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Introduction

Method of moments estimation is based solely on the law of large numbers,

Let My, M5, ... be independent random variables having a common distribution
possessing a mean fiyy. Then the sample means converge to the distributional mean as
the number of observations increase.

_ 1<
Mn:nz;M,-—uLM as n — oo.
=

In addition, if the random variables in this sequence fail to have a mean, then the limit
will fail to exist.
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Step 1. If the model is based on a parametric family of densities fx(x|0) with a
d-dimensional parameter space (01,65 ...,604), we compute

pm = EX™ = km(0) = / xMfx(x|0) dx, m=1,...,d

—00

the first d moments,

M1 = k1(01,02...,6?d), M2 = k2(91,92...,0d), ey ud:kd(ﬁl,ez...,ﬁd),

obtaining d equations in d unknowns.
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Let X1, Xz, ..., X, be a simple random sample of Pareto random variables with density

(B = Sz x>1. B>0.

The cumulative distribution function is
Fx(x)=1—-x77 x>1.

The mean and the variance are, respectively,

W B L 8
51 (B—12(6-2)

In this situation, we have one parameter, namely 3. Thus, in step 1, we will only need
to determine the first moment

Mlzuzkl(ﬁ)zﬁﬁ_l

to find the method of moments estimator /3 for f3.
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e Step 2. We then solve for the d parameters as a function of the moments.

01 :gl(lulvﬂ27' o 7lu’d)7 02 = g2(1u17/'62a' o uud)?
) ed :gd(ﬂlaﬂb'“ 7lu’d)'

e Step 3. Now, based on the data x = (x1,x2,...,x,), we compute the first d
sample moments,
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Exercise. If

_ B
h=5

I
w—1

For step 2, we solve for 3 as a function of the mean p.

. M
B =gi(p) = L1

For step 3, we compute the sample mean

:M—‘

-ix

, show that § = ——.
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Step 4. Using the law of large numbers, we have, for each moment, m=1,...,d,
that

Um ~= XM,

For the equations derived in step 2, we replace the distributional moments i, by
the sample moments x™ to give us formulas for the method of moment estimates

(01,05, ..,0,).

For the data x, these estimates are
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Consequently, a method of moments estimate for 5 is obtained by replacing the
distributional mean 1 by the sample mean X in the equation for gi(x). Thus,

B =

X

x—1
A good estimator should have a small variance. To use the delta method to estimate

the variance of B

We compute

giving
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We find that BA has mean approximately equal to 8 and variance
2 _ 1)2
2~ g ()2l = (8- 1)* b = GG .
E (S () R ()

Let's consider the case with 3 =4 and n = 225. Then,

~ = =—, o5~
B

=— = = 0.283.
225.2 450 25’ 0283

g

4.32 36 2 V2
5

N

To simulate, we use the probability transform

u=Fx(x)=1—x", then x=(1—-u)"Y=1/¢/(1-u).

Note that if U; are U(0,1) random variables, then 1/ {/(1 — Uy),1/{/(1 — Us), -
have the appropriate Pareto distribution.
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> paretobar<-rep(0,1000)
> for (i in 1:1000){u<-runif (225);
pareto<-1/(1-u)~(1/4);
paretobar[i]<-mean(pareto)}
> betahat<-paretobar/(paretobar-1)
> mean(betahat)
[1] 4.03508
> sd(betahat)
[1] 0.2833142

Frequency

Note that the mean is above 4, but the
standard deviation is very close to the
value given by the delta method.

Exercise.  Reproduce the simulation

different value for 5.
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. . Figure: 1000 simulations for the method of
above and compare. Simulate using a || J- i octimate for the case B=4

Procedure

11



	Introduction
	Procedure

