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For homogeneous second-order constant-coefficient differential equations,
ay” + by’ +cy =0, (1)
we focused our analysis on the auxiliary equation
ar? +br +cr = 0. (2)

In particular, we considered the discriminant d = b* — 4ac.

In the previous section we considered the cases d. > 0 and d = 0. Now, we turn to the one remaining
case d < 0 where the roots of (2), r_ and r, are complex and distinct. In particular, the roots are

r—=a—1if and rya+if.

where
b Vdac — b2
a=—— and f=——-.
2a 2a

If we follow the same procedure, then we would say that the solutions to (1) are

y(t) = TP and  yy(t) = el

1 Introduction to Exponentials and Complex Numbers
To make sense of e to a complex power, we define
M0 = eX(cos O + isin 0) (3)
To check that (3) has some of the expected properties, let
CG1=XA +1i0; and (o = Ay +ibs.

We would like to say that
ebtelz = el

Let’s check this



eStetz = ehtifighatife  — (oM (cos @) 4 isinf)))(e™2(cos by + isinby))

= eMe(cosb) + isinfy))(cos by + isinby))
(Multplication is commutative.)

= eMth (cos 61 cos B2 + isin 01 cos Oy + i cos b sin by + i2 sin 6 sin 02)
(Properties of real exponents and complex multiplication.)

= eMthe ((cos 61 cos B — sin 07 sin ) + i(sin 61 cos s + cos b1 sin b))
(= —1)

= M2 ((cos(By + 0y) +i(sin(f; + 65))
(Identities for the sine and cosine of a sum of angles.)

A1+i01)+(A+i02) Git¢e

= e( = e

(The definition in (3).)
Next, we take a derivative

d i(a+if)t d at ;o
prc = £(e (cos Bt + isin Bt))

= ae®(cos Bt +isin Bt) + Be™(—sin Bt + i cos t)
e (a(cos Bt + isin Bt) + iB(a(cos Bt + isin Bt))
= (a+iB)e*(cos Bt + isinft)) = (a + iB)e @)

as expected.
Because cosine is even and sine is odd,

cos(—60) =cosf® and sin(—0) = —sind.
Exercise 1. Show that

1, . ) 1 . .
cosf = 5(629 +e ). and sinf = ?(629 — e ),
i

So both cos 8 and sin 6 are linear combinations of € and e~ % and voth e and e~%

tions of cosf and sin 6

2 Example
Example 2. For
y'+y=0
, the auzitlary equation
r?+1=0
has roots
r—=— and ry =1

are linear combina-



The general solution s
y(t) = 1 cost + cosint

If y(0) = 3 and y'(0) = —4, then

3=y0) =
y'(t) = —cisint+ cocost
—4=9'0) = c

Thus,
y(t) = 3cost —4sint

Exercise 3. For the general solution to a frictionless spring
my” +ky =0
What do the values c¢1 and cy represent.

Example 4. Returning to the damped oscillator with m = 1,b = 2, and k = 2., we have the governing
equation

y" 4+ 2y +2y=0. (4)
The auzxiliary equation is
r242r+2=0
with roots
—24+v22-4.1-2 —2+iV4 ,
r= = =—14uq.
2 2
Thus, the two roots are
r—=—1—14 and ry=-1+1.
At this point, we have two choices. We can write the solutions as
y1(t) = 717 = e7t(cost —isint) and  y(t) = TV = e (cost + isint) (5)
with a general solution
y(t) = c1y1(t) + caya(t).
or
G1(t) = e "cost and a(t) = e 'sint (6)

y(t) = c191(t) + C242(1).
We know from the exercise above that we can write the solutions in (5) as a linear combination of the

solutions in (6) and vice versa.
For y/(0) = and y'(0) = —3, then

0=y(0) = a+ec
y(t) = (-1 —Z‘)e(—l—i)t +ea(—1 _'_i)e(—l-i-i)t
-3=9'(0) = ci(=1—4)+ca(=1+1)



So ¢ = —cq,

-3 3i
—3=ci(~1—i)—ci(~1+1i) = —2i d eg=— =-2
e ( i) —c1(—1+1) ier, and o= — 5
Thus,
3, . L, -
y(t) = _5(6 (cost —isint) — e “(cost + isint))
3
= —Z(et(—2isint) = —3¢ " sint.
2
0=y(0) = &
y'(t) = éEe t(—sint —cost) + éze”‘(cost —sint)
-3 = y'(O) = 751 -+ 62

Thus, ¢ =0, ¢ = —3, and
y(t) = —3e 'sint.

Exercise 5. Solve
y' —6y +13y =0

3 Returning to the Mass-Spring Oscillator

Returning to the mass-spring oscillator, we have the governing equation

my” + by +ky=0

3.1 Frictionless Oscillator

For the case b = 0, we have the auxiliary mr2 + k = 0 with roots 7+ = £1/k/m = wy. The general solution
is

y(t) = ¢1 coswot + ¢g sinwyt. (7)

To place this expression in a different form, recall the sum on sines formula

sin(6y + 02) = sin 0 cos b + cos 61 sin Os.

Now, set
e ¢y = Asing, ¢ = Acos¢
then
e A= /3 + 3, ¢=tan(ci/c).
With

[ ] 91 :¢and92:w0t
we can rewrite (7)
y(t) = Asin(wt + ¢)

(Tangent has period 7 and so the choice of ¢ depends on the signs of ¢; and ¢g.) In this expresion A is called
the amplitude of the oscillator and ¢ is called the phase.



3.2 Underdamped oscillatory motion

With b # 0 we have the roots of the auxiliary equation

b= VE—EmE b+ Vi
T 2m T 2m '

If 4mk > b?, then the expression in the radical is negative. We write the roots

-b . b? -b b?
T_:%fl wgfm and 7’_:%4’@ w(Q)ir'rnQ (8)

In this case, the spring is oscillating, but damped. Thus, a spring is more likely to oscillator with a higher
mass and a stiffer spring.

The damping is exponential with rate —b/2m. So the damping rate increases with higher friction or lower
mass. The frequency of oscillator w satisfies

2
w2
0 2

which is slower that the frictionless oscillator frequency, wy. Now we can write the general solution as
y(t) = e kt/m(cy coswt + co sinwt)
As with the frictionless case, we can write

y(t) = Ae R/ sin(wt + ¢). (9)

3.3 Damped motion

If 4mk > b? then the roots (8) to the auxiliary equation or both real and negative.
Exercise 6. Check that both of the roots, r_ and r, are negative.

Thus,

y(t) = 1" 4 ene

and the spring does not oscillate. It does not even move farther from equilibrium than its initial position.
Write
y(t) = (cle(T*7T+)t +co)e™!

Because r_ — r4 < 0, the long term behavior is determine by the smaller rate, r.

3.4 Critically Damped

For the case in which 4mk = b2, then the auxiliary equation is a perfect square and, consequently, th roots
re = —2b/m are repeated. In this case the general solution

y(t) = e F/m (e + eat)
and the spring can move initially away from the equilibrium. It still does not oscillatre

Exercise 7. Find the maximum distance that the spring is from equilibrium. When does that take place?



3.5 Forced Oscillations
We will examine external forces to the mass-spring oscillator through a sinusoidal force. Thus, the governing
equations

my” + by’ + ky = Fycosvyt

. We will analyze the forcing using the solution (9) to the homogeneous equation. Using the method of
undetermined coefficients,

yp(t) = Ay cosyt + Ay sin~yt.

So,
yp(t) = Ajcosnt +Ag sinyt
Yp(t) = ~Azcosyt —yAjq sin~t
Yy (t) = —y2A;cosyt  + —2Aysinat
ky,(t) = kAjcosyt +kAs sin~yt
by, (t) = byAzcos~t —byA; sinvt
myy(t) = —my?Ajcosyt  —my?Agsinyt

Substituting into the governing equation, we find that

((k —mA?) Ay + byAy) cosyt + (—byAy + (k — m~y?)Ag) sinyt = Fy cosyt.

By equating the coefficients of cos~yt and sin~t, we have

(k—mAy*)A; +byAy = Fy and  —byA; + (k —my?) Ay = 0. (10)
Exercise 8. The solutions for Ay and Ag for (10) is
Fy(k —my?) Foby
Al = d A =
YT h—m)2 122 T (k= mn?)? 4 b2
This give us a particular solution
FO 2 .
yp(t) = =2 1 122 ((k — m~?) cosyt + bysint))
— o 2)2 2~2 qi
T (b —my2)2 + 242 (\/(k mY?)? + b2y sin(yt + ¢f))
Fo :
= sin(vyt +
N (vt + o5)
= FoM(y)sin(yt + )

where tan ¢y = A1 /As = (k — m~?)/(by) and M(v) is called the frequency response curve or response
curve.

Exercise 9. In the underdamped case, M takes on its mazximum at

2 b?
"=\ T e
with value )
M(’Vr) - >
b\Jwi — 15z



