do,p(AG)PP—1) do,p(A)
thgﬁZ{IqO 2<AG)p(p—1)QO,p(AG)p2/QO,p(AN)p ] qem(AN)
" qo,p(AF)PP=1) do,p(A)

G\p N
_ q07p(AG)2p(pfl) QO,p(AN) ) do,p(AY)
dop(AN)P dop(A)

_ QO,p(AG)Zpr
do,p(A)do,p(AN)P~1
as claimed. O

= qo,p2? (AG)

Now we can put Theorems and |14 together to relate various Herbrand quo-
tients of subgroups and quotient groups.

Corollary 15. Let G, N, and A be as in Theorem . Suppose qg 2 (A) is defined.
Then

h(G, AP = h(N, A)h(G/N, AN)?P~1,
Also,
2 _ h(G/N,AN)?

hG AT = =G, A9
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Proof. On the one hand, Theorem [[3] implies

ANY (o (AC)\ T
B(N, AP~ h(G/N, AN)Cr-D-1) — Dl ( 0. )
(AT MEIN AT Qs (A) \ 0, (A7)

_ 010,10(‘46)2}72 P
do,p(A)dop(AN )P~

On the other hand, Theorem [14] says
QO,p(AG)2p2 -’
do.p(A)do p(AV)P~1

These quantities are equal, and thus the first statement follows by taking (p — 1)th
roots. Now plug in A = AY. Then we get

WG, APP—1 —

B(G, AN P qojo(f(?;’;p _ <C;(zi((zj14‘;))”)p 4o.p(AS)PD
— h(G}N, AN)p(p*l)q(m)&AG)p(pfl)7
SO
e MO My
which proves the second statement. ([l

Remark 16. Once again, let G, N, and A be as in Theorem Suppose qg 2 (A)
is defined. Let A = Aj, where L/K, G, N are as Proposition 6] Then Corollary [15]
holds since

1 AL
q0,p? (Ar) = qO,pz((Qp/Zp)/\L) = (W@p/ZM) = P_2’\L-

Taking p-orders in the first statement of Corollary [[5] yields
px(G, AL) = x(N, Ap) + (2p — 1)x(G/N, A}),

so this along with Lemma [I] gives another proof of Proposition [f] We are also in
position to give a proof of the formula in Remark [II} We use induction on Theorem
[4 and Corollary [T5] to find

Ap = p* Ak + (p = 1)(px(G/N, Ak,) + X (N, Ar))
=p°Ax + (p = D(=(p — 1)x(G/N, Ax,) + px(G, Ar)),
but taking p-orders in the second statement of Corollary [15] yields
2x(G, Ak,) = 2x(G/N, Ax,) — x(G, Ak) = 2x(G/N, Ax,) + 2]k,
so in fact
AL =p* Ak + (0= 1)(=(p = D(=Ax +x(G, Ak,)) +px(G, Ar))
= (2p(p — 1) + DAk — (p — 1)°x(G, Ax,) + p(p — 1)x(G, Ar)
which is precisely the formula in Remark
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4. GENERAL FORMULAS FOR Z/(p")-EXTENSIONS

In this section, we suppose that G = Z/(p™) for some arbitrary n. In [HRG3],
it was shown that for n > 3 there are infinitely many isomorphism classes of in-
decomposable Z,G-modules which are free of finite rank over Z,. It should still
be possible, however, to produce formulas similar to those found in the previous
chapter, so long as we can classify the indecomposables up to Z,-rank, invariants,
and Herbrand quotients. After all, we discovered in the last section of the previous
chapter that the structure theorem for Z,G-modules for G 2 Z/(p?) (Theorem
was unnecessary to prove Proposition [f} We begin with the following lemma. If
M is an R-module (R a commutative ring with 1), we say a submodule N < M is
R-pure when rM NN CrN for every r € R.

Lemma 17. Let G = (g) 2 Z/(p™) for some prime p and some n € N. Suppose M
is a Z,G-module which is free of finite rank over Z,. Then there is a short exact
sequence of Z,G-modules

0= M — M — Zy[¢n]®" =0
where M’ is a Z,-pure Z,G-submodule of M which is annihilated by gfgnf1 —1 and
Zp[Cpn] has Z,G-module structure given by
Z,G
D (9)ZpG

1%

Zyp[Cpr]
with ®pn (x) = p™th cyclotomic polynomial.
Proof. Define
M ={meM:(g""  —1)m=0}.

Then M’ is a Z,G-submodule of M since it’s the kernel of a Z,G-homomorphism,

namely, the multiplication by ngl — 1 map on M. We know M’ is Z,-pure since
if rm = m/ for some r € Z,,, some m € M, and some m’ € M’, then

n—1 n—1 n—1

r((g"  —1m)=(¢" —1(rm)=(¢" —1)m' =0,

so (P —1)m =0 (i.e., m € M’) because M is Z,-torsion free. Also, M/M’' is
annihilated by ®,»(g) since
(6" = (@ (g)m) = (¢ = D(@pe(g))m = (¢ ~m =0

for all m € M. Thus M/M’ is a Z,[(pn]-module which (since M’ < M is Z,-pure
and Z, is a PID) is free of finite rank over Z,. Note that Z, N Zy[(,~]a is a non-
zero ideal of Z, when 0 # o € Zp[(pn], so if am = 0 for some m € M/M’, then
rm = B(am) = 0 where 0 # r = fa € Z,, for some 3 € Z,[(yn], so T = 0 because
M /M’ is Z,-free. Hence M /M’ is torsion free as a Zj[(,n]-module; moreover, M /M’
is finitely generated over Z,[(,»] since it’s finitely generated over Z,. Thus M /M’
is free of finite rank over Z,[(yn] since Z,[(p] is a PID. O

This lemma suggests that it may suffice to compute Z,-ranks and Euler charac-
teristics for Z,G modules of the form Z,[(,:]. This is indeed the case, and Propo-
sition [I9) below makes this idea precise. In the proof of the proposition, we’ll need
the five-term, inflation-restriction exact sequence, so we recall the statement here.
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Theorem 18 (Inflation-Restriction Sequence). Let G be a profinite group and N be
a closed normal subgroup. Then for every ZG-module M there is an exact sequence

0 — HY(G/N, MN) 25 g(G, M) =5 HY(N, M)G/N
— HX(G/N, M) 2 1@, M)
where inf denotes inflation and res denotes restriction.

Proposition 19. Let G = (g) = Z/(p") for some prime p and some n € Ny.
Suppose M is a Z,G-module which is free of finite rank over Z,. Then there is a
sequence rq, . .., € Ng such that for every subgroup N; = (g’f) with 0 <1 < n we
have

i

rankg, (MN0) = " rip(p')
t=0

and
X(Ni, M) = (n =) Y (@) —p' > 7.
t=0 t=i+1

Proof. We use induction on n and Lemma If n =0, then Z,G = Z), = Z,[(}0]
and M 2= Z,[(y0]"™ is a free Z,-module for some 7y € Ny, so the proposition is clear
in this case since 0 <7 < n = 0 implies

0
rankz, (M"°) = ranky, (M) =ry = ZTtSO(pt)
t=0
and
0 0
X(No, M) =0=(0-0)> rip(p') —p° Y e,
t=0 t=1

where

0
z’l”t =0
t=1

is an empty sum. Now suppose n > 1 and the proposition is true for n — 1. By
Lemma we have a short exact sequence of Z,G-modules

0= M — M — Z,[(n]®™ =0

where M’ can be regarded as a Z,G’-module where G’ = G/N,,—1 = Z/(p" ).
By induction, there is a sequence rg,...,7,—1 € Ng such that for every subgroup
N/ = N;/N,,—1 with 0 <i <n —1 we have

rankz, (M ") = rankz, (M'"*) = rankz, (M) = Zrtcp(pt)
=0

and
n—1

XN M) = (n=1—=0)) rp() =p" > 7
t=0

t=i41
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since Zy[¢pn]™i = 0. We need to compute the difference x(N;, M’) — x(N/, M'),
which we do using the inflation-restriction sequence (T heorem. We get an exact
sequence
0— HY(N/,M'") = H' (N;, M") — H"(N,_y, M")Ni — H*(N}, M) — H?*(N;, M").
Moreover, we can determine the cokernel of the last map. In fact, we have

M/Nil

H?(N!, M) = : : :
( 17 ) (1+gp1,+.“+gpz(pn—1—z,1))M/

and
M/Ni

2 : 7\ ~
H*(N;, M") = (1 +gP + - _|_gpi(p"_i—1))M”

but
(1 n gpnfl I gpnfl(pil))(l n gpi I gpi(pn—lfiil))
=1 _|_gp1 + ... _‘_gpi(Pnii*l)’

so the last map in the sequence is multiplication by 1+ gP"  + .-+ + g¢" (=1,
thus its cokernel is

M/N,; M/ N7f 9 AN
(1+gpn—1 +"'+gp"71(p_1))M’N{ = (pM’) =~ H (Nn—hM ) i,
Therefore applying ord,| — | to the exact sequence gives

[ H? (N, M)N|
| HY (Nip—y, MY)N]

X(Ni, M') = x(N], M') = ord,, ( ) = ord,| M"™ [pM"™:

= rankg, (M) = Zrtgo(pt)
=0

since H'(N,,_1, M") = 0. Hence
X(N’HM) = X(N’HM/) +T7LX(Ni7ZP[Cp"])

XN/, M)+ " rip(p') + X (N3, Z[Gpn])
t=0

= =) Y ) =0 S et rax(Ne ZylGpe ),
t=0 t=i+1
but H?(N;, Zy[¢pn]) = 0 and
1/ 7. = Zp|Gpr] ~ Zp|2] ~ ZP[Z/(pi)] _ Zp[Z/(Pi)}
BB ) = 2 oD @ @) @) @)

s0 X(Ni, Zp[¢pn]) = —p' as needed. Also, it’s clear that y(N,,, M) = 0 and
rankz, (M) = rank (M)
= rankg, (M') + rprankg, (Z[(pn])

n—1
= rep(d") +race(p"),
t=0
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which finishes the proof of the proposition. O

Now we use Proposition [I9]to prove generalizations of Propositions [6]and Corol-
lary [7] The idea is to regard the r;’s as n + 1 place-holders and to find rational
dependence among n + 2 vectors. In other words, we’ll use some linear algebra.
First, we relate n + 1 lambda invariants (corresponding to Z,-ranks of (A}(n)Ni)
to X(Gn, Ak, ). The formula we’ll get is a generalization of the formula from the
second equality in Corollary [7}

Theorem 20. Let p be prime and Ko C K; C ... C K,, be a tower of Zy-fields
such that for all i the extension K;/K is cyclic of degree p'. Suppose jg, = 0.
Then pg, =+ = uk, =0 and

n—1
> Ak, =" 1+ n(p = 1) Ak, + 0(0")X(Gn, Ax,)
=0

where Gy, = Gal(K,,/Kjy).

Proof. We apply Proposition @ to the Z,G,-module A , which is free of finite

rank Mg, over Z,. Thus there is a sequence rg,rq,...,7, € Ny such that for all
1=0,1,...,n we have

Ak, = rankg, (Af,) = rankg, (A%, )™) = > rep(p’)

t=0
X(Gn,Ak,) = —x(No, A )=-nro+ Y
t=1
where N; = Gal(K,,/K;). Hence
n—1 . n—1n—: )
> ek, = rep(p)e(p')
i=0 i=0 t=0
n—1 ) n n—t )
= D o+ YD em)e)r
i=0 t=1 i=0
n—2 ] n n—t—1 ]
= [1+-DD P |ro+d re@) [1+(p-1) Y P
§=0 t=1 j=0

= p" o+ (") (A )

= P (L+nlp— D)o+ @) (—nro+ 11+ o)

= P+l - D))k, +90")X(Gn, Ax,)
which finishes the proof. O

Corollary 21. Under the same assumptions as Theorem [20, we have

n—1

A, = P Ao + 90X (Gny Ar,) — (0= 1) D (0 )X(Gi, Ak,

i=1

where G; = Gal(K;/Ky).
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Proof. We'll use strong induction on n. First, it’s clear that the statement holds
when n = 0. (It’s also clear in the case n = 1 since then the statement is just
Theorem ) Now take m > 1. Suppose the statement holds for all cyclic p-
extensions of degree < p”~!. Then by Theorem [20| we get

n—1

A, = p" (14 n(p = D))k, + ("X (Gn, Ak,) = > (0 Ak,

=1

"L 1+ n(p — 1) Ak, + 9(P")X(Gn Ax,)

—i@(pi) P Ak + (0" )X(Gamiy Ak, ) ni?@ X(Gj, Ax;)
:;“1(1 +n(p—1) Ak, + 0" )X(Gn, Ak,) =" Hp — )J; DAk,
(pl)fsa(pnl)x Gis Ak, z_: _zj X(Gj, Ax;)
= p" Ak, 42-:;( "IX(Grs Ak,) = (0= V(") ? Gn ?Akn,l)

n—2

-(p-1) Zsa "TOX(G AR, F (P = 1) Y o) <n§1¢(pi)> X(Gj, Ak,)
=p”AKD+<p( "IX(Gn, Ak,,) — (p— De(p :_le)X(Gn—h:ll{" V)
—(p—1 Zs@ PTG, ARy + (p— 1 Zso P = 1)x(Gy, Ak,)
:p”AKoJrso( "IX(Gny Ak,) = (p— Dep(p"~ 1)x(Gn—17AKn_1)

—(p—1) Z e(»)x(Gj, Ak,)
= p" Ay + P(0")X(Gny Ak,) — (p— 1) Z (! K;)
as needed. O

Now we combine this corollary with induction on Theorem [d to get the following
generalization of Proposition [6}

Corollary 22. Under the same assumptions as Theorem [20, we have
n—1 ) n ]
TIX(Gy Ak,) =Y e0)X(Giy Ak) + P T X(Nim /N3, A,).

i=1 i=1

where N; = Gal(K,,/K;) and again G; = Gal(K;/K)).
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Proof. We have

n—1

PTG Ak, = Y o0 N(Cr Ag,) + e P
[t ' p—1
n—1 n

=Y o )X(Gi, Ar,) + > P T X(Nis1 /N, Ax,)

i=1 i=1

where the first equality follows from Corollary 21 and the second equality follows
from induction on Theorem [4l (Il

Corollary 23. Let L/K = K,,/ K be as in Theorem . Suppose px = 0. Then

(1) A\, = Ak, (mod @(pi™h)) for everyi=0,... 0
(2) (a) AL =—p""'X(C.AL) — (0 — 1) 7] 0(p')x(Gi, Ax,) (mod p”)

n— Qo112 n
(b) ptn—1= A= Y0 e Crk (N i, Ar) (mod pr)

(3) Ol"dp|H2(G,PL)| < nAg + Ol"dp|H1(G,PL)| +x(G, 1)

where G; = Gal(K;/K), N; = Gal(L/K;), and G = G,, = Ny.

Proof. For part 1, we only need to prove that foralli=1,...,n
(231) )\Ki = )\Ki—l (mOd (P(pi)%

which we’ll do by strong induction on n. The base case n = 1 follows easily from
Theorem Suppose then that Equation holds for all i < n. Then for all
i=1,...,n—1

pnii()‘Kt - )\Ki—l) =0 (mOd (p(pn)),
SO
n—1 ]
Ak, = My AR, — Ak + P T Ak, — Ak)

=1

n—1 ‘

=> ek, — P Ak
1=0

=p" (14 n(p—1)Ak, + 20" )X(Gn, Ak,) — p" " Ak,
= o(p") ko + 0 (P")X(Gn, Ak,) =0 (mod ¢(p™)).

For part 2, the first statement (a) follows immediately from Theorem [20| while the
second statement (b) follows immediately from Theorem [24] below. To prove part
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3, we note that

"k - AK L 1 4
0< e — = p'(A n—i A n—i—
Z ) e(pm) ; e Kni-1)

= ;n <Zpi/\Kni —Zpilx\Kni>
= </\K +Z (R A DV ”‘%\KO)

— (Z_: Ko n1>\K0>
=0

D) ("M A+ 1 = D)k, +9(")X (G, Ak,) = P k)

=nAk, — X(Gn’ PKn) + X(GmIKn)
=nAg — ord,|H*(G, Pp)| + ord,|H* (G, Pp)| + x(G, I1.),

'—"B

S

which finishes the proof. (I

Now we relate the n Euler characteristics associated to subgroups (instead of
quotients or subquotients)

X(NO;AKn),X(vaAKW)a RN and X(anlaAKn)

to the 2 lambda invariants Ax, and Ag,. The result is of different nature since it
involves non-integer coefficients.

Theorem 24. Let p be prime and Ko C K; C ... C K,, be a tower of Zy-fields
such that for all i the extension K, /K is cyclic of degree p*. Suppose ur, =0 and
K, /Ky. Then ug, =-+- = ug, =0 and

Ak, —P" Ak, p" p(p—1)
n = N 7AK + KT p aniaAK
p—1 npfnJrl X(No ") ; z+1)pfz][zp—z+1]X( ")

where N; = Gal(K,,/K;).
The following lemma will make the proof of the above theorem much easier.

Lemma 25. For alln € N we have

z_: 1) n—1+pn—2+_._+1_n
P z—|—1 —z[zp—z—i—l] np—n+1
and

n—1

1 _ n—1
[+ Vp—illip—i+1] pnp—n+1)

i=1

Proof. We use induction on n. If n = 1, then both right hand sides are zero and
both left hand sides are empty sums, so the lemma is clear in this case. Now
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suppose n > 2 and the statement is true for n — 1. Then

1)

; (t+1)p —z[zp)—z—|—1]

"—Lp—1)(n—-1 -1
~(np S 1(])0((11 z(1)p —)n—i- 2 " ; G+ 1)2(—1'][2']9)— i+ 1]
_ P Hp—1)(n—1) PP 41— (n— 1)
(np—n+1)((n—1)p—n+2) (n—p—n+2
P = D= 1)+ (B = (= 1) (p—n+ 1)

(np—n+1)((n—-1)p—n+2)

- D= D)+ (EAE - - )) (p-1) 2 ()

n—2

= + p—1
(np—n+1)((n—1)p—n-+2) np—n+1
A [V V VR it W = il U
mp—n+1)((n=1)p—n+2) np—n+1
Cpvt=1 p" P p" 4+ 1 - (n—1)
Tap—n+1 np—n+1
R A Tl
N np—n-+1
and
n—1 1
— [(i+p—illip—i+1]
1 =2 1
G n i D Up 052 T G Op 5 1]
1 n—2
“w—n+)(n-1p-n+2)  pn—Lp-n+2)
 p+(m—2)(np—n+1)
S pp—n+1)((n—1)p—n+2)
_p+=2)p-D)+n=2)((n-1)p—n+2)
pnp—n+1)((n—1)p—n—+2)
7(n—1)p—n+2+(n 2)((n—1)pfn+2): n—1
pnp—n+1)((n—1)p—n+2) p(np —n+1)
as claimed. 0

Proof of Theorem[2] We may assume n > 1 since the statement is obvious in the
case where n = 0 since then both sides of the equation are zero. Proposition
implies that there are rq,...,r, € Ny such that

Ay = ranke, (A%, )™) = ro,

Ak, = rankz Z rip(p
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and

X(Ni, Ag,) = —x(Ni, A%,) = —(n— i) > _rep(p
t=0

for all ¢ € {0,...,n}. On the one hand,

A, = P"Ako _ 2= Tep(P') — P
p—1 p—1

n
) +p’ Z T

t=i41

27

:_(pnfl +pn72+_..+1)ro+zrtpt71.
t=1

On the other hand, the coefficient of rg occurring on the right hand side of the

statement is

n n—1

p

p'(p— 1)(—9)

np—n+1(’”)+; G+ Op—ilip—i+1]

—np" S

n
—1
_np’fl +n— Pp71

np—n-+1

n_y n_q
—n(p— l)ppj - pp_l

np—n-+1
pt -1
p—1
— 7(pn71+pn72+”.+1)

and the coefficient of r; for t > 1 is

n n—t

npfnJrl_ np—n-+1

| p'(p—1)(@)

np—n+1+‘p(pt)z[(z+1)p—¢][z‘p—z‘+1]

i=1

: 1
p(p—Ul§: (i 4+ 1)p—d]lip—i+1]

i=n—t+1
n—t+1_
- pn B t—l( _1) ppfll_(n—t"'l) i
= w-nt1 PV m—t+p—(n—t+1)+1
" 1)( n—1 n—t
pip pnp—n+1) pl(n—t+p—(n—t+1)+1)

)



28 JORDAN C. SCHETTLER

pr+p"Hp—1)(n—1)
np—n-+1
Pt 1 -(p-Dn—t+ 1) +p"(p—1(n -1
p((n—t+1)p—n+t)
w1 PP =p(n—t+Dp—n+t)+(n—t)p"(p-1)

- p((n—t+)p—n+t)
_ gl P+ (n—t)pt(p—1)
p((n—t+1)p—n+t)
=l e p+(n—t)(p—1)
p((n—t+1)p—n+t)
— pnfl _'_ptfl _pnfl :ptfl’
which completes the proof. O

5. A-MODULES

In the late summer of 2009, I sent an email to Ralph Greenberg, Professor
of mathematics at the University of Washington, asking if anyone had used the
structure theorem (Theorem [5) of Z,G-modules which are free of finite rank over
Z, with G = Z/(p?) to derive a formula in the spirit of Iwasawa’s as found in
Theorem [d] He responded by saying that he wasn’t aware of anyone doing this,
but he further suggested that I consider all Z,G-modules with G = Z/(p™) as
A = Z,[[T]]-modules. In this way, I can use the following structure theorem for
finitely generated A-modules, which is the very result one can use to prove Iwasawa’s
growth formula.

Theorem 26. Let M be a finitely generated A-module. Then there is a A-module
homomorphism

such that ker (), coker(8) are finite and where each f;(T) € Z,[T| is irreducible with
fi(T) = power of T (mod p).

We'll now use this theorem to prove the following proposition from which Propo-
sition [19| follows as an easy corollary.

Proposition 27. Let G = (g) = Z/(p"™) for some prime p and some n € Np.
Suppose M is a Z,G-module which is free of finite rank over Z,. There is an
injective Z,G-module homomorphism with finite cokernel

M — P Z,[¢ ]

i=0
for some rq,...,ry, € Ng where each Z,[(yi] has Z,G-module structure given by
Z,G

|74

ZP [gp’] W .
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Proof. We know

A= @1 ZP[Z/(pm)] 2T+ (gm — Dmen
meN

with Z/(p™) = (gm) written multiplicatively, so Z,G is a quotient ring of A. In
this way, every Z,G-module is a A-module with 7" acting as g — 1, so Theorem
implies there is a A-module homomorphism

t

. r o (@ ZollT]] Zy[[T]]
6: M — Z,[[T)] @i@j T eP o)

such that ker(f),coker(d) are finite and where each f;(T) € Z,[T] is irreducible
with f;(T) = power of T (mod p). Immediately, we see that ker(6) = 0 since M is
a free over Z,. If we tensor with QQ,, we get an isomorphism

j=1

~ ®r T Qpim
M@z, Q= QTN & €D (7

of Qp[T]-modules, but dimg, (M ®z,Q,) = rankz, (M) < oo while dimq, (Q,[[T]]) =
o0, so 7 = 0. Now 2?" — 1 kills the left hand side where z := T +1, so 2P" — 1 kills
each

Qplz]

(hi(2)i")
where h;(z) = fi(z — 1) is monic and irreducible. Hence each h;(x)™¢ divides
2P" — 1 in Qp[z], but 2" — 1 is the squarefree product of the (monic, irreducible)
p’-cyclotomic polynomials @, (x) for 0 < j < n, so every m; is 1 and every h;(x)
is @, (x) for some 0 < j < n. Hence our isomorphism becomes

S

wen o=@l - @ (aeth) =B (s tee)

i=1 §=0 j=0

as QpG-modules for some 79, ...,7, € Ng. We'll use this isomorphism in the next
section to analyze Q,-representations. In the meantime, we have

v D (2ol Ny Zolle]]
oM ]G_%(@j(a:») DT

p (p

but we know im(#) has trivial intersection with each Z,[[z]]/(p™) factor since p™i {
2P" — 1, so there can be no such factors since coker(6) is finite while Z,[[z]]/(p™) is
infinite when m € N. Also, since each f;(T) = power of T' (mod p), we may apply
a division algorithm (see Proposition 7.2 in [Was96]) to conclude

Zpllel] _ Zp[[T]] o ZplT] _ Zyplz]

(hi(z)) — (fi(T))  (fi(T))  (hi(2))

as Zyp[z]-modules where again © = T'+ 1. Therefore

=0

is a Z,G-module homomorphism with finite cokernel. (Il
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Remark 28. Let M,G = (g) = Z/(p") be as in Proposition As mentioned
above, the proposition can be used to give another proof of Proposition To
see this, we observe that if C is a finite Z,G-module, then x(N;,C) = 0 and
rankz, (CNi) = 0 for all i € {0,...,n} where (as in D N; = (g*"). Thus since x
and rankz are additive on short exact sequences, we see that it suffices to do the
following computations:

Z,[Cyi] ifj<i
ZP[CPJ]N :{ Op[p] ifj>2

|H2(Ni7Zp[ij]>‘
ord, <|H1(Ni7Zp[ij])>

X(NinPKpj]) =

2,061 P

ord, pyljz:[]gpj] =(n—die() ifj<i

= 2] | .

1% ) R Y e Y
PG, (c,s] P ’

6. Q,-REPRESENTATIONS

Let K =Ky CK; C... c K, = L be a tower of Z,, fields with G; = Gal(K;/K)
and N; = Gal(L/K;) = (¢?") 2 Z/(p') for all i € {0,...,n}. Assume pux = 0 and
define

Vi = AL @z, Qp.
Consider the corresponding representation
mrk - G — GL(VL).
There is the following result about the decomposition of 77, /x.

Corollary 29. Let K = Ky C K; C ... C K,, = L be as above with ux = 0. Then
we have an isomorphism of Qp-representations

T K = AxkTa @ @ (x(Gi, Ak,) = X(Gi—1, Ak, ) T
i=1

where wg is the regular representation and wq is the unique faithful irreducible
representation of degree d € {o(p), p(p?),...,0(P™)}.

Proof. We'll use all the notation in the proof of Proposition [27] In the proof of 27]
with A} = M, we had ro,r1,...,7, € Ny such that

Vi = ;‘j}o (%)wj

as Q,G-modules where our generator g of G acts as = on Qp[z]. Remark [28|shows
that these rg,...,r, are the same as those found in the proof of Theorem [20] In
particular, this means rg = Ak, so

~ DAk . Q;D [17] eraro
=@ e (@e6p)
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where (as always) we interpret negative exponents as a difference of representations.
It remains only to determine r{ —rqg, 79 —7q, ..., 7, —79. 1o do this, we first compute

X(Gi, Ak,) = —X(Gi, Ak,) = —X(G/N;, (Ai)N) = = " rix(G/Ni, Zp [¢]™)

3=0
= - erX(G/NiaZp[ij]) = _TOX(G/NiaZp) - erX(G/Nth[ij])
J=0 j=1
=—irg+ri 47
This shows

r1—ro = x(G1, Ak, ),

ro—r9=1r1+19—2r9 — (r1 —10) = X(G2, AK,) — X(G1, Ak, ),
and, in general,
ri—ro=r1+---+r;—irg—(r1+---+ri—1— (i —1)rg)
X(Gi, Ak,) = X(Gi-1, Ak, _,)
by induction. O

7. VANISHING CRITERIA FOR AL,

In this section we’d like to give a couple of generalized vanishing criteria for Ay,
of the kind found in [FKOT97]. in the case where L/K is a cyclic p-extension of
Z,-fields. We’ll need a couple of lemmas. The first lemma will lead to the first
vanishing criterion.

Lemma 30. Let L/K be a cyclic p-extension of Z,-fields with G = Gal(L/K).
Suppose g = Ag = 0. Then
ord,| H' (G, OF)| + ordy|(If Pr) /(I Pr)| = x(G. 1)
Proof. There’s a short exact sequence of Z,G-modules
(I P{) /T — I [T — IF /(I PLY).
Also, I N PY = Pg since
(Ixk N PE) /P C A =0

by our ux = Ax = 0 assumption. Thus using the third isomorphism theorem twice
gives
I PE ~ P¢ P¢

o =L = pglG,of
Ik IxkNPY Py (¢01)

and
g I¢ L Igr
IKPE - Ig N (IKPL) - IKPL.
This completes the proof since
ord, |I€ /Ix| = x(G, I)

by the proof of Lemma O
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Theorem 31. Let L/K be a cyclic p-extension of Z,-fields which is unramified at
every infinite place with G = Gal(L/K). Suppose ux = 0. Then A\, = 0 if and
only if the following three conditions hold:

(i) Ak =0

(ii) ord,|H*(G,O0F)| =0
(iii) ord,|(I€PL)/(IxP)| =0
Proof. Condition (i) is obviously necessary for A, = 0, so we may assume that
Ak = 0. Consider the tower

K=KyCK;C...CK,=1L
of Z,-fields where G; = Gal(K;/K) = Z/(p') for all i = 0,...,n. Then Lemma
and Lemma [I] imply
X(Gi, Ak,) = ordy|H*(G3, O )| — ordy | H' (G, OF )| + x(G, Ix,)
= ordy|[H?(Gy, OF,)| + ordy (15 Pr,) /(I Pic,)| = 0,
foralli =1,...,n. Thus Corollaryshows that A\, = 0if and only if x(G;, Ak,) =
0 for all: =1,...,n, and the above computation proves that x(G;, Ax,) = 0 if and
only if
(31.1) ord,| H*(G;, O = ordp|(IIG(:PKi)/(IKPKj)| =0.
To complete the proof, it suffices to show that if Equation holds for ¢ = n, then

it holds for all i = 1,...,n. To show this it’s enough to note that foralli =1,...,n
we have a surjection

0% Ok
Ni/x(OF)  Ni,x(Ok,)

and an injection
IgiPk, ISP,
—
I Py, Ix Py
the second of which follows by observing that (I IG( P, )N IgPr, = Ik Pk, . ]

We’ll need the following theorem to prove our next lemma.

Theorem 32. Let {/k be a Galois extension of number fields with G = Gal(¢/k).
Then there is an exact sequence of abelian groups

0 — ker(Jy ) = H'(G,0;) — @ (e(fw — Cl[G]/Jg/k(Ck,) -0

where CIEG] is the subgroup of C’f generated by classes of G-fixed ideals, the direct
sum ranges over all finite places v of k having ramification indezx e(w/v) with w a
place of £ lying over v, and

Jos : Cr — Cy
is the natural map sending the class [I] of an ideal I to the class [O¢I]. Further, if
G is cyclic and U/k is unramified at every infinite place, then
_EAG.ON) 1
HI(G,07)| [0

q(0))
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We will forego the proof here. The reader is referred to [Grel()].

Lemma 33. Let L/K be a cyclic p-extension of Zy-fields which is unramified at
every infinite place. Suppose K = ko is the cyclotomic Z,-extension of a number
field k having exactly one place lying above p and class number h(k) with p 1 h(k).
Then

ord,|H*(G,0F)| = 0.
where G = Gal(L/K).
Proof. Here we adapt and generalize the method of proof for a weaker statement
found in [FKOT97]. First, note that if p is the unique prime ideal of k lying over
p, then p,,/p is totally ramified in k,/k and p t h(k,) for all n € Nyg. Thus using
Theorem on the extension ky/k,, with G,,/,,, = Gal(ky/k.,) we find that for all
m,n € Ng with m <n

b | H2 (G, OF )| = p~ T HN (G s O]
Ni, /1 (07) /e /m

[ker(Jy,, /)|
Go/m
X ) g o (Ch)

ICk,,|

‘ C]Efjn/nl]

= p_(n_m)e(pn/pm)

—(n—m), n—m

=D

where the last equality follows because H2(G,, Jm> kan) is a p-group and ord,,|C},

m

ord,|CL ™| = 0. Thus Ny, s, (OF) = OFfor all m,n € Ny with m < n, so
if L = ¢, for some number field ¢ with Gal(¢/k) = Gal(L/K) = Z/(p?), then the
induced maps

_ oy

n

O

Nkn km: — =

P New ik OF) " Now e (OF)
are surjective for all m,n € Ny with m < n. On the other hand, using Theorem
on the extension ¢, /k, with G,, = Gal({,,/k,) = Gal(L/K) = Z/(p?) we find

X
kn

Ne, /i, (OF)

= [H (G, OF )| = p | H (G, OF)

=p ¢ (H 6(%‘/%‘)) [C.

e

=p (Hw/)) i
=1

S pfdpdsOQ — pd(soofl)

p

where s,, is the number of ramified primes of k,, in ¢, /k,, and s, < 0o is the number
of ramified primes of K in L/K. Therefore the maps Ny, /i, are isomorphisms of
finite abelian groups for sufficiently large m,n. Now consider the canonical maps

x x
Okm Ok n

: —
N, 1k (OF ) N, /i, (OF)

m n

Pk [k
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for m < n. These maps have the property that Ny, Jkm © Pkn /ky, 1 the exponen-
tiation by p™~™ map when the groups are written multiplicatively. Thus when
n—m > d(se — 1) the composition Nkn/km © Pk, /k,, is the trivial map, but Nkn/km
is an isomorphism for sufficiently large m, so py, sk, is the trivial map when m is
sufficiently large and n > m + d(ss — 1). Therefore

H*(G,0p) = lim H*(G,, 0F) =0

which finishes the proof. (I

Now we’re ready to give the more specialized and easily applicable vanishing
criterion.

Theorem 34. Let L/K be a cyclic p-extension of Z,-fields which is unramified at
every infinite place. Suppose K = ko, is the cyclotomic Z,-extension of a number

field k having exactly one place lying above p and class number h(k) with p 1 h(k).
Then A, = 0 if and only if ord,|(I€Pr)/(Ix Pr)| = 0.

Proof. The theorem follows immediately from Theorem since the assumptions
we’ve made ensure that conditions (i) and (ii) hold. O
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